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Abstract : This paper addresses the problem of data-driven stabilization of continuous-time linear
time-invariant systems. The objective is to design a dynamic output-feedback controller directly from
a finite input—output trajectory collected during an experiment, without any identification step. The
proposed approach applies to general multi-input multi-output systems without a uniform observabil-
ity index by building on Kreisselmeier’s adaptive filter, which acts as an observer of a stabilizable
canonical non-minimal realization of the unknown plant. By postprocessing the input—output data
through this filter, the stabilization problem is translated into a data-driven linear matrix inequality
whose solution yields the feedback gain of a dynamic output-feedback controller. Since the considered
non-minimal realization is generally stabilizable rather than controllable, a data-driven state decompo-
sition is introduced to extract the excited coordinates and isolate the stable autonomous modes. The
proposed decomposition is then used to implement the controller as a reduced-order system that does
not retain the full filter dynamics. Finally, input conditions are provided to guarantee the excitation
properties required for data-driven design.

Keywords : Data-driven control; adaptive filters; output feedback; linear matrix inequalities
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1 Introduction

Obtaining controllers from measured system trajectories has a long history in the control community.
Its origins can be traced back to adaptive control [27], where unknown controller parameters are
learned online, and it has recently evolved into the broader field of data-driven control [12,19, 31].
This end-to-end paradigm avoids any intermediate modeling step and may be effective even when the
data are not informative enough to perform system identification.

Among different direct data-driven methodologies, an increasingly prominent approach consists of
expressing analysis and synthesis conditions as linear matrix inequalities (LMIs) whose coefficients
are obtained directly from system trajectories. This leads to a computationally tractable controller
synthesis procedure and provides explicit conditions under which a given dataset contains sufficient
information for the objective. In the discrete-time context, pioneering works on data-driven LMIs
are [7] and [33], which mainly focus on the state-feedback stabilization of linear time-invariant (LTT)
systems. While the former derives LMIs by developing state-space results inspired by Willems et al.’s
fundamental lemma [35], the latter introduces the framework of data informativity to provide necessary
and sufficient conditions for data-driven analysis and control. Later, alternative LMIs particularly
suited for noisy datasets have been derived from quadratic matrix inequalities [30]. The data-driven
LMI paradigm has also been applied to time-varying systems [22], nonlinear systems [7,30], and output-
feedback control, using either non-minimal realizations involving shifted input—output data [1,7,16] or
the behavioral framework [32].

In contrast, direct data-driven control for continuous-time systems remains less developed. This
gap is relevant in the control community because most physical systems or processes are naturally
modeled in continuous time by ordinary differential equations [20]. Although continuous-time LTT sys-
tems admit an exact discrete-time representation under periodic sampling and zero-order-held inputs,
such sampling and input conditions are not always guaranteed in an experiment. Moreover, a direct
continuous-time treatment provides a useful conceptual and technical foundation for addressing nonlin-
ear systems. Recent progress includes continuous-time versions of the fundamental lemma [18,28] and
the study of the effect of sampling on informativity [8]. Unlike the discrete-time case, continuous-time
methods must handle derivative signals, which are usually unavailable in practice. Most state-feedback
results derive LMIs assuming that state derivatives are measurable [7,8,11]. This is relatively restrictive
as derivative signals are typically not measured and their numerical reconstruction can considerably
amplify measurement noise [13]. To remove this need, [26] proposes orthogonal polynomial bases,
while [23] explores more general sampling functionals.

On the other hand, data-driven control methods that rely purely on input—output data for
continuous-time systems remain rare, while most available results assume that the state trajecto-
ries are available. The input—output setting is of particular practical interest because measuring every
state may require an excessive number of sensors or may even be infeasible when suitable sensors do not
exist. Results that address this scenario include [5,6], which design output-feedback controllers for LTT
systems via non-minimal realizations that can be reconstructed by linear filters of the input—output
signals. While these results address single-input single-output (SISO) and multi-input multi-output
(MIMO) systems with a uniform observability index, respectively, finding an approach for general
continuous-time LTT MIMO systems remains an open problem. This paper aims to close this gap with
the following contributions.

1. We propose a method to derive an output-feedback stabilizer directly from an input—-output
trajectory of LTI MIMO systems without restrictions on the observability indices. We obtain
this result by showing that Kreisselmeier’s adaptive filter [14] acts as an observer of a canonical
non-minimal realization of the plant [6].

2. We derive data-driven LMIs for computing a stabilizing feedback gain from filtered input—output
data. To handle the fact that the resulting non-minimal realization is generally stabilizable but
not completely controllable, we first project out the component represented by a known stable
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auxiliary signal and then apply a singular value decomposition (SVD) to the residual. This
decomposition separates an excited stabilizable coordinate from stable autonomous modes. We
also exploit the known input matrix of the filtered system to relax the standard rank condition.

3. We provide further results on data collection and implementation. In particular, we give input-
design conditions that ensure the required excitation and derive a reduced-order dynamic output-
feedback controller whose online state contains only the residual coordinate. The complete
Kreisselmeier filter is needed only for offline data processing.

Caveat. Compared to the conference version [9], this paper further develops a novel data-driven
LMI that exploits the known input matrix of the extended filtered system, derives a projection-based
reduced-order online controller, and provides input-design conditions for experimental data collection.

Notation. We use R and R_ to denote the sets of real numbers and negative numbers, respec-
tively. 0; and 0;x denote the zero column vector of dimension j and the zero matrix of dimension
J % k, respectively, and 1; represents the j-dimensional vector of ones. We use | - | to represent the
Euclidean norm of a vector and ® for the Kronecker product. Given a matrix X € R7** the op-
erator vec(X) denotes the kj-dimensional vector obtained by stacking the columns of X one below
another. For matrices Xi,..., X, with appropriate dimensions, col(Xi,...,X,) = [X{ - XqT]T.
Let Ck([t1,t2],RY) denote the set of k-times continuously differentiable functions from [t1,t2] to RY
with ¢; < t5. Given a signal ¢ and ordered sampling instants ty = (¢1,...,ty), denote the matrix
of samples [Pty == [¢(t1) -+ ¢(tn)]. When clear from the context, the arguments of functions and
operators are omitted. We conclude the notation by introducing some useful definitions.

Definition 1. [15,29] A bounded signal ¢ : [t1,t2] — R, with ¢; < ¢2, is said to be intervally excited
(IE) it

" o()6" (s)ds > 0. (1)

ty
Definition 2. [15] A signal ¢(-) € C*~!([t1, t2], RY), with 1 <t and k € N, is said to be rich of order
k if the signal col(é(-), d(-),..., ¢ =D () is IE.

2 Problem statement

Consider a continuous-time LTT MIMO system of the form

T = Ax + Bu
_ (2)
y_va

where z € R™ is the state, u € R™ is the control input, and y € RP is the measured output, while
A e R™ B e R*"™ and C € RP*" are constant unknown matrices that satisfy the following
assumption.

Assumption 1. The pair (A, B) is controllable and the pair (C, A) is observable.

We aim at solving the following input—output data-driven stabilization problem.

Problem 1. Suppose that the input—output dataset
& = {u(t)7y(t)}[0,tp]ﬂ (3)

has been acquired from the plant (2) during an experiment of duration tp > 0, under some excitation
condition on the input uw and from an unknown initial condition x(0) € R™. Moreover, suppose that
u(t) and x(t) are piecewise continuous and absolutely continuous over [0,tp], respectively.

Without any prior information on A, B, and C except for the state dimension n, use (3) to design
a linear dynamic output-feedback controller of the form
e = Ace + By

B (4)
u= Cexc + Dy,
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having state x. and matrices Ac, Be,C. and D. to be determined, such that the origin (x,z.) = 0 of
the interconnection of (2) and (4) is globally exponentially stable (GES).

3 Proposed approach

3.1 Kreisselmeier’s adaptive filter

Our approach is inspired by and built on Kreisselmeier’s adaptive filter [14], which is given by the
following dynamical system:

M=AM+[y"®lL, u' ®I,], (5)

where M € R™*# ig the filter state, with u = (p+ m)n, while A € R™*" is a Hurwitz matrix having n
distinct eigenvalues. In [14], it is shown that the filtered signal M (¢) satisfies an algebraic relation with
the solution z(t) of system (2), for any initial condition of (2) and (5). Below, we provide a version of
this result tailored to our case.
Lemma 1. Consider systems (2), (5) and let Assumption 1 hold. Then, there exist a non-singular
matrix T € R™*™ and a column vector § € R* such that, for all initial conditions x(0) = z¢ € R™ and
M(0) = My € R™*H,

Tx(t) = M(t)0 + X (Txg — Mob). (6)

Proof. Since the pair (C, A) is observable due to Assumption 1, there exists a matrix I" such that the
spectra of A—T'C and A coincide. Then, the fact that A has distinct eigenvalues implies that A — T'C
and A are similar, i.e., there exists a non-singular matrix 7" such that A = T(A — T'C)T~!. Using the
change of coordinates £ = Tz, system (2) with initial condition ¢ becomes

T = AZ + Bu, y=Cz% (7)

with A :=TAT~!, B:=TB, C:=CT~!, and initial condition Zy = T'r. System (7) can be equivalently
written as

r =Az+TTy + T Bu. (8)

The main results in [14] follow immediately. The solution Z(t) = Tx(t) of (8) reads as

t
Txz(t) = Mz + / M=) [Ty (s) + TBu(s)]ds
0

t
=Mz, +/ A yT(s) @1, u'(s)® I,]dso
0
= eMTzg + (M(t) — MMy) 0,
where in the second line we exploited the identities TT'y = (y " ®1,,) vec(TT), TBu = (u' ®1I,) vec(T B)

and defined
0 vec(TT)
" |vec(TB)|’

while in the third line we used the solution M (t) of (5). Rearranging the terms, we obtain (6). O

Remark 1. The filter (5) does not rely on specific values of A, B, or C, but only on their dimensions
for the given plant (2). Even in such a case, we have an algebraic relation (6) between the unknown
state x and the available filtered variable M, where the vector € is unknown. Indeed, the use of
similar filters to process input—output signals has a longstanding history in adaptive control; see, for
example, [24,27].
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3.2 Filter-based output-feedback stabilization

Our approach is motivated by the indirect output-feedback approach [3]. In particular, we first design
an observer that achieves an exponentially convergent estimate of the system state, uniformly in
the “exogenous” signals (u,y). Then, we find a “state-feedback” controller for the observer. From
Lemma 1, we note that the set

A= {(z, M) € R" x R™** : Tz = M6} (9)

is invariant and attractive. As a consequence, it makes sense to design a feedback law that depends
only on M. We aim at achieving the following property:

lim M(t)=0 (exp.),

t—o0

which then implies from (6) that z(¢) converges to zero exponentially as t — co. It is important to
remember that the system does not start in general on A because M (0) would require unavailable
prior information. Thus, we need to account for the perturbation of the transverse coordinate

B:=Tx— M6 c R" (10)

To facilitate the data-driven controller design, we provide the following corollary of Lemma 1, which
highlights the dynamics of the transverse coordinate f.

Corollary 1. The transverse coordinate B € R™, defined in (10), satisfies the dynamics

B =AB, (11)
whose origin =0 is GES.

Proof. Rearranging terms in (6), we immediately obtain (11), where A is Hurwitz by design. O

Remark 2. Transverse coordinates have been widely explored in various fields, especially in nonlinear
control, such as path following of mechanical systems [10], orbital stabilization [36], transverse stability
analysis [2], and immersion and invariance control [4].

4 Existence of Kreisselmeier filter-based stabilizing controllers

We now show that the filter (5), once vectorized, defines a canonical non-minimal realization of the
plant, and then use this structure to establish the existence of a filter-based output-feedback stabilizing
controller. We first recall a definition from [6, Def. 1].

Definition 3. Under Assumption 1, a canonical non-minimal realization of system (2) is a system of

the form
2=(F+LH)z+ Gu
(12)
y=Hz,
where z € R™ and n, > n, such that the following properties hold:
e [ is Hurwitz;
e There exists a matrix IT € R"*™= that solves the following equations:
II(F+ LH)=All, IG=B
(13)

H = CIL

To facilitate the subsequent analysis, we rewrite the Kreisselmeier filter in a vectorized form below.
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Lemma 2. Let % := vec(M), where M satisfies (5). Then, it holds that

z=F:+Gu+ Ly, (14)
where
F=1,®A
G 0 pn2xm I I, ® vec(I,,) (15)
I, ® vec([n) ’ 02 Xp .

The proof is given in Appendix A.

We now show that there exists a matrix H such that the system (12), with F, G and L defined by
the vectorized Kreisselmeier filter, provides a canonical non-minimal realization of the plant (2).

Lemma 3. Under the conditions of Lemma 1, system (12), with z € R":, n, = n?(p+m), F, G, and
L as in (15), and
H=CO"oT™1), (16)

is a canonical non-minimal realization of the plant (2), with (13) solved by the full-row-rank matrix
H=0"®7T (17)

Moreover, the pair (F + LH, Q) is stabilizable.

Proof. By Lemma 1, the set A defined in (9) is invariant. Hence, for every solution initialized on A,

z(t) =T ' M(t)0

= (0" @ T Yvec(M(t)) =T15(t), Vt>0. (18)

From (16) and (17), it also holds that
H = C1L (19)

On A, Equations (18) and (19) give y = Cx = CIIZ = HZ. Hence, by (14), the dynamics restricted to
A satisty .
AllZ + Bu =& =112
=II(F% + Gu+ Ly) (20)
=1I(F+ LH)z + IIGu.

The identity (20) holds for arbitrary values of 2 and u. To be specific, for any 2y and ug, one may choose
M (0) such that vec(M(0)) = Zo, together with x(0) = I1Z; and u(0) = ug, so that (x(0), M(0)) € A.
Evaluating (20) at ¢ = 0 and comparing the coefficients of 2y and ug gives

I(F + LH) = All,  IIG = B. (21)
Together, (19) and (21) yield (13).

Since (A4, B) is controllable, B # 0. Thus, TB # 0 and the definition of # in Lemma 1 gives
6 # 0. Consequently, rank II = rank (f7)rank (T~') = n, where we used the rank identity for the
Kronecker product. Moreover, F' = I, ® A is Hurwitz because A is Hurwitz. Thus, all the conditions
of Definition 3 hold. Finally, the stabilizability of (F' + LH, G) follows from [6, Cor. 1]. O

Remark 3. While vectorizing the matrix variable M reveals that the filter dynamics of vec(M) resemble
those in [6, § VI], the filter (5) does not exploit any structural property of MIMO systems. As a
consequence, unlike the design of [6, § VI], our approach does not require knowledge of the observability
indices of the pair (C, A). The trade-off, however, is the introduction of excessive coordinates in the
filter. In Section 5.6, we provide a reduced-order Kreisselmeier filter design capable of significantly
reducing the filter dimension.
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Example 1. Consider a three-dimensional system with two inputs, two outputs (n =3, p = m = 2),
and

1 0
,B:017C:{
1 9 01 1

1
A=10
3

S NN
== O

102}

We select A = diag(—20, —36, —40

. Following the proof of Lemma 1, we obtain

6.1083 —0.2340  17.5900
T = |-5.5982 —2.9025 —17.1889
—1.4337 2.8633  —0.0868

=

and the corresponding column vector 0 = [01, 0] T with 6; = [181.0436, —258.7007, —59.0428, 7.0687,
—121.4904, 117.3910] and 62 = [23.6983, —22.7871, —1.5205, 34.9460, —37.2803, 2.6897]. By lemmata 2
and 3, we obtain F + LH and G. The matriz F' + LH has three unstable eigenvalues {3.2188, 0.3906+
1.5274i}, corresponding to the eigenvalues of A. For all of these eigenvalues, the PBH test yields
rank[\;I — (F + LH) | G] = 36, which implies that the pair (F + LH,G) is stabilizable. Note that the
observability indices of this system are vi = 2 and v = 1, and thus the filter in [6] is not applicable.

For arbitrary initial conditions, the definitions of 8, Z, and II give
r=T2+T7'8. (22)

Combining Corollary 1, Lemma 2, and H = CTI, the plantfilter interconnection can be written in the
coordinates (8, 2) as

5= AB,
P=(F+LH):+Gu+ Ly — H2) (23)
=(F+LH)2+Gu+ LCT'B.
Remark 4. The plantfilter interconnection (23) shows that the vectorized filter (14) can be interpreted

as a Luenberger observer for the non-minimal realization (12), with the error dynamics %(z —-2) =
F(z — %) exponentially stable.

We conclude this section by establishing the existence of a stabilizing controller with the filter state
used for feedback.

Proposition 1. Let the conditions of Lemma 1 hold. There exists a matrix K, € R™*"= gsuch that the

output-feedback controller '
M=AM+[y ©l, u ®L],

u= K, vec(M)
renders the origin (z, M) = (0, 0) of the closed-loop interconnection with (2) GES.

(24)

Proof. For any K, € R™*"= applying (24) to (23) gives

Bl_| A 0 8
2| T |LCT™' F+LH+GK.| 2]

By Lemma 3, the pair (F + LH, G) is stabilizable. Hence, K, can be chosen such that F'+ LH + GK,
is Hurwitz. Since A is Hurwitz, the above block-lower-triangular matrix is then Hurwitz, and (53, 2) =
(0,0) is GES. Finally, the coordinate map from (z, M) to (8, 2) is bijective: its inverse is given by

r=T7'8+112, M = vec '(3),
where T is nonsingular. Therefore, the origin (z, M) = (0,0) is globally exponentially stable. O
Proposition 1 shows that the remaining design task is to construct, from the input—output data,

a gain K, such that '+ LH + GK, is Hurwitz. Once such a gain is available, (24) is a stabilizing
dynamic output-feedback controller. The next section develops a data-driven construction of this gain.
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5 Data-driven output-feedback stabilization

The previous section establishes the existence of a stabilizing feedback based on the filter state. In
this section, we study how to construct it from the dataset & under suitable excitation conditions.

5.1 Data-compatible realization with available states

Given &p, we can postprocess the available trajectories over the interval [0,¢p] with the filter (5).
Initializing the filter on the invariant set A would require unavailable plant information. We therefore
choose

M(0) = Onspus (25)

so that 2(0) = 0,. and $(0) = Tz(0). Processing the dataset with (5) gives access to M and M
(equivalently, 2 and é),l whereas the transverse coordinate 8 in (23) is unavailable because its initial
condition is unknown. We select the matrix A satisfying the following design condition.? It can be
extended to the case of non-diagonal matrices with complex eigenvalues; see Remark 6.

Condition 1. The Hurwitz matriz A in (5) is diagonal with distinct real eigenvalues.

Under the above condition, define D := diag(8(0)) € R™*™. Then, the unavailable 5 can be
represented as

B(t) = eMB(0) = Dx(t), (26)
where x(t) € R" satisfies the differential equation®
x(t) = Ax(t), x(0) =1, (27)
As a consequence, by letting
¢ =col(x, %) € R™, ne =n+ng, (28)

we obtain the following realization:

: A 0 0
“=|Lerp F+LH} ¢t [G] )
~—~
Ac B,
y=[CT™'D  H|¢

(29)

Since (F + LH, Q) is stabilizable and A is Hurwitz, the pair (A., Be) is stabilizable. The initial con-
ditions x(0) = 1,, and 2(0) = 0,,, reproduce the experimental dataset & in (3). Thus, postprocessing
&p yields the filtered trajectory data

& = {u(t)7 C(t)a é(t)}te[o,tn]7

where C is available from the implemented filter dynamics without numerical differentiation.

Remark 5. System (29) is also a canonical non-minimal realization of (2). To see this, let II, =
[T~'D 1] and H, := [CT~'D H]. The definitions of 6, II, and L give IIL = T, and hence T'(A —
HLC)T~! = A. Since D and A are diagonal, it yields (A — IILC)T~'D = T-1DA. Together with
(13), this gives 11, A, = All,, I.B. = B, and H, = CII.. Moreover, II. has full row rank and
A, = diag(A, F) + col(0y,xp, L) He, with diag(A, F') Hurwitz.

1Hereafter, when we say that a derivative is available, we mean that the right-hand side of the corresponding imple-
mented filter is given by available signals and thus can be sampled.

2For ease of presentation, we impose the following condition on the user-selected matrix A.

3Since the diagonal entries of A are distinct, the components of x(t) are distinct exponential functions and hence x
is IE on every interval of positive length.
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Remark 6. Condition 1 can be further relaxed to allow the matrix A to have complex eigenvalues.
Indeed, since A has distinct eigenvalues, it is cyclic, that is, its characteristic polynomial coincides
with its minimal polynomial. Therefore, there exists a vector g such that (A, g) is controllable. It then
follows from [6, Lem. 4] that one may always choose x = Ax with x(0) = g.

The following corollary connects a stabilizing gain for the data-compatible realization (29) to the
filter-based controller (24) in Proposition 1.

Corollary 2. Let K. = [K,, K| be partitioned conformably with (28). If A, + B.K. is Hurwitz, then
K, is a stabilizing gain for (F 4+ LH, G), and controller (24) renders the origin of the closed loop GES.

Now we reformulate Problem 1 as a standard input—state data-driven control problem for the
system (29) with & available. As a result, we may apply the methodology in [7] directly to samples
of &, which requires the existence of ordered sampling instants ty = (t1,...,ty) satisfying 0 < ¢; <
-+ < tny < tp such that

rank col([ul¢y, [Cley) = m + nc. (30)
A sufficient signal-level condition for the existence of such sampling instants is that col(u, ) be IE [34,

Prop. 1]. Compared with this direct application, the extended dynamics (29) has two structural
properties:

P1 Although A, is unknown, the input matrix B, is explicitly known from the filter construction.

P2 The pair (A, Be) is stabilizable but need not be controllable, because the extended dynamics
may contain uncontrollable modes, which makes condition (30) unlikely to hold.

The next two subsections exploit P1 and P2, respectively.

5.2 Data-driven stabilization with a known input matrix

To address P1, the following proposition provides a counterpart of the data-driven stabilization result
in [7] for the case with known input matrices.

Proposition 2. Consider the stabilizable linear system x = 2Ax+2Bu, where x € R”, u € R, the matrix
A € R™™™ is unknown, and B € R™*™ is known. Given ordered sampling instants ty = (¢1,...,tn),
define X = [x]¢,, X == [X]¢y, and U = [u] Assume that rank X = n. Then, any matrices
Q € RYX" and Y € R™*" satisfying

tN -

XQ=Q"'X" =0,

: . - (31)
(X — BU)Q + BY + (X —BU)Q +BY) ' <0,

guarantee that K = Y (XQ)~! is a stabilizing gain. Conversely, if K is a stabilizing gain for (2, B),
then it admits such a representation with @ and Y solutions satisfying (31).

Its proof can be found in Appendix B. The number of decision variables in (31) depends on the
number of samples N. The following integral counterpart has a number of decision variables that is
independent of N; its proof is given in Appendix C.

Proposition 3. Consider the system given in Proposition 2 with the data {x(t),u(t), %(t)}+cjo,s,)- The

LMI
AﬂxPy+/%F“)%“Q}F“)%M$Tﬁs

L () —x(s)
=[5 0] *

P=PT+0
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with TeaT
—BY —-Y '8 —P

(33)
in the variables P € R"*"™ Y € R™*™ and p > 0, is feasible if and only if x(-) is IE. Moreover, every
feasible solution yields a stabilizing gain K = Y P! for the pair (2, B).

Both results reveal the consequence of P1: when applied to the system (29) with known B,
Proposition 2 requires the much weaker condition

rank [(lgy = 7, (34)

rather than (30). Moreover, the sampled LMI is feasible if and only if (34) holds. Since ( is absolutely
continuous, such sampling instants exist if and only if ¢ is IE for continuous signals. Proposition 3
gives the same necessary-and-sufficient condition directly in integral form.

5.3 Data-driven projected-residual decomposition

As specified in P2, (A., B.) might be uncontrollable. Consequently, the signal ¢ need not be IE.
Namely,

= ’ S S T S
Z= / C(s)C(s)Td (35)

may fail to be full rank, so the results in subsection 5.2 may not apply. To accommodate this rank
loss, we exploit the stabilizability of (A., B.) and require that Z lose rank only in directions that are
unreachable from the input. Namely, we impose the following.

Condition 2. It holds that
Im R CIm Z,

where R == [Be AeBe -+ AZCilBe] is the reachability matriz of (Ae, B.).

It is clear that Condition 2 is weaker than Z >~ 0 whenever rank R < n¢. We first exploit the fact
that x is IE—see Footnote 3—and evolves according to the known stable dynamics (27). We remove
from Z the component represented by a linear combination of the rows of x and apply the SVD to the
resulting residual. Following this idea, we propose the data-driven projected-residual decomposition
in Algorithm 1, whose properties are summarized by Proposition 4.

Algorithm 1 Projected-residual state decomposition

Input: Filtered signals x and £ over [0, tp].
tp
1: Set ¥ <—/ x(s)x(s)T ds and

P. (O / ® ss(s)T ds) 5L

tp
2: Set Z(t) < 2(t) — P.x(t) and S « /0 Z(s)z(s) " ds.

3: Compute S = ¥diag(A,0)¥ " and 7, < rank S, where A € R;“OXT".
4: Partition ¥ < [¥, W] conformably with diag(A, 0).
Output: P,, ¥,, and 74.

Defining the residual coordinates
2q =V (2 - P.x), 2, =V (2 - P.Y), (36)

we have the following proposition.
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Proposition 4. Under Conditions 1-2, let P,, V,, and r, be generated by Algorithm 1. The change of
coordinates col(Zq, 2y, X) = TpeC, with the nonsingular matric

—uIp, 0l
Ty = |-0/ P, 0|, (37)
I, 0

transforms (29) into _
73(1 Aa Aab Aax 72a Ba
=10 A4 0 Zp|+ 10w, (38)
Y 0

where B, = V] G, Ay is Hurwitz, and (A4, B,) is stabilizable.

Proof. Since x is IE, ¥ > 0 and P, is well defined. Let z := Z — P,x. The definition of P, gives

/0 D Z(s)x(s) " ds = 0. (39)

Hence, with

lez[[” 0

_Pz Inz:| ) TlC = COI(X) 2)7

it follows that 71 ZT," = diag(3, S). Applying the orthogonal matrix ¥ to the residual coordinate
gives col(x, ¥ Z) = col(x, 24, %), whose data Gramian is diag(%, A,0). Then, permuting the coor-
dinates to col(Z,, 2, X) gives the transformation T},,, which is nonsingular as it is the composition of
Ty,¥ ", and a coordinate permutation. Moreover,

T 2T = diag(A,0,3), (40)

where rank Z = n + r,. The transformed dynamics can be written, with conformably partitioned
matrices, as

éa Aa Aab Aax 2a Ba
Zy| = Ave Ay Abx Zv| + | By | u (41)
X 0 0 A|lx 0

with B, = \IIIG and By = ‘II;FG. Let Ry = T,R be the reachability matrix in the new coordinates
and let Zp,, = TprZT;. Since T}, is nonsingular, Condition 2 implies

Im Ry, CIm Z,,. (42)

The block of Z,, associated with 2, is zero. By the continuity of state trajectories, this implies
2[, t) = 07 te 07 tD )
(1) 0. )
Zp 0

for almost all ¢ € [0, tp).

Moreover, as every vector in Im Z,, has a zero Z,-component, (42) implies that the Z,-block row of
Rpr is zero. In particular, B, = 0. The second block row of the full dynamics (41), together with (43)
and By = 0, gives [Apy  Apy] col(Z,(t), x(t)) = 0 for almost all ¢ € [0,¢p]. By (40), col(Z, x) is IE.
Hence, the only constant matrix that annihilates this signal almost everywhere is the zero matrix, and
therefore Ay, = 0 and Ay, = 0. Substituting these identities and B, = 0 into (41) yields (38).

The pair (A, Be) is stabilizable. Since the 2, subsystem is autonomous and unaffected by the
input, A, must be Hurwitz. Finally, because both A and A, are Hurwitz, stabilizability of the complete
transformed pair implies that (A4,, B,) is stabilizable. O
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The above result shows that, under Condition 2—which can be ensured by a sufficiently rich
input and will be discussed later—Algorithm 1 can decompose the excited subspace and yield the
representation (38). In terms of this particular structure, it suffices to stabilize the Z,-subspace by
finding a gain K, such that A, + B,K, is Hurwitz. Accordingly, a stabilizing feedback gain for
system (29) is given by K = [-K, ¥ P, K,V]].

In Section 5.4, we present a data-driven approach for computing K,, together with the complete
algorithm for solving Problem 1. Before concluding this subsection, we introduce a reduced-order
dynamic controller implementation.

Proposition 5. Under Conditions 1-2, let ¥, be generated by Algorithm 1 and set F, :== ¥ F,. If
K, € R™*"e ig such that A, + B, K, is Hurwitz, then the dynamic output-feedback controller

E=F6+9Gu+ 9] Ly,

U = Ka€7 (44)

with £ € R" ensures the origin of the plant—controller interconnection (2) and (44) is GES.

Proof. By Proposition 4, the interconnection of (29) and (44) can be represented by the interconnection
of (38) and (44). Since the dynamics of x and 2, are autonomous and the matrices A and A, are
Hurwitz, the states x and %, converge exponentially to zero. Therefore, it remains to show that the
dynamics of 2, are GES under the controller (44).

From Proposition 4, the dynamics of 2, = ¥ (2 — P,x) read
20 = Aaa + Aapiy + Aay X + Bau. (45)

Now, we show that &, generated from (44), is an exponentially convergent estimate of Z,. To see this,
from the relation col(Zq, 25, X) = Tpr¢ and the second equation in (29), we may rewrite (45) as

2 =Folq + U FU 5 + U] (FP, — P.A)y
+ 0 Gu+ W] Ly.

One has .

- ~

g_za:Fa(f_Za)'f'G
with the exponentially decaying term € :== —W] F¥;,%, — ¥ (FP, — P,A)yx. Under Condition 1, F =
1, ®A < 0 and hence F,, < 0. Hence, £ exponentially converges to 2, uniformly as ¢ — oco. Substituting
u = K,(2,+& — Z,) into (45) leads to an exponentially stable system with the system matrix A,+ B, K,,
perturbed by some exponentially decaying term, and following the standard perturbation arguments,

the interconnection of (29) and (44) is GES. Since (29) realizes the plant (2) through x = II.(, this
stability property also holds for the plant—controller interconnection. O

Proposition 5 shows that, for online implementation of the proposed controller, it suffices to run
the lower-dimensional filter in (44), rather than the Kreisselmeier filter together with the auxiliary
dynamics of x. This substantially reduces the controller order and improves computational efficiency
in online implementation.

Note that the above proposition is a model-based result. The remaining task is therefore to compute

the gain matrix K, directly from the postprocessed data.

5.4 Data-driven controller synthesis

In this section, we present the main result of the paper, i.e., an overall algorithm for input—output
data-driven controller design. The proposed algorithm is given in Algorithm 2, and its feasibility and
data-driven stabilization guarantees are summarized in Theorem 1.
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Algorithm 2 Input/output data-driven stabilization

Input: Dataset &p.
Filter setting
1: Choose A = diag(A1, ..., An) € R™*™ Hurwitz with distinct real eigenvalues, and construct F', G, and L as in (15).
Data filtering and decomposition
2: Simulate the filter )
M=AM+[y"®IL, u'®IL], M(0) = Onxp,
and set 2 < vec(M).
: Simulate x = Ax, x(0) = 1,.
: Run Algorithm 1 to obtain P,, ¥,, and rq.
5: Evaluate 2, from (36) and compute
Za(t) < Vg (2(t) = P:X(t))-
Data batches
6: Choose N > n + r, sampling instants ty = (t1,...,tx) with 0 < ¢; < -+ < tny < tp and set Xy = [x]tn,
Xa = [,7:'a]tN, Xa = [éa]t]\m and UD = [u]tN.

B

Xx

Xa

8: Set the known input matrix B, < ¥ G.
Gain computation

9: Find Q € RNX"a and Y € R™*7a such that

7: Require rank =n+rq.

X, Q=0
XaQ=Q'X] ~0, (46)
0.+6] <0
with ©4 = (Xa — BaUp)Q + B,Y.
10: Compute
Ko+ Y(X,Q) "L (47)

Output: The controller (44), defined by ¥, and K.

Theorem 1. Consider the plant (2), its input—output dataset &, and Algorithm 2 under Assumption 1
and Conditions 1-2. There exist sampling instants ¢1, ..., ¢y such that col(X,,X,) has full row rank.
Then, Algorithm 2 is feasible, and every gain K, computed from (46)—(47) renders A, + B, K, Hurwitz.
Consequently, the reduced-order dynamic output-feedback controller (44) solves Problem 1.

Proof. Proposition 4 shows that col(x, 2,) is IE. Hence, sampling instants satisfying the rank condition
in Algorithm 2 exist. On these samples, (38) gives

X, = Aay Xy + AuX, + B,Up.
Since (Aq, Ba) is stabilizable, there exist a gain K, and a matrix P = PT > 0 such that
(Ag + B,K,)P + P(A, + B,K,)" <0.

The full row rank of col(X,,, X,) ensures the existence of @ satisfying X, Q = 0 and X,Q = P. Setting
Y = K, P then makes (46) feasible.

Conversely, let (Q,Y) satisfy (46), and define P := X,Q and K, = YP~!. Since X, Q = 0, the
sampled dynamics give
0. = AP + B,Y = (Aq + B.K.,)P.

Thus, O, +©O_] < 0in (46) is a strict Lyapunov inequality for A, + B, K,, which is therefore Hurwitz.
Proposition 5 shows that controller (44) renders the origin of the closed loop GES and hence solves
Problem 1. O

Although Conditions 1-2 guarantee the existence of instants ¢, . . ., ¢y satisfying the rank condition,
we still need to find such instants in the above approach. To avoid this additional step and simplify
the design, we may instead adopt the integral-type LMI in Proposition 3 for the controller synthesis.
Then, we may remove Steps 6-7 in the above algorithm, while the remaining steps are replaced as in
Algorithm 3.
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Algorithm 3 An alternative to Algorithm 2

Steps 1-5 remain the same as in Algorithm 2.
6: Set the known input matrix Bg < ‘IIIG.
7: For t € [0, tp], set
Sa(t) < Za(t) — Bau(t),

da(t) < sa(t) — (/Otn sa()x(H)T dT> Sy (t).

Gain computation
8 Find P=P'" = 0,Y € R™*"a and p > 0 such that

[P ) L ) ]

9: Compute K, + YP~ 1.
Output: The controller (44), defined by ¥, and K.

5.5 Input design for the experimental dataset

The success of the projected-residual decomposition relies on Condition 2, which ensures that every
data-null direction belongs to the stable unreachable dynamics. The following proposition provides a
sufficient condition on input design such that Condition 2 is ensured.

Proposition 6. Consider the plant (2) and its associated extended dynamics (29). Let n. be the
dimension of the reachable subspace of (A., B.), and consider a controllability decomposition with
controllable state (. and uncontrollable state (,. Suppose that, during the collection of &, the input
u is rich of order n.. Then, (. is IE on [0, #p]. If, in addition, the resulting trajectory is nondegenerate
in the sense that

01 Ce(t) + 05 Cult) =0, VE € [0,tp) = £, =0, (48)

then Condition 2 holds.

Proof. Let T, be a nonsingular matrix that puts (Ae, Be) into a controllability decomposition, and
define ¢ := T.¢ = col({,Cy). Then

- A, A _ B,
P -1 __ c X o _ c
Ae «— TCAETC —_ |: O Au:| 3 Be e TcBe - |: O :| )
where (A, B.) is controllable. Accordingly, R := T.R = col(R.,0) and rank R, = n.. Since u is rich
of order n., Lemma 5 applied to the controllable subsystem implies that (. is IE on [0, tp)].

It remains to prove that Condition 2 holds. Define Z := T,ZT. = [1°((s)C(s)Tds. For any

e 0
v = col(ve,v,) € Ker Z,
tp
0=0oTZv= / ol Co(s) + v] Culs) Pds.
0

By continuity and (48), this implies v. = 0, and hence RTv = RJv, = 0. Therefore, Ker ZT C
Ker RT, which is equivalent to Condition 2 because T, is nonsingular. O

Remark 7. The nondegeneracy condition (48) is mild and generally holds. Indeed, ¢, evolves according
to stable autonomous LTI dynamics and is completely determined by its initial condition. Hence, for
almost every input v that is rich of order n., there are no constant vectors ¢; # 0 and 5 such that
0] Co(t) + £ Cu(t) = 0 for all ¢ € [0, tp).

5.6 Optional reduction of the filtering step

Algorithm 2 uses the complete Kreisselmeier filter only when processing the experimental data offline;
the online controller is the r,-dimensional system (44). Nevertheless, the full filter has dimension
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n?(m+ p) and may still make the offline processing costly for large n. The following result exploits its
structure to generate the relevant filter components with only n(m + p) states.

Proposition 7. Let A = diag(Aq,...,\,) be Hurwitz with distinct eigenvalues. Consider the reduced-
order filter

: : [L®L,] [ Opnxcm |

(L @ A, 4 [ ®Ln prxm |, 49

& = (Ip+m ® A)E +|_0mn><pr+|_Im®1nJu (49)
where & = col(r1,...,7p4m), 75 € R™. Define M, := [diag(r1) ... diag(rpsm)]. Then, the set

{(M,€,) : M = M,} is GES with M (t) generated by the Kreisselmeier filter (5), i.e., | M (t)— M, (t)|| <
ce || M(0) — M,.(0)|| for some ¢,y > 0.

Proof. Let ¢ := col(y,u) € RPT™ and partition the matrix M as M = [M; -+ Mpi,,], M; € R™*™.
From the Kreisselmeier filter (5), and since [y' ® I, v’ ® I,] = [ L, -+ gp+mIn], each block M;
satisfies

M; = AM; + ¢;1,,, i=1,....,p+m.

On the other hand, the reduced-order filter gives 7; = Ar; + 1,,¢;. Since A = diag(A1,...,A,), the
diagonal entries of M; satisfy

M; g = MM gr + i, k=1,...,n,

whereas the off-diagonal entries satisfy

M; ke = MM goe, k# L.

Defining the error £ = M — M, =: [Eh ... Eptm], it is straightforward to obtain E; = AE;, whose
origin is clearly GES. This completes the proof. O

With each 7;(0) chosen as the vector of diagonal entries of M;(0), the reduced-order filter (49)
reproduces these entries exactly, while the off-diagonal entries of M evolve according to the stable
autonomous dynamics. This construction reduces the cost of the offline filtering stage and is distinct
from the reduced online controller (44).

6 Numerical results

We illustrate the effectiveness of the proposed approach using the system in Example 1. Simulations
are performed in MATLAB R2024b using YALMIP [17] and MOSEK [21]. The PBH test gives n. =9
for (Ae, B.). Accordingly, the input used for data collection is selected to be rich of order 9: u =
col(in:1 k sin(5kt) + 0.1 sin(25¢), Zizl (5—k) sin(7kt) +0.1sin(35t)), and data are collected over [0, 2]
s. We test both Algorithms 2 and 3. For the former, we use N = 50 uniformly spaced samples to
construct the data matrices, whereas for the latter, we use the complete filtered trajectory over the
same interval. All closed-loop simulations are initialized with x(0) = col(—1,0.5,2) and £(0) = 0, and
are run for 12 s.

Among the tested filter-pole choices, we select A, = diag(—14, —25.2, —28), which provides a rea-
sonable tradeoff between the resulting controller gain and the settling time. Algorithm 1 yields r, = 9.
The computed gain satisfies ||K,||p = 124.3. Figs. 1 and 2 show the closed-loop responses and the
plant—controller spectrum, respectively. The spectral abscissa is —0.4329. The 2% settling time,
defined as the first time after which |z(¢)| < 0.02]x(0)| holds, is 7.18 s.

To illustrate the effect of filter eigenvalues, we consider two further choices A. = diag(—8, —14.4,
—16) and A,, = diag(—24,—43.2, —48). Both cases yield r, = 9. The resulting controller norms are
|K.||m = 174.5 and 359.4, respectively, while the corresponding 2% settling times are 4.99 s and 10.72
s, as shown in Fig. 3.
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Figure 1: Closed-loop responses for A,
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Figure 2: Closed-loop spectrum for A,

We also implement the gain obtained from Algorithm 3. With A; = diag(—14, —28,—40), the
decomposition again gives r, = 9, and the computed gain satisfies | K|z = 1.38 x 10%. The resulting
plant—controller matrix has spectral abscissa —1.4636, and its 2% settling time is 4.07 s; see Fig. 4.
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Figure 3: Plant-state responses for A. (left) and A, (right)
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Figure 4: Closed-loop responses with the controller obtained from Algorithm 3

Finally, we empirically verify our approach with noisy trajectory measurements. At each simulation
step t;, we add independent zero-mean Gaussian samples to the measured output according to y™(t;) =
y(tj) +v;, where v; ~ N(0,107%I3). The noise is present both during offline data collection and during
online closed-loop operation, and no process disturbance is added. A short segment of the measured
output is shown in Fig. 5. We choose A, = diag(—6.6, —11.88,—13.2). For this case, Algorithm 1
gives r, = 12. For noisy measurements, we test both Algorithms 2 and 3, with the resulting closed-
loop spectral abscissas —0.6136 and —0.9401, respectively. The closed-loop responses are presented in
Fig. 6. In both cases, the plant state approaches and remains in a small neighborhood of the origin
over the simulated horizon despite the continuing output noise. Since the analysis in this paper is
noiseless, these simulations do not establish robustness under arbitrary noise conditions.

— 3"
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Figure 5: Measured output under additive Gaussian noise
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Figure 6: Closed-loop responses obtained with the sampled LMI (Algorithm 2, left) and the integral LMI (Algorithm 3,
right) under noisy output measurements
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7 Concluding remarks

We proposed an input—output data-driven stabilization approach for general LTI MIMO systems in
continuous time without any restriction on the observability indices. Our key idea is to interpret Kreis-
selmeier’s adaptive filter as an observer of a stabilizable canonical non-minimal realization of the plant.
The complete filter is used to process the experimental data offline. Since the corresponding extended
realization is generally stabilizable rather than controllable, we introduced a projected-residual decom-
position that separates an excited stabilizable coordinate from stable autonomous modes. Exploiting
the known input matrix of the resulting reduced data-compatible system, we derived an LMI that
computes the feedback gain of a reduced-order dynamic output-feedback controller. We also provided
input-design conditions ensuring the required excitation. Future work will study rigorous robustness
guarantees in the presence of measurement noise and numerical rank uncertainty.

Appendix

A Proof of Lemma 2

Proof. The filter (5) can be written as
M =AM+ [Onsxpn uT @ L]+ [y @Iy Onxmn) -
We vectorize each term on the right-hand side. Since M has p = (p + m)n columns, vec(AM) =
(I, ® A) vec(M) = FZ. For the input term, let a := col(0,,u) € RPT™, so that
[Onxpn v @] =a' @I,

Writing a = Zp +1m a;e;, where e; is the i-th standard basis vector of RPT™ gives

pt+m

vec(a' ® I,,) Zazvece ®I,)

p+m

Z (e; ® vec(I,,))

=1

(I +m ® vec( n))a

_ Oanxm _
= [Im - vec([n)] u = Gu.

Similarly, applying the same identity to col(y, 0,,) yields
I, ® vec(I,)

Omn2 Xp

vee([y" @Iy Onxmn)) = { } y = Ly.
Combining these identities and using £ = vec(M) gives i =F24+Gu+ Ly, with F, G, and L as in (15).
This proves (14). O

B Proof of Proposition 2

Proof. Let (Q,Y) satisfy (31) and define W := XQ > 0. Since X — BU = AX, the second inequality
n (31) becomes (AW + BY) + (AW +BY) " < 0. With K = YW !, this is (A + BK)W + W (A +
BK)" <0, s0 A+ BK is Hurwitz.

Conversely, let K be any stabilizing gain. There exists W = W T = 0 such that the preceding
Lyapunov inequality holds. Since rank X = n, one can choose ) such that X@Q = W. Setting
Y := KW then gives K = Y(XQ) ™!, and using X — BU = AX shows that (Q,Y) satisfies (31). O
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In fact, rank X = n is the necessary and sufficient condition to stabilize all the systems within the
data-compatible model set ©F := {2l € R"*" : AX = X — BU}, which is shown below.
Lemma 4. There exists a matrix K € R™*" such that 2 + BK is Hurwitz for every 2 € ¥3 if and
only if rank X = n.

Proof. (<) Suppose that rank X = n. The data-compatible set is the singleton ¥E = {A}, because
2= (X - BU)XT (XX )7L Since (2,B) is stabilizable, a stabilizing gain K exists.

(=) Suppose rank X < n. Let 2lp € ©F be any compatible matrix. There exists a nonzero
vector [ € R™ such that [TX = 0. Choose v € R™ such that [Tv = 1. For any scalar a € R, define
Ay := Ao 4+ avl™. Then AX = AeX + avl’ X = X — BU, thus A, € Y. By the formulation, we
parametrized a set of data-compatible matrices as 2, € E%. By fixing a candidate feedback gain K and
taking the trace of the resulting closed-loop dynamics, we have: tr(2g+avlT +BK) = tr(Ag+BK)+a.
Since « is arbitrary, if we select a > —tr(%g + BK), then the positive trace of the closed-loop matrix
indicates that for any gain K, there exists 2, € ¥ that is not stabilized. Therefore, if rank X < n,
no common stabilizing controller exists. O

C Proof of Proposition 3

Proof. Given the data {x(t),u(t),%(t)}+e[o,+,], the set of all systems that can generate these data is
characterized by

3 nxn S In
¥y = {QleR (I Q[]N{Q[T] :0}7
with

—x(s) —x(s)

Firstly, we show the equivalence between the feasibility of the LMI (32) and the IE condition of x.

N / ) o) ] [t i)y,

. . . . tp T 5 ~ B
(<) Assume that x is IE. Then its Gramian satisfies Xy := [" x(s)x(s) 'ds > 0. Let 25,25 € X3,

—Jo
Then ~ B _ _ _ _
(A —A)x(t) =0 = (A1 — A)Toe (A — Ap) " = 0.

From Yy > 0, we have 2; = 2,. Therefore, there is a unique element in 22%, ie, X2 = {2A}. Since
(2, B) is stabilizable, there exist P > 0, Y € R™*" and p > 0 such that

ﬁ(%l, Pa Y) = _ﬁjn (50)
with £(, P,Y) := AP +BY + PAT + Y T8,
From x(t) — Bu(t) = Ax(t), one has

AT AT —AZ,
N == {—zxw N } ’
and
m —P — 2%
(32) = [—P— s T o } =0 (51)

<= LL,PY)+ PSP < —pl,

with the definition 90 := AD, AT —A%Y — Y—':%T — pl,,, where in the second equivalence we have used
the Schur complement. Let P = aP,Y = oY with a > 0. One has

LA, PY)+PI'P=al(,PY)+a2PL'P

52
< —apl, + ®rly, (52)
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where 7 := )\max(pE*lP) which is independent of the decision variable a. Therefore, for any 0 <
a < p/rand 0 < p <ap— a?r, the last inequality in (51) holds. Thus, (32) is feasible. Moreover,
YpP-l= aY(aP) —yp-! , so the scaling preserves the feedback gain.

(=) Suppose that (P,Y,p) is feasible for the LMI (32). For every 2 € X3, the congruence of A/
with [I,, 2] is zero by definition. Hence, pre- and post-multiplying (32) by [I,, ] and its transpose
gives, for every 2 € ¥F

Therefore, with K = YP~!, (A+ BK)P + P(A+ BK)" <0, VA € £F. Thus, K = Y P! stabilizes
every system in X3. Following similar arguments to Lemma 4, this is possible only if ¥, = 0, i.e., x
is IE. O

D Some useful results

Lemma 5 ( [15]). For a controllable system (2) with z € R™ and v € R™, let u € C"([t1,t2], R™).
Then:

(1) If w is rich of order n, the state x is IE over [ty, ta];
(2) If w is rich of order n + 1, col(z,u) is IE on [t1,t2]. Namely, there exists € > 0 such that

[ BN ] e e

Proof. The first part is exactly [15, Lem. 1], and the second part is its minor extension. Suppose, by
contradiction, that col(z,u) is not IE on [t1,%2]. Then there exist vectors a € R™ and b € R™, not
both zero, such that

To@)+b u(t) =0,  Vte [t ta]. (53)

Define z(t) := a ' x(t). We can write the transfer function from u to z as G4(s) :=a' (sI — A)"!B =
X1 ()N (s), where x 4(s) := det(sI —A) and N,(s) is a polynomial vector satisfying deg{N,} < n—1.
Therefore, from # = Az + Bu, z = a' x we have xa(p)z(t) = N, (p)u(t), with the differential operator
p(-) = %() Using 2(t) = a' z(t) = —b" u(t) yields

QT (p)u(t) =0, Vte [t,ta],

with QT (p) := N/ (p) + xa(p)b" and deg Q < n.

We now show that Q(s) is not identically zero for s € C. From (53), we note that a and b are
not both zero, and thus consider two cases: (i) if b # 0, then the leading term of QT (s) is s"b', so
Q(s) cannot vanish identically; (ii) if b = 0 and a # 0, the controllability of the pair (A, B) implies

Gu(s) £0, hence N,(s) # 0. Thus, in all cases, there exist vectors qo, ..., ¢, € R™, not all zero, such
that "1 ¢ u (t) =0, Vt € [t1,t2]. This means that the components of U, := col(u, 1, . .., u(™) are
linearly dependent on [t1, 2], which contradicts ft W(T)U,T (1) dr = 0, i.e., u is rich of order n + 1.
Hence, col(z,w) is IE on [ty to]. O

[15, Lemma 1] shows that the input u being rich of order n implies that the state z—rather
than col(z, u)—is IE; moreover, in a controllable single-input systems, this condition is necessary and
sufficient for x to be IE with a positive excitation lower bound uniform over all initial conditions.
This is, indeed, an extension of the celebrated relation between persistency of excitation and sufficient
richness [27]. A similar result can be found in [25, Prop. 1].
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