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Abstract

Tabucol is a tabu search algorithm that tries to determine whether the ver-
tices of a given graph can be colored with a fixed number k of colors such that
no edge has both endpoints with the same color. This algorithm was proposed
in 1987, one year after Fred Glover’s article that launched tabu search. While
more performing local search algorithms have now been proposed, Tabucol
remains very popular and is often chosen as a subroutine in hybrid algorithms
that combine a local search with a population based method. In order to
explain this unfailing success, we make a thorough survey of local search tech-
niques for graph coloring problems, and we point out the main differences
between all these techniques.

1 Introduction

The graph coloring problem is a famous difficult combinatorial optimization prob-
lem. Examples of applications include time tabling and scheduling [30, 35|, radio
frequency assignment [19], computer register allocation [5, 8], and printed circuit
board testing [20]. While exact algorithms can solve instances with up to 100 ver-
tices, heuristic methods are needed for larger instances. Most recent graph coloring
heuristics are either local search methods or hybrid algorithms that combine a local
search with a population based algorithm. The objective of this paper is to present
a survey of metaheuristics proposed for graph coloring. In particular we analyze in
detail local search metaheuristics.
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One of the first local search methods that has been proposed for solving graph
coloring problems is Tabucol [24], a tabu search algorithm that was developed in
1986 and published in 1987, one year after Fred Glover’s paper [22] that launched
Tabu Search. Tabucol was originally developed by Hertz and de Werra, and later
improved by several researchers (see for example [14, 17]). While Tabucol is almost
20 years old, it is now frequently used as local search operator in hybrid algorithms.
This is why Tabucol is presented and analyzed in detail in the paper. The strategy
of Tabucol involves accepting solutions with conflicting edges (edges with both end-
points colored with the same color) while using penalties. However, other totally
different alternative local search approaches have also been proposed. In the fol-
lowing, we identify four main strategies, making it possible to classify local search
heuristics into four classes. Finally, it was observed that some graphs, especially
large random graphs, can not be colored efficiently by using pure local search al-
gorithms, and several approaches have therefore been proposed to deal with these
difficult instances. The most recent and also most efficient approach is based upon
hybrid algorithms that use a particular kind of recombination operator. Another
efficient strategy for coloring large graphs is to first extract several stable sets and
then color the residual graph.

In the next section we give some definitions and notations while Section 3 is
devoted to a historical review of local search methods for graph coloring problems.
Section 4 contains a precise description of Tabucol. In Section 5, we propose a clas-
sification of the existing local search graph coloring algorithms. Section 6 contains
a short review of efficient approaches for coloring large graphs. Some computational
experiments are reported in Section 7 to compare the performance of each algorithm.

2 Definitions and Notations

Given a graph G = (V, E) with vertex set V and edge set E, and given an integer
k, a k-coloring of G is a function ¢ : V. — {1,...,k}. The value ¢(z) of a vertex
x is called the color of z. The vertices with color i (1 < i < k) define a color class,
denoted V;. If two adjacent vertices x and y have the same color i, vertices x and
y, the edge [z,y] and color i are said conflicting. A k-coloring without conflicting
edges is said legal. A stable set is a subset of vertices no two of which are adjacent.
Hence, a k-coloring is legal if and only if its color classes are stable sets. The Graph
Coloring Problem (GCP for short) is to determine the smallest integer &, called
chromatic number of G and denoted x(G), such that there exists a legal k-coloring
of G.

Given a fixed integer £, the problem of determining whether there exists a legal
k-coloring of G is called k-GC P. A local search algorithm for the GC'P can be used
to solve the k-GC'P by simply stopping the search as soon as a legal k-coloring is



met. Also, an algorithm that solves the k-GCP can be used to solve the GCP. One
can for example use the following scheme.

1. Use a greedy algorithm for finding a legal coloring c.
2. Set k* equal to the number of colors used in ¢ and k := k* — 1.

3. Solve the k-GCP; if a legal k-coloring is found then go to step 2, else return
k*.

The number of times the algorithm goes through Step 3 depends on the quality of
the coloring found in Step 1. At first sight, one could therefore think that the above
technique may waste a lot of time in finding legal k-colorings with non minimal
values of k. However, finding a legal coloring with k£ + 1 colors is generally much
easier than one with &k colors. Hence, the first iterations take typically much less
time than the subsequent ones, and the majority of time is used in finding a legal
k*-coloring and in trying, without success, to find a (k* — 1)-coloring.

It is also possible to use a different scheme where the k-GCP is solved with
increasing values of k. In this case, one should start with a lower bound on x(G).
Notice however that if & > x(G), then a heuristic used to solve the k-GCP can be
stopped as soon as a legal k-coloring is encountered, while there is no such simple
stopping criterion when k& < x(G). Hence, we do not recommend the approach where
k increases since most of the time will be spent in solving A-GCPs with £ < x(G).

3 A historical review

The first local search (LS for short) algorithm for coloring graphs was proposed by
Chams et al. [4] in 1987. The problem addressed in the paper is the k-GCP. The
proposed algorithm explores the set of (not necessary legal) k-colorings, the objective
being to minimize the number of conflicting edges. A move consists in changing the
color of a single vertex in the current solution and the algorithm uses the Simulated
Annealing (SA for short) metaheuristic. Another major contribution of the paper
was to propose a second algorithm that performs two successive phases. During the
first phase (preprocessing), several color classes are built by extracting stable sets
in the graph using a greedy algorithm. Then the SA algorithm is applied during the
second phase. The paper shows that the stable sets extraction preprocessing makes
it possible to get better results when applied to large graphs. Two among the three
authors of the paper, Hertz and de Werra, experimented a few months later a new
LS metaheuristic for coloring graphs: the tabu search metaheuristic, just proposed
by Fred Glover in [22]. While their LS strategy is the same as the one proposed
in [4] (they use the same solution space, neighborhood and objective function), the
results are better than those obtained with SA. The authors have also tested the
stable sets extraction preprocessing. But instead of using a greedy algorithm for the



extraction of stable sets, they propose to use a simplified version of Stabulus, a tabu
search algorithm for the maximum stable set problem [15].

In 1991, Johnson et al. compare SA algorithms that use three different strategies
[27]. In the first strategy, solutions are (not necessarily legal) colorings, with a
non-fixed number of color classes. The objective is to minimize both the number
of colors and the number of conflicting edges. The second tested strategy was
originally proposed by Morgenstern and Shapiro [32]: it considers as solutions all
legal colorings, and the number of colors is not fixed. The objective is now to
minimize the number of color classes in a legal coloring. As explained in section 5.1,
this strategy requires using much more complicated types of moves, namely Kempe
chain interchanges. The third strategy is the penalty strategy used by Chams et al.
in [4]. Intensive tests on random graphs did not allow Johnson et al. to identify a
best strategy. In addition to the three SA algorithms, Johnson et al. have designed
a procedure, called XRLF, for extracting stable sets. Their procedure combines an
exhaustive search with a variant of Leighton’s RLF algorithm [30]. Moreover, they
use the extraction process until the residual graph has less than 70 vertices, making
it possible to color optimally the residual graph with an exact coloring algorithm.
XRLF is shown to be competitive with the three SA algorithms, and it performs
even better on some large graphs.

In the early 90s, Davis implemented a genetic algorithm (GA for short) for the
GCP. The GA algorithm uses an order-based encoding [10]. More precisely, a
solution is encoded as a permutation of the vertices, and in order to evaluate a
solution, a greedy algorithm is applied which sequentially colors the vertices, giving
each vertex the first color still available. This algorithm delivers results of poor
quality. Experiments performed with this GA are also presented in [14].

Costa et al [9] (in 1995) and Fleurent and Ferland [14] (in 1996) were the first
to experiment a genetic local search (GLS for short) algorithm for coloring graphs.
The GLS uses a population of solutions and a crossover operator, very much like a
GA algorithm; but the random mutation operator of the GA is replaced here by an
LS operator. In [9], the LS operator is a simple descent method. Costa et al. report
results that are better than those obtained with Tabucol. In [14], the LS operator
is Tabucol and the crossover operator resembles the uniform crossover proposed in
standard GAs. The authors report that the GLS slightly improves the results of
Tabucol on some graphs, a fact they attribute to the diversification induced by the
use of crossovers. They also report results obtained on large random graphs by first
using a stable set extraction preprocessing, and then running Tabucol for coloring
the residual graph. Although their algorithm is not very different from the one used
by Hertz and de Werra in [24], the results are quite better, mainly for two reasons.
The first reason is that they used an improved version of Tabucol. The second reason
is that the tabu search algorithm Stabulus used to extract stable sets does not have
the same objective as in [24]: instead of maximizing the number of vertices in the



extracted stable sets, Fleurent and Ferland propose to minimize the number of edges
in the residual graph.

The Second DIMACS Challenge took place in 1993. The purpose of the Chal-
lenge was to encourage high quality research on empirical issues in combinatorial
optimization. Three problem classes were chosen: finding cliques in graphs, coloring
graphs, and solving the satisfiability problem (SAT). The results of the challenge
are published in [28]. In order to solve the k-coloring problem, Morgenstern explores
a new LS strategy in which solutions are the legal partial k-colorings and the goal
is to maximize the number of colored vertices; more precisely, the objective is to
minimize the sum of the degrees of the uncolored vertices. A move, called i-swap,
consists in assigning a color (say 7) to an uncolored vertex (say v), and to remove the
color on each neighbor of vertex v that has color ¢. This type of move is combined
with another neighborhood, called s-chain, which is a generalization of Kempe chain
interchanges. As local search method, Morgenstern uses a simplified version of SA
in which the temperature remains constant. Several variants of the algorithm are
tested and the best one uses a population which is initialized by using the XRLF
algorithm. This quite complicated technique made it possible to improve the best
known results on some large graphs.

A new type of GLS algorithms was proposed by Dorne and Hao in [12], and
Galinier and Hao in [17]. Both algorithms use a simple (and quite rustic) way to
manage the population while the LS operator is Tabucol. They obtained remarkable
results on large graphs, better than those produced by the algorithms mentioned
above. Unlike all other efficient coloring algorithms for large graphs [9, 14, 33|,
the GLS algorithms in [12, 17] do not use a stable sets extraction preprocessing.
The reason of the efficiency or these new hybrid algorithms is due to the power
of the crossover operators. Galinier and Hao explain the major difference between
their new specialized crossover and the ones proposed so far: their crossover operator
recombines color classes instead of color assingments (see more details in section 6.2).
Glass and Pruegel-Bennett [21] have recently analyzed the effect of replacing Tabucol
by a steepest descent method in Galinier and Hao’s algorithm while using a much
larger population. Their experiments show that solutions with the same quality can
still be obtained, but the price to pay is a large increase in the computational effort.

In 1997, Mladenovic and Hansen [31] have proposed a new optimization technique
called variable neighborhood search (VNS for short) in which a combination of several
neighborhoods is used during the search. Avanthay et al. [1] have designed twelve
different large neighborhoods. They use Tabucol in combination with jumps in the
search space performed by means of these neighborhoods. Experiments reported in
[1] clearly show that the method is more efficient than simply using Tabucol.

The adaptive memory algorithm is another recent metaheuristic proposed by
Rochat and Taillard [34]. Unlike the GA (and GLS) algorithm that uses a popu-
lation of solutions and performs crossovers, the adaptive memory algorithm stores



portions of solutions in a central memory, and recombines them in order to build
new solutions. In addition, the algorithm uses an LS operator, as it is the case in
the GLS algorithm. Galinier et al. [18] have recently proposed an adaptive memory
algorithm, called Amacol for coloring graphs. The recombination operator builds
a new solution by combining color classes stored in the central memory, and the
LS operator used in the algorithm is Tabucol. The results obtained by Amacol are
comparable to those obtained by the GLS proposed in [17].

We are aware of the following recent working papers. Bloechliger and Zufferey
[2] have designed two reactive tabu search algorithm for the £&-GCP [2]. The first
one is a variation on Tabucol where the tabu list size reacts to the oscillations of
the objective function. The second one uses the same solution space, neighborhood
and objective function as in [33], but a reactive tabu search in used instead of the
simplified SA algorithm used by Morgenstern. Chiarandini and Stuetzle [6] are
currently working on an algorithm called iterated local search which is a simplified
version of the above VNS algorithm. With Dumitrescu [7], they are studying a
neighborhood called cyclic exchange neighborhood which can be seen as a variation
on the chain neighborhood studied in [1]. They are currently experimenting the use
of this new neighborhood within a tabu search or an iterated local search.

4 The Tabucol algorithm

As mentioned in Section 3, Tabucol was introduced in 1987 by Hertz and de Werra
[24]. Since that time, many authors used Tabucol as a subroutine (see section 3).
Although these authors preserved the main characteristics of the initial Tabucol,
they also introduced some modifications that made the algorithm more efficient.
We present here below an improved version of Tabucol [17]. We then describe and
discuss the main features of Tabucol, including the differences between the different
versions.

Tabucol is a tabu search algorithm for the k-GCP. It first generates an initial
random k-coloring, which contains typically a large number of conflicting edges.
Then, the heuristic iteratively modifies the color of a single vertex, the objective be-
ing to decrease progressively the number of conflicting edges until a legal k-coloring
is obtained. A tabu list is used in order to escape from local optima and to avoid
short term cycling. A more precise description is now presented.

The search space S explored by Tabucol is the set of k-colorings of a given graph
GG. A solution ¢ € S is therefore a partition of the vertex set into k& subsets Vi, ..., V.
The evaluation function f measures the number of conflicting edges. Hence, for a
solution ¢ = (Vi,..., Vi) in S, f(c) is equal to - , | E;|, where E; denotes the set
of edges with both endpoints in V;. The goal of Tabucol is to determine a k-coloring
¢ such that f(¢) = 0. An elementary transformation, called 7-move, consists in



changing the color of a single vertex. For a vertex v and a color ¢ # ¢(v), we denote
(v, 1) the 1-move that assigns color i to v, and the solution resulting from this 1-move
is denoted ¢+ (v, 7). Hence, the k-coloring ¢ = ¢+ (v, i) can be described as follows:

- dw)=1

- d(w) = c(w) for all w € V — {v}.

The neighborhood N(c) of a solution ¢ € S is defined as the set of k-colorings
that can be reached from c¢ by applying a single 1-move. Hence, N(c¢) contains
|V|(k — 1) solutions. The performance of a 1-move (v,i) on a solution ¢ can be
measured by 6(v,4) = f(c+ (v,4)) — f(c). A strictly negative (respectively positive)
value of d(v,4) indicates that the 1-move (v,7) leads to a decrease (an increase) of
the cost function.

Another important feature of Tabucol involves the notion of conflicting vertices
(i.e. vertices involved in a conflicting edge). We denote F'(c) the number of conflict-
ing vertices in c¢. A 1-move (v,%) that involves a conflicting vertex v is said critical.
For efficiency reasons, Tabucol performs only critical 1-moves (see Section 4.2).

The tabu list in Tabucol stores moves. When a 1-move (v, 1) is performed on a
solution ¢, the tabu list stores the pair (v,c(v)), which means that it is forbidden
to reassign color ¢(v) to v for some number of iterations. The duration of the
tabu status of (v,c(v)) depends on the number of conflicting vertices in ¢ and on
two parameters L and A\. More precisely, when the 1-move (v,i) is applied on c,
then (v, c(v)) becomes a tabu 1-move for L + AF(c) iterations. A 1-move (v,7) is
defined as candidate if it is both critical and not tabu, or if f(c+ (v,7)) = 0 (i.e. if
d(v,1) = —f(c)). The last condition is a very elementary aspiration criterion which
avoids missing a legal k-coloring.

At each iteration, Tabucol performs the best candidate 1-move (ties are broken
randomly). The algorithm stops as soon as f(c) = 0 and it returns ¢, which is a
legal k-coloring. In the pseudo-code given below, there is a second stopping crite-
rion which is based on a total number of iterations. Other stopping conditions can
naturally also be used, such as a limit in computing time, or a maximum number of
iterations without improving the best found solution, etc.

Algorithm Tabucol

Input: A graph G = (V, E), an integer k > 0.
Parameters: MaxIter, L and .

Qutput: Solution c*.

Build a random solution ¢;
Set ¢* := ¢ and iter = 0;
Set the tabu list to the empty set; /* No move is tabu */

Repeat until f(c) = 0 or iter = MazIter /* stopping criterion */



Set iter := iter + 1;

Choose a candidate 1-move (v,4) with minimum value 6(v, ©);
Introduce move (v, ¢(v)) into the tabu list for L + A\F(c) iterations;
Set ¢ :=c+ (v,1); if f(c) < f(c*) then set ¢* :==c¢ ;

In the next subsections, we discuss thoroughly the following different features
of Tabucol. We give the rationale of each of these features, and comment on their
importance.

1) The initial solution is built randomly.

[\

Only critical moves are considered.

w

All legal moves are considered - as opposed to using only a random sample.

W

An elementary aspiration criterion is used.

)
)
)
)

ot

The size of the tabu list increases with the number of conflicting vertices and
depends on two parameters L and .

6) Efficient data-structures can reduce dramatically the computational effort.

7) Tabucol is a basic tabu search, without long term strategies such as intensifi-
cation or diversification.

4.1 Initial solution

In the above Tabucol algorithm, the initial solution is built randomly. This is the
simplest possible option. Another alternative is to build a k-coloring by using a
greedy heuristic. However, there is no tangible advantage to use this option for
most of the graphs.

4.2 Critical 1-moves

Tabucol only considers 1-moves (v,7) where v is a conflicting vertex. This makes it
easier to guide the search towards good regions of the search space. Indeed, we have
observed that by using 1-moves involving non conflicting vertices, it is much more
difficult to escape from a local minimum. The reason is that there are typically
some non conflicting vertices v than can receive a new color ¢ without creating any
conflicting edge, in which case 6(v,7) = 0. By imposing that v must be conflicting
in a 1-move (v,7), one forces the algorithm to deal with those vertices that are
responsible for the existence of conflicts.

Notice also that the objective function decreases dramatically in the early stages
of the search and the heuristic generally uses most of its time trying to eliminate
the last conflicting edges. Therefore, except at the very beginning of the search,
there is a limited number of conflicting vertices. Hence, a possible advantage of this



policy is to make each iteration faster. How much faster depends on the implemen-
tation. We will notice in Section 4.6 that if appropriate data-structures are used,
the computational time of an iteration is not proportional to the number of critical
1-moves, and the benefit in this case may not be really significant.

4.3 Complete neighborhood

In the above Tabucol algorithm, the 1-move performed at each iteration is the best
one among all critical 1-moves (ties are broken randomly). This was not the case in
the initial version of Tabucol [24], where the best move was chosen among a random
sample of critical 1-moves. The size of the sample was typically a small percentage
of the total number of possible critical 1-moves. Experiments have shown that the
use of a too small sample may compromise the efficiency of the heuristic [24].

4.4 Aspiration criterion

The aspiration criterion used in the above Tabucol algorithm is very elementary:
the tabu status of a 1-move (v, %) is cancelled if it leads to a legal coloring, in which
case the search can be stopped. A more complex aspiration criterion was proposed
in [24]. However, it is very rarely used and its removal does not seem to have a
negative impact on the algorithm.

4.5 Tabu tenure

The number of critical 1-moves is proportional to the number of conflicting vertices
and may therefore considerably vary during the search process. The tabu tenure
therefore varies dynamically. In our experiments, we observed clearly that a constant
tabu tenure was generally inappropriate - only small portions of the search space
are explored with a too small tabu tenure while too large values appear to be too
restrictive. Notice however that a constant tabu tenure equal to 7 was used in
[24] (as proposed in some early work of Fred Glover), in combination with a small
random sample of critical 1-moves (to be opposed to a complete neighborhood). A
constant tabu tenure may be a correct option in this case.

Another important issue is how to determine the value of parameters L and A.
Galinier and Hao suggest to choose L randomly in [0,9] and to set A=0.6. These
values seem to be reasonably good, at least for the graphs they tested in their
experiments [17]. However, these values may be inappropriate for other graphs and
these two parameters should ideally be set instance by instance.



4.6 Data structures

Most of the computing time in Tabucol is spent at each iteration in choosing the
best possible critical 1-move. A naive technique for doing this would consist in
evaluating the performance §(v,7) of each critical 1-move and choosing the best
one. Notice that for a k-coloring ¢ = (V4,...,Vk), 0(v,4) is equal to the number
of vertices adjacent to v in V; minus the number of vertices adjacent to v in V).
This value can be computed in O(|T'(v)|), where I'(v) denotes the set of vertices
adjacent to v. Indeed, one can initially set §(v,i) = 0 and then consider each
neighbor w € I'(v): §(v,1) is increased by one unit if ¢(w) = ¢, and decreased by
one unit if ¢(w) = ¢(v). Since there are O(kF(c)) critical 1-moves, the total time
needed to perform an iteration is in O(kF'(c)|V|). But there is another more efficient
implementation that makes it possible to reduce the complexity of this computation.
Let (v,7) denote the number of vertices that are adjacent to v and have color i in
the current solution ¢, and assume that these values are stored in a |V| x k£ matrix
which we call y-matrix. The y-matrix can be initialized at the beginning of the
search process, and then updated at each iteration when a 1-move is performed on
¢ to modify the current solution. The performance of a 1-move (v,%) can now be
be computed in constant time since §(v,7) = v(v,%) — v(v,c(v)). Notice also that
one can determine in constant time if a vertex v is conflicting since this is the case
if and only if y(v,c(v)) > 0. Finding the best critical 1-move can be performed in
O(kF(c)) by scanning the y-matrix. When moving from a solution ¢ to ¢ + (v, 7),
one can update the v matrix in O(|['(v)|). Indeed, for each vertex w € I'(v), it
is sufficient to increase y(w,i) by one unit and to decrease y(w, c(v)) by one unit.
Hence, one iteration takes O(min{kF(c),|TI'(v)|}). Notice that the complexity of
finding the best critical 1-move can further be improved by storing the y-matrix in
a heap structure.

The tabu list can be stored in a |V| x k£ matrix T, where T'(v, i) represents the
index of the iteration at which the 1-move (v,7) will cease to be tabu (i.e., (v,%) is
tabu if and only if T'(v,7) > iter). Hence, with this data structure, it is possible to
know in constant time whether a 1-move is tabu. Moreover, when a 1-move (v, 1)
is performed on ¢, the update of T takes a constant time since it is sufficient to set
T(v,i) equal to iter + L + AF(c).

4.7 Intensification and diversification

The role of the tabu list in a tabu search algorithm is to forbid some moves that would
annihilate the effect of the moves performed recently. A tabu list may however forbid
some interesting moves, and this is why an aspiration criterion makes it possible to
suspend the tabu status of a move. While the tabu list and the aspiration criterion
are basic features of a tabu search, Glover proposed to use some additional techniques

10



Search k not fixed k fixed
space legal colorings colorings k-colorings partial legal k-colorings
Objective _ Yk 2 kv QIE | =V, kg
ety IR 2o, Wil QIE =1V X B % de)
V€Vt
iohborh . i-swaps
Ne;gu Eﬁfr eood Iflftemrr;i ;};;2 1-moves critical 1-moves Kempe chain
interchanges
Morgenstern and Chams et al. (1987) Morgenstern (1996)
Authors Shapiro (1988) Johnson et al. (1991) | Hertz and de Werra (1987) _
Bloechliger and
Johnson et al. (1991) Johnson et al. (1991) Zufferey (2003)
Search strategy legal penalty k-fixed penalty k-fixed partial legal

Figure 1: LS strategies.

such as intensification and diversification in order to guide the search in the long
term [23]. We notice that Tabucol does not use these additional techniques.

5 Local Search Strategies for Graph Coloring

When designing an LS algorithm for solving a particular problem, one has to define
the search space to be explored, the evaluation function to be minimized, and the
neighborhood function. This triplet is what we call a search strategy. We propose
to classify the search strategies for graph coloring into four categories. Two of them
solve the GC'P, while the two others consider the number £ of colors as fixed, and
therefore deal with the k-GCP. The strategies for the k-GCP are used within the
global approach described in Section 2. We define each strategy by its search space
and the goal of the search. The classification is summarized in Table 1.

- The legal strategy: the search space S contains all legal colorings and the goal
is to find a solution ¢ € S that uses as few colors as possible.

- The k-fized partial legal strategy: the number k of colors is fixed, the search
space S contains all partial legal k-colorings, and the goal is to determine a
solution ¢ € S in which all vertices are colored.

- The k-fized penalty strategy: the number k of colors is fixed, the search space
S contains all (not necessarily legal) k-colorings, and the goal is to determine
a legal k-coloring c € S.

11



- The penalty strategy: the search space S contains all (not necessarily legal)
colorings and the goal is to determine a legal coloring c € S that uses as few
colors as possible.

5.1 The legal strategy

The search space S in a legal strategy contains all legal colorings. One could there-
fore think about generating neighbors of a solution ¢ by moving a vertex either to
another existing color class or to a new one. Since all neighbor solutions need to
belong to S, they must all be legal. There are therefore typically very few color
classes where a vertex can move. This makes this kind of moves apparently useless.
A more efficient neighborhood structure for this search space, called Kempe chain
interchange, was proposed in [32]. Let V; and V; be two color classes in a k-coloring
c. A Kempe chain for V; and V} is a connected component in the subgraph of G
induced by V; UV;. Consider a triplet (v,i,j) where V; and V; are two disjoint
color classes of the current solution ¢, v is a vertex in V;, and the subgraph induced
by V; UVj is not connected. A Kempe chain interchange for such a triplet (v, ¢, j)
consists in replacing V; and V; by (V; = K) U (K —V;) and (V; — K) U (K = V}),
where K is the Kempe chain for V; and V; that contains v. If the subgraph induced
by V; UV} is connected, then this operation is not performed since it simply swaps
two color classes, and is therefore meaningless.

The simplest evaluation function to be minimized is the number of colors used in
a solution. However, it is very rare that a move makes it possible to remove a color,
and using this function can therefore not really guide the search (the landscape is
too flat). A viable option proposed in [32] is to minimize f(c) = — X%, [V;||%. This
function encourages reducing the size of the smallest color classes, making a class
decrease progressively and eventually be removed.

5.2 The k-fixed partial legal strategy

In the k-fixed partial legal strategy, the number k of colors is fixed and the search
space S contains all partial legal k£ colorings. A solution ¢ € S can be represented
as a partition (Vi,..., Vi, Viy1) of the vertex set where V;,...,Vj are k stable sets
(i.e. legal color classes) and Vi1 is the set of non-colored vertices.

The Kempe chain interchanges described above are still valid here. However, it
becomes possible to use a new kind of much simpler moves, namely i-swaps [33]. An
1-swap consists in moving a vertex v from Vi, to a color class V;, and by moving to
Vi1 each vertex in V; that is adjacent to v. Much simpler kinds of moves can also
be used such as moving a vertex v from Vi to a color class V; that does not contain
any vertex adjacent to v, or removing the color of a colored vertex (i.e., moving a
vertex v from a color class V; to Vj41). However, these kinds of moves are clearly
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less attractive than i-swaps.

A possible objective function is the number of uncolored vertices (i.e., |Vii1])
2]. An alternative is to minimize the function },cy,,, d(v), where d(v) denotes the
number of vertices adjacent to v [33].

5.3 The k-fixed penalty strategy

In the k-fixed penalty strategy [4, 27, 24], the number k of colors is fixed and
the search space contains all (not necessarily legal) k-colorings. A solution can
be represented as a partition ¢ = (V3,...,Vy) of the vertex set into k subsets.
The objective can simply be to minimize the number of conflicting edges, that is
f(c) = XF | |E;|, where E; is the set of edges with both endpoints in V;.

Neighbor solutions can be obtained by changing the color of a vertex (i.e. by
using 1-moves). It is also possible to use only critical 1-moves, thus forcing the
algorithm to deal with the conflicting vertices of a non-legal k-coloring c.

5.4 The penalty strategy

In the penaly strategy, the search space S contains all (not necessarily legal) color-
ings. Here again, it is possible to use 1-moves. Notice however that a 1-move may
consist here in coloring a vertex with a color not yet used in the solution.

The role of the objective function is both to decrease the number of color classes
and the number of conflicting edges. This can be done by minimizing the function
fle) =% 2|Vi||Ei| — XK, |Vi|?, where E; is the set of edges with both endpoints
in V;. Notice that the second term of this function tends to reduce the number of
color classes by reducing the size of the smallest color classes. It is proved in [27]
that all local minima of this function correspond to legal colorings.

5.5 Comparisons

The reader now probably wonders which of the presented strategy is most efficient.
Such a comparison was performed by Johnson et al. [27] by using SA with the
strategies presented in sections 5.1, 5.3 and 5.4. Considering several different types
of graphs, the authors concluded that none of the three strategies clearly dominates
the two others. However, the legal strategy performs better on large random graphs.
We implemented the k-fixed partial legal strategy (see section 5.2) with a simple tabu
search strategy. We observed that the best colorings obtained by using this method
are generally similar to the ones obtained with Tabucol. This remark is consistent
with the results presented in [2]. An advantage of permitting non-legal colorings is
that it can easily support the adjunction of new constraints. The penalty strategy
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has for example been generalized to bandwidth coloring problems, and more broadly
to constraint satisfaction problems [16].

5.6 LS coloring algorithms that use more than one neigh-
borhood

While standard LS metaheuristics (such as SA or tabu search) use a single neigh-
borhood, a promising alternative is to use several neighborhoods. For example,
the iterated local search consists in alternating a steepest descent that uses a sim-
ple neighborhood with jumps performed by means of more complex neighborhoods.
Mladenovic and Hansen [31] have proposed recently the variable neighborhood search
(VNS for short) that is based on this idea. Given a set of neighborhoods and an
incumbent ¢, a jump to another solution ¢’ is obtained by means of one of the neigh-
borhoods, and an LS method (that uses a simple neighborhood) is then applied on
¢’ in order to get a local optimum ¢”. If ¢” is better than ¢, then ¢’ becomes the
new incumbent; otherwise, a different neighborhood is considered in order to try to
improve upon solution c¢. This process is repeated until no neighborhood leads to
an improvement of the incumbent.

Several neighborhoods (in addition to those described in the previous sections)
have been proposed and investigated for graph coloring. One of them, called s-chain,
is a generalization of Kempe chain interchanges to more than two classes. This kind
of moves transforms a legal coloring into another legal coloring, as Kempe change
interchanges. Therefore, it is applicable to the four strategies presented above. It
is defined as follows. Let (v,ig,...,%5_1) be an ordered (s + 1)-tuple such that
1<i, <kforallr=0,...,s—1,1 #isif r # s, and v is a vertex in V;,. Consider
the directed graph H with vertex set W =V, U... UV, _, and in which there is an
arc from a vertex u to a vertex w if and only if u and w are adjacent in G and there
exists an index r € {1,...,s} such thatu € V;, andw € V; ... Let R(v) denote
the set of vertices w € W such that there exists a directed path from v to w in H.
An s-chain interchange for an (s + 1)-tuple (v, i, ..., %s_1) consists in moving each
vertex in R(v) NV, to Vi, .00, If B(v) =W then such an s-chain interchange is a
relabeling of color classes V;,,...,V;, ,, and is therefore meaningless. For s = 2, an
s-chain interchange is equivalent to a Kempe chain interchange. Morgenstern used
1-swaps as a basic neighborhood and s-chain interchanges for making jumps in the
search space [33] while using a simplified SA. He obtained many of the best results
on several DIMACS instances [11].

Avanthay et al. [1] have designed twelve neighborhoods that they use within a
VNS algorithm. They use Tabucol as LS method.
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6 Efficient metaheuristics for coloring large graphs

The algorithms described in the previous sections can be considered as pure LS meth-
ods. They generate a series g, S1, ... of solutions such that each s;;; is obtained
from s; by using one or several neighborhoods. Although these pure LS algorithms
produce remarkable results on many medium-sized graphs, the most efficient heuris-
tics for coloring large graphs combine a pure LS method with additional features.
Two efficient approaches have been proposed so far for coloring large graphs. The
first one was proposed as early as 1987 in [4] and it is now routinely used for color-
ing large graphs [4, 24, 27, 9, 14, 33]. The idea is to use a preprocessing algorithm
that extracts stable sets until the residual graph is small enough to be handled by a
pure LS method. The second approach is to use a population based algorithm that
combines a pure LS method with a recombination operator.

6.1 Extraction of stable sets

Consider the following two-phases algorithm:

Input : a graph G = (V, E) and an integer g.
Output : a coloring c.

Phase 1

1:=0;

While |V| > ¢ do
Set 1 := 1+ 1;

Find a large stable set V; in G|
Remove all vertices of V; from G;

Phase 2

Use an LS method to color the residual graph G;

Let (W4y,...,W,) be the coloring returned by the LS method;
Set ¢ = (Vi,..., Vi, Wh,...,W,);

Finding a large stable set V; in Phase 1 can be done by different means. A
simple greedy technique was used in [4]. However, it is more efficient to use an LS
algorithm dedicated to the maximum stable set problem [24, 14]. In XRLF, each
stable set is build by using a technique that combines a randomized greedy search
with retrials and an exhaustive search [27]. Costa et al. [9] have proposed a slightly
different idea which is to build several stable sets at the same time. More precisely,
a number r of stable sets are removed by means of a GLS that produces a partial
legal r-coloring with as many colored vertices as possible.

15



Phase 1 stops when the residual graph has at most g vertices, where ¢ is chosen so
that the residual graph is small enough to be colored efficiently by the LS algorithm.
A typical value for ¢ is 300 or 500. However, in XRLF, g is set equal to 70, making
it possible to color the residual graph with an exact method.

6.2 Hybrid evolutionary algorithms

An LS algorithm is generally very efficient in discovering good solutions in a partic-
ular region of the search space. The idea of a hybrid algorithm is to combine the
power of an LS algorithm with the use of a central memory in order to guide the
search on long term. The most common hybrid algorithms are genetic local search
algorithms (GLS for short). A GLS algorithm uses a population of solutions and
a crossover operator, and it is very similar to a genetic algorithm (GA for short)
except that mutation is replaced by an LS operator - the LS operator can be a
steepest descent or a more sophisticated LS algorithm such as tabu search.

The performance of a GLS algorithm depends on the way the central memory
is managed, on the LS operator, and most importantly on the crossover operator.
There are two major efficient families of crossover operators for coloring graphs:
assignment-based and partition-based crossovers [17].

An assignment-based crossover operator builds an offspring by assigning to each
vertex the color it has in one of the two parents. For example, it is possible to imitate
the uniform crossover used in the standard GA as follows. Suppose a solution c is
a (not necessarily legal) k-coloring represented by the vector ¢ = (c¢(v1),- -, c(vy))
of size n = |V, each c¢(v;) corresponding to the color assigned to v; in c¢. Given
two parent solutions ¢ = (c¢(vy),---,¢(vy,)) and ¢ = (¢'(v1),- -+, (v,)), an offspring
o = (o(v1),---,0(v,)) is built by setting o(v;) equal to ¢(v;) or ¢(v;), each value
being chosen with probability 1/2.

Instead of transmitting color assignments, the principle of a partition-based
crossover operator is to combine the color classes of two parents in order to build the
color classes of the offspring. For example, Galinier and Hao’s GLS algorithm uses
the k-fixed penalty strategy combined with the following partition-based crossover
operator. Consider two parent solutions ¢ and ¢. The operator first builds a partial
legal k-coloring (W1, ..., W) such that about half of the color classes W; are sub-
sets of classes of ¢, and the other half are subsets of color classes of ¢. In addition,
the subsets W; are built with the objective of maximizing 3% | [W;|. The partial
coloring is then completed by inserting the remaining vertices at random into the
k color classes. More precise information about this crossover can be found in [17].
The crossover operator proposed in [12] is also partition-based, although it is based
upon a different principle.

Instead of storing solutions in the central memory, one can simply store color
classes and try to combine them in order to create offspring solutions. This idea was
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recently exploited within an adaptive memory algorithm [18].

7 Overall Comparison

In order to illustrate the performance of the algorithms presented in this paper,
we indicate the number of colors of the best colorings found by each algorithm on
two famous graphs : DSJC500.5 and DSJC1000.5. These two graphs are two special
random graphs proposed by Johnson et al. [27]. They have been obtained by linking
a pair (v, w) of vertices by an edge with probability p, independently for each pair.
These two graphs have 500 and 1000 vertices, respectively, and they both belong to
the set of DIMACS benchmark problems [11]. The best colorings found for these
two graphs have been reported for all algorithms mentioned in this paper. Notice
however that the results reported for references [4] and [24] do not correspond to
these two graphs but rather to two similar random graphs.

All algorithms use a local search, except two of them, namely DSATUR [3] and
XRLF [27]. For each algorithm, we recall the search strategy, the LS method that
is used, and eventually other features of the method. We indicate the number of
colors of the best coloring found by each algorithm. All results are taken from the
papers which reference appears in the second column.

We first observe that the greedy algorithm is not competitive with the LS and
hybrid methods. Among the pure LS algorithms, the most efficient one uses a legal
strategy. However, it should be noticed that it is not the case for other classes of
graphs, as shown in [27]. Making jumps in the search space by means of additional
neighborhoods can be beneficial, but it is possible to get much better results (espe-
cially on large graphs) by using a stable sets extraction preprocessing or a hybrid
algorithm doted with a partition-based crossover operator.

To conclude, we observe that almost all efficient heuristic algorithms for graph
coloring use a local search, and many of them are based on a tabu search. In
particular, Tabucol is very popular, the reason being probably that it is a very
simple algorithm that is easy to implement. In addition, Tabucol offers a good
compromise between solution quality and computational effort.
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