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Abstract : We present optimization models that simultaneously determine ship path, speed pro-
file, and hybrid power system operations. Our approach integrates solar photovoltaics, shore power,
batteries, and diesel generators while accounting for power balance, propulsion physics, and itinerary
constraints. To optimize path while avoiding obstacles, e.g., land, shallow waters, or protected areas,
the nonconvex navigable space is partitioned into convex, obstacle-free sets, which can be embedded
into the optimization problem using disjunctive constraints. The convex sets also serve to evaluate the
impact of spatially varying environmental conditions, such as solar irradiance, wind, and currents on
energy efficiency. Four models that balance the tradeoff between model accuracy and computational
burden differently are formulated as mixed-integer convex programs (MICPs), solvable to global op-
timality using off-the-shelf commercial solvers. Four numerical case studies based on the S-175 ship
model and historical ERA5 and Copernicus Marine data show that the models reduce operating costs
relative to a shortest-path constant-speed baseline. In a synthetic case subject to brief adverse environ-
mental conditions, modelling the coupling between passage time and environmental conditions enables
the ship to delay its passage through the affected region and yields savings of up to 16.89%. In real-data
cases, joint path optimization yields average savings of 14.22% when navigating Gulf of St. Lawrence
seasonal speed restrictions and 5.92% when exploiting favourable environmental conditions. When the
shortest path is already optimal, all optimization-based methods yield similar savings (≈1%), high-
lighting that the benefits of our models arise when environmental or operational conditions create
opportunities for route adaptation.

Keywords: Mixed-integer convex programming; hybrid-electric ships; shipboard power systems;
weather-routing; speed optimization

Résumé : Cet article propose un modèle d’optimisation pour planifier conjointement la trajec-
toire, le profil de vitesse et le réseau d’alimentation électrique d’un navire hybride-électrique. Le
navire considéré comprend des génératrices diesel, une batterie, des panneaux photovoltäıques ainsi
que l’infrastructure permettant l’alimentation électrique à quai. Le modèle prend en compte l’horaire
du voyage, l’évitement des obstacles, les limites de vitesse, la résistance hydrodynamique, le système
de propulsion et l’équilibre de puissance électrique. À notre connaissance, il s’agit du premier cadre
d’optimisation convexe en nombres entiers mixtes permettant d’optimiser simultanément une trajec-
toire bidimensionnelle libre, la vitesse et la gestion énergétique d’un navire hybride-électrique. Le
domaine navigable non convexe est décomposé en ensembles convexes sans obstacle. Des variables bi-
naires déterminent l’ensemble convexe occupé par le navire à chaque instant et activent simultanément
les valeurs des courants, des vents, de l’irradiance solaire et des limites de vitesse applicables à cet
ensemble et à cet instant. Cette approche permet de prendre en compte les variations spatiotem-
porelles des conditions environnementales. Des approximations convexes de la résistance causée par la
friction de l’eau et de l’air et de la puissance propulsive, permettent de formuler le problème comme
un programme convexe en nombres entiers mixtes, qui peut être résolu jusqu’à l’optimalité globale
par des logiciels comerciaux standards. Quatre formulations offrant différents compromis entre fidélité
et temps de calcul sont évaluées avec le modèle de navire S-175 dans une étude de cas utilisant des
données environnementales historiques. Dans le cas synthétique, la représentation spatiotemporelle
permet d’éviter une perturbation locale et de réduire les coûts jusqu’à 16,89 %. Dans les cas réels où
le plus court chemin est défavorable, l’optimisation conjointe de la trajectoire permet des économies
moyennes atteignant 14,22 % en présence de zones de réduction de vitesse et 5,92 % à proximité du
Gulf Stream. Lorsque le plus court chemin demeure favorable, les gains sont plus modestes et les
formulations à trajectoire fixe offrent un meilleur compromis entre la qualité des solutions et le temps
de calcul.
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Mots clés : Optimisation convexe en nombres entiers mixtes; navires hybrides-électriques; systèmes
électriques de bord; routage météorologique; optimisation de la vitesse
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1 Introduction

Maritime shipping is among the most greenhouse gas (GHG)-efficient freight modes per tonne-kilo-

metre [1], yet nearly all cargo ships still rely primarily on fossil fuels [2]. Battery-electric propulsion

can be economical on shorter routes, but full electrification of larger ships on longer voyages remains

contingent on advances in battery technology and charging infrastructure [2, 3]. Diesel is expected

to remain cheaper than carbon-neutral fuels until 2050 [4]. Hybrid-electric ships therefore offer a

practical near-term pathway by combining diesel generation with batteries, solar power and shore

electricity [2, 5, 6]. By shifting peak loads to batteries and using cleaner, cheaper shore electricity

when available, these systems can reduce emissions and operating costs while retaining the range

provided by onboard generation [6, 7]. The battery-equipped fleet has expanded rapidly: EMSA’s

2023 report identifies more than 800 such ships in operation worldwide, over three times the number

five years earlier [8]. Realizing these benefits, however, requires coordinating power system operation

with vessel motion, as path, speed, and power system decisions strongly affect fuel consumption under

spatially and temporally varying winds, currents, and solar irradiance [9].

Path planning, speed scheduling, and power system operation have each been studied separately [9–

11]. The joint speed-power optimization problem has been formulated as a convex program [12], mixed-

integer linear program (MILP) [13, 14], mixed-integer convex quadratic program (MICQP) [15], and

mixed-integer nonlinear program (MINLP) [16, 17]. It has also been addressed through heuristic

decompositions [18] and particle swarm optimization (PSO) [19]. Joint path-speed optimization has

been studied using dynamic programming [20], graph-search methods based on Dijkstra [21], PSO [22],

genetic algorithms [23], and reinforcement learning [24]. The aforementioned integrated approaches

can outperform sequential optimization [9], but few studies coordinate all three decision layers. For

instance, [25] optimizes speed and power while selecting among a finite set of precomputed paths.

However, the candidate paths are generated independently of speed and power decisions, preventing

both from influencing path generation and potentially excluding better solutions. To the best of our

knowledge, only two studies jointly optimize free-path planning, speed, and power for hybrid-electric

ships [26, 27], and neither offers a deterministic mixed-integer convex program (MICP) model that can

be solved to global optimality with industrial solvers. Free-path ship routing is difficult to formulate

as an MICP because obstacle avoidance makes the navigable domain nonconvex. The graph of convex

sets (GCS) framework handles this geometry by decomposing free space into interconnected convex

regions and using binary variables to select the region sequence [28]. Recent work extends GCS

into space-time by augmenting convex sets with a continuous time coordinate, yielding time-optimal

piecewise-linear robot trajectories with flexible arrival times and velocity bounds around dynamic
obstacles [29]. This segment-based representation does not address the fixed-clock coupling required

here among spatially and temporally varying environmental fields, scalar vessel speed, resistance,

propulsion, and hybrid-power states under a prescribed itinerary. We therefore introduce a time-

indexed spatial decomposition that supports these physical and operational couplings.

To address the limitations identified above, this work makes the following contributions:

• We develop a binary, time-indexed model in which convex-region variables enforce navigability

and activate spatially and temporally varying environmental conditions and speed limits.

• We refine convex approximations of water resistance and propulsion power and propose the first

convex approximation of Blendermann wind resistance for free-heading ship path planning.

• We formulate the first deterministic MICP model for jointly optimizing a continuous two-

dimensional ship path, speed profile, and hybrid power system schedule under spatially and

temporally varying environmental and regulatory conditions.

• We propose four optimization models: Joint Path-Speed-Power optimization with Continuous

speed (JoPSPo-C), Joint Path-Speed-Power optimization with Discrete speed (JoPSPo-D), Fixed-

Path joint Speed-Power optimization with Space-Time environment (FiPSPo-ST), and Fixed-
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Path joint Speed-Power optimization with Trajectory-Indexed environment (FiPSPo-TI), which

provide different trade-offs between modelling accuracy and computational complexity.

The remainder of this paper is organized as follows. Section 2 presents the proposed models, Sec-

tion 3 describes the case studies and evaluation methodology, and Section 4 presents and discusses the

numerical results.

2 Mixed-integer convex program models

This section develops four MICP models coupling navigation, spatio-temporal environmental condi-

tions, resistance, propulsion, and hybrid-power operation. They share the navigation and power system

constraints but differ in path representation and environmental coupling.

2.1 Navigation and environmental coupling

Let nt ∈ N denote the number of time intervals, each of duration δ > 0. The ship position is represented

by the decision variable X ∈ R(nt+1)×2, whose t-th row xt = (xt,0, xt,1) ∈ R2 describes the eastward

and northward distances from the origin at instant t. The sets of time instants and intervals are

T = {0, 1, . . . , nt}, and T δ = {0, 1, . . . , nt − 1}, respectively, where interval t ∈ T δ extends from

instant t to instant t+ 1. Schedule requirements are enforced by fixing the ship position during each

port call, indexed by H ⊂ N. Each port call h ∈ H is associated with coordinates xh ∈ R2 and a set of

time instants T h
port ⊆ T . The set of time intervals during which the ship remains docked at a port is

T δ
port =

⋃
h∈H

{
t ∈ T δ

∣∣ t, t+ 1 ∈ T h
port

}
.

Port stops are imposed as

xt = xh, ∀h ∈ H, ∀t ∈ T h
port. (1)

Let x,x ∈ R2 denote the lower and upper coordinate bounds of the considered region. The ship

position satisfies

x ≤ xt ≤ x, ∀t ∈ T . (2)

The nonconvex navigable region is decomposed into ns ∈ N obstacle-free convex sets, indexed by

S = {0, 1, . . . , ns − 1}. This decomposition restricts the searchable navigable space because covering

the entire feasible region with convex sets is generally impractical. Adjacent convex sets are constructed

from shared boundary vertices such that their interiors are disjoint and their intersection is limited

to a common edge. Consequently, any point constrained to belong to both sets lies on their shared

boundary. We introduce binary set-selection variables Z ∈ {0, 1}ns×(nt+1), where Zs,t = 1 indicates

that the ship occupies convex set s at time instant t. The ship is constrained to occupy exactly one

convex set at a time:

ns−1∑
s=0

Zs,t = 1, ∀t ∈ T . (3)

The variable Zs,t determines the convex set membership. Each set is characterized by nj ∈ N linear

inequalities with coefficients Λ1,Λ2,Λ3 ∈ Rnj×ns :

Λj,s
1 Xt,1 + Λj,s

2 Xt,0 + Λj,s
3 ≥ −M j,s

pos(1− Zs,t), ∀t ∈ T , j ∈ {0, 1, . . . , nj − 1}, s ∈ S. (4)

The position bounds in (2) enable explicit computation of tight big-M constants M j,s
pos ∈ R+ for each

convex set inequality, improving solver performance. The same binary variables Zs,t are also used
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to model experienced environmental conditions. Let C ∈ Rns×nt×2, W ∈ Rns×nt×2, and I ∈ Rns×nt
+

contain the average current velocity, wind velocity, and solar irradiance in each convex set and time

interval, respectively. For each s ∈ S and t ∈ T δ, let cs,t = [Cs,t,0, Cs,t,1]⊤ ∈ R2 denote the current-

velocity vector associated with convex set s during time interval t. Currents experienced by the ship

at the beginning and end of each time interval, ct1, c
t
2 ∈ R2, are computed as

ct1 =

ns−1∑
s=0

cs,tZs,t, ct2 =

ns−1∑
s=0

cs,tZs,t+1, ∀t ∈ T δ. (5)

We denote the solar irradiance experienced at the beginning and end of each time interval by i1, i2 ∈ Rnt
+

and express these quantities as:

it1 =

ns−1∑
s=0

Is,tZs,t, it2 =

ns−1∑
s=0

Is,tZs,t+1, ∀t ∈ T δ. (6)

This set-activation structure is similar to that of [30]. To our knowledge, this is its first use in an

MICP for ship voyage planning. The ship speed is bounded by its own maximum operating speed v:

v̂t ≤ v, ∀t ∈ T δ. (7)

To incorporate space-time varying speed limits, we define the speed limit matrix V ∈ Rns×nt
+ and

apply it to both endpoints of each time interval:

v̂t ≤
ns−1∑
s=0

V
s,t
Zs,t, v̂t ≤

ns−1∑
s=0

V
s,t
Zs,t+1, ∀t ∈ T δ. (8)

Minimum-speed constraints are omitted because lower bounds on velocity norms are nonconvex in the

free-path models. At ports, the ship is required to remain stationary:

v̂t = 0, ∀t ∈ T δ
port. (9)

LetA ∈ {0, 1}ns×ns denote the adjacency matrix of the convex set graph, where As,s′ = 1 if a transition

from set s to set s′ is allowed. Let A0 = {(s, s′) ∈ S × S | As,s′ = 0} denote the set of forbidden

transitions. Transitions between non-adjacent sets are restricted by imposing

Zs,t + Zs′,t+1 ≤ 1, ∀t ∈ T δ, ∀(s, s′) ∈ A0. (10)

This restriction is consistent with our environmental model, which can represent occupancy of at most

two sets during an interval. The interval duration δ should be sufficiently short that travelling across

more than one set boundary within an interval is either physically impossible or never optimal.

2.2 Path modes

Constraints (3) and (4) ensure that each discrete-time position xt lies in a convex set, but not that

the trajectory between xt and xt+1 remains navigable. We address this through four models with

different trade-offs: joint path-speed-power, continuous speed optimization (JoPSPo-C), joint path-

speed-power, discrete speed optimization (JoPSPo-D), fixed-path speed-power optimization, space-

time environment (FiPSPo-ST), and fixed-path speed-power optimization, trajectory-indexed environ-

ment (FiPSPo-TI).

2.2.1 Joint path-speed-power optimization, continuous-speed

For each time interval t, we introduce a helper point qt ∈ R2, collected in Q ∈ Rnt×2, and bound it in

the considered region:

x ≤ qt ≤ x, ∀t ∈ T δ. (11)
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Helper points lie in both convex sets occupied at time instants t and t+ 1:

Λj,s
1 Qt,1 + Λj,s

2 Qt,0 + Λj,s
3 ≥ −M j,s

q (1− Zs,t), Λj,s
1 Qt,1 + Λj,s

2 Qt,0 + Λj,s
3 ≥ −M j,s

q (1− Zs,t+1), (12)

for all t ∈ T δ, j ∈ {0, 1, . . . , nj − 1}, and s ∈ S. Big-M constant M j,s
q can be computed tightly

from (11). During a transition, qt lies on the boundary shared by the two active convex sets. The

nonnegative length variables ℓ1, ℓ2 ∈ Rnt
+ satisfy:

ℓt1 =
∥∥qt − xt

∥∥
2
, ℓt2 =

∥∥xt+1 − qt
∥∥
2

∀t ∈ T δ. (13)

The following convex relaxation of (13) is exact because travelled distance is minimized implicitly

through the objective of Section 2.4 and propulsion constraints of Section 2.3.

ℓt1 ≥
∥∥qt − xt

∥∥
2
, ℓt2 ≥

∥∥xt+1 − qt
∥∥
2
, ∀t ∈ T δ. (14)

Assuming negligible acceleration time, speed magnitude v̂ ∈ Rnt
+ is

v̂t =
ℓt1 + ℓt2

δ
, ∀t ∈ T δ. (15)

Under this constant-speed command, the corresponding leg durations for sailing intervals δ1, δ2 ∈ Rnt
+

and directional velocities vt
1,v

t
2 ∈ R2 are

δt1 = δ
ℓt1

ℓt1 + ℓt2
, δt2 = δ

ℓt2
ℓt1 + ℓt2

, vt
1 =

qt − xt

δt1
, vt

2 =
xt+1 − qt

δt2
, ∀t ∈ T δ.

These exact directional velocities cannot be represented using convex constraints. Thus, directional

speed matrix V ∈ Rnt×2 with rows vt ∈ R2 is approximated using the average velocity over the full

time interval:

vt =
xt+1 − xt

δ
, ∀t ∈ T δ. (16)

When the ship remains in a convex set, (16) is exact: constant environmental conditions make any

deviation from the segment joining xt and xt+1 increase distance, speed, propulsion power, and cost

without benefit. Thus, qt lies on this segment and both leg velocities equal the interval-average

velocity. During a set transition, the segment may leave the selected sets or differing conditions may

favour distinct headings, causing qt to deviate and (16) to become approximate. Let ℓw1, ℓw2 ∈ Rnt
+

denote the water-relative distances travelled on the first and second legs, respectively. The current

contribution on each leg is computed assuming equal leg durations δ1 = δ2 = δ/2, even if by design,

leg durations are not necessarily equal,

ℓtw1 ≥
∥∥∥∥qt − xt − δ

2
ct1

∥∥∥∥
2

, ℓtw2 ≥
∥∥∥∥xt+1 − qt − δ

2
ct2

∥∥∥∥
2

, ∀t ∈ T δ. (17)

These inequalities are tight at optimality because overestimating water-relative speed can only increase

cost. The interval water-relative speed magnitude is then computed as

v̂tw =
ℓtw1 + ℓtw2

δ
, ∀t ∈ T δ. (18)

Experienced solar irradiance during the full time interval i ∈ Rnt
+ is also approximated with the average

assuming equal time spent in each sets, leading to

i =
i1 + i2

2
. (19)
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2.2.2 Joint path-speed-power optimization, discrete-speed

Unlike JoPSPo-C, JoPSPo-D fixes transitions at interval midpoints, giving each leg duration δ/2 and

allowing its ground- and water-relative velocity vectors to be computed exactly with convex constraints.

Treating transition points as path states also allows speed and power to adapt independently on each

leg. The path is therefore represented by X ∈ R(2nt+1)×2, with rows xt ∈ R2. Even-indexed positions

x2t correspond to the original instants t ∈ {0, 1, . . . , nt}, whereas odd-indexed positions x2t+1 represent

interval midpoints for t ∈ {0, 1, . . . , nt − 1}. The set-selection variables are unchanged: Zs,t = 1

identifies the set occupied at original instant t. Each even-indexed position must belong to its selected

set:

Λj,s
1 X2t,1 + Λj,s

2 X2t,0 + Λj,s
3 ≥ −M j,s

pos(1− Zs,t), ∀t ∈ T , j ∈ {0, 1, . . . , nj − 1}, s ∈ S. (20)

Each odd-indexed position must belong to both sets selected at the adjacent original instants:

Λj,s
1 X2t+1,1 + Λj,s

2 X2t+1,0 + Λj,s
3 ≥ −M j,s

pos(1− Zs,t), (21)

Λj,s
1 X2t+1,1 + Λj,s

2 X2t+1,0 + Λj,s
3 ≥ −M j,s

pos(1− Zs,t+1), (22)

for all t ∈ T δ, j ∈ {0, 1, . . . , nj − 1}, and s ∈ S. Ship speed matrix V ∈ R2nt×2 with rows vt ∈ R2 is

computed on each half time interval independently using:

vt = 2
xt+1 − xt

δ
, ∀t ∈ {0, 1, . . . , 2nt − 1}, (23)

v̂t = ∥vt∥2, ∀t ∈ {0, 1, . . . , 2nt − 1}. (24)

Equation (23) is affine. Although the equality in (24) is nonconvex, it admits the following exact

second-order cone convex relaxation because speed is minimized through the propulsion constraints

and objective:

v̂t ≥ ∥vt∥2, ∀t ∈ {0, 1, . . . , 2nt − 1}. (25)

Water-relative speed matrix Vw ∈ R2nt×2 with rows vt
w ∈ R2 is then expressed as

v2t
w = v2t − ct1, v2t+1

w = v2t+1 − ct2 ∀t ∈ T δ. (26)

Water-relative speed magnitude v̂w ∈ R2nt
+ is defined by

v̂tw =
∥∥vt

w

∥∥
2

∀t ∈ {0, 1, . . . , 2nt − 1}. (27)

We replace (27) with the following exact second-order cone relaxation:

v̂tw ≥
∥∥vt

w

∥∥
2

∀t ∈ {0, 1, . . . , 2nt − 1}. (28)

The solar irradiance computed in (6) can be applied independently on even and odd time intervals.

JoPSPo-D’s main limitation is that convex set transitions occur only at half-time step instants, discretiz-

ing admissible transition times and potentially restricting representable path–speed profiles, especially

for large δ. Reducing δ refines this grid but increases computational burden.

2.2.3 Fixed-path speed-power optimization, space-time environment

FiPSPo-ST uses a parameterized fixed path while retaining the space-time environmental model. It

represents ship position by the scalar path coordinate dt, collected in d ∈ Rnt+1
+ . The port constraints

in (1) are reformulated by fixing dt to the cumulative path distance dh of port h:

dt = dh ∀h ∈ H, ∀t ∈ T h
port. (29)
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Considered region bounds (2) reduce to:

d ≤ dt ≤ d, ∀t ∈ T , (30)

where d and d denote the initial and terminal cumulative path distances, respectively. In FiPSPo-ST,

convex sets represent consecutive fixed-path segments, and Zs,t identifies the segment occupied at

instant t. Let d̄s and d̄s+1 denote the initial and terminal cumulative distances of segment s. The

membership constraint (4) becomes:

dt ≥
ns−1∑
s=0

d̄sZs,t, dt ≤
ns−1∑
s=0

d̄s+1Zs,t, ∀t ∈ T , (31)

and speed magnitude becomes:

v̂t =
dt+1 − dt

δ
∀t ∈ T δ. (32)

Directional speed vectors can be represented exactly using the known heading of each segment θs.

We introduce the auxiliary variables U1 ∈ Rns×nt
+ and U2 ∈ Rns×nt

+ , which disaggregate the speed

magnitude:

ns−1∑
s=0

Us,t
1 = v̂t,

ns−1∑
s=0

Us,t
2 = v̂t, ∀t ∈ T δ, (33)

Us,t
1 ≤ vZs,t, Us,t

2 ≤ vZs,t+1, ∀t ∈ T δ, ∀s ∈ S. (34)

The directional speed vectors associated with the beginning and end of each time interval vt
1,v

t
2 ∈ R2,

respectively, are then given exactly by

vt,01 =

ns−1∑
s=0

Us,t
1 cos(θs), vt,11 =

ns−1∑
s=0

Us,t
1 sin(θs), ∀t ∈ T δ, (35)

vt,02 =

ns−1∑
s=0

Us,t
2 cos(θs), vt,12 =

ns−1∑
s=0

Us,t
2 sin(θs), ∀t ∈ T δ. (36)

The start and end water-relative velocity vectors vt
w1,v

t
w2 ∈ R2 are:

vt
w1 = vt

1 − ct1, vt
w2 = vt

2 − ct2, ∀t ∈ T δ. (37)

The corresponding water-relative speed magnitudes v̂w1, v̂w2 ∈ Rnt
+ are computed through exact

second-order cone relaxations:

v̂tw1 ≥
∥∥vt

w1

∥∥
2
, v̂tw2 ≥

∥∥vt
w2

∥∥
2
, ∀t ∈ T δ. (38)

Unlike in JoPSPo-D, the endpoint magnitudes in (38) cannot define leg-specific resistance and power

decisions because weighting energy and cost by variable leg durations would introduce nonconvex

products in the battery state-of-charge and cost equations unless we fix transition times. The interval

water-relative speed magnitude is therefore approximated by their mean:

v̂tw =
v̂tw1 + v̂tw2

2
, ∀t ∈ T δ. (39)

The solar irradiance also needs to be averaged over each time interval as in (19).
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2.2.4 Fixed-path speed-power optimization, trajectory-indexed environment

FiPSPo-TI applies the space-time interpolation strategy of [31] to the hybrid-ship joint speed-power

problem. Unlike the distance-indexed mode in [31], it is time-indexed and uses the port constraints,

bounds, and speed definition as (29), (30), and (32), respectively. Ship position is estimated from a

reference trajectory with cumulative-distance profile d̃ ∈ Rnt+1
+ . Let xpath(d) ∈ R2 map cumulative

path distance d to geographical coordinates. Reference position during interval t is approximated by

x̃t = xpath

(
d̃t + d̃t+1

2

)
, ∀t ∈ T δ. (40)

Ship heading is likewise precomputed from

θ̃t = θpath

(
d̃t + d̃t+1

2

)
, ∀t ∈ T δ, (41)

where θpath(d) denotes the fixed-path heading at d. Rather than using the set-based definitions (5)–

(6), the environmental fields are linearly interpolated at reference midpoint x̃t and mid-interval time

from surrounding spatial grid points and adjacent forecast times. This yields experienced current c̃t

and solar irradiance ĩt, treated as fixed parameters during each solve:

ct = c̃t, it = ĩt, ∀t ∈ T δ. (42)

Directional ground-speed vector is given by

vt = v̂t

cos(θ̃t)
sin
(
θ̃t
) , ∀t ∈ T δ. (43)

Water-relative speed vector is then:

vt
w = vt − ct, ∀t ∈ T δ, (44)

from which we can compute water-relative speed magnitude:

v̂tw =
∥∥vt

w

∥∥
2
, ∀t ∈ T δ, (45)

with, again, the exact second-order cone relaxation at optimality:

v̂tw ≥
∥∥vt

w

∥∥
2
, ∀t ∈ T δ. (46)

Because environmental parameters are fixed during each solve, they do not respond directly to changes

in the optimized distance profile. After each solve, the reference distance, position, heading, and

environmental profiles are updated from the optimized trajectory, and the problem is re-solved for a

prescribed number of iterations.

2.2.5 Notation simplification

JoPSPo-D retains the original-time indexing for the convex set variables, adjacency constraints, and

environmental forecast data, but divides each original interval into two half-intervals for motion, re-

sistance, propulsion, and power system variables. Constraints imposed at original position instants

apply to the even-indexed positions x2t, while position bounds apply to all 2nt + 1 original and mid-

point positions. Both half-intervals within original interval t use environmental data from the same

original forecast interval. Currents, solar irradiance, wind-resistance coefficients, and spatial speed

limits associated with Zs,t apply to the first half-interval, whereas those associated with Zs,t+1 apply

to the second. All remaining interval-indexed variables and constraints are applied independently to
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both half-intervals, with original interval parameters, such as auxiliary load, shore-power availability,

and electricity prices, repeated on both. Port speed and propulsion constraints likewise apply to both

halves of each port interval. Battery dynamics are applied twice per original interval using a duration

of δ/2, with stored-energy bounds imposed at both original and midpoint states and the terminal

condition imposed after the final half-interval. The objective is evaluated over the 2nt half-intervals

using a duration of δ/2, with original interval prices repeated on the corresponding two halves. To

avoid duplicating the common models, the remainder of the paper uses the same interval index t for

the original intervals of the other modes and the half-intervals of JoPSPo-D.

2.3 Resistance and propulsion models

The total ship resistance rtot ∈ Rnt
+ comprises calm-water resistance rcw ∈ Rnt

+ and wind resistance

rwind ∈ Rnt . Wind resistance may reduce required thrust but cannot provide braking or generated

power. Total resistance is imposed as the nonnegative epigraph constraint:

rttot ≥ rtcw + rtwind, rttot ≥ 0, ∀t ∈ T δ. (47)

At optimality, this relaxation recovers rttot = max{rtcw + rtwind, 0}, because larger resistance only

increases required thrust and operating cost. The model does not represent cases in which a following

wind alone would accelerate the ship beyond its speed limit; such cases are assumed not to occur.

2.3.1 Fit range

The resistance and propulsion models use convex surrogates for nonlinear relationships from [32–34].

The nonlinear models are sampled offline over relevant decision variable ranges, and polynomial surro-

gates of up to fourth order are fitted to minimize squared error. Coefficients of second- to fourth-order

terms are constrained to be nonnegative to impose convexity, as are linear speed magnitude and thrust

coefficients, ensuring monotonicity and tight epigraph relaxations. The calm-water surrogate is fitted

over the full admissible range, whereas the wind-resistance and propulsion surrogates require narrower,

problem-specific ranges. These ranges are estimated from the shortest-path constant-speed (SPaCS)

solution later introduced in Section 3.3, using scaled bounds on ship speed, total resistance, and propul-

sion power to balance fitting accuracy and extrapolation risk. The fitting-domain scale factors and fit

quality are reported in A.

2.3.2 Calm-water resistance

A standard calm-water resistance model is the Molland model [32] :

rtcw =
1

2
ρwa

t
wetcd(v̂

t
w)
(
v̂tw
)2

, ∀t ∈ T δ, (48)

where awet ∈ Rnt
+ is the wetted surface area, ρw ∈ R+ denotes the water density, and cd(v̂

t
w) is a speed-

dependent drag coefficient. The convex surrogate is expressed in terms of the normalized water-relative

speed magnitude ṽtw = v̂tw/v ∈ R+, which improves numerical conditioning. Let βcw ∈ R5 denote the

fitted coefficients. Because excess resistance cannot reduce propulsion power or operating cost, the

surrogate-based constraints take the form of the following inequality, which is tight at optimality:

rtcw ≥ β0
cw + β1

cwṽ
t
w + β2

cw

(
ṽtw
)2

+ β3
cw

(
ṽtw
)3

+ β4
cw

(
ṽtw
)4

, ∀t ∈ T δ. (49)

2.3.3 Wind resistance

Wind resistance is computed using the nonconvex Blendermann model [33]. To our knowledge, this is

the first convex approximation of the Blendermann model designed for free-heading ship path planning.

A surrogate based only on air-relative speed magnitude performs poorly because wind may exceed ship
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speed and produce negative resistance. Directly including heading or angle of attack would introduce

nonconvex trigonometric terms, so heading information is instead captured through the directional

speed vector and magnitude. For each set-time pair, the wind vector is fixed and the Blendermann

model is sampled over a narrow range of feasible ship speed vectors. Least-squares fitting then yields

convex polynomial coefficients βs,t
wind ∈ R11, incorporated through disjunctive constraints:

rtwind ≥ βs,t,0
wind + βs,t,1

windṽ
t + βs,t,2

wind

(
ṽt
)2

+ βs,t,3
wind

(
ṽt
)3

+ βs,t,4
wind

(
ṽt
)4

+ βs,t,5
windṽ

t,0 + βs,t,6
wind

(
ṽt,0
)2

+ βs,t,7
wind

(
ṽt,0
)4

+ βs,t,8
windṽ

t,1 + βs,t,9
wind

(
ṽt,1
)2

+ βs,t,10
wind

(
ṽt,1
)4 −Mwind(1− Zs,t), ∀s ∈ S, ∀t ∈ T δ,

(50)

where ṽt = v̂t/v, ṽt,0 = vt,0/v, and ṽt,1 = vt,1/v. Tight constants Mwind ∈ R+ are computed from the

surrogate extrema over the feasible operating range. For ordered two-dimensional set decompositions,

such as in Case # 2 described in Section 3.1, the fitting domain is restricted to a 90◦ range aligned with

the direction required to cross each set, reducing fitting error. Because FiPSPo-ST uses a fixed path,

each set heading is known, reducing the surrogate to a function of speed magnitude with coefficients

βs,t
wind ∈ R5:

rtwind ≥ βs,t,0
wind + βs,t,1

windṽ
t + βs,t,2

wind

(
ṽt
)2

+ βs,t,3
wind

(
ṽt
)3

+ βs,t,4
wind

(
ṽt
)4 −Mwind(1− Zs,t), ∀s ∈ S, t ∈ T δ.

(51)

For FiPSPo-TI, the same one-dimensional surrogate is fitted at each time step using the reference-

trajectory environmental conditions from Section 2.2.4, without binary variables:

rtwind ≥ βt,0
wind + βt,1

windṽ
t + βt,2

wind

(
ṽt
)2

+ βt,3
wind

(
ṽt
)3

+ βt,4
wind

(
ṽt
)4

, ∀t ∈ T δ. (52)

2.3.4 Propulsion power

Propulsion power is modelled using the physics-based Wageningen B-series characteristics [34]. The

propeller advance speed ua ∈ Rnt
+ is approximated using a constant wake fraction wf ∈ [0, 1]:

ut
a = v̂tw(1− wf) ∀t ∈ T δ. (53)

The nonconvex relationship among advance speed, rotational speed, thrust, and shaft power is approx-

imated by a convex surrogate that captures propeller-efficiency variations across the operating range.

For each sampled advance-speed and thrust pair, the required rotational speed and corresponding shaft

power are computed. The surrogate is then embedded through the following relaxation, which is exact

at optimality because overestimating propulsion power cannot improve the objective:

P p,t
prop ≥ βp,0

prop + βp,1
propF

p,t
prop + βp,2

prop(F
p,t
prop)

2 + βp,3
prop(F

p,t
prop)

3 + βp,4
propu

t
a + βp,5

prop(u
t
a)

2 + βp,6
prop(u

t
a)

3, (54)

for all p ∈ {0, 1, . . . , np − 1} and t ∈ T δ \ T δ
port, where np is the number of propellers, βp

prop ∈ R7

contains the fitted coefficients for propeller p, and Fprop,Pprop ∈ Rnp×nt

+ contain the thrust and power

of each propeller. Because propeller rotational speed is not an explicit decision variable, the power

surrogate alone does not exclude thrust and advance-speed combinations that require a rotational

speed above the rotational-speed limit. During surrogate construction, each sampled pair is classified

using the rotational speed required by the B-series model, and a conservative affine maximum-thrust

boundary is fitted. The admissible propulsion domain is then enforced by

F p,t
prop ≤ γp

0 + γp
1u

t
a, ∀p ∈ {0, 1, . . . , np − 1}, ∀t ∈ T δ \ T δ

port, (55)

where γp
0 , γ

p
1 ∈ R are the fitted boundary coefficients. For the case studies of Section 3.1, the fitting

domains contain only feasible sampled points, so the boundary excludes no sampled feasible points.

During sailing intervals, total propeller thrust must overcome total resistance:

np−1∑
p=0

F p,t
prop ≥ rttot ∀t ∈ T δ \ T δ

port. (56)
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At ports, propeller thrust and power are set to zero:

F p,t
prop = 0, P p,t

prop = 0, ∀p ∈ {0, 1, . . . , np − 1}, ∀t ∈ T δ
port. (57)

Propellers are bounded by their operating power limits pprop ∈ Rnp

+ :

P p,t
prop ≤ ppprop, ∀p ∈ {0, 1, . . . , np − 1}, ∀t ∈ T δ. (58)

2.4 Hybrid power system and objective

Onboard photovoltaic power depends only on experienced solar irradiance. To permit curtailment,

photovoltaic power ppv ∈ Rnt
+ is bounded for area apv ∈ R+ and conversion efficiency ηpv ∈ [0, 1] by

ptpv ≤ ηpvapvi
t, ∀t ∈ T δ. (59)

We use the convex battery model described in [35]. Consider nb ∈ N onboard batteries, modelled with

stored energy E ∈ Rnb×(nt+1)
+ , a discharge power Pdis ∈ Rnb×nt

+ , a charging power Pch ∈ Rnb×nt
+ ,

charging and discharging efficiencies ηdis,ηch ∈ [0, 1]nb , and a leak coefficient α ∈ [0, 1]nb . Consider

also nonnegative operating limits E,E ∈ Rnb×(nt+1)
+ and Pdis,Pdis,Pch,Pch ∈ Rnb×nt

+ . The battery

dynamics and power limits are:

Eb,t+1 = (αb)δEb,t − δ
P b,t
dis

ηbdis
+ δηbchP

b,t
ch , (60a)

P b,t
dis ≤ P b,t

dis ≤ P
b,t

dis, P b,t
ch ≤ P b,t

ch ≤ P
b,t

ch , (60b)

Let ei and ef denote the parameterized initial and final stored energy. We impose:

Eb,t ≤ Eb,t ≤ E
b,t
,∀t ∈ T , ∀b ∈ {0, 1, . . . , nb − 1}, (61)

Eb,0 = ei, Eb,nt = ef, ∀b ∈ {0, 1, . . . , nb − 1}. (62)

The case studies use fixed commercial schedules, so shore power availability Bc,t ∈ {0, 1} is precom-

puted from scheduled port calls. Let Psh ∈ Rnsh×nt
+ denote the power purchased from each station

and Psh ∈ Rnsh×nt
+ its availability limits, leading to the following constraint:

0 ≤ P c,t
sh ≤ Bc,tP

c,t

sh , ∀c ∈ {0, 1, . . . , nsh − 1}, ∀t ∈ T δ. (63)

We represent the shipboard electrical network through an aggregate active-power balance and assume

ohmic distribution losses to be negligible, consistent with prior shipboard power-management models

that justify this approximation by the short cable and bus-bar runs between onboard generators and

loads [36]. Let ng ∈ N denote the number of onboard generators, Pgen ∈ Rng×nt

+ their active power

outputs, and pa ∈ Rnt
+ the forecast auxiliary load. The power balance is:

ng−1∑
g=0

P g,t
gen +

nsh−1∑
c=0

P c,t
sh +

nb−1∑
b=0

P b,t
dis + ptpv =

np−1∑
p=0

P p,t
prop + pta +

nb−1∑
b=0

P b,t
ch , ∀t ∈ T δ. (64)

We include generation operating limits P g
gen, P

g

gen ∈ R+:

P g
gen ≤ P g,t

gen ≤ P
g

gen ∀g ∈ {0, 1, . . . , ng − 1}, ∀t ∈ T δ. (65)

The case studies minimize total energy costs. Generator costs are represented by per-generator

quadratic functions with coefficients κ2,κ1,κ0 ∈ Rng and constant fuel price πfuel ∈ R+. κ2 ≥ 0 and

κ1 ≥ 0 for convexity and monotonicity. Shore power costs depend on electricity prices Π ∈ Rnsh×nt
+ ,

which can vary over time and across stations. Let Y denote the decision variable set of the selected

mode. The objective is:

f(Y) =

nt−1∑
t=0

ng−1∑
g=0

(
κg
2(P

g,t
gen)

2 + κg
1P

g,t
gen + κg

0

)
δπfuel +

nt−1∑
t=0

nsh−1∑
c=0

(
Πc,tP c,t

sh

)
δ. (66)
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2.5 Complete MICP models

The four models are presented below for completeness.

2.5.1 JoPSPo-C

The JoPSPo-C model is

min
YJoPSPo-C

f(Y)

s.t. (1), (2), (3), (4), (5), (6), (7), (8), (9), (10),
}

navigation and environment

(11), (12), (14), (15), (16), (17), (18), (19)
}

path model

(47), (49), (50), (53), (54), (55), (56), (57), (58),
}

resistance and propulsion

(59), (60), (61), (62), (63), (64), (65).
}

hybrid power system

2.5.2 JoPSPo-D

The constraints below are interpreted for JoPSPo-D according to the indexing convention of Sec-

tion 2.2.5. The model is given by:

min
YJoPSPo-D

f(Y)

s.t. (1), (2), (3), (5), (6), (7), (8), (9), (10),
}

navigation and environment

(20), (22), (23), (25), (26), (28),
}

path model

(47), (49), (50), (53), (54), (55), (56), (57), (58),
}

resistance and propulsion

(59), (60), (61), (62), (63), (64), (65).
}

hybrid power system

2.5.3 FiPSPo-ST

The FiPSPo-ST model is written as

min
YFiPSPo-ST

f(Y)

s.t. (3), (5), (6), (7), (8), (9), (10), (19),
}

navigation and environment

(29), (30), (31), (32), (33), (34), (35), (36), (37), (38), (39),
}

path model

(47), (49), (51), (53), (54), (55), (56), (57), (58),
}

resistance and propulsion

(59), (60), (61), (62), (63), (64), (65).
}

hybrid power system

2.5.4 FiPSPo-TI

The FiPSPo-TI model is provided by

min
YFiPSPo-TI

f(Y)

s.t. (7), (9),
}

navigation and environment

(29), (30), (32), (42), (43), (44), (46),
}

path model

(47), (49), (52), (53), (54), (55), (56), (57), (58),
}

resistance and propulsion

(59), (60), (61), (62), (63), (64), (65).
}

hybrid power system

When spatially varying speed limits are imposed, FiPSPo-TI additionally includes (3), (8), (10),

and (31).
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3 Numerical case studies

All experiments are run on a laptop computer equipped with a 13th-generation Intel Core i9-13900HX

processor and 32 GB of RAM. Models are implemented in CVXPY 1.7.3 and solved with MOSEK 11.0.22

using a 12 h time limit and its default relative optimality tolerance [37]. Code and data-processing

scripts are available in the CVXship repository [38].

3.1 Test cases

We illustrate the performance of our models through four specific test cases:

Case # 1: Halifax, NS to Grande-Entrée, QC, with an added synthetic storm adapts the synthetic

experiment of [31] to test whether decision-dependent space-time models can exploit schedule

flexibility to avoid a short-lived local disturbance. The case is a controlled stress test rather than

an estimate of real-world savings. Relative to Case # 2, adverse winds of 30 m/s and currents

of 2 m/s are imposed in set 2 from 18:00 to 21:00, coinciding with the reference trajectory’s

passage. All other data, parameters, and set partitions match Case # 2.

Case # 2: Halifax, NS to Grande-Entrée, QC, evaluates the methods when path flexibility has limited

value because the best path is expected to remain near the shortest navigable path. As shown in

Figure 1a, the region is represented by five ordered convex sets that preserve direct paths, and

no speed limits are imposed.

Case # 3: Sept-̂Iles, QC, to Grosse Île, QC, evaluates routing under the 10 kn seasonal restrictions

designated in the Gulf of St. Lawrence [39]. As shown in Figure 1b, the partition follows the

regulatory boundaries and merges adjacent regions subject to the same limit. The schedule

creates a trade-off between accelerating outside the restricted area and detouring around it.

Case # 4: Freeport, Bahamas to Southport, North Carolina, evaluates whether joint path optimiza-

tion can trade additional distance for favourable Gulf Stream currents. The set partition sepa-

rates the Gulf Stream core from surrounding waters with weaker currents, as shown in Figure 1c.

3.2 Parameters

Parameters and variables use different units to keep their numerical magnitudes near unity and im-

prove numerical conditioning. The implementation applies the required unit conversions, although the

corresponding conversion factors are omitted from Section 2 for readability. Historical ocean currents

and atmospheric fields are obtained from Copernicus Marine [40] and ERA5 [41], respectively. They

are treated as perfectly known deterministic forecasts. Forecast uncertainty is outside the scope of

the study. For each case, 1 km GMRT bathymetry [42] is compared with the minimum navigable

depth to define navigable waters. Convex sets are constructed manually to preserve direct paths,

separate strong environmental gradients, and isolate speed-restricted regions. All voyages depart at

06:00 UTC to standardize schedules and include daytime solar availability. Table 1 reports the sailing

times and departure dates. All voyages include a 3 h port call at both the origin and the destination.

The auxiliary load is 0.3 MW, the fuel price is 1.2155 USD/kg, and the initial and terminal battery

states of charge are 50% and 100%, respectively. Shore power is assumed available at all ports up

to 2 MW. Scenario shore-power prices reported in Table 2 are representative marginal energy prices

approximated from local utility tariffs. [43–47]. Canadian prices are converted at 1 CAD = 0.71 USD,

while the Bahamian dollar is assumed at parity with the US dollar [48, 49]. The reported coordinates

are not exact port positions. FiPSPo-TI uses five iterations, initialized from the SPaCS trajectory.

3.2.1 Ship

All cases use the S-175 containership hull under a fixed loading condition [50]. The Blendermann

wind coefficients are taken from [33], and the projected windage areas are taken from [51]. Table 3
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Figure 1: Test-case convex set partitions.

Table 1: Schedules.

Case #1 #2 #3 #4

Sail time (h) 30 30 20 38
Departure date 1 2025-01-01 2025-01-01 2025-05-01 2025-01-01
Departure date 2 N/A 2025-03-01 2025-05-31 2025-03-01
Departure date 3 N/A 2025-07-01 2025-06-28 2025-07-01
Departure date 4 N/A 2025-09-01 N/A 2025-09-01
Departure date 5 N/A 2025-11-01 N/A 2025-11-01

reports the main hull parameters. The twin-screw fixed-pitch propulsion system is adapted from the

optimized Wageningen B-series configuration of [52]. The power system comprises two Caterpillar

M 25 E variable-speed generator sets, a 3 MWh battery with 0.7C charge and discharge limits, and

1500 m2 of photovoltaic panels. Generator fuel curves are fitted to manufacturer data [53]. Tables 4

and 5 report the complete parameterization.
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Table 2: Port parameters.

Port (latitude, longitude)
Shore power price

(USD/MWh)

Grande-Entrée (47.4398,−61.2564) 79.11
Halifax (44.5514,−63.3844) 79.04

Sept-̂Iles (50.0687,−66.2570) 79.11
Freeport (26.6989,−79.1371) 363.50
Southport (33.6406,−78.0610) 215.00

Grosse Île (47.9655,−61.7804) 79.11

Table 3: Ship parameters.

Parameter Value Unit

Minimum navigable depth 15.525 m
Beam 25.4 m
Waterline length 175 m
Draught 9.5 m
Block coefficient 0.572 –
Lateral projected windage area 3710 m2

Frontal projected windage area 756 m2

Wetted hull area 4927.6 m2

Wind coefficients 0.9, 0.55, 0.55, 0.4 –
Maximum ship speed (v) 11.27 m/s

Table 4: Propulsion-system parameters.

Parameter Value Unit

Diameter 5.00 m
Pitch 3.96 m
Pitch-to-diameter ratio 0.792 –
Expanded blade-area ratio 0.62 –
Number of blades 6 –
Wake fraction 0.3 –
Maximum rotational speed 2.05 rps
Maximum shaft power per propeller 2.67 MW
Number of propellers 2 –

Table 5: Power system parameters.

Parameter Symbol Value Unit

Battery capacity E 3 MWh

Battery charge limits P ch, P ch 0, 2.1 MW

Battery discharge limits Pdis, Pdis 0, 2.1 MW
Battery charge efficiency ηch 0.95 –
Battery discharge efficiency ηdis 0.95 –
Leakage factor per hour α 0.999958 –
Solar panel area apv 1500 m2

Solar panel efficiency ηpv 0.24 –

Per generator maximum power P
g
gen 2.8 MW

Fuel curve parameter κ0 17.64197 kg/h
Fuel curve parameter κ1 159.86845 kg/MWh
Fuel curve parameter κ2 7.74853 kg/(MW2h)
Number of generators ng 2 –
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3.3 Benchmarks

The comparison is restricted to MICP methods because the objective is to isolate the value of joint

path, speed, and power optimization within models for which global optimality can be certified. All

methods use the same convex set decomposition and common physical, operational, and economic

models.

• SPaCS is a rule-based baseline that requires neither optimization nor environmental forecasts. It

follows the shortest feasible path and selects a common cruising speed, capped by local speed

limits, that satisfies the schedule. At ports, SPaCS prioritizes solar generation and charges the

battery using shore power subject to the applicable power and state-of-charge limits. During

sailing, it applies a uniform battery-discharge command. The common evaluator described in

Section 3.4 subsequently supplies any generation required to restore power balance.

• Greedy uses the SPaCS path and speed profile but dispatches sailing power in the order solar

generation, battery discharge, and generator. This policy prioritizes the currently cheapest

available source without anticipating future operating conditions. Its port policy is identical

to that of SPaCS.

• Fixed Path joint speed-power optimization with spatially averaged environment (FiPSPo-SA) is

identical to FiPSPo-TI, except that environmental conditions vary with time but are spatially

uniform at each time step. At each time step, it averages values interpolated at ten equally

spaced points along the fixed path. This provides a common-model proxy for the spatially

uniform treatment of environmental conditions in previous joint speed-power studies [13–16].

3.4 Common feasibility-restoration evaluation method

The optimization models use spatially aggregated environmental inputs and convex surrogates, so their

solutions may be infeasible for the original nonconvex problem. For a fair comparison, the evaluation

interpolates environmental conditions at the spatial and temporal midpoint of each trajectory segment,

and nonlinear resistance and propulsion power are recomputed with the original nonlinear models

without changing the planned path or speed. A common controller then restores power balance by

adjusting shore power, generator output, battery charging and discharging, and solar curtailment in a

fixed priority order. This feasibility-restoration controller would be deployed in practice to maintain

the power balance. It subsequently restores the terminal battery state of charge by buying enough

shore power, which would be done in practice as well. Solutions that cannot be restored are classified

as infeasible. The complete procedure is provided in B.

4 Numerical results

All solutions are evaluated after applying the feasibility restoration procedure described in Section 3.4.

For each departure date and time step, the evaluated savings of method m relative to SPaCS are

100(JSPaCS − Jm)/JSPaCS, where J denotes evaluated operating cost. Positive values favour method

m. Case # 1 contains one departure date, the other entries are means. Highest displayed mean

in each column is bold. Tables 6, 7, and 8 report the evaluated savings at the three tested time-

step resolutions. Reported computation times correspond to producing a complete optimized voyage

plan over the full scheduled horizon. They include compilation and optimization, including all five

FiPSPo-TI iterations, but exclude offline data processing and solution evaluation. The notation TL

indicates that no evaluated solution is reported within the 12 h computation limit.
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Table 6: Evaluated operating cost savings relative to SPaCS at δ = 1 h [%].

Method Case 1 Case 2 Case 3 Case 4

Greedy −0.30 −0.24 Infeasible −0.06
FiPSPo-SA 4.09 0.59 1.31 3.75
FiPSPo-TI 9.61 0.57 1.30 3.77
FiPSPo-ST 13.38 0.15 1.30 3.14
JoPSPo-C 12.51 0.14 14.22 5.92
JoPSPo-D 15.30 0.31 13.66 3.68

Table 7: Evaluated operating cost savings relative to SPaCS at δ = 30 min [%].

Method Case 1 Case 2 Case 3 Case 4

Greedy −0.42 −0.37 Infeasible −0.05
FiPSPo-SA 4.39 1.08 1.63 3.68
FiPSPo-TI 9.85 1.07 1.63 3.68
FiPSPo-ST 15.78 0.84 1.64 3.53
JoPSPo-C 14.90 0.76 TL TL

JoPSPo-D 16.60 0.71 TL TL

Table 8: Evaluated operating cost savings relative to SPaCS at δ = 15 min [%].

Method Case 1 Case 2

Greedy −0.44 −0.40
FiPSPo-SA 4.46 1.16
FiPSPo-TI 9.94 1.17
FiPSPo-ST 16.36 0.88
JoPSPo-C 16.08 0.89
JoPSPo-D 16.89 0.88

4.1 Value of space-time environmental coupling

Case # 1 isolates the value of coupling passage time with local environmental conditions. At δ =

15 min, FiPSPo-SA and FiPSPo-TI save 4.46% and 9.94%, respectively, whereas the decision-dependent

space-time models save between 16.08% and 16.89%. As illustrated in Figure 2, FiPSPo-TI adjusts

speed while traversing the disturbed region (coloured area), but does not move its passage outside

the 18:00-21:00 disturbance window. In contrast, FiPSPo-ST, JoPSPo-C, and JoPSPo-D reduce speed

before entering the affected set 2 and delay passage until the disturbance has subsided. Because the

fixed-path FiPSPo-ST model nearly matches the joint models in this case, most of the improvement

arises from decision-dependent passage timing rather than path flexibility. The synthetic disturbance

deliberately amplifies this effect and should not be interpreted as an estimate of typical real-world

savings.

The benefit of trajectory-indexed interpolation is smaller in the historical data cases. Across

Cases 2-4, the mean savings obtained by FiPSPo-SA and FiPSPo-TI differ by at most 0.02% at every

tested resolution. Thus, trajectory-indexed environmental inputs provide no material improvement

over spatial averaging in the historical conditions considered here. In Case # 2, where the shortest

navigable path is already favourable, all optimization-based methods save only 0.88-1.17% at δ =

15 min, and the models that do not rely on set-averaged environmental conditions perform slightly

better.
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Figure 2: Responses to the synthetic disturbance for the 2025-01-01 departure in Case # 1.

4.2 Value of joint path optimization

Path flexibility is decisive in Case # 3. At δ = 1 h, the three fixed-path models save approximately

1.3%, whereas JoPSPo-C and JoPSPo-D save 14.22% and 13.66%, respectively. Across the three depar-

ture dates, their savings remain between 11.26% and 16.76% for JoPSPo-C and between 10.22% and

17.06% for JoPSPo-D. As shown in Figures 3a and 3b, the joint models can trade additional distance

for reduced exposure to the speed restricted region, whereas fixed-path methods must compensate by

travelling faster outside it. In Case # 4, JoPSPo-C obtains the largest mean saving, 5.92%, compared

with 3.77% for the best fixed-path result. Its savings vary from 2.75% to 9.81% across departure

dates, reflecting the time varying value of routing through favourable Gulf Stream currents. However,

JoPSPo-D averages 3.68% and ranges from −0.96% to 7.12%. Path flexibility can therefore provide

substantial value, but evaluated performance also depends on how convex set transitions are repre-

sented. In some Case # 4 transitions, JoPSPo-C places xt+1 just inside a favourable-current set and

qt almost at the same boundary location. The second leg then covers negligible distance, but the

equal-leg current approximation in (17) still assigns it a half-interval contribution from the favourable

current, artificially improving the modelled objective. The nonlinear evaluation reconstructs the actual

leg durations and corrects this mismatch. This approximation competes with JoPSPo-D’s restriction of

transitions to half-time step instants, so neither model consistently dominates. At δ = 1 h, JoPSPo-D

produces higher mean savings in Cases 1 and 2, whereas JoPSPo-C produces higher mean savings in

Cases 3 and 4.

4.3 Temporal resolution and computational trade-offs

The evaluated results of the three decision-dependent space-time models improve, and become closer

as the time step is shortened. In Case # 1, the spread between the mean savings of FiPSPo-ST,

JoPSPo-C, and JoPSPo-D decreases from 2.79 percentage points at δ = 1 h to 1.70 at δ = 30 min

and 0.81 at δ = 15 min. In Case # 2, the corresponding spread decreases from 0.17 to 0.13 and then

0.01 percentage points. This pattern is consistent with shorter time steps reducing the influence of

transition averaging in FiPSPo-ST and JoPSPo-C while refining the admissible transition time grid of

JoPSPo-D. Table 9 reports mean computation times at the common δ = 1 h resolution. FiPSPo-SA and

FiPSPo-TI solve in less than 5 s in every case. In comparison, FiPSPo-ST requires between 3.72 and

116 s, while the joint models require between 100 and 1 140 s. The computational burden grows sharply

under time step refinement. At δ = 15 min, the mean computation times of FiPSPo-ST, JoPSPo-C,

and JoPSPo-D range from 2 920 to 6 555 s in Case # 1 and from 5 328 to 12 932 s in Case # 2. By

contrast, FiPSPo-SA and FiPSPo-TI remain below 27 s. At δ = 30 min, neither joint model produces a

reported evaluated solution within the 12 h limit in Cases 3 and 4. Finer temporal resolution therefore

improves solutions and reduces differences among the advanced models, but at a steep computational
cost.



Les Cahiers du GERAD G–2026–52 18

0 100 200 300 400
x0 (km)

50

100

150

200

250

300

350
x1  

(k
m

)

0

1

2

3

4

FiPSPo-TI
FiPSPo-SA
FiPSPo-ST
JoPSPo-D
JoPSPo-C

(a) Case # 3 paths, departure 2025-05-01.

May 01
06:00

May 01
12:00

May 01
18:00

May 02
00:00

Date / time of day

0

2

4

6

8

10

Sp
ee

d 
[m

/s
]

FiPSPo-TI
FiPSPo-SA
FiPSPo-ST
JoPSPo-D
JoPSPo-C

(b) Case # 3 speed profiles, departure 2025-05-01.

100 200 300
x0 (km)

200

400

600

800

1000

x1  
(k

m
)

0

1

2

3

4

5

6

FiPSPo-TI
FiPSPo-SA
FiPSPo-ST
JoPSPo-D
JoPSPo-C

(c) Case # 4 paths, departure 2025-
01-01.

Jan 01
12:00

Jan 02
00:00

Jan 02
12:00

Date / time of day

0

1

2

3

4

5

6

7

Sp
ee

d 
[m

/s
]

FiPSPo-TI
FiPSPo-SA
FiPSPo-ST
JoPSPo-D
JoPSPo-C

(d) Case # 4 speed profiles, departure 2025-01-01.

Figure 3: Representative paths and planned speed profiles in the two path-sensitive cases at δ = 1 h.

Table 9: Mean computation times at δ = 1 h (s).

Method Case 1 Case 2 Case 3 Case 4

Greedy 0.66 0.63 0.55 0.33
FiPSPo-SA 0.96 0.82 0.76 0.38
FiPSPo-TI 4.33 3.97 3.87 1.82
FiPSPo-ST 116 105 3.72 10.6
JoPSPo-C 113 100 581 998
JoPSPo-D 184 111 1 140 147

5 Conclusion

This work introduces the first mixed-integer convex program (MICP) model for jointly optimizing a

continuous two-dimensional ship path, speed profile, and hybrid power system operation under spa-

tially and temporally varying conditions. The navigable domain is decomposed into interconnected

obstacle-free convex sets, and time-indexed binary variables both enforce navigability and activate

the currents, winds, solar irradiance, and speed limits associated with the ship’s position and passage
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time. Two free-path formulations are developed: joint path-speed-power optimization with continu-

ous speed (JoPSPo-C) and joint path-speed-power optimization with discrete speed (JoPSPo-D). Two

fixed-path formulations are also developed: fixed-path joint speed-power optimization with space-time

environment (FiPSPo-ST), and fixed-path joint speed-power optimization with trajectory-indexed en-

vironment (FiPSPo-TI). These four models provide different trade-offs between modelling fidelity and

computational complexity. They are coupled with convex resistance and propulsion surrogates, in-

cluding a free-heading approximation of Blendermann wind resistance, and with models of batteries,

photovoltaic generation, shore power, and diesel generators. The resulting models can be solved to

certified global optimality using off-the-shelf solvers. The numerical results show that the value of this

additional modelling flexibility is case-dependent. In the synthetic stress test, the decision-dependent

space-time models delay passage through a short-lived adverse region and reduce evaluated operating

cost by up to 16.89% relative to a shortest-path constant-speed (SPaCS) benchmark. When the short-

est path is already favourable, all optimization-based methods provide savings of approximately 1%,

and the inexpensive fixed-path models offer a better trade-off between solution quality and computa-

tion time. By contrast, joint path optimization provides substantial value when path choice changes

exposure to spatial constraints. JoPSPo-C achieves average savings of 14.22% under spatially varying

vessel-speed restrictions and 5.92% near the Gulf Stream, compared with approximately 1.3% and

3.77%, respectively, for the best fixed-path results. Shorter time steps improve solutions and reduce

differences among the advanced models, but the associated increase in binary variables produces a

steep computational cost and prevents the joint models from returning evaluated solutions within

12 hours in the more complex cases at δ = 30 min, making this mitigation unsuitable for online utiliza-

tion. Therefore, no model dominates across the tested cases. JoPSPo-C and JoPSPo-D are best when

speed restrictions or strong spatial current gradients make path selection central to the problem while

fixed-path models are preferable when the shortest path is already favourable. FiPSPo-ST is most

relevant when decision-dependent passage timing matters, but path flexibility is unnecessary. Future

work should account for forecast uncertainty using robust or stochastic extensions.
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Appendix A Convex surrogates

The problem-specific surrogate fitting domains are obtained by scaling the minimum and maximum

ship speed, total resistance, and propulsion power values in the SPaCS solution using the factors in

Table A.1. The calm-water surrogate is instead fitted over the full admissible speed range.

Figure A.1 compares the Molland model, the nominal-speed quadratic approximation, and the

fitted convex polynomial for the S-175 parameters of Section 3.2.1. The polynomial yields lower mean

and maximum sampled absolute errors than the quadratic approximation as reported in Table A.2.

Figures A.2, A.3, and A.4 show the fits with the largest sampled absolute error for the one-dimensional,
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path-aligned two-dimensional, and unrestricted two-dimensional surrogates, respectively. Table A.3

reports the corresponding aggregate errors.

Table A.1: Scale factors applied to the SPaCS extrema to define the problem-specific surrogate fitting domains.

Scale factor Case 1 Case 2 Case 3 Case 4

Ship speed, lower 0.50 0.90 0.90 0.90
Ship speed, upper 1.15 1.15 1.15 1.25
Total resistance, lower 0.50 0.70 0.70 0.70
Total resistance, upper 1.20 1.20 1.20 1.20
Propulsion power, lower 0.50 0.70 0.70 0.70
Propulsion power, upper 1.20 1.20 1.20 1.20

0 5 10
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N
]

Molland Quadratic approximation Convex polynomial

Figure A.1: Comparison of the Molland calm-water resistance model, the nominal-speed quadratic approximation, and the
fitted convex polynomial surrogate.

Table A.2: Approximation errors for the convex water resistance models [MN].

Model Mean absolute error Maximum absolute error

Convex polynomial 0.000527 0.001948
Nominal-speed quadratic 0.005581 0.026325

Table A.3: Approximation errors for the convex wind resistance models [MN].

Model Average abs. error Worst abs. error Mean abs. resistance

1D 5.17× 10−5 1.26× 10−4 6.61× 10−2

2D-aligned 2.27× 10−3 1.02× 10−2 4.44× 10−2

2D 1.06× 10−2 3.49× 10−2 6.57× 10−2

Figure A.5 compares the nonlinear B-series model and the convex surrogate over the fitted domain

for Case # 2, 2025-01-01. The mean absolute error is 4.82×10−3 MW, or 1.25% of the mean reference

power, and the maximum sampled absolute error is 2.04× 10−2 MW.
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Figure A.2: One-dimensional wind-resistance fit with the largest sampled absolute error, for Case # 2 and departure
2025-01-01.
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(a) Nonlinear model.
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(b) Convex surrogate.
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Figure A.3: Path-aligned two-dimensional wind-resistance fit with the largest sampled absolute error for Case # 2 and
departure 2025-01-01.
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(a) Nonlinear model.
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(b) Convex surrogate.
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Figure A.4: Unrestricted two-dimensional wind-resistance fit with the largest sampled absolute error for Case # 3 and
departure 2025-05-01.
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(b) Convex surrogate.
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Figure A.5: Propulsion power fit for Case # 2 and departure 2025-01-01.

Appendix B Nonlinear evaluation and feasibility restoration

The planned path and speed profile remain fixed throughout the evaluation. The procedure is as

follows:

1. Decompose each interval into constant-heading segments and compute their durations from the

planned geometry and speed. Fixed-path methods use the prescribed path, JoPSPo-C uses its

helper-point legs, and JoPSPo-D already provides two fixed half-intervals.

2. At each segment midpoint, interpolate solar irradiance, current, and wind; reconstruct the

ground- and water-relative velocities; and recompute resistance and propulsion power using the

nonlinear models. Photovoltaic generation is reset to the interpolated availability and curtailed

only when necessary.

3. Restore the power balance subject to all device and state-of-charge limits. For a deficit, adjust

controls in the order

increase Psh → increase Pgen → decrease Pch → increase Pdis.

For a surplus, use

decrease Pgen → decrease Psh → decrease Pdis → increase Pch → decrease Ppv.

Generator adjustments are distributed proportionally to their available upward or downward

margins.

4. Propagate the battery state of charge. If the terminal target is violated, buy more shore power

to increase charge at destination ports. Accept solutions with higher terminal state of charge

than necessary.

The evaluated solution is infeasible if a segment’s power balance or the terminal state-of-charge

target cannot be restored.
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