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Abstract : A generalized Nash equilibrium (GNE) framework is introduced for a graphon mean field
game of controls (GMFGCQC). Each agent’s drift, cost, and hard control constraints depend on local and
graphon-weighted moments of the joint state-control laws. Uniform linear independence constraint
qualification and strong convexity yield stable feasible sets and a Lipschitz constrained best response.
The associated GMFGC Hamilton—Jacobi—Bellman equation has a classical solution and the GMFGC
Fokker—Planck—Kolmogorov equation a generalized energy solution; under weak coupling, the resulting
GNE is unique. Furthermore, the e-Nash property is established for finite-network, finite-population
constrained GMFGC systems.
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1 Introduction

Mean field game (MFG) theory studies Nash equilibria of large populations of asymptotically negligible
agents through an infinite-population limit. Its foundational ideas appeared independently in the
work of Huang, Caines, and Malhamé [31, 32] and Lasry and Lions [39]. For standard treatments,
see [3, 16]. In controlled diffusion models, equilibrium is characterized by a backward Hamilton—
Jacobi-Bellman (HJB) equation for the representative agent’s value function, coupled with a forward
Fokker—Planck—Kolmogorov (FPK) equation for the population law.

Mean field games of controls (MFGC) generalize MFG theory to the frameworks where agents
interact through the joint state—control law, or distribution, rather than through the state law alone.
Potential applications include trade crowding [13], relative consumption [33], congestion with endogenous
prices [4], and residential energy trading [2]. These models have been analyzed using probabilistic
methods [17, 40], PDE methods [13, 26], HJB-based explicit solution [33], and Lagrangian methods [4].

State and control constraints weaken MFG HJB-FPK regularity. Constrained MFGs are studied
by Lagrangian methods based on probability measures over optimal constrained trajectories [1, 4, 12].
In finite-agent generalized Nash equilibria (GNEs), shared constraints make each agent’s feasible set
depend on the others’ strategies [21]. Dynamic GNEs have been formulated as differential variational
inequalities [18]; mean-field limits of constrained finite-agent differential GNEs are analyzed in [28].

Graphon limits [41] provide a tractable framework for asymptotically dense heterogeneous networks.
Static graphon games model strategic interactions through graphon-weighted aggregates [15, 43]. For
graphon mean field games (GMFGs) in stochastic dynamic settings, the GMFG equations and finite-
network e-Nash approximation theory were developed in [7, 8, 9], with subsequent work addressing
linear-quadratic-Gaussian models [23] and classical solutions [30].

Graphon limits cannot retain the local structure of bounded-degree sparse networks since they are
void; however, stochastic games on specific sparse networks were studied in [37]. Concerning sparse
networks in general, graphings describing bounded-degree network limits are presented in [41]. In [34]
there is an analysis of the control of populations of agents on local-global convergent sequences of
networks, and these necessarily converge to graphings, see [27]. Graphexes model sparse exchangeable
random graphs [46] including those with the small world property and permitting the formulation of
graphex MFG equilibria [20]. The vertexon—graphexon framework covers dense and sparse embedded
network limits enabling the definition of the graphexon MFG equations [6, 10, 11], while related
measure-based approaches establish Vlasov mean field limits for processes on digraph measures [35],
co-evolutionary signed networks [25] and directed hypergraph measures [36].

The presenting model combines graphon population interactions with endogenous control constraints.
It is motivated by macroscopic resource constraints, under which aggregate control use must respect
network capacity. Related formulations include density caps enforced by pressure prices in MFGs [14],
population-level safety constraints [29], and constructive budget-constrained incentives in finite-agent
games [48].

For parameterized constrained optimization, metric regularity, i.e., the local control of the distance
to the feasible set by the constraint violation under local perturbations, is a standard stability
property [5, 45]. In the present setting, Robinson’s Constraint Qualification [5] yields such an error
bound, through which Hausdorff stability of the feasible sets with respect to the mean-field parameter
is established.

The Karush-Kuhn—Tucker (KKT) system can be formulated as a generalized equation. Strong
regularity of its solution [5, 44], i.e., locally unique and Lipschitz continuous solvability of its perturbed
linearization, implies that in the present setting the optimizer and associated Lagrange multipliers
depend Lipschitz continuously on the state, costate, and mean-field parameter. These properties provide
the Hamiltonian and feedback regularity needed for the subsequent HIB-FPK well-posedness analysis.
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1.1 Main contributions

To the best of the authors’ knowledge, this is the first work to combine graphon interactions, dependence
on the joint state—control law, and endogenous shared control constraints. We refer to the resulting
model as a constrained graphon mean field game of controls (GMFGC). In the present study, each
agent’s feasible control set depends on the population’s endogenous joint state—control distribution,
making the equilibrium generalized Nash. This coupling captures network-wide resource constraints
and creates the key difficulty of moving feasible sets.

Hausdorff—Lipschitz stability of the moving feasible sets and KKT strong regularity jointly yield
Lipschitz dependence of the best response on the mean-field flow. Weak coupling then gives existence
and uniqueness of the GNE.

In finite games, empirical moments can make the limiting feedback infeasible. Feasibility transport
and a finite-feedback fixed point yield an exactly feasible e-GNE, with an explicit error bound vanishing
as network and cluster populations grow.

1.2 Organization and proof strategy

The MFG approach treats the mean field as a fixed deterministic environment and solves the stochastic
control problem of a representative agent. Consistency then requires that the population law induced
by the optimal control reproduce the prescribed mean field.

Given a candidate mean-field distributional environment, represented by a flow of joint state—control
laws, its local and graphon-weighted moments determine the representative-agent problem. With this
environment fixed, the inner fixed point enforces moment-parameter consistency, i.e., the path-law
ensemble generated by the optimal feedback reproduces the moment parameters inserted into its
closed-loop SDE; the conditioning mean-field flow is not updated in this step. The outer update
replaces this candidate flow by the joint state—control marginals generated by that path law; under
weak coupling, this update is a contraction, yielding the unique fixed point solution to the overall
constrained GMFGC problem.

Section 2 gives the model and assumptions. Section 3 establishes feasible-set and Hamiltonian
regularity, HJB well-posedness, and feedback estimates. Section 4 proves FPK well-posedness and
equilibrium. Section 5 constructs feasible finite-game e-GNE profiles with an explicit error bound.

2 Preliminaries

2.1 Notation

Let a € [0,1] index graphon nodes and [0, 7] the horizon. At node «, the state and control take values
in R™ and R™, respectively. All filtered probability spaces are complete and satisfy the usual conditions;
all Brownian motions are R"™-valued. |- | is used for Euclidean and induced operator norms. For R > 0,
set B% = {z € R?: |z| < R}, omitting d when clear; vector inequalities are componentwise.

Let (E,dg) be a complete separable metric space, and let P(E) denote the Borel probability
measures on F. For a fixed g € F, define

Pi(E) = {u € P(E): / dg(z,x0) p(dx) < oo}.
E
This definition is independent of the choice of xg. For u,v € Py (FE), set

WE(u,v) = inf / dg(z,y)m(dz, dy),
Tell(p,v) EXE
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where II(u, v) is the set of probability measures on E' X E with first marginal g and second marginal v
(the couplings). The superscript E' is suppressed when the underlying space is clear. For a Borel map
F, Fyp denotes the pushforward of u.

Let O be a subset of R?. For a Lipschitz map h : O — RY, write Lip(h) = Sup, s co |h(T) —
h(y)|/|x — y|. For j € Ng and ¢ € (0,1), set

o = sup (M) =AW

z,y€O |z —y[?
TH#Y

) [l cito o) = Z [D*hl|ocs0 + Z [D*R]s;0.

la|<j la]=3

Let CJ*7(0) denote the space of functions with finite C/+?(©) norm.

For an interval I C R, let @ = I x O. The parabolic seminorm and norm are

|h(t, z) = h(s, y)|

[hlo/2.0:0 =  sup ;
2Ty emeq (E= s+ [z = y])?
(t.2)#(s,)
[Bllcrirozarogy =Y 0; Dihllociq + [Ohlos2.00 + D [Dehlo2,00
2r+|a|<2 la|=2
. |Dgh(t, x) — Dgh(s,z)|
+ Z sup It 5| 0F0)2 .

la]=1 z:(t,x),(s,2)€Q
t,s€Il, t#s

Let 0110?9/ 2,249 (Q) denote the space of functions with finite C*+?/2:2+%(Q’) norm for every compact

cylinder @' € Q. For Qr = (0,T) x R", set
Va(Qr) = L>®(0,T; L*(R™)) N L*(0, T; H'(R™)). (1)
Here H'(R™) denotes the first-order Sobolev space, and H ~*(R™) denotes its dual.

For nonempty compact sets A, B C R?, the Pompeiu-Hausdorff distance is

di (A, B) == max{sup dist(a, B), supdist(b, A)}.
acA beB

For a closed convex set C C R? and z € C, its convex-analysis normal cone is

Ne(z) = {w e R : (w,y — z) <0 for every y € C} = ﬂ {weRd:(w,y—z> <0}.
yel

For each (a,t) € [0, 1] x [0, T, write pq ¢ € P1(R™) for the state law and v, € P1(R™ x R™) for the
joint state—control law. The corresponding measure flows are po = {fta,¢}tcjo,r] and va = {Va,t}epo,1)-
Their graphon-indexed ensembles are

ha = {ﬂa}ae[o,l]; Vg = {Va}a6[0,1]~ (2)

The time-t sections are denoted by ug(t) and v (t). Condition (C1) requires vg(t), and hence its state
marginal pg(t), to be Wi-continuous in «.

For each «, fix a filtered probability space (Qq, Fo, Fo,Py) satisfying the usual conditions, where
Fo = {Fa,i}tcjo,r). It carries an F, o-measurable initial random variable §, and an F,-Brownian
motion B,. Write E, for expectation under P, and L,(Y") := YxP, for the law of a random variable
Y on this space. These nodewise stochastic bases are used for the continuum model. The finite game is
instead realized on the common stochastic basis introduced in Section 2.2.1.
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2.2 Problem setting
2.2.1 Finite-network, finite-agent constrained game

Let W :[0,1]?> — R be the graphon kernel. Write z = (y,v) € R**™ for a generic joint state—control
variable. Let fo, f : R® x R™ x R*™™ — R™ denote the local and network drift kernels, and let Iy,
be the corresponding running-cost kernels. Let K C R™ be the fixed compact convex control set.
For A = (Afec, Amet) ¢ R2("+™)  representing the local and network joint moments, or their empirical
counterparts in the finite game, let v, (u, A) encode the moment-dependent control constraints.

The finite game motivating the continuum model is defined first. At level k, let G* be a finite
clustered network with N, agents partitioned into Mj, clusters CF, .. C’]’&k Let Wk = (W[r) tr=1

be the cluster-level weight matrix and set nj = |CF|,nk, = mini<p<n, nf, Np = Ee |k Assume
nk. >2. The cells I} = [(¢ —1)/Mj, ¢/My) partition [0, 1], with the last cell closed at 1, and a¥ is the

mln

midpoint of I}. Cluster C} represents I). If i € CF, write c(i) = £ and of = of.

Let Zr, == {1,..., Ny} be the agent set. For state and control vectors write x = (z;)iecz, €
(R™M)Ne u = (u;)iez, € KN*, and use the product sup norm [|x||s = max; |z;|, with the analogous
notation for control vectors. A strategy profile is denoted by U = (U;);ez,, and U_; denotes the profile
with its ith component removed.

Let q(z,u) = (z,u) € R"*™. For i € CF, define the full cluster mean and its agent-i leave-one-out
version by

0 = e 3 (0.0 0

jecy
1 Nk Nk _
EN’k’fi(t) _ né? 1 Z q(Xj (t)v Uj (t))v r= f’ (3)
r JECk j#i
2R, r# L.

The leave-one-out network statistic and complete finite parameter seen by agent i are

AN7k17’L _ AN Jk,— z
n; Mk Z WET T )7 (4)

AVETI (1) = (Aﬁj *’(t),ﬁgv’k’ ‘() € RAH™), (5)

For each k, realize the finite game on a common filtered probability space (QNV:k FN:k TNk PN.k)
where FV:F = {ftN’k}te[O,T] is the usual augmentation of the filtration generated by {{;, Bj(s) : j €
Ti,0 < s < t}. The variables {; }icz, are i.i.d. with density po, the processes {B;}icz, are independent
Brownian motions, and the two families are mutually independent. Let EN-* denote expectation under
PN-% The finite dynamics and costs are

Xt = FOT @), U0, X T 0)dt + odBi(),  XH0) = &, 0
JVEU) = BN / CTOCE (), UMM (0,3 1))t + g(xY “n] "
0

FN’k

A finite strategy is a K-valued, -progressively measurable process. It is admissible for agent 4 if

UNH(t) € K WP i (1)) for (dt @ PNV F)-ace. (t,w). (8)
Agent ¢ minimizes JZ-N #(U) over its admissible controls.

Assuming the limit exists in the appropriate sense as My — oo, the cluster populations diverge,

W* approximates W, and the empirical laws converge to {5} sefo,1]; the finite sums then converge

to graphon integrals, while the finite parameters )\N k=t converge to A\, [Vg]. Section 5 imposes the

approximation hypotheses and proves the vanishing e-GNE bound.
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2.2.2 Infinite-network, infinite-population constrained GMFGC

At the infinite population infinite network limit, the representative-agent problem underlying the
GMFGC system is specified as follows.

Given a deterministic flow v of joint state—control laws, the representative agent at node a chooses
an F,-progressively measurable control u, satisfying uq(t) € Kq(Ao[ve](t)) almost surely for a.e. t.
The flow specifies distributions, not the other agents’ states or Brownian motions. The controlled
dynamics and cost are given by

dro(t) = fa(Ta(t), ua(t),va(t))dt + 0dBa(t),  4(0) = &a, (9)
T ~
T2 (a) = Ba [ [ Tola(®). 0 (0)v6(6))dt + glan(T)]. (10)

Here L, (&) = po(x) dz, with py common across «, and &, is independent of B,. At consistency, (9)
is the representative-agent equation of the graphon McKean—Vlasov limit associated with the finite
dynamics (6). Section 5 quantifies this connection through exactly feasible profiles and a vanishing
e-GNE error.

For the limiting joint flow, the law-dependent aggregate drift and running costs are

1
fols s 2)vas(dz) + /0 W) [ feuad)ds,

R7L+m

ot el = |

Rn#»m,

l~a(x, u,vg(t)) = lo(x,u, 2)va(dz) + W(a, ) Uz, u, 2)vg,(dz)dS.
Rn+m 0

Rn+m

The moment vector \,[vg](t) € R2™™) has components

loc . net loc
ALE(t) = /mezua,t(dz), Ao / W(a, B)AFE(t) dB. (11)

For A = (\o¢, \7et) € R2("™) define the network-dependent feasible set by
Ko(A\) ={ue K :v,(u,A) <0} (12)
For a prescribed flow v¢, define the admissible control class at node « by

Ao (vg) = {ua :[0,T] x Qq — K : ug is F,-progressively measurable,
U (t,w) € Ko(Aa[ve](t)) (dt @ Py)-a.e. } (13)

For a prescribed flow v, the representative-agent problem at node «, denoted by (P,[vg]), is to
minimize JXC (uq) over u, € A, (va), where the state in the cost functional is generated by (9).

Thus (9), (10), and (12) constitute the graphon mean-field limit of the finite-network, finite-
population game. The existence and uniqueness of solutions to this class of constrained GMFGC
problems shall now be analyzed in terms of the associated formulation of HIB-FPK equations.

2.2.3 Dynamic programming HJB-FPK system

For fixed vg, define the control-dependent Hamiltonian integrand at node « and its minimum over the
feasible set by

Ho(t,2,u,p,v6) = fol,u,vG(t)) - p+ Lo (2, u, va(t)), (14)
Holt, z,p,ve) = i Ho(t,z,u,p,ve). 15
obzpre)= . min o Haltzupe) (15)
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The minimum is attained under Assumptions (H1) and (H2) by compactness and continuity. The
variable p € R™ is the HJB costate. In the HJB equation, it is evaluated at p = VV*(¢,x), where
Ve ]0,T] x R™ — R is the value function.

For a candidate equilibrium flow v, set A% (t) == Ao [vE](t) and ﬁ;(t,x,u,p) = Ho(t,z,u,p, V).
Let po : [0,T] x R™ — [0,00) denote the state density and ¢% : [0,7] x R™ — K the optimal feedback.
The terminal cost g : R — R and initial density pg : R™ — [0, 00) are common across « and satisfy
Assumptions (H7) and (H5), respectively. The associated HJIB-FPK characterization seeks v, V*, pa,
and ¢} satisfying

2
[HIB|(a) — O,V — %AVQ =Ho(t,z, VV(t, 2),v5), VT, x) = g(x),

~ 2
[FPK](Q) atpa + V- (foz(xa ¢Zz(t? x)’ Vz:(t))l’a) = %Apaa pcx(oa ‘T) = p0($), (16)
[BR]() ¢k (t,x) = arg uEKril(iilg(t)) H(t,x,u, VV(t, z)),

[CONS(@) v, = (id, 65(t, ) (pa(t,2) ).
Here id : R® — R" is the identity.
Definition 2.1 (Generalized Nash Equilibrium for a Constrained GMFGC). Subject to conditions yielding
existence and uniqueness of solutions to (9)—(12) and (14)—(16), let (v&, $*) be the solution pair to the
GMFGC equations (16), where, for every graphon node «, (i) the feedback ¢ minimizes H over all
controls in the endogenous feasible set K, (Ao [V5]), and (ii) the resulting closed-loop joint state—control

distribution is ). Then, (v, ¢*) is called a generalized Nash equilibrium of the constrained GMFGC
problem determined by (9), (10) and (12).

The justification of this definition is as follows. For each a € [0,1], let z¥ be the associated
closed-loop state and set u},(t) = ¢%(t,2%(t)). The two equilibrium properties are consequences of
the HIB-FPK system: (i) [BR](«) selects an admissible feedback from the feasible set. A verification
argument then yields optimality over admissible control trajectories. Specifically, under the assumptions
of Lemma 3.5, the identity (35) shows that u}, € A (v{) solves (P, [rE]); (i) [FPK]|(«) together with
[CONS|(a) gives vy, = La((z}(t),ug(t))) for t € [0,T].

)’ o

The equilibrium is termed generalized Nash, rather than Nash, for two reasons. First, the best-
response property holds for an agent at node « when all other agents’ actions are those prescribed by
the GMFGC solution control laws. Second, the feasible-control correspondence itself depends on the
equilibrium law and hence on the strategies of the other agents.

The HJB equation is interpreted classically. However, in general, active-set changes may render
the feedback nondifferentiable in x; accordingly, the FPK equation is interpreted in the energy space
Va(Qr); see Lemmas 3.5 and 4.5.

2.3 Assumptions

Constants are uniform in a € [0,1], and C > 0 is generic.

(H1) [Feasible sets] For every (a, ), K,()) is a nonempty closed convex subset of a fixed compact
convex set K C R™.

(H2) [Moment-reduced coefficients] There are maps f : R" x R™ x R2("+m) s R" and [ : R" x R™ x
R2("+m) _ R such that, for every admissible joint flow vg,

~ ~ ~ ~

fa(xﬂu7VG(t)) = f(x7u7)‘a[VG](t))ﬂ la(x,u, VG(t)) = l(x,u, )‘a[VG](t))'

The map [ is globally Lipschitz on R™ x K x R2"+m) and satisfies |f(z, u, )| < Cr(1+|A])-
For every R > 0, [ is bounded and Lipschitz on R™ x K X B;("+m). Both maps are C? in w.
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For every R > 0, their first and second u-derivatives are jointly continuous and bounded on
R™ x K x B?%(n"rm), and their first u-derivatives are Lipschitz there. These local constants may
depend on R.
(H3) [Strong convexity] For every P, R > 0, there is Kp p > 0 such that, uniformly for z € R", p € Bp,
and \ € B;(ner), the map u — f(x, U, \) - p +2\(a:, u, \) is strongly convex on K with modulus
KB R
(H4) [Graphon regularity] The kernel W satisfies:
(i) supaefo,) fol W(a, B)| dB < Myy for some My, < oo;
(ii) for every ¢ € L*°(0,1), the map o — fol W(a, $)¢(8)dS is continuous.
(H5) [Initial law] The nonnegative density py € L?(R™) has unit mass and satisfies [,

z|*po(x) dr < .

(H6) [Constraint regularity] The constraint system satisfies:
(i) K = {u : k(u) < 0} for a componentwise convex C? map k : R™ — R"%. For each «,
Yo 1 R™ x R2*m) 5 R7e is C2 in w and C! in A. The mappings Do, 7=0,1,2, Dxva,
and Dy D,~, are jointly continuous in (u, A). Each component is convex in u.

(ii) For every R > 0, Dy, r = 0,1,2, Dy\va, and DyD,7, are bounded on K x Bgnm)
uniformly in . Moreover, D}, is uniformly continuous in « there, with common modulus
Wy, g, for r =0,1,2.

(iii) Set Go(u,A) = (Ya(u,A),k(u)) € R ™K g0 that Ku(A) = {u : Ga(u,\) < 0}, and
define the active index set as Io(u,A) = {i : Ga.i(u,A) = 0}; then the uniform linear
independence constraint qualification (LICQ), as in [42, Def. 12.4], holds: for every R > 0,
there is rr1cqQ,r > 0 such that the active gradient Hessian D, G 1., (u,x) (u, \) constitute
linearly independent rows and oy, (DuGa,Ia(u,,\)(u, )\)) > KLICcQ,R Whenever A € le(n—&-m)’

u € Ko(N), and I (u, ) # 2.

(H7) [Parabolic regularity] Suppose o > 0 and g € CT(R™) for some 6 € (0,1). Set ¥ = 6/2.
(H8) [Contractive weak coupling] The constants Cy and Cv in Lemmas 4.3 and 4.10 can be chosen so
that C¢CV < 1.

2.4 Admissible measure-flow class

To formulate the global fixed-point map, fix My,, C, > 0 and consider candidate joint flows v satisfying:

(C1) |Graphon-label continuity] For each ¢ € [0, T}, vg(t) € C([0,1]; P1(R™ x K)), where P; is endowed
with the metric W;.

(C2) [Uniform first-moment bound] sup,, ; [pn g (%, w)| va ¢ (dz, du) < My.

(C3) [Temporal Holder regularity] For all a € [0,1] and s,t € [0, T, Wi (Va.ts Va,s) < Cult — s|7.

(C1)—(C3) are assumed to hold for a candidate environment flows; consistency with the joint
marginal flow generated by the controlled SDE under the best-response feedback will necessarily hold at
the solved fixed point. By Condition (C2) and Assumption (H4)(i), sup, ; |\a[vc](t)] < (1 + Myy)My.
Fix Ry > (1+ My)My; then Ao [vg](t) € BR"™™ for all v € Vo), a € [0,1], and ¢ € [0,T7.

Definition 2.2 (Admissible Measure-Flow Class and Metric). Vo 77 shall denote the class of joint measure
flows satisfying Conditions (C1)—(C3), with constants My, and Cj, equipped with the metric

dy(va,vg) == sup Wi (Va,ts Vart)- (17)
«a€l0,1],t€[0,T]

The space (V|o,7], dy) is complete. Indeed, since R™ x K is complete and separable, (P (R" x K'), W)
is complete [47, Thm. 6.18]. Hence every dy-Cauchy sequence (v%)x admits a family vg = (Va,t)at
such that dv(ug, vg) — 0. It remains to verify that vg € Vg 7). For fixed ¢, the triangle inequality
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gives

Wl(Vﬁ}t; Va}t) < Wl(Vﬁ,h Vg,t) —+ Wl(Vg’ty Vg,t) + Wl(tht» Va,t) (18)
< 2dy(vE, ve) + Wl(”’é,ta Vg,t)'

Since v, satisfies (C1), taking limsupg_,, and then k — oo proves (C1) for vg. Since z — |z] is
1-Lipschitz, (C2) passes to the limit. Similarly, the decomposition in (18) gives W1 (Vo 1y Va,s) <
2dy (vE, vg) + Chlt — s|”. Letting k — oo proves (C3) with the same constant Cj,.

Definition 2.3 (Path and Path-Measure Spaces). Let Cp = C([0,T]; R™ x K), with canonical coordinate
process (Xy, Uy) defined by (Xi(w), Us(w)) := w(t) for w € Cr. Write

lwler = sup (| Xs(w)|+[Us(w)])-
0<s<T

Thus P € P1(Cr) means, equivalently, fCT lw|lcp P(dw) < o0; changing the origin in this norm gives
the same first-moment class. For w,w’ € Cr and t € [0,T], define

di(w,w’) = sup (|Xy(w) — Xs(w')] + |Us(w) = Us(w)]). (19)

0<s<t
Let D; be the 1-Wasserstein pseudometric induced by d;; dr and Dp are metrics. Set V? =
C([0,1); P1(Cr)). For Pg = (Pa)aeio,1), Qc = (Qa)aco] € V5, define

Di(Pc,Qg) := sup Dy(Pa,Qa). (20)
a€l0,1]

For P, € P1(Cr) and t € 0,77, set Marg,(Py) := (X¢, Up) % Po. For Pg = (Pa)aco,1], set Marg(Pg) :=
(Marg; (Pa))(a,t)€[0,1)x[0,7]-

For each P¢g € Vg , compactness of [0, 1] and Dr-continuity yield a first-moment bound uniform in c.
Since K is compact, (Cr,dr) is complete and separable, so (P1(Cr), Dr) is complete [47, Thm. 6.18].
Consequently, (VE, D7) is complete.

Proof architecture. The nested fixed-point construction is

mass—environment update

Marg A, HIB SDE v Marg new Wweak coupling PYL=Pg
_> G ’
PG — Vg — (ZS[I/G] e PG —_— Va VRS =y

- N—_——
moment-parameter consistency; unique global fixed point

ve fixed

For vg = Marg(P¢) € Vio,1}, the condition (57) enforces the inner moment-parameter consistency
described above, with all constraints retained. The outer condition P{, = P¢ yields v = v, aligning
feasibility, optimality, and the generated law. Lemma 4.9 proves inner consistency; Theorem 4.11 closes
the outer loop, whose weak-coupling contraction gives uniqueness.

3 Analysis for a prescribed joint measure flow

This section establishes the best-response side of the construction for a fixed candidate flow. Lemma 3.1
controls the moving feasible sets; Lemmas 3.2-3.5 establish HJB well-posedness and uniform estimates;
and Corollary 3.6 yields a regular optimal feedback.

3.1 Feasible-set stability

Lemma 3.1 (Feasible Set Stability). Under Assumptions (H1), (H4), and (H6), for every R > 0 there
exist a constant Cx r > 0 and a modulus of continuity wx r such that, for all a, 5 € [0,1] and
AmE B%nﬂn),

du (Ka(N), Kp(n)) < Ck.r|N — 0| + wi r(|la = B]). (21)
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Consequently, there exists Cy > 0 such that, for all vg € Vjg 7y, @ € [0,1], s, € [0,T7,

dit (Ka(a(1)), Ka(Xa(5))) < Ovft —s|”. (22)

Proof. Fix R >0, and let ag € [0,1], Ag € BA™™™ and ug € Ko, (Xo). If the active set Iy = In, (0, Ao)
is nonempty, put Ag = DGy 1, (U0, Ag). By the uniform LICQ in Assumption (H6), Ag has full row
rank, so dy = —AJ (AOA(—)r )71 satisfies Agdg = —1 < 0. Thus the Mangasarian-Fromovitz constraint
qualification (MFCQ) holds for the finite C! inequality system G, (-, Ao) < 0 [5, Sec. 2.3.4, Eq. (2.191)].
Here, MFCQ is equivalent to Robinson’s Constraint Qualification [5, Def. 2.86, Cor. 2.101].

By the mean value theorem and Assumption (H6), there is Lpg g > 0 such that, uniformly for
a,B8€0,1], v,w € K, and \,n € Blzz(ner)7

IDyGa(v,A) = DuGa(w,n)|| < Lo, (v —w|+ X =n[) +ws r(Ja = B]). (23)

Hence D,G,(v,\) is jointly continuous in (a, A,v). An analogous estimate shows that G, (v, A) is
jointly continuous in the same variables. Consequently, the Stability Theorem for Robinson Constraint
Qualification [5, Thm. 2.87], applied with parameter (a, \) and range R"< 1" gives a constant ¢ > 0

such that dist(v, K, () < ¢|[Ga(v, A)]4] for all (a, A, v) sufficiently close to (ag, Ao, ug), where []4
denotes the componentwise positive part.

The feasible graph Sgp = {(a, A\,v) € [0,1] x B?{(M—m) x K : Go(v,\) < 0} is compact. A finite
cover yields C; > 0 such that the preceding error bound holds on a relative neighborhood of Sg.
On its compact complement, if nonempty, the continuous residual has a minimum dz > 0, while
Assumption (H1) gives dist(v, K (X)) < diam(K). Hence, with Cr = max{C%, diam(K)/0r},

dist(v, Ko () < Crl[Ga(v, V4], (auA,v) €[0,1] x BEA"™™ x K. (24)

Let a,8 € [0,1], \,n € B%"er), and u € K,(\). Feasibility and Assumption (H6) give
[[Ga(u,m)]+] < Ly rln — Al + wy,r(|8 — @|). Applying (24) at (8,7n), taking the supremum over
u € K, ()), and reversing the parameter pairs proves (21), with Cx r = CrL, r and wg r = Crw~, k.

By the definition of Ry, the parameters A\,[v¢](t) belong to Bf%(j+m). For e € R"™™ with |e|] <1,
set ge(z) = e 2. Since supj.<; |e - a| = |a|, Kantorovich-Rubinstein (KR) duality [47, Thm. 5.10,
Rem. 6.5], Condition (C3), and Assumption (H4)(i) give

Malva](t) = Aalval(s)] < IATE() = AZ5(s)] + NG (1) — Ao (s)]

<@+ dw) swp | [ @)~ v (d2)
BE[O,l] Rn+m
lel<1
< (1+ M) sup Wi(vss,vp.6) < (1+ Mw)Cylt — s|”.
B€[0,1]

Taking R = Ry and § = « in (21), and using (25), proves (22), with Cy = Ck g, (1 + Mw)Ch,. O

3.2 Well-posedness of the parameterized constrained HJB equation

Fix an admissible joint flow vg € Vjg 7] and write
() = Xalva] (D), FL(twou) = floua(®), Tt a,u) = U, Aa (1)), (26)
The constrained HJB equation is

2
—O,V(t,z) — %AV"(?S, ¥) = Hao (b2, VV(t2),v6),  V(T,z) = g(x),

Holt,x,p,vg) = ueKm(iil o {f;’(t z,u) - p+ (L, u)} .
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Lemma 3.2 (Regularity of the Reduced Coefficients). Under Assumptions (H1), (H2), and (H4), fix
va € Vior) and h € {f,1}, define ho(t, ,u) := h(x,u, Aa[rg](t)). Then, for all a € [0,1], s,t € [0, 7],

z,y €R" u,v € K, and \,n € B%:er),

\ha(t,z,u) = ha(t,y,v)| < C(lz —y| + |u—1v|), (28a)
|ha(t, z,u) — ho(s, z,u)| < C|t—s\ﬂ7 (28b)
[h(w,u, A) = h(z,u,n)| < C|]A— 7). (28¢)

The constant C' is uniform over a € [0, 1] and vg € Vo 77

Proof. Estimates (28a) and (28¢) are the (z,u)- and A-Lipschitz bounds in Assumption (H2), respec-
tively; combining the latter with (25) gives (28b). O

Lemma 3.3 (Regularity of the Minimized Hamiltonian). Suppose Assumptions (H1), (H2), (H4), and (H6)
hold. There is a constant C' > 0, independent of C},, such that, for all vg € Vjo 1), @ € [0,1], t € [0, T,
x € R" and p € R",

[Ha(t, 2, p,va)| < C(1+ |p]). (29)
Moreover, for every R > 0, s,t € [0,T], x,y € R", and |p|, |q| < R,

|Ha(t7x7pv VG) _Ha(svy7Qa VG)| (30)
<Cllp—gql+ 1@ +R)(lz —yl+ 1+ Chn)t —s")].

Proof. Fix a € [0,1] and vg € Vo, 1). Set A; = Ko(Aa(t)) and Fiy(z,p,u) = Folt,zu) - p+ 15 (t ).

Write Hi(x,p) == Ho(t,x,p,vg) = mingea, Fi(x,p,u). The constant C' > 0 below is generic and

uniform in « and vg.

Since |Aq(t)] < Ry, Assumption (H2) gives |f2(t,x,u)| + [I%(t,z,u)| < C. Thus |Fy(z,p,u)| <
C(1+ |p|). Taking the minimum gives (29).

For functions F, G on the same compact set A, |ming F' — ming G| < sup,4 |F' — G|. The preceding
coefficient bound, (28a), and the minimum inequality give |Hy(z,p) — H¢(z,q)| < Clp — ¢| and, for

For the time estimate, let us € Ay minimize Fi(z,p,-). Lemma 3.1 gives u; € A; such that
lug — us| < C(1+ Cp)|t — s|”. By minimality, (28a), and (28b), |H;(z,p) — He(x,p)| < Fy(x,p,us) —
Fy(x,p,us) < C(1+ R)(1+ Cy)|t — s|”. Interchanging s and ¢ gives the reverse inequality. O

Lemma 3.4 (A Priori Estimates for the Value Function). Suppose Assumptions (H1), (H2), (H4), and (H7)
hold. There exists C; > 0 such that, for every vg € Vo, 17, the corresponding value function of (10)
satisfies

sup |V(t,x)| + sup Lip, V(¢t,-) < Cj. (31)

t,x,« t,o

Proof. For fixed o and v, the admissible control set is independent of the initial state. Using the same
admissible control and Brownian motion for initial states  and y, the coefficient Lipschitz bounds,
Gronwall’s inequality, and taking infima give

|Va(t7 l‘) - Va(tay” < (TLl + Lg)eLlem - yl?

uniformly in « and vg. Bounded running and terminal costs give the L estimate. O
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Lemma 3.5 (Solvability and Second-Order Regularity of the HJB). Let Assumptions (H1)- (H7) hold.
Fix vg € Vjo,1) and set ¥ = 6/2. For every « € [0,1], the parabolic HJB problem (27) has a unique
bounded classical solution

Ve e Cy(0,T) x R") N CLF/22H ()0, 7] x R™), (32)

loc

with terminal condition V¥(T, x) = g(x) specified in (27). For every R > 0,
[V gr+o/2.240 0,11x BR) < CR- (33)

The constants C'gr may depend on R and C}, but are independent of . Moreover, there is a constant
Cy, independent of «, vg, and Cj, such that

sup IVt 2)| + V2 (¢, ) + DIV (¢, @)l + [V (8, 2)]) < Co. (34)
In particular, V% is globally Lipschitz in z, uniformly in ¢ and «.

Proof. Fix o and vg, set a = 02/2, and abbreviate H(t,x,p) = Ha(t,z,p,vg). By Lemma 3.3, H is
globally Lipschitz in p, locally parabolic ¥-Holder in (¢,2) on bounded p-sets, and |H (¢, z,0)| < C.
Thus the semilinear-parabolic argument of [9, Lem. 3.3] applies once the moving constraint has been
absorbed into H by Lemma 3.3.

For completeness, set r =T —t, W(r,z) = V*(T — r,z), and let P, be the heat semigroup for
aA. The mild map is P,g + [; P,—sH(T — s,-, Dw(s))ds. The standard estimates ||Phlls < |20
and ||DPyhllse < Cr~12?||hlls [38, Ch. IV, Secs. 1-2] make it a contraction on bounded uniformly
continuous (w, Dw) for small time. Iteration over finitely many intervals gives a unique bounded mild
solution on [0, T7.

For any 8 € (9,1), the heat-semigroup Hoélder estimates [38, Ch. IV, Sec. 2, (2.1)—(2.3)] give,
through the mild formula, DW € C’ﬁ?’ﬁ . Thus H(T —r,x, DW (r,x)) is locally parabolic ¥-Holder; the
Schauder estimate [38, Ch. IV, Sec. 5, Thm. 5.1] gives, for every R > 0, [|W||c1+9/2.249(j0,71x Br) < Cr;
with Cr possibly depending on C},. Every solution in (32) satisfies the same mild formula, hence is
unique.

The barriers +(||g||cc + C7) and the maximum principle give ||[V%|loo < ||g]lcc + CT. Lemma 3.1
and uniqueness of the Hamiltonian minimizer imply, by compactness, that ¢, is continuous and hence
Borel. Its closed-loop drift is bounded, so Girsanov’s theorem [22, Ch. V, Sec. 10, Thm. 10.2] gives a

weak solution. For any admissible v with state X, localized It0 verification gives
T
o) = V2 =B [ [Tl ) V3 X0 + T, X2 )
t

~ Mals, X2, Vi (s, X2),v) | ds = 0. (35)

The integrand vanishes for us = ¢ (s, XY | vg), so V® is the value function. Lemma 3.4 gives
SUp, ;. [Vt (t, )| < Oy, where Cy is independent of vg and C,.

For the global Hessian bound, smoothly approximate H, g while preserving their spatial Lipschitz
and terminal Hessian bounds. Local Schauder compactness [24, Lemma 6.33] and uniqueness give local
C"? convergence of the solutions W* to W. Put My(r) = [|[D2W*(r,)|s. The cancellation [ D?*p, =0
yields | D? Pkl < Cr=/2Lip(h) [38, Ch. TV, Sec. 2, (2.5)]. Since Lip, H*(T — s,-, DWF(s,-)) <
C(1+ My(s)), the mild formula gives

My(r) < |D*¢" |0 + C/ (r—s) 721 + My(s)) ds. (36)
0
Iterating once and using [ (r —q)~'/?(q—s)~'/2dg < C reduces this to Gronwall, so sup;, . M (r) < C

independently of C},. Passing to the limit gives the same Hessian bound for W. The equation then
bounds W,., proving (34); the Hessian bound makes V,* globally Lipschitz. O
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Corollary 3.6 (Regularity of the Optimal Feedback Law). Let Assumptions (H1)-(H7) hold. For every
ve € Vjo,1), the feedback

Galtialve) =arg _ min - {F5(t ) Ve (o) + (ke )} (37)
is well defined, bounded, Borel measurable, and globally Lipschitz in x: there is Ly > 0 such that, for
all a € [0,1], vg € Vjo,7), t € [0,T], and z,y € R",

¢a(t, zlve) — ¢alt,ylve)| < Lolz —yl. (38)

Proof. Compactness and strong convexity give a unique minimizer; the continuity argument in the
proof of Lemma 3.5 shows that the feedback is continuous, hence Borel. For fixed ¢, let u,, u, denote the
minimizers at x,y. The feasible set is common to x,y, so we may test the two variational inequalities
with uy, uz, respectively. With d = u, — u,, their sum and strong convexity with modulus xs. > 0 give

iseld* < C(Jo =yl + |V (8, 2) = V2 (8, 9)])|d].

For d # 0, divide by |d| and use the global Lipschitz bound for V% from Lemma 3.5 to obtain
luy — uy| < C(1+Lip V,)|z — y|/Ksc. All constants are uniform over the admissible flow class, which
proves the asserted uniformity. O

4 Existence of the consistent joint measure flow

A perturbation of vg affects the optimization through the feasible set K,(\,), the Hamiltonian
coefficients, and the HJB costate V. The analysis in this section controls these three effects and closes
the fixed-point argument. The first subsection establishes KKT and costate sensitivity; the second
proves FPK and path-law stability; the final subsection applies the Contraction Principle to the global
consistency map.

4.1 Stability of the feasible sets and the minimized Hamiltonian

Lemma 4.1 (KKT Stability for the Constrained Hamiltonian). Under Assumptions (H1)-(H6), the
pointwise problem defining (37) has a unique minimizer. Let po = (4, uX) € R*T"¥ denote the
associated multipliers for the moving constraints v, and the fixed constraints k, respectively. Write
& = (x,p,\). For every P,R > 0, there is Lp r > 0, independent of «, such that

n n 2
(s 10) () = (s 1) (§)] < Lpglé =€l V&€ €R™ x Bp x B
Proof. Put { = (z,p, ), le(u) := A(x,u, A) op+lA(x,u,)\), and A¢ = {u: Ga(u,A) < 0}. The set
A¢ is nonempty, compact, and convex; strong convexity of ¢¢ therefore gives a unique minimizer.
Full-constraint LICQ gives a unique multiplier p = (1”7, u*) > 0. Because either the moving or fixed
constraints may be active, LICQ is applied to the active rows of G, = (Y4, k). The KKT conditions are

Dugf(u) + DuGa(uv )‘)TM = 07 Ga(uv )‘) < 07 HJiGa,i(ua )‘) = 07 Vi = la sy Me K. (39)

If I is the active set, then DuG;—’I/J/[ = —Dy{¢. The uniform LICQ modulus and the bound on D, /¢
for |p| < P hence give a uniform multiplier bound.

With z := (u, u), the KKT system is the generalized equation

Dyle(u) + DyGa(u, )\)Tu)

0€ Fo(z,8)+ NR""XRZ”"K (2), Fo(z,§) = ( —Go(u, \)
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Let L¢(u, p) := le(u)+ (i, Go(u, A)). Convexity of the constraints and p > 0 imply (D2, Le¢(u, p)h, h) >
K rlh|? for every h € R™. Since this estimate holds in all directions, it implies the second-order
condition [5, eq. (5.83)]. Combined with LICQ, [5, Prop. 5.38] then gives strong regularity [5, Def. 5.12]
of (40).

Fix P,R > 0. The preceding bound and the uniform convexity, LICQ, and derivative bounds
make the strong-regularity radii and moduli independent of x and a. On these neighborhoods,
|[Fo(2,8) — Fo(2,€)] < Cprl|f —&|. Robinson’s implicit-function theorem [44, Thm. 2.1 and Cor. 2.2]
therefore gives a locally single-valued map z,(§) = (ua(§),pa(€)) and constants rpr,Lpr > 0,
independent of x and «, such that |24 (&) — 2o (§)| < Lp,g|¢’ —&| whenever |&' —¢| < rp . Subdividing
the segment between two parameters into pieces shorter than rp p and summing these local estimates
proves the asserted bound. Uniqueness makes the local branches agree. O

Lemma 4.2 (Costate Stability). Let Assumptions (H1)—(H7) hold. Let V and V* be the HJB solutions
generated by flows vg, Vg € Vjo, 7). Then there exists C}, > 0, independent of a, the two flows, and C},
such that

Sup  Sup sup |Vza (t,.T) - Vra(tﬂ LE)| < deV(VGa DG) (41)
a€l0,1] t€[0,T] z€R™

Proof. Let 6 = dy(vg,vg) and set a := 0%/2. Write HY(t,x,p) = Halt,z,p,vg) and define HY
analogously. By (11) and Assumption (H4)(i), sup, ; [Aa[va](t) — Aa[Pa](t)] < (1 + Myy)d. For a
minimizer under v, Lemma 3.1 selects a feasible comparison point under v at distance O(9); applying
this construction in both directions and using Assumption (H2) gives, on the common bounded costate
range,

sup |H5(t,1‘7p) - Hg(t,l‘7p)| < Co. (42)
a,t,z,|p|<Po

Set Z = V™ —Ve, ¢(t,x) = VV*(t,z), and §(t,z) = VV(t, z). Define

HY(t,x,q(t,x)) — HL(t, z,q(t, x)) P o) £t
bt ) — WD) Gt o) (q(t,z) — q(t,2)), q(t,x) #q(t,z),

0, q(t,z) = q(t, ),
S(t,x) = HY(t,z,q(t, ) — HZ(t, x, 4(t, x)).
Subtracting the two HJB equations and using these definitions gives

—Z,—aAZ —b(t,x)-VZ = S(t,x), Z(T,")=0. (43)

Boundedness of fon the relevant parameter range implies that H? is globally Lipschitz in p, and hence
I6]lcc < C. Moreover, (42) gives ||S||cc < C§. Apply the Duhamel and heat-semigroup argument from
the proof of Lemma 3.5 to (43). With G(t) = ||[VZ(t)]lc and (P,),>o denoting the heat semigroup
generated by aA, Duhamel’s formula gives

Z(t) = /t Py_y(b(s,) - VZ(s) + S(s,)) ds,

The heat-semigroup bound used above, namely |VP,h|s < Cr~?||h| s, vields G(t) < CLT(S -
t)71/2(G(s) + 6) ds. Iterating once, as in the argument after (36) in Lemma 3.5, and using [, (s —
)2 (r — 5)"Y2ds = 7, gives G(t) < C§ + CJ;T G(r)dr. Gronwall’s inequality therefore gives
sup, G(t) < C,0, where C,, is independent of «, the two flows, and C,. O

Lemma 4.3 (Sensitivity of the Best Response). Let Assumptions (H1)-(H7) hold, and let vg, Vg € Vo1
Let ¢u(+, |va) and ¢4 (-, -|Vg) be the feedback laws generated by the corresponding HJB equations.
Then there is Cy > 0 such that

sup sup sup |¢a(t, z|ve) — da(t, zUa)| < Cody(va, Va). (44)
a€l0,1] t€[0,T] z€R™
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Proof. By Lemma 4.1, there are constants L;‘; , Lf with
|ba(t,2lva) = $alt,zlPa)| < LYV (t,2) — Vi (¢, @)] + LY Aalve](t) — Aa[Pe](t)]. (45)

By Lemma 4.2 and (4.1), the conclusion holds with Cy := LSCy, + (1 + MW)Lf\’. In particular, Cy is
independent of Cj,. O

Lemma 4.4 (Temporal Holder Stability of the Feedback Law). Under Assumptions (H1)—(H7), there
exists a constant A, > 0, independent of o, vg, and C}, such that

|ba(t lve) = dals, zlve)| < (Ag + CoCh)lt — s|”. (46)

The feedback is also bounded and globally Lipschitz in z, uniformly in c.

Proof. The spatial properties follow from Corollary 3.6. Put p, = V,* and A, = Ao [vg]. The difference-
quotient argument and (34) give |pa(t, ) — pa(s,z)| < Aplt — s|”, where A, is independent of Cj,.
Conditions (C3) and (H4)(i) give [Aa(t) — Aa(s)| < (1 + Mw)Chl|t — s|”. Applying the optimizer
estimate used in (45) and the definition of Cy proves (46) with Ag = L$ A, since

|ba(t 2lva) = Gals, zlve)| < (LpAp + CoCh)lt — s|”. O
Lemma 4.5 (Generalized FPK Well-Posedness). Under Assumptions (H1)- (H7), fix vg € Vjo, 7] and set

ba(t,l') = f(:c,q’)a(t,ﬂug),)\a[ug](t)).

With initial density pg, the FPK equation

2
8tpo¢ - %Apa +V. (bapa) =0 in QT (47)

has a unique generalized solution p, € Va(Qr). Its C([0,T]; L?>(R™)) representative is nonnegative, has
unit mass at every time, and satisfies energy bounds uniform in a.

Proof. The drift b, is bounded and Borel, uniformly in «. In the energy formulation of [38, Ch. III,
Sec. 5], the solution obeys, for every ¢ € C°([0,T) x R™),

o2
/ (—paatw O Vpe- Vb~ bape -w) dadt = | po(w)(0.2)d (48)
Qr n
Uniform ellipticity and boundedness of the lower-order coefficient give existence and uniqueness by [38,
Ch. III, Sec. 5, Thm. 5.2]. For completeness, take smooth approximations b}, , p, preserving the uniform
drift bound, nonnegativity, unit mass, and the L? and second-moment bounds. Testing the smooth
equation with pl and using Young’s inequality give

2 T
5 lohlE = TLIVALIE < ClloblB sup bl + [ 190t e <o ()
t<T 0
The equation also bounds 9;p%, in L?(0,T; H~!). Weak and local compactness permit passage to (48),
while the Lions—Magenes time-continuity theorem, namely the continuous Gelfand-triple embedding
L2(0,T; HYNH(0,T; H~1) — C([0,T]; L?), gives the continuous representative [19, Sec. 5.9.2, Thm. 3,
p. 287]; the difference estimate proves uniqueness.

Testing with the negative part gives p’, > 0. Testing with truncated versions of |z|? and applying
the Gronwall’s inequality yield

sup / (227 (£, 2)dz < C (1 + / |x2p0(ac)dx) . (50)

r,o,t

Thus the limit is nonnegative. Finally test against cutoffs g 1 1 with |[Vyg| < C/R and |[Axg| < C/R?,
first passing r — oo and then R — co. The moment bound eliminates escape of mass, while the drift
and diffusion errors vanish. Thus the representative has unit mass at every time. O
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4.2 Generalized McKean—Vlasov map

For a fixed candidate mean-field distributional environment v and its constrained feedback, &y maps
a path-law ensemble to the closed-loop law generated by its induced moments. Its fixed points satisfy
inner moment-parameter consistency. Such a fixed point is a GMFGC equilibrium exactly when the
outer condition also holds: v&*¥ := Marg(P{) = vq.

Definition 4.6 (Generalized McKean-Vlasov Mapping on Path Space). Fix vg € Vjo 7} and its feedback
ba(t, x|vg) from (37). For Pg = (P,)a € VE, set, for every (a,t),
- _ . P _
Ng,t = Marg; (Pa), Vg,t = (lda dalt, '|VG))#N5¢7 Ao (B) = Ao [Vg](t)~ (51)
For each a € [0,1], let X, : [0,7] x Q, — R"™ be the unique F,-adapted strong solution, with
Xa(0) =&,, of

AXo (1) = F(Xa(t), dalt, Xa(®)lve) X ()dt + 0dBa(t), ¢ €[0,T],
then the associated control process is defined by

Ua(t) = d)a(taXa(t”VG)v te [OvT]v (52)
and Ov[Pg | ve] = (ﬁ(Xa(')7Ua(')))ae[o,1]’ with @v[-|ve]: VE — (Pl(CT))[O’l]. g

Definition 4.6 uses strong solutions on the prescribed nodewise stochastic bases; the globally Lipschitz
closed-loop drift gives the stated unique adapted solutions. Lemma 4.9 proves that ®v [VQQ | va] C Vg,
so the map is a self-map on V? , but equality of the two sets is not asserted.

Lemma 4.7 (Continuity in the Node Label). Under Assumptions (H1)-(H7), fix vg € Vjo 7). For every
R>0,as 8 — «,

sup [Aslval(t) — Aalval(t)] — 0, (53a)

sup (V2 (t,2) = V(t, )| + [V (t,2) = V2 (t,2)]) — 0, (53b)
t<T
mgBR

sup |95(t, zlve) — dalt,zlve)| — 0. (53c)
rEBR
Proof. Put ¢,(t) = [guim 2V4,¢(dz). The uniform moment bound makes g, (t) bounded, and Condi-
tion (C1) makes v — g, (t) continuous. At each grid point ¢;, the local moment term converges by Condi-
tion (C1), while the graphon term converges by Assumption (H4)(ii). Consequently |Ag(t;)—Aa(t;)] = 0.
On a time grid of mesh A, the common temporal modulus then implies

sup [Ag () — A ()] < max [As(t;) — Aa(ty)] + 200,
t<T J

First let 5 — a and then h | 0. The reduced coeflicients and feasible sets consequently converge
locally uniformly. For every R > 0, the uniform Schauder estimate of Lemma 3.5 bounds {V?}4 in
C'™9/2:249(10, T x Bry1). Hence, for every 0 < 9’ < 1, the compact embedding of parabolic Holder
spaces yields a subsequence converging in C1*7'/2:2+9 ([0, T] x Bg). Passing to the limit in the HJB
equation, using the local-uniform convergence of the reduced coefficients and feasible sets, shows that
the subsequential limit solves the HJB equation at node a. Uniqueness identifies this limit with V¢
and removes the need to extract a subsequence. Consequently, V? — V* VP — V& locally uniformly
as 8 — a. Finally, the KKT stability estimate of Lemma 4.1 gives, on [0,7] X Bg,

|65 — dal < Cr(IAs — Aol + [V = VE 4+ wy k(I8 — al)).

Assumption (H6) and uniform strong regularity imply the third limit in (53). O
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Because the next lemma concerns only path laws and their marginals, a weak realization of the
closed-loop SDE is sufficient for its estimates.

Lemma 4.8 (Self-Mapping Regularity of the Consistent Marginal Flow). Let Assumptions (H1)—(H7) hold,

and fix vg € Vjo, 7. Suppose Pg = (Pa)acjo,1] € Vg is a consistent closed-loop path ensemble for

this fixed environment, in the sense that, with v := Marg(P¢), the canonical process (X, U,) on

Cr under P, is a weak solution, i.e., admits a realization on a filtered probability space carrying an
R"-valued Brownian motion B,, of

dXo(t) = [(Xa(t), dalt, Xa(t)|ve), Aa[VE](t))dt + adBa(t),

Xa(0) ~po,  Ualt) = balt, Xa(t) ve): (54)

Then there are constants My, Ag > 0, independent of C},, such that

sup / (s )| V25 (ds du) < Mo, Wa(uR5®, v < (Ao + CoCi)lt — 5| (55)
R x K

a,t

And then, under the condition Cy < 1, v € Vjg 71 whenever My > My and Cp, > Ag/(1 — Cy).

Proof. For each «, fix a weak realization of (54). The following estimates depend only on its law.

Conditions (C2) and (C3). We first verify the moment and temporal conditions. For ¢ < T,
set Q(t) = sup,, Esup, «; | Xo(r)|?. The moment definition, Assumption (H4)(i), and compactness of
K give the bound C(1 4 Q(t)) for the squared moment parameter; hence the global drift growth in
Assumption (H2) and the Burkholder-Davis-Gundy inequality give Q(t) < C(1+ fot Q(s)ds). Gronwall’s
lemma and Assumption (H5) yield, independently of Cj,

sup Esup | X (t)[* + sup E|U,(t)]* < C.
« t<T a,t
This gives the first estimate in (55) for some My independent of Cj,. Moreover, E| X, (t) — X, (s)]| <
Cr|t — s|” since ¥ < 1/2. By spatial Lipschitz continuity and (46),
E[Ua(t) = Ua(s)| < LoE|Xa(t) = Xa(s)| + (A + CoCh)|t — 5" (56)
Coupling the two joint marginals along the same path therefore gives

Wi (V0 , v < (Ag + CyCh) |t — 5|7,

a,t 'Y a,s
where A is independent of Cj,. If Cy < 1, the choices stated in the lemma make this bound at most
Chlt — s|”.
Condition (C1). This follows directly from Pg € V%. Indeed, the time-t evaluation map from
(Cr,dr) to R™ x K is 1-Lipschitz. Hence, for every ¢ € [0, 7],

Wi (v, va%’) < Dr(Pg, Pa) — 0 as 8 — a,

a,t
which is Condition (C1). O
Lemma 4.9 (Existence and Uniqueness of the Consistent Path Law). Under Assumptions (H1)-(HT), for

any fixed vg € Vo, 7], the map ®v[|vg] admits a unique fixed point P, € V& that is,

dy[PY |vel =Py in (VE, Dr). (57)

Proof. Self-map. Let Pg € VE. The Drp-continuous image of [0,1] is Wj-compact and hence has
uniformly integrable path norms. Together with compactness of K and Lemma 4.7, a standard truncation
argument gives sup, <o W1 (75,75 ) — 0 as 8 — a. For ¢¥ (t) = [27F,(dz), Assumption (H4)(ii)

and dominated convergence then give fOT |X§ (t) — Xi (t)]dt — 0. Couple the output SDEs with the
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same initial state and Brownian motion. The preceding parameter convergence, the Lipschitz estimates,
truncation, and Gronwall give convergence of both state and control paths in L' of the supremum
norm. The same moment estimate gives a uniform first moment; hence ®v[Pg|vg] € VE.

Contractive iterate. For Pg, Qg € VE, the map = +— (7, ¢o(t, z|vg)) is (1 + Ly)-Lipschitz. Hence
the induced marginal and parameter differences are bounded by CD;(P¢, Qg). A synchronous coupling
and the Lipschitz drift give

Dt(q)v[Pg|Vg],q)V[Qg|Vg]) S C/O Ds(Pg,QG)dS. (58)

Tts r-fold iterate has Lipschitz constant (C'T)"/r! by induction. Choose 7 so this is below one. Banach’s
theorem on the complete space V% gives a fixed point of the iterate, also fixed by ®v. Equation (58)
and Gronwall give uniqueness. O

Lemma 4.10 (Path-Law Sensitivity). Under Assumptions (H1)—(H7), let P% and P% be the fixed-point
path ensembles corresponding to vg, Vg € Vo, 1). There is Cy > 1, independent of Cj,, such that

Dr(Pg, Pg) < Oy sup |¢a(t, zlve) — dalt, zlvg)|- (59)

a,t,r

Proof. Set Ay = sup, ;, |pa(t,|vc) — ¢a(t, z[Ve)| and synchronously couple the two fixed-point
systems. The common spatial Lipschitz bound gives

Wl(vtux,bpg,t) < (1+ Lg)Dy(PY, PY) + Ay,
Na(t) = X ()] < C(Dy(PE,PE) + Ay). (60)

Writing Y,,(t) = Esup,«, |X;(r) — X, Z(r)|, the Lipschitz drift and feedback estimates yield

Valt) < C [ (Valo) + Du(PE.PE) + Ag)ds,

Esup [Ug(r) — UL (r)] < LeYa(t) + A

r<t

Taking the supremum in a and applying Gronwall gives D7 (P%, P%) < CA,. By (34), Ly, and hence
C, is independent of Cj; take Cy = max{1, C}. O

4.3 Contraction and equilibrium existence
Let
K% = {Pg € VE : Marg(P¢) € Vjo.11}- (61)

For Pg € K%, define ¥(Pg) as follows. Put vg = Marg(P) and let ¥(Pg) be the unique consistent
path law generated by ®v[-|vg] in Lemma 4.9. Thus ¥ first solves the moment-parameter consistency
problem with the mean-field distributional environment v frozen; its fixed-point condition then enforces
mass—environment consistency.

Theorem 4.11 (Well-Posedness and Existence of a Generalized Nash Equilibrium). Under Assumptions
(H1)—(H8), there exist admissible-class constants My, C}, > 0 such that:

(i) (K%, D7) is a nonempty complete metric space, and ¥ : K¢ — K¢ is a strict contraction.

(ii) There exists a unique fixed point P, € K$. With v}, = Marg(Py) and ¢% (¢, 2) = ¢a(t, z | V),
the pair (v§, ¢*) is a generalized Nash equilibrium: ¢}, is optimal for the representative problem
with environment v, and the law of (X7, ¢, (-, X;;)) has time-t marginal v/}, ;.
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(iii) For every a € [0,1], the equilibrium closed-loop FPK equation admits a unique generalized
solution p* € Vo(Qr).

Proof. (i) By Lemma 4.10, Cy > 1. Set ¢ := CyCy. Assumption (H8) gives ¢ < 1, hence Cy < 1.
Lemma 4.8 therefore shows that choosing My, > My and Cj, > Ap/(1 — q) ensures that every output
marginal flow belongs to Vg 7. The class K¢ is nonempty: for any ug € K, the Dirac ensemble
concentrated on the constant path (X;, U;) = (0,ug) has a constant marginal flow satisfying (C1)-(C3).
It is complete because the marginal projection is 1-Lipschitz and the defining continuity and Holder
bounds of V| 7] are closed under uniform W; convergence. Lemmas 4.9, 4.10, and 4.3 show that ¥ is

a self-map and, for all Pg, f’c € Kg,
Dr(¥(Pg), ¥(Pg)) < qdy(Marg(Pg), Marg(Pg)) < ¢ Dr(Pg, Pg). (62)

Thus ¥ is a strict contraction with contraction modulus ¢ < 1, proving (i).

(i) The Banach fixed-point theorem applied to ¥ on (K%, D7) gives a unique fixed point P,.
Its fixed-point identity makes the closed-loop law consistent, and the verification argument proves
that ¢* is optimal in the induced environment vf,. Therefore (v, ¢*) is the stated generalized Nash
equilibrium.

(iii) For each o € [0, 1], Lemma 4.5 gives existence and uniqueness of the generalized solution
ps € Vo(Qr) of the equilibrium closed-loop FPK equation. O

5 Finite-network and finite-population approximation

The limiting graphon MFG equilibrium is approximated by games with finite networks and agent
populations, using the same local and graphon-weighted joint state—control statistics. The key convention
is a leave-one-out empirical distributional environment: agent i’s parameter excludes its own state—
control pair, avoiding a self-referential feasible set at the single-agent error quantified below.

5.1 Finite approximation assumptions

The finite game is defined in Section 2.2.1; here we add the approximation and feasibility-transport
hypotheses.

For u € K,(\) and X € R2("*™)define the feasibility-transport map

1
Ra(u, A\, A) i=arg min_ —|v —ul?, Vu € Kqo(N). (63)
vEK4(N)

Here Gr(K.) = {(a, A\, u) : a € [0,1], X € R2(+m) 4 € K, (\)} is the feasible graph, A is the source
parameter, and ) is the target moment parameter. The following are the finite approximation hypotheses.

(F1) [Growing clustered networks and populations] My — oo, nf. > 2 and n*. — occ.

min min
(F2) [Finite-network graphon approximation] The sectional error
satisfies
k \- W, k
= - — ag| — 0. 64
b =, zy, | 57p Wk 98 (o4

Consequently, by Assumption (H4)(i), W = sup,, , %{k Zi\i"l Wk | < .

(F3) [Global finite-system coefficients] The finite dynamics, costs, and constraints use the same 7l
and K,(\) as the limiting model. The maps f and 7 are globally Lipschitz in (x,u, A), with
constants independent of k.
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(F4) [Global uniform constraint regularity] The bounds in Assumption (H6)(ii) can be chosen inde-
pendently of R, and the maps D, G, and D)\G,, are globally Lipschitz in (u, ), uniformly in
«a. Moreover, there is a constant kg, > 0 such that oy, (DUG(X,IQ(W\)(U, )\)) > Kan Whenever
A€ R2(Hm) 1y € K, ()\), and the active set is nonempty.

(F5) [Finite-feedback contraction] With L, := 1+ W and Lz ) denoting the transport constant
furnished by Lemma 5.1 below, assume g, := Lrg L, < 1.

Because v, € Vjo,7], conditions (C1) and (C3), a finite time-grid argument, and compactness of
[0,1] imply the uniform spatial modulus
wy(h) = sup Wi(v5,v5) — 0. (65)

|a—B|<h
t€[0,T]

Empirical moments can make the limiting feedback infeasible in a finite game, motivating the
feasibility transport and feedback construction that follow.

5.2 Feasibility transport and finite feedback

Lemma 5.1 (Feasibility Transport). Under Assumptions (H1), (H6), and (F4), R, has a jointly measur-
able, single-valued version. More precisely, there is a constant Lz x < co such that for every o € [0,1],
A, N7 € R2HM) g e K (M), and v € K, (),

|Ra(ua )‘7X) - U,‘ < LR,)\|X - /\‘7 (66)
[Ra(u, A, A) = Ra(v,n,7)| < [u—v| + Lr,a[A =7 (67)

Proof. Fix o and write P, gz for the unique minimizer of %|w — z|? over Go(w,60) < 0. Its KKT
Lagrangian has w-Hessian at least I, since the constraints are convex. Uniform LICQ and the bounds
in (F4) therefore give uniform strong regularity [5, Prop. 5.38]. Robinson’s implicit-function theorem
[44, Thm. 2.1 and Cor. 2.2] then yields | Py 02 — Pa,9z| < Lz A|0 — 9.

Projection onto a fixed closed convex set is nonexpansive; hence | Py 92— Py 92'| < |z2—2'|+Lg |01
Since P, u = u for u € K,(X), these two estimates give (66) and (67). Joint continuity makes the
feasible graph Borel; measurable projection and uniqueness give the jointly measurable version. O

Recall from (11) and Theorem 4.11 that A% (t) = Ao [VE](2), ¢k (1, x) = ¢u(t, x | V) are, respectively,
the limiting equilibrium local-network parameter and feedback. Although ¢%(t,z) € K, (AL(1)), it
need not be feasible for an agent’s empirical parameter. Define the finite constrained implementation
implicitly by

(2

O R (E) = Rep (50 (0 KFH ) X5 (0, A5 (1)) (63)
Here Xﬁv’k’fi(t) uses the current finite profile, including other agents’ controls. Thus (68) is a fixed
point in the finite control vector.
For state and control vectors, direct averaging in (3)—(5) gives
max |Xf\'kﬂ(t, x,u) — va’k’fi(t; Yo V)| < Laallx = Yoo + Laulu = v, (69)
Lynz=Lry=1+W. (70)

Lemma 5.2. Under Assumptions (F2), (F4), and (F5), for every ¢ and state vector x, (68) has a
unique feasible solution UN* = M-k (¢, x). Moreover, ®V+* is jointly Borel and globally Lipschitz in x
uniformly in k, its closed-loop control is F¥-*-progressively measurable, and

~ L ~ )
mase [U7F(8,%) = 7 (1 )| < 750 max [NVF 7 (8, 67(8,%)) = AL ()], (71)

*
k =
K % —4c

where ¢*(t,x) = (¢:;xlc (t,21),. .-, ¢Z§V (t,zN,))-
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Proof. For fixed (¢,x) define the map on finite control vectors by

(Taw))i = Ry (@50 (6 20) X (0, X5 (3, )) (72)

Lemma 5.1 and (69) give || 7x(u) — Tx(v)[los_< gellu—v||oo. Thus Banach’s theorem gives a unique fixed
point, which is feasible by (63). Let D = |[UN* — ¢*(t,x)| o and let B = max; A%~ (t;x, ¢* (£, x)) —
A ()] By (66) and (69) with x fixed, the corresponding parameter difference is at most Ly ,,D. Hence

D < LrA(LpauwD+ B) = q.D + Lgr B, proving (71).

Picard iteration from a Borel initial vector proves Borel measurability. For two state vectors, the
same estimates give ||Tx(u) — Ty (V)]|co < C||%x — ¥|loo + ¢ellt — V||oo. Absorbing g. gives the uniform
state Lipschitz bound. The resulting closed-loop SDE has a unique strong solution, and its Borel
feedback is progressively measurable. O

5.3 Approximation error and e-generalized Nash equilibrium

The e-generalized Nash proof compares the finite feasible profile (68), the finite system after an
admissible unilateral deviation, and independent limiting representatives

AYP2 () = FOYP (0. VIR (0. A0 ()t + 0dBi(r).  Vis(t) = 65 (1.2 (1)), (73)

Define ny = 1/4/nF. + ek + w,(1/My). The three terms are the cluster sampling, graphon
approximation, and cell discretization errors. The influence of one agent is meabured by ar =
1/(nfy, — 1) + maxg, (|WE|/(Mg(nk —1))). The row-sum bound (F2) gives a;, < C/(nk 1) — 0.

Nmin —

For each «, let A} contain the progressively measurable K-valued controls on any filtered basis
carrying an initial state with density py and a Brownian motion that remains Brownian in that filtration,
with U(t) € Ku(A\5(t)) for (dt ®P)-almost every (¢,w). On this basis, J(U) is defined by the right-hand
side of (10) with vg = v and expectation under P. HJB verification on every such basis includes
auxiliary randomization and the transported deviations below; finite deviations range over (8).

Lemma 5.3 (Finite GMFGC Consistency). Under Assumptions (H1)—(HS8) and (F1)—(F5), let (XN ok UN k)
and (Y;>°, V;*°) be the finite-implementation and limiting representative state—control pairs at node ai ,
respectively. Then some C > 0, independent of i, k, satisfies

T
supIEN’k[ sup |XVH(t) — Y22 (0)]] + sup BN / TN (1) — VoS ()| de < Co,
3 0<t<T i 0

sup|J” UVF) = T2 (6r0)] < Cmge

Proof. Couple the finite system and independent limiting representatives using common initial states
and Brownian motions. Set dx (t) = sup, EN*| X *(#) — Y°(t)| and define dy(t) analogously. Also

set Dx (1) = sup; EN¥ sup, o, | X[ (s) = Y;°(s)| and Dy (t) = sup; EN* [T () = Vi< (s)|ds.

For 2 = (Y°,V5®), let A" be defined by (3)-(5) with ¢(X;,U;) replaced by 23
Put Mo = fzz/ dz) and, for i € CF, define )\Wk = (mge, MY, Wékrmalﬁ) and )\ic’k =
Z f]k B)m kdﬁ) suppressing t. Then

—N,k,—i
A

7

TN ki
_ )‘Z,’; =\, ¢

7

AR 208 (00— xgy). (74

The terms are, respectively, the sampling, graphon, and cell errors. Uniform second moments, (64)—(65)
and the row-sum bound give

i 1
ST = (0] < O | ——= + eby + w,(1/My) | = Cg. (75)

min

supENk|)\
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Coupling the finite and limiting pairs then bounds the actual parameter error by C(dx (t) + du (t) + ng).

The Lipschitz properties of R, and ¢}, give dy < Cdx +q.dy +Cng. Absorbing g. < 1, synchronous
state comparison yields Dx (¢) + Dy (t) < Cfot Dx(s)ds+ Cn. Gronwall gives Dx (T')+ Dy (T') < Cry,
proving the first claim. The Lipschitz bounds for 1 and g then give the cost estimate. O

Lemma 5.4 (Lower Bound for Finite Deviations). Under Assumptions (H1)—-(H8) and (F1)—(F5), fix an
agent ¢. Let UN** be any finite-admissible deviation, and suppose all agents j # ¢ use the finite-feasible
GMFGC implementation. Then there is C' > 0, independent of k, ¢, and UN-¥, such that

JNMUNEONE) > b T3 (U) = Cl + an). (76)
k

aL

The infimum equals J, (¢7,) by optimality.

Proof. Population Response. Denote the baseline finite system by A and the system with agent
v's deviation by B. Thus U = ®""(t,X#4), while UP = UN* and UP = &}* (¢, XP) for j # «.
Couple the nondeviators synchronously and set Ax (t) = max;., EV*sup |XjA (s) — XP(s)| and
Ay(t) = maX#LEN’kWJA (t) — UJB (t)|- Linear growth and compactness give uniform first moments.
Since the deviator carries only weights (n* —1)=! and |W[|/[My(nF — 1)], the definition of aj, and the
row-sum bound give a field difference at most C'(Ax (t) + Ay (t) + ax). Transport and ¢, < 1 imply
Ay < C(Ax + a); synchronous state comparison and Gronwall yield Ax (T) + fOT Ay (t)dt < Cay.

Transported Deviation. Let :\\F be the deviator’s leave-one-out parameter. The preceding response
bound and Lemma 5.3 give EN* [T X2 — X%, |dt < C(ni+ar). Set U,(t) = Ror (UNF (), AB(t), Ao (1)),
This control is progressively measurable aild belongs to AZI;' Couple its state X, with X B ﬁsing
the same Brownian motion. Transport, linear growth, and Gronwall yield EN:* fOT |UNF — l'_~fL|dt +

ENF sup, o | XP — X,| < Cl, + a).

Cost Comparison.  Global Lipschitz continuity of 1 and g and the above estimates give
|JNF(UNE ONEY - J2(U)] < C(e + ag). Since U, € A%, optimality proves the claim. O

Theorem 5.5 (Finite e-Generalized Nash Equilibrium). Assume (H1)—(H8) and (F1)~(F5). Let UN* be
the exactly feasible strategy profile from (68). For each k, there is an error € = e(k) > 0, with e(k) — 0,
such that, for every agent ¢ and every finite-admissible deviation UZ-N ’k,

JNEONF) < gNRUNE OVFY Lo e < Ol + ag) — 0. (77)
Thus UM+ is a finite-network, finite-population e-generalized Nash equilibrium. Moreover, (F2) gives

ap < C/(nlsmn - 1)

Proof. For any agent i and finite-admissible UiN ’k, Lemmas 5.3 and 5.4 give
TORONEY < 5 (08) + O < VMO TN 4 Clne + an). (78)

As 1, UiN’k are arbitrary and 7 + ax — 0 by (F1)— (F2) and (65), (77) follows. O

6 Conclusion

This paper develops a constrained GMFGC model with law-coupled admissibility. Under the stated
regularity and contraction conditions, its GNE is unique and its generalized FPK flow is well posed.
Feasibility transport yields finite-network, finite-population e-generalized Nash profiles satisfying the
shared constraints. Equilibrium existence and uniqueness under weaker conditions than contraction
remain open, as do measure-dependent constrained problems.
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