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Dépôt légal – Bibliothèque et Archives nationales du Québec, 2026
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3000, chemin de la Côte-Sainte-Catherine
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Abstract : Equilibrium modeling for power markets usually assumes convexity of each players’ op-
timization problem. Although the importance of accounting for fixed generation costs and start-up
costs, minimum generation levels and/or minimum up-time and down-time restrictions in production
scheduling is widely acknowledged, such modeling does not allow for discrete decisions. This paper
considers unit commitment constrained Nash equilibria. First, we derive novel optimality conditions
tailored for the mixed-integer convex programming problem of joint unit commitment and economic
dispatch of a self-scheduling profit-maximizing producer. Next, we use these to formulate a Nash
equilibrium as a mixed-integer complementarity problem, which facilitates the development of a pro-
cedure to obtain multiple equilibria. The approach can be adapted to both perfectly and imperfectly
competitive market settings. While an equilibrium may not always exist, we give sufficient conditions
under which a Cournot-Nash equilibrium can be obtained by mixed-integer convex programming un-
der the standard assumption of an affine inverse demand curve and convex generating costs, and use
this to establish existence. A case study demonstrates the feasibility of using optimisation to obtain a
Cournot-Nash equilibrium for unit commitment constrained market clearing. Our results confirm that
ignoring unit commitment creates significant welfare losses, although these vary substantially across
equilibria.
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1 Introduction

Since the liberalisation in the 1990s, modern electricity markets have been organised as auctions

into which producers submit profit-maximising bids and generators are dispatched by a market op-

erator. Analysing market dynamics and supporting market-clearing decisions therefore calls for a

game-theoretical approach. Equilibrium modeling of competitive markets usually assumes convexity

of each players’ optimisation problem. However, as already noted by Scarf (1994), most commodity

markets in today’s advanced economies involve considerable non-convexities in the form of discrete

decisions. For power markets in particular, the discreteness of decisions is due to fixed operating costs

and start-up costs, minimum generation levels and/or minimum up-time and down-time restrictions in

generator scheduling. The importance of so-called unit commitment decisions is widely acknowledged

in system-wide cost minimisation or social welfare maximisation. Start-up costs in particular have

been shown to have a critical impact on the optimal dispatch, especially for power systems with high

shares of variable renewable production (Aonghus, Kiviluoma, and O’Malley (2013)). Also, economet-

ric analysis of historical bids has documented substantial start-up costs and argued that accounting

for them would better explain observed bidding strategies and production patterns (Reguant (2014)).

Reflecting this, most electricity markets in the US allow for explicitly including fixed operating costs

and start-up costs of the generators in the bids, whereas EU markets generally require producers

to internalize these costs (Herrero (2020)). Naturally, non-convexity attracts increasing attention in

modeling competitive electricity markets.

In this paper, we model a power market in which producers have both continuous and discrete op-

erating decisions as a discretely-constrained Nash equilibrium. Accordingly, we consider a number of

self-scheduling producers, each operating one or more generating units, for which commitment involves

binary decisions whereas dispatch decisions are continuous. We refer to our model as a unit commit-

ment constrained Nash equilibrium. On the supply side, our formulation allows for discontinuous costs

and non-connected operating regions of individual producers, whereas we represent the demand side

by an aggregate inverse demand curve. Part of our analysis applies to both perfectly and imperfectly

competitive markets, although our main focus is obtaining Cournot-Nash equilibria.

Our contributions are the following. First, we derive tailored optimality conditions for the mixed-

integer convex programming formulation of joint unit commitment and economic dispatch for a self-

scheduling profit-maximising producer, by leveraging the binary nature of unit commitment. The

optimality conditions include an exponential number of inequalities and complementarity constraints,

but we demonstrate how this number can be significantly reduced in specific cases. For the profit-

maximisation problem, we also derive valid inequalities that prove valuable for the subsequent equi-

librium analysis. Second, we employ the optimality conditions to characterise a unit commitment

constrained Nash equilibrium by an equation system and show how the valid inequalities reduce the

total number of constraints required. This characterization of an equilibrium facilitates the develop-

ment of a novel procedure for identifying multiple distinct equilibria. The approach can be adapted to

both perfectly and imperfectly competitive market settings. Third, for the Cournot-Nash framework,

we show that an equilibrium can be obtained by solving a single system-wide mixed-integer convex

optimisation problem, under standard assumptions of an affine inverse demand curve and convex gener-

ating costs. While prior work has shown that an equilibrium may not exist under perfect competition,

we use this convex optimisation problem to establish existence under Cournot competition. To the

best of our knowledge, we are the first to analyse the unit commitment constrained Cournot-Nash

equilibrium. Our theoretical results and notably our mixed-integer convex optimisation formulation

offer market operators and policy-makers practical decision support, without the need for specialised

algorithms and using standard optimisation software.

We carry out computational experiments using real-world data. Our results compare market equi-

libria with and without discreteness to demonstrate the importance of accounting for unit commitment

decisions. Also, they compare the system-wide optimal equilibrium to alternative equilibria with re-

spect to market prices and volumes. We use a case study of the all-island Irish electricity market,



Les Cahiers du GERAD G–2026–50 2

with a dataset including both technical and economic features of 52 generating units spread across 16

producers.

The paper is structured as follows. Section 2 provides an overview of related literature. In Sections 3

and 4, we consider the unit commitment problem of a single producer and the unit commitment

constrained equilibrium problem, respectively. Section 5 discusses the numerical experiments and

Section 6 concludes the paper.

2 Related literature

Unit commitment in power system optimisation has a long history. Originally, models would rely on

central decision-making and system-wide social welfare maximisation and did not account for market

characteristics such as competition. The liberalisation of electricity markets motivated an equilibrium

perspective with representations of each player’s surplus maximisation problem. Convexity assump-

tions facilitate necessary and sufficient optimality conditions, the collection of which characterises

the equilibrium and typically forms a mixed complementarity problem (MCP). Examples of MCPs

for modelling electricity markets include Gabriel, Siddiqui, Conejo, and Ruiz (2013), Hobbs (2001),

Hobbs and Pang (2007), Wogrin, Hobbs, Ralph, Centeno, and Barqúın (2013), in connection to capac-

ity expansion, Ehrenmann and Smeers (2011), Garcia and Shen (2010), and in a more general energy

modeling context, Bushnell (2003), Chen, Siddiqui, and Tanaka (2020), Gabriel, Kiet, and Zhuang

(2005). For a comprehensive overview, we refer the reader to Egging-Bratseth, Baltensperger, and

Tomasgard (2020). None of the cited references incorporate discrete decision-making such as unit

commitment.

Given the importance of discreteness, the modeling of electricity markets with non-convexities has

attracted considerable attention in the mathematical optimisation literature (Bjørndal and Jörnsten

(2008), Liu and Ferris (2013), O’Neill, Krall, Hedman, and Oren (2013), Philpott and Schultz (2006)).

Under convexity and linearity, it is possible to prove existence of market clearing prices. Furthermore,

there exists an equivalent system-wide optimisation problem, in which linear equilibrium prices are

simply the dual variables of the market clearing constraints. In the presence of unit commitment, it is

less clear how to define electricity prices. Hümbs, A, and Schewe (2022) analyse the special case in which

the linear relaxation of each market player’s optimisation problem solves their mixed-integer linear

problem (MILP). By exploiting total unimodularity, they derive necessary and sufficient conditions for

the existence of a price and demonstrate for an example with minimum up and down time constraints

that produce the convex hull of the MILP. For strong formulations of the unit commitment problem,
see also Ostrowski, Anjos, and Vannelli (2012) and Pan and Guan (2016) for the deterministic and

stochastic problem, respectively. Generally, however, linear prices may not exist, if the linear relaxation

of the market clearing problem fails to solve the mixed-integer problem. A common approach to

determining prices is to minimize total lost opportunity costs of the market players under the system-

wide optimal solution. The minimisation of global opportunity costs is known as convex hull pricing,

and is obtained by convexifying all players’ optimisation problems, see Gribik, Hogan, and Pope (2007).

Minimisation of local opportunity costs can be achieved by solving the system-wide MILP, fixing the

unit commitment and reoptimising the linear problem, with the resulting dual prices referred to as

IP-prices. O’Neill, M, Hobbs, Rothkopf, and Stewart (2005) determine IP-prices by adding equality

constraints to the linear problem that force the original integer variables to assume their optimal values

and obtain duals to both market clearing conditions and added constraints. Neither convex hull prices

or IP-prices, however, are guaranteed to support an equilibrium. To ensure appropriate incentives, it

may be necessary to introduce compensation to market players in the form of uplift or make-whole

payments, offsetting lost opportunity costs or negative profits. The recent study by Ahunbay, Bichler,

and Knörr (2024) compares such pricing schemes and compensation mechanisms and demonstrates

numerically that focusing on one type of opportunity costs can cause substantial increases in other

types of opportunity costs. To balance performance, the authors therefore suggest a multi-objective

approach. In contrast to obtaining prices through opportunity cost minimisation, we aim at a market
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clearing price that internalises the costs of unit commitment and respects the incentives of all market

players. We do not restrict ourselves to prices being dual variables, but rather define the price as a

free variable that allows for balance between demand and supply, consistent with Gabriel et al. (2013),

Hümbs et al. (2022), Huppmann and Siddiqui (2018), Todd (2016), Weinhold and Gabriel (2020).

In addition to defining and determining prices, it remains a challenge to obtain discretely con-

strained Nash equilibria. For the special case of a unit commitment constrained Nash equilibrium,

Gabriel et al. (2013) suggest to relax the integrality of the unit commitment variables, formulate an

MCP and reinforce integrality to arrive at a mixed-integer MCP. To avoid feasibility issues, com-

plementarity is relaxed and violations are penalised in an objective function. As the solutions may

not constitute a Nash equilibrium, Weinhold and Gabriel (2020) extend the heuristic by an ex post

check for incentive compatibility. An alternative approach is proposed by Devine and Lynch (2025b)

and involves a Gauss-Seidel type of algorithm, based on iteratively solving each producer’s problem

while taking the decisions of other producers as given. Results for the Irish power system shows

that neglecting unit commitment exaggerates the impact of price-making behaviour, documenting the

need for simultaneously considering discreteness and imperfect competition. While the Gauss-Seidel

algorithm can be shown to converge for Cournot competition under some assumptions, convergence

of the algorithm is not guaranteed in the presence of unit commitment. Furthermore, the procedure

involves repeatedly solving several optimisation problems. In contrast, the present work solves a single

optimisation problem and only once to obtain a Cournot-Nash equilibrium.

A few references consider the general class of discretely constrained Nash equilibria. Todd (2016)

studies pure integer (unconstrained) Cournot equilibria and establishes existence of an equilibrium

via a potential function approach, see also Monderer and Shapley (1996) for the continuous case.

We impose the same assumptions of affine inverse demand and convex quadratic costs, but examine

the mixed-integer problem of unit commitment and allow for various operational constraints in the

producers’ problems. Nevertheless, our approach to proving existence is similar in the sense that we

establish an optimisation problem (although constrained), for which an optimal solution is an equi-

librium. Todd (2016) computes equilibria by solving continuous equilibrium problems and reinforcing

integrality by binary search. For the even more general class of non-convex Nash equilibria, Fuller

and Çelebi (2017) and Harwood, Trespalacios, Papageorgiou, and Furman (2024) suggest to obtain a

minimum disequilibrium by optimisation, e.g. of total opportunity costs. The former solves the special

case of mixed-integer convex programming by relaxation of integrality and complementarity, whereas

the latter proposes a lower bounding procedure based on the relaxation of each player’s optimality.

Both references illustrate their method for a unit commitment constrained perfectly competitive Nash

equilibrium, for which an equilibrium may not exist. For matrix games, Avis, Rosenberg, Savani, and

von Stengel (2010) and Audet, Belhaiza, and Hansen (2006) simply solve an equilibrium for all possible

strategies and check for deviation incentives. This approach can be applied to the unit commitment

constrained Nash equilibrium, but requires 2TI continuous equilibrium problems to be solved, where

T is the number of time periods and I is the number of generating units in the market. Our approach

is exact like this method, but scales linearly with I.

Closest to our work is the study of binary Nash equilibria by Huppmann and Siddiqui (2018). The

idea behind our optimality conditions is similar in the sense that we also condition on the values of the

binary variables and derive optimality conditions for the resulting continuous optimisation problem.

Whereas the authors enforce optimality of the binaries by a reformulation of incentive compatibility

using big-M constraints, we directly apply the inequalities defining a Nash equilibrium. As Huppmann

and Siddiqui (2018), we avoid the comparison of all binary solutions of all players by adding valid

inequalities, but specify tight inequalities for the multidimensional binary problem of each player. Our

focus on a tight formulation reduces the search space of equilibria and facilitates efficient computations.

The most important difference from our work is their definition of an equilibrium price that balances

social welfare and compensation payments to producers. We do not allow for compensation but simply

determine a price that facilitates equilibrium (when it exists). Also, their analysis does not account for
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market power, whereas we cover Cournot-Nash equilibria. In particular, we show that the price that

maximises market power adjusted social welfare supports an equilibrium under Cournot competition.

3 Optimality conditions for unit commitment and economic dis-
patch

Consider the unit commitment (UC) problem of a profit-maximizing power producer. Let u =

(u⊤
1 , . . . , u

⊤
I )

⊤ ∈ RIT and q = (q⊤1 , . . . , q
⊤
T )

⊤ ∈ RIT represent binary unit commitment decisions

and continuous dispatch decisions, respectively, of the generating units i = 1, . . . , I at the discrete

time periods t = 1, . . . , T (for decisions of unit i, we use the notation ui = (ui1, . . . , uiT )
⊤ ∈ RT , and

for decisions at time t, we use ut = (u1t, . . . , uIt)
⊤ ∈ RI). The mixed-integer convex programming

problem is:

max
q,u

{ T∑
t=1

Pt(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) :

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I
}
, (1)

where Pt : RI → R is a concave and continuously differentiable revenue function, Ci : R → R is a

convex and continuously differentiable function describing variable operating costs, and Si : RT → R
is a continuous function including fixed operating costs. Furthermore, the matrices and vectors Ai ∈
Rn×T , bi ∈ Rn, Gi, Hi ∈ Rm×T and hi ∈ Rm define operational constraints for i = 1, . . . , I. Note that

the constraints and costs are separable with respect to the production units, whereas this may not

necessarily apply for revenue.

Remark 1. For example, revenue is given by a market price times total production

Pt(q1, . . . , qI) = pt

( I∑
i=1

qi

) I∑
i=1

qi,

where the price is determined by an inverse affine demand curve pt(dt) = βt − αtdt, with βt, αt ≥ 0,

and the balance between demand and supply dt =
∑I

i=1 qi for t = 1, . . . , T .

Moreover, variable costs are convex quadratic

Ci(q) = aiq + biq
2,

with ai, bi ≥ 0, and fixed costs include online, start-up and shut-down costs

Si(u1, . . . , uT ) =

T∑
t=1

(sON
i ut + sSU

i max{ut − ut−1, 0}+ sSD
i max{ut−1 − ut, 0}),

with sON
i , sSU

i , sSD
i ≥ 0, for i = 1, . . . , I.

We assume that the problem (1) is feasible and bounded such that it has an optimal solution. By

exploiting the binary nature of unit commitment, the problem is equivalent to

max
u

{
max

q

{ T∑
t=1

Pt(qt)−
I∑

i=1

T∑
t=1

Ci(qit) : Giqi ≤ hi −Hiui, i = 1, . . . , I
}
−

I∑
i=1

Si(ui) :

Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I
}
.

For fixed u, the inner optimization is an economic dispatch (ED) problem, and we refer to it as

ED(u). This is a convex programming problem with a concave objective function and affine constraint
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functions. The Karush-Kuhn Tucker (KKT) conditions are both necessary and sufficient for optimality.

Hence, q is an optimal solution to ED(u) if and only if there exists multipliers λi ∈ Rm, i = 1, . . . , I

such that the following conditions are satisfied, including stationarity, primal and dual feasibility and

complementarity:

− ∂Pt

∂qit
(qt) +

dCi

dqit
(qit) + λ⊤

i git = 0, t = 1, . . . , T, 0 ≤ λi ⊥ hi −Hiui −Giqi ≥ 0, i = 1, . . . , I, (2)

where git is the t-th column of Gi and x ⊥ y means x⊤y = 0. This system of constraints forms a mixed

complementarity problem (MCP).

Remark 2. The complementarity constraints

0 ≤ λi ⊥ hi −Hiui −Giqi ≥ 0,

can be enforced by the mixed-integer linear programming formulation

0 ≤ λi ≤ Miδi, 0 ≤ hi −Hiui −Giqi ≤ Mi(1− δi), δi ∈ {0, 1}m,

where 1 = (1, . . . , 1)⊤ ∈ Rm, provided there exist a sufficiently large constant Mi, see Fortuny-Amat

and McCarl (1981).

For instance, if the constraints Giqi+Hiui ≤ hi simply bound the production of a committed unit,

i.e., q
i
uit ≤ qit ≤ qiuit, t = 1, . . . , T , where q

i
and qi are lower and upper bounds, respectively, and

Pt(q1, . . . , qI) = (βt − αt

∑I
i=1 qit)

∑I
i=1 qit and Ci(q) = aiq + biq

2, the KKT conditions are

−βt + 2αt

I∑
k=1

qkt + ai + 2biqit + λit − λit = 0, 0 ≤ λit ⊥ qiuit − qit ≥ 0, 0 ≤ λit ⊥ qit − q
i
uit ≥ 0,

t = 1, . . . , T, i = 1, . . . , I,

where λit and λit are the multipliers of the lower and upper bounding constraints. Noting that we can

take λit ≤ βt − 2αt

∑I
k=1 qkt − ai − 2biqit and λit ≤ −βt + 2αt

∑I
k=1 qkt + ai + 2biqit, for instance,

Mi := maxt{max{βt − ai,−βt + 2αt

∑I
k=1 qk + ai + 2biqi, qi}}.

Remark 3. The Karush-Kuhn Tucker conditions (2) can be replaced by alternative optimality condi-

tions, e.g., primal and dual feasibility and strong duality:

λi, hi −Hiui −Giqi ≥ 0, i = 1 . . . , I,

T∑
t=1

Pt(qt)−
I∑

i=1

T∑
t=1

Ci(qit) =

I∑
i=1

λ⊤
i (hi −Hiui).

Since {u ∈ {0, 1}IT : Aiui ≤ bi, i = 1, . . . , I} contains finitely many vectors, we can enumerate

them uj , j = 1, . . . , J , where J ≤ 2IT . For fixed j, qj is an optimal solution to ED(uj) if and only if

the KKT-conditions are satisfied. Evidently, a solution is optimal if and only if it is feasible and its

objective function value is at least as high as the value of all solutions (qj , uj), j = 1, . . . , J .

Proposition 1. A solution (q, u) is optimal to (1) if and only if

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}, i = 1, . . . , I, (3)

T∑
t=1

Pt(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) ≥
T∑

t=1

Pt(q
j
t )−

I∑
i=1

T∑
t=1

Ci(q
j
it)−

I∑
i=1

Si(u
j
i ), j = 1, . . . , J, (4)

− ∂Pt

∂qit
(qjt ) +

dCi

dqit
(qjit) + (λj

i )
⊤git = 0, t = 1, . . . , T, 0 ≤ λj

i ⊥ hi −Giq
j
i −Hiu

j
i ≥ 0,

i = 1, . . . , I, j = 1, . . . , J. (5)
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This system of inequalities and complementarity constraints characterises an optimal solution and

will be useful for the equilibrium problem. The complementarity constraints (5) are clearly nonlinear,

but can be enforced by mixed-integer linear programming. The inequalities (4) may likewise be non-

linear, but are linear in the special case that Pt(·), Ci(·) and Si(·) are all linear. In the worst case, the

number of the inequalities (4) and the number of complementarity constraints (5) are both exponential

in I and T . The number of complementarity constraints (5), however, can often be much smaller, as

illustrated by the following examples.

Example 1. If (∂Pt/∂qit)(qt) := (∂Pt/∂qit)(qit), e.g. if Pt(q1, . . . , qI) = pt
∑I

i=1 qit and the producer

is a price-taker, then the KKT conditions are separate for each unit and (5) can be replaced by

− ∂Pt

∂qit
(qlit) +

dCi

dqit
(qlit) + (λl

i)
⊤git = 0, t = 1, . . . , T, 0 ≤ λl

i ⊥ hi −Giq
l
i −Hiu

l
i ≥ 0,

l = 1, . . . , Li, i = 1, . . . , I,

where Li ≤ 2T and qji = qli if uj
i = ul

i in (3) and (4). As a result, the number of complementarity

constraints increases only linearly with I.

Example 2. If the constraints Giqi + Hiui ≤ hi simply bound the production of a committed unit,

i.e., q
i
uit ≤ qit ≤ qiuit, t = 1, . . . , T , the KKT conditions are separate for each time period. Then, (5)

reduces to

− ∂Pt

∂qit
(qlt) +

dCi

dqit
(qlit) + λ

l

it − λl
it = 0, 0 ≤ λ

l

it ⊥ qiu
l
it − qlit ≥ 0, 0 ≤ λl

it ⊥ qlit − q
i
ul
it ≥ 0,

l = 1, . . . , Lt, t = 1, . . . , T, i = 1, . . . , I,

where Lt ≤ 2I and qjt = qlt if uj
t = ul

t in (3) and (4). The number of complementarity constraints

increases only linearly with T .

If also (∂Pt/∂qit)(qt) := (∂Pt/∂qit)(qit), then (5) reduces to

q0it = 0, − ∂Pt

∂qit
(q1it) +

dCi

dqit
(q1it) + λit − λit = 0, 0 ≤ λit ⊥ qi − q1it ≥ 0, 0 ≤ λit ⊥ q1it − q

i
≥ 0,

t = 1, . . . , T, i = 1, . . . , I,

and qjit = q0it if u
j
it = 0 and qjit = q1it if u

j
it = 1 in (3) and (4).

Example 3. With ramping restrictions, the constraints Giqi + Hiui ≤ hi involve consecutive time

periods:

uit − uit−1 = vit − wit,

riuit − (ri − rSU
i )vit − (ri − rSD

i )wit ≤ qit − qit−1 ≤ riuit − (ri − rSU
i )vit − (ri − rSD

i )wit,

t = 1, . . . , T, i = 1, . . . , I,

where vit ∈ {0, 1} and wit ∈ {0, 1} represent the start-up and shut-down decisions, respectively, ri and

ri are ramping limits during production and rSU
i , rSU

i , rSD
i , rSD

i are specific start-up and shut-down

limits. If also (∂Pt/∂qit)(qt) := (∂Pt/∂qit)(qit), (5) can be replaced by

uit − uit−1 = vit − wit,

qt1,t2it1
= qt1,t2it2

= 0, − ∂Pt

∂qit
(qt1,t2it ) +

dCi

dqit
(qt1,t2it ) + λit − λit − γit + γ

it
= 0,

0 ≤ λit ⊥ qt1,t2it−1 − qt1,t2it + riuit − (ri − rSU
i )vit − (ri − rSD

i )wit ≥ 0,

0 ≤ λit ⊥ qt1,t2it − qt1,t2it−1 − riuit + (ri − rSU
i )vit + (ri − rSD

i )wit ≥ 0,

0 ≤ γit ⊥ qt1,t2it − qt1,t2it+1 + riuit+1 − (ri − rSU
i )vit+1 − (ri − rSD

i )wit+1 ≥ 0,
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0 ≤ γ
it
⊥ qt1,t2it+1 − qt1,t2it − riuit+1 + (ri − rSU

i )vit+1 + (ri − rSD
i )wit+1 ≥ 0

t = t1 + 1, . . . , t2 − 1, t1 = 0, . . . , T + 1, t2 = t1 + 1, . . . , T, i = 1, . . . , I,

where γ
it

and γit are multipliers of the ramping constraints, and qjit = qt1,t2it , t = t1, . . . , t2 if uj
it =

ut1,t2
it , t = t1, . . . , t2. The number of complementarity constraints is cubic in T .

We proceed to derive valid inequalities that will be valuable for the characterisation of an equi-

librium. Note that
∑

(i,t):uj
it=1(1 − uit) +

∑
(i,t):uj

it=0 uit = 0 for u = uj and
∑

(i,t):uj
it=1(1 − uit) +∑

(i,t):uj
it=0 uit ≥ 1 for u ̸= uj . Thus, we can obtain valid inequalities for (3)–(5) of the form:

qjit −M ij

( ∑
(k,s):uj

ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
≤ qit

≤ qjit +M ij

( ∑
(k,s):uj

ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
, t = 1, . . . , T, i = 1, . . . , I, j = 1, . . . , J (6)

for sufficiently large constants M ij and M ij . It should be remarked that these constraints ensure that

q = qj if u = uj .

We determine specific constants, assuming that qiuit ≤ qit ≤ qiuit. If u = uj and uj
it = 0, then

uit = 0 and qjit = 0 = qit. Thus, we only impose (6) for uj
it = 1.

Proposition 2. Assume that the constraints Giqi+Hiui ≤ hi include qiuit ≤ qit ≤ qiuit. The following

are valid inequalities for (3)–(5):

qjit − (qi − q
i
)
( ∑

(k,s)̸=(i,t):uj
ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
− qi(1− uit) ≤ qit

≤ qjit + (qi − q
i
)
( ∑

(k,s) ̸=(i,t):uj
ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
− q

i
(1− uit).

for t = 1, . . . , T, i = 1, . . . , I, j = 1, . . . , J with uj
it = 1.

The proof can be found in Appendix A.1.

Example 4. Assume that the constraints Giqi + Hiui ≤ hi only include qiuit ≤ qit ≤ qiuit and

(∂Pt/∂qit)(qt) := (∂Pt/∂qit)(qit). Then, the following are stronger valid inequalities:

q1it − qi(1− uit) ≤ qit ≤ q1it − q
i
(1− uit), t = 1, . . . , T, i = 1, . . . , I.

4 Nash equilibrium

We proceed to demonstrate the use of the optimality conditions of (3)–(5) to characterise the unit

commitment constrained Nash equilibrium. We consider competing producers making simultaneous

decisions in the market. For ease of exposition, each producer operates a single generating unit (we relax

this assumption in the numerical experiments). The unit commitment constrained Nash equilibrium

is defined as follows:

Definition 1. A unit commitment constrained Nash equilibrium is given by (q1, u1, . . . , qI , uI) such

that (qi, ui) is an optimal solution to

max
qi,ui

{ T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) :

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}T
}
, i = 1, . . . , I. (7)
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given q−i = (q1, . . . , qi−1, qi+1, . . . , qT ) for all i = 1, . . . , I. Equivalently, Giqi + Hiui ≤ hi, Aiui ≤
bi, ui ∈ {0, 1}T , i = 1, . . . , I and (qi, ui) is the best response of unit i given q−i, i.e.,

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q̄it, q−it)−
T∑

t=1

Ci(q̄it)− Si(ūi),

∀(q̄i, ūi) ∈ {(qi, ui) ∈ RT × {0, 1}T : Giqi +Hiui ≤ hi, Aiui ≤ bi}, i = 1, . . . , I.

By Proposition 1, this is equivalent to the system of constraints:

Proposition 3. (q1, u1, . . . , qI , uI) is a unit commitment constrained Nash equilibrium if and only if

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I, (8)

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q
l
it, q−it)−

T∑
t=1

Ci(q
l
it)− Si(u

l
i),

l = 1, . . . , Li, i = 1, . . . , I, (9)

−∂Pit

∂qit
(qlit, q−it) +

dCi

dqit
(qlit) + (λl

i)
⊤git = 0, t = 1, . . . , T, 0 ≤ λl

i ⊥ hi −Giq
l
i −Hiu

l
i ≥ 0,

l = 1, . . . , Li, i = 1, . . . , I, (10)

qlit −M il

( ∑
s:ul

is=1

(1− uis) +
∑

s:ul
is=0

uis

)
≤ qit ≤ qlit +M il

( ∑
s:ul

is=1

(1− uis) +
∑

s:ul
is=0

uis

)
,

t = 1, . . . , T, l = 1, . . . , Li, i = 1, . . . , I. (11)

Note that we explicitly ensure that qi = qli if ui = ul
i by the inequalities (11), avoiding the need

to evaluate all possible combinations (ql11 , ul1
1 , . . . , q

lI
I , ulI

I ), l1 = 1, . . . , L1, . . . , lI = 1, . . . , LI . The total

number of constraints in the equilibrium problem is proportional to I2T , i.e, it increases linearly with I.

Remark 4. Consider the standard assumptions of an inverse affine demand curve, i.e., Pit(qt) =

pt(dt)qit with pt(dt) = βt−αtdt, αt, βt ≥ 0 and dt =
∑I

i=1 qit. Let the unit commitment be fixed. Under

Cournot competition, (∂pt/∂qit)(dt) = −αt such that (∂Pit/∂qit)(qit, q−it) = βt −αt

∑I
k=1 qkt −αtqit.

Under perfect competition, (∂pt/∂qit)(dt) = 0 such that (∂Pit/∂qit)(qit, q−it) = βt − αt

∑I
k=1 qkt.

Remark 5. By the definition of Huppmann and Siddiqui (2018), a unit commitment constrained Nash

equilibrium is given by (q1, u1, . . . , qI , uI) such that i) qi is the best response of unit i given ui and q−i

for all i = 1, . . . , I, i.e.,

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q̄it, q−it)−
T∑

t=1

Ci(q̄it)− Si(ui),

∀q̄i ∈ {qi ∈ RT : Giqi +Hiui ≤ hi}, i = 1, . . . , I,

and ii)

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q
l
it, q−it)−

T∑
t=1

Ci(q
l
it)− Si(u

l
i),

∀ul
i ∈ {{0, 1}T : Aiui ≤ bi}, i = 1, . . . , I,

where qli is the best response of unit i given ul
i

T∑
t=1

Pit(q
l
it, q−it)−

T∑
t=1

Ci(q
l
it)− Si(u

l
i) ≥

T∑
t=1

Pit(q̄it, q−it)−
T∑

t=1

Ci(q̄it)− Si(u
l
i),

∀q̄i ∈ {qi ∈ RT : Giqi +Hiu
l
i ≤ hi}, i = 1, . . . , I.
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Conditions ii) are equivalent to (9)–(10), whereas condition i) is redundant with the constraints (11)

ensuring that qi = qli if ui = ul
i. Thus, our definition of the unit commitment constrained Nash

equilibrium is consistent with this.

We proceed to study existence and uniqueness of the unit commitment constrained equilibrium.

Remark 6. To analyse existence, consider the equilibrium problem that arises for fixed unit commit-

ment of all units, which we refer to as the economic dispatch equilibrium. For fixed unit commitment

(u1, . . . , uI), assume that

i) the function (qi, q−i) →
∑T

t=1 Pit(qit, q−it)−
∑T

t=1 Ci(qit) is continuous in qi and q−i = (q1, . . . ,

qi−1, qi+1, . . . , qT ) and convex in qi,

ii) the set {qi ∈ RT : Giqi ≤ hi −Hiui} is a non-empty and bounded polyhedron,

for all i = 1, . . . , I. Then, the economic dispatch equilibrium (q1, . . . , qI) exists (Theorem 1.2 of

Fudenberg and Tirole (1991)).

For any economic dispatch equilibrium (q1, . . . , qI), we can find (u1, . . . , uI) such that qi is the best

response of unit i given ui and q−i for all i = 1, . . . , I. However, (q1, u1, . . . , qI , uI) does not necessarily

constitute an equilibrium, since we may not have that

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q̄it, q−it)−
T∑

t=1

Ci(q̄it)− Si(ūi),

∀(q̄i, ūi) ∈ {(qi, ui) ∈ RT × {0, 1}T : Giqi +Hiui ≤ hi, Aiui ≤ bi}, i = 1, . . . , I.

Harwood et al. (2024) provide an example of a unit commitment constrained perfectly competitive

Nash equilibrium, for which an equilibrium does not exist. Below, however, we provide sufficient

conditions for an equilibrium to exist and show that these are satisfied for the unit commitment

constrained Cournot-Nash equilibrium.

Consider the system-wide unit commitment problem:

max
q,u

{ T∑
t=1

Ft(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) :

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I
}
, (12)

where Ft : RI → R is a concave and continuously differentiable function.

For fixed unit commitment and under mild assumptions, there exist functions Ft(·), t = 1, . . . , T

such that there is a one-to-one correspondence between economic dispatch equilibria and optimal so-

lutions to the system-wide problem, see Egging-Bratseth et al. (2020). For instance, under perfect and

Cournot competition, these functions capture consumer surplus and market power adjusted consumer

surplus, respectively. The following example demonstrates that this may not be the case for the unit

commitment constrained equilibrium. If the system-wide problem maximises market power adjusted

social welfare, there may be multiple equilibria, some of which may not be optimal solutions.

Example 5. Consider the Cournot-Nash equilibrium problem

max
qi,ui

{
(β − α(q1 + q2))qi − ciqi − siui : 0 ≤ qi ≤ qiui, ui ∈ {0, 1}

}
, i = 1, 2,

and the system-wide maximisation of market power adjusted social welfare

max
q,u

{∫ q1+q2

0

(β − αx)dx− 1

2
αq21 −

1

2
αq21 − c1q1 − c2q2 − s1u1 − s2u2 :

0 ≤ qi ≤ qiui, ui ∈ {0, 1}, i = 1, 2
}
.
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For fixed unit commitment, an economic dispatch equilibrium is an optimal solution to the system-

wide problem and vice versa. This does not hold in general for the unit commitment constrained

equilibrium and system-wide optimisation. For instance, under Cournot competition and β = 5, α =

1, c1 = c2 = 1, q1 = q2 = 3, s1 = 3, s2 = 2, (q1, u1, q2, u2) = (2, 1, 0, 0) is an equilibrium, but

(q1, u1, q2, u2) = (0, 0, 2, 1) is the unique optimal solution to the system-wide problem. Thus, an

equilibrium cannot necessarily be obtained by solving this problem. Nevertheless, the optimal solution

(q1, u1, q2, u2) = (0, 0, 2, 1) is another equilibrium.

In Example 5, an optimal solution to the system-wide problem is an equilibrium. This holds more

generally under certain assumptions, i.e., when changes in the system-wide function Ft(·) with respect

to the production of producer i are the same as changes in the revenue Pit(·) function of this producer,

for all t = 1, . . . , T .

Proposition 4. The following holds:

i) If Ft(qit, q−it) − Ft(xi, q−it) = Pit(qit, q−it) − Pit(xi, q−it) for all qt ∈ RI , xi ∈ R and t =

1, . . . , T, i = 1, . . . , I, then an optimal solution to the optimization problem (12) is a solution

to (7), i.e., an equilibrium.

ii) Assume further that Pit(qit, q−it)−Pit(q̄it, q−it) = Pit(qit)−Pit(q̄it), t = 1, . . . , T, i = 1, . . . , I. If

Ft(qt)−Ft(x) =
∑I

i=1(Pit(qit)−Pit(xi)) for all qt ∈ RI , x ∈ RI and t = 1, . . . , T , then a solution

to (7), i.e., an equilibrium, is an optimal solution to the optimization problem (12).

Proof. To show i), let (q1, u1, . . . , qI , uI) be an optimal solution to (12). Then, Giqi + Hiui ≤
hi, Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I and

T∑
t=1

Ft(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) ≥
T∑

t=1

Ft(q̄t)−
I∑

i=1

T∑
t=1

Ci(q̄it)−
I∑

i=1

Si(ūi),

∀(q̄, ū) ∈ {(q, u) ∈ RTI × {0, 1}TI : Giqi +Hiui ≤ hi, Aiui ≤ bi, i = 1, . . . , I}.

Let i ∈ {1, . . . , I} and ū−i = u−i and q̄−i = q−i. Then, by the assumptions of Proposition 4 i),

T∑
t=1

Pit(qit, q−it)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q̄it, q−it)−
T∑

t=1

Ci(q̄it)− Si(ūi),

∀(q̄i, ūi) ∈ {(qi, ui) ∈ RT × {0, 1}T : Giqi +Hiui ≤ hi, Aiui ≤ bi}.

Thus, (q1, u1, . . . , qI , uI) is an equilibrium.

For ii), let (q1, u1, . . . , qI , uI) be an equilibrium. Then, Giqi + Hiui ≤ hi, Aiui ≤ bi, ui ∈
{0, 1}T , i = 1, . . . , I and

T∑
t=1

Pit(qit)−
T∑

t=1

Ci(qit)− Si(ui) ≥
T∑

t=1

Pit(q̄it)−
T∑

t=1

Ci(q̄it)− Si(ūi),

∀(q̄i, ūi) ∈ {(qi, ui) ∈ RT × {0, 1}T : Giqi +Hiui ≤ hi, Aiui ≤ bi}.

for all i = 1, . . . , I. Hence, by the assumptions of Proposition 4 ii),

T∑
t=1

Ft(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) ≥
T∑

t=1

Ft(q̄t)−
I∑

i=1

T∑
t=1

Ci(q̄it)−
I∑

i=1

Si(ūi),

∀(q̄, ū) ∈ {(q, u) ∈ RTI × {0, 1}TI : Giqi +Hiui ≤ hi, Aiui ≤ bi, i = 1, . . . , I}.

As a result, (q1, u1, . . . , qI , uI) is an optimal solution (12).



Les Cahiers du GERAD G–2026–50 11

Remark 7. The assumptions of Proposition 4 i) are fulfilled under standard assumptions of an inverse

affine demand curve, i.e., Pit(qt) = pt(dt)qit with pt(dt) = βt − αtdt, αt, βt ≥ 0 and dt =
∑I

i=1 qit, in

Cournot-Nash equilibrium. Indeed, Pit(qit, q−it) = (βt − αt

∑I
k=1 qkt)qit, and if we let

Ft(qt) =

∫ dt

0

pt(x)dx− (1/2)αt

I∑
i=1

q2it,

which is consumer surplus minus a market power adjustment term, then

Ft(qit, q−it)− Ft(xi, q−it) = βt(qit − xi)− (1/2)αt

(
q2it − x2

i + 2(qit − xi)

I∑
k ̸=i

qkt

)
− (1/2)αt(q

2
it − x2

i )

= βt(qit − xi)− αt

(
qit

I∑
k=1

qkt − xi

( I∑
k ̸=i

qkt + xit

))
= Pit(qit, q−it)− Pit(xi, q−it).

Under perfect competition, it is not clear how to define Pt(qt) and Ft(qt). If we let

Ft(qt) =

∫ dt

0

pt(x)dx,

i.e., consumer surplus, an optimal solution to the system-wide problem is not necessarily an equilibrium,

see e.g. the example of Harwood et al. (2024). An exception is if demand is infinitely elastic, i.e., if

αt = 0, t = 1, . . . , T .

Even in Cournot-Nash equilibrium, the assumptions of Proposition 4 ii) are not necessarily satisfied

under the standard assumptions. A necessary but strong assumption is that Ft(qt) =
∑I

i=1 Pit(qit) such

that the system-wide problem is separable with respect to producers. In this case, it is obvious that

there is a one-to-one correspondence between Nash equilibria and optimal solutions. As an example,

this is the case if αt = 0, t = 1, . . . , T .

Since an optimal solution to the system-wide problem is an equilibrium under the assumptions in

Proposition 4, we can use this to establish existence of an equilibrium. We do this by ensuring that

problem (12) is feasible and bounded. Boundedness is guaranteed by a bounded feasible region, e.g.,

if the constraints Giqi +Hiui ≤ hi include q
i
uit ≤ qit ≤ qiuit, t = 1, . . . , T .

Corollary 1. Assume that {(q, u) ∈ RTI × {0, 1}TI : Giqi + Hiui ≤ hi, Aiui ≤ bi, i = 1, . . . , I} is

non-empty and bounded, and that the assumptions of Proposition 4 i) hold. Then, there exists a unit

commitment constrained Nash equilibrium.

Proof: By Wolsey and Nemhauser (Theorem 6.3), the problem

max
q,u

{ T∑
t=1

Ft(qt)−
I∑

i=1

T∑
t=1

Ci(qit)−
I∑

i=1

Si(ui) :

(q, u) ∈ conv{(q, u) ∈ RTI × {0, 1}TI : Giqi +Hiui ≤ hi, Aiui ≤ bi, i = 1, . . . , I}
}
.

has an optimal solution that is also optimal for problem (12), and thus, is an equilibrium.

Remark 8. Note that it is possible to define other optimisation problems than (12) for which an

optimal solution is an equilibrium, i.e., a solution to (7). Consider, for instance, the problem

max
q,u

{ T∑
t=1

Ft(qt)−
I∑

i=1

T∑
t=1

Ci(qit)− V (u) :

Giqi +Hiui ≤ hi, Aiui ≤ bi, ui ∈ {0, 1}T , i = 1, . . . , I
}
,

where V : RIT → R. By the proof of Proposition 4 i), a sufficient condition is that V (u)−V (xi, u−i) =

Si(ui)− Si(xi) for all ui, xi ∈ RT .
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Example 6. Consider the Cournot-Nash equilibrium problem of Example 5 and the system-wide prob-
lem

max
q,u

{∫ q1+q2

0

(β − αx)dx− 1

2
αq21 − 1

2
αq21 − c1q1 − c2q2 − s1s2u1u2 : 0 ≤ qi ≤ qiui, ui ∈ {0, 1}, i = 1, 2

}
.

or equivalently, the mixed-integer convex quadratic program

max
q,u

{∫ q1+q2

0

(β − αx)dx− 1

2
αq21 −

1

2
αq21 − c1q1 − c2q2 − s1s2v : 0 ≤ qi ≤ qiui,

u1 + u2 − 1 ≤ v, v ≤ u1, v ≤ u2, ui ∈ {0, 1}, i = 1, 2
}
.

The optimal solutions (q1, u1, q2, u2) = (2, 1, 0, 0) and (q1, u1, q2, u2) = (0, 0, 2, 1) are also equilibria.

The fact that an optimal solution to the system-wide problem is not necessarily an equilibrium

(cf. the example of Harwood et al. (2024)) justifies the characterisation (8)–(11). Even if an optimal

solution is an equilibrium, there can be other equilibria. The characterisation can likewise be used to

determine multiple equilibria. To find an alternative equilibrium (q1, u1, . . . , qI , uI), we add to (8)–(11)

the constraint ∑
(i,t):uj

it=1

(1− uit) +
∑

(i,t):uj
it=0

uit ≥ 1, (13)

ensuring that u ̸= uj . If the objective of the economic dispatch problems is strictly concave for

fixed (u1, . . . , uI) (e.g., under Cournot competition with αt > 0, t = 1, . . . , T ) such that the optimal

(q1, . . . , qI) is unique, then all equilibria can be determined. For the procedure, see Algorithm 1.

Algorithm 1: Multiple equilibria.

1 Let (q1, u1, . . . , qI , uI) be a solution to the system (8)–(11) and j ← 1.
2 while A solution exists do

3 (qj1, u
j
1, . . . , q

j
I , u

j
I)← (q1, u1, . . . , qI , uI)

4 Add the constraint (13) to current system:

(8)− (11),∑
(i,t):ul

it=1

(1− uit) +
∑

(i,t):ul
it=0

uit ≥ 1, l = 1, . . . , j − 1

and let (q1, u1, . . . , qI , uI) be a solution if such exists
5 j ← j + 1

6 end

Note that even if there is no guarantee that an optimal solution to the system-wide problem is an

equilibrium, it is easy to check if this solution satisfies (8)–(11) in the initialisation of Algorithm 1.

5 Numerical experiments

We carry out numerical experiments for a case study of the all-island Irish electricity market, with

a dataset including both technical and economic features of 52 generating units spread across 16

producers.

5.1 Case study

We consider a unit commitment constrained Nash equilibrium between producers k = 1, . . . ,K. In

the following, we assume Cournot competition, but it is easy to adjust the formulation to perfect



Les Cahiers du GERAD G–2026–50 13

competition. Each producer k operates a set of units i ∈ Ik, with ukt = (uit : i ∈ Ik) and qkt = (qit :

i ∈ Ik) ∈ R|Ik| representing commitments and production levels, respectively. Variable operating costs

are given by the convex quadratic and non-decreasing function Ci(q) = aiq + biq
2 with ai, bi ≥ 0 and

fixed online and start-up costs are sON
i ≥ 0 and sSU

i ≥ 0, respectively. Inverse market demand is

given by the affine and non-increasing function pt(dt) = βt − αtdt with βt, αt ≥ 0 and market clearing

ensures that total supply meets demand, i.e., dt =
∑K

k=1 Qkt, Qkt =
∑

i∈Ik
qit for t = 1, . . . , T .

The equilibrium problem is:

max
qk,uk

{ T∑
t=1

Pkt(qkt, q−kt)−
T∑

t=1

Ck(qkt)− Sk(uk) :

q
i
uit ≤ qit ≤ qiuit, uit ∈ {0, 1}, t = 1, . . . , T, i ∈ Ik

}
, k = 1, . . . ,K,

where

Pkt(qkt, q−kt) = pt(dt)
∑
i∈Ik

qit, dt =

K∑
k=1

Qkt, Qkt =
∑
i∈Ik

qit, t = 1, . . . , T, k = 1, . . . ,K

Ck(qkt) =
∑
i∈Ik

(aiqit + biq
2
it), t = 1, . . . , T, k = 1, . . . ,K

Sk(uk) =

T∑
t=1

∑
i∈Ik

(sON
i uit + sSU

i max{uit − uit−1, 0})), k = 1, . . . ,K.

This is equivalent to the system

q
i
uit ≤ qit ≤ qiuit, uit ∈ {0, 1}, t = 1, . . . , T, i ∈ Ik, k = 1, . . . ,K

T∑
t=1

Pkt(qkt, q−kt)−
T∑

t=1

Ck(qkt)− Sk(uk) ≥
T∑

t=1

Pkt(q
j
kt, q−kt)−

T∑
t=1

Ck(q
j
kt)− Sk(u

j
k),

j = 1, . . . , Jk, k = 1, . . . ,K,

−pt(Q
l
kt, Q−kt)− αt + ai + 2biq

l
it + λ

l

it − λl
it = 0,

0 ≤ λ
l

it ⊥ qiu
l
i − qlit ≥ 0, 0 ≤ λl

it ⊥ qlit − q
i
ul
i ≥ 0, i ∈ Ik, l = 1, . . . , Lkt, t = 1, . . . , T, k = 1, . . . ,K,

Ql
kt =

∑
i∈Ik

qlit, l = 1, . . . , Lkt, t = 1, . . . , T, k = 1, . . . ,K,

Ql
kt −Mkl

( ∑
i∈Ik:ul

it=1

(1− uit) +
∑

i∈Ik:ul
it=0

uit

)
≤ Qkt ≤ Ql

kt +Mkl

( ∑
i∈Ik:ul

it=1

(1− uit) +
∑

i∈Ik:ul
it=0

uit

)
,

l = 1, . . . , Lkt, t = 1, . . . , T, k = 1, . . . ,K

with Jk = 2|Ik|T , Lkt = 2|Ik| and qjit = qlit, i ∈ Ik if uj
it = ul

it, i ∈ Ik. The number of complementarity

constraints increases exponentially with |Ik| but only linearly with K and T .

The system-wide unit commitment problem is:

max
q,u

{ T∑
t=1

Ft(qt)−
K∑

k=1

T∑
t=1

Ck(qkt)−
K∑

k=1

Sk(uk) :

q
i
uit ≤ qit ≤ qiuit, uit ∈ {0, 1}, t = 1, . . . , T, i ∈ Ik, k = 1, . . . ,K

}
with

Ft(qt) =

∫ dt

0

pt(x)dx− (1/2)αt

K∑
k=1

Q2
kt, dt =

K∑
k=1

Qkt, Qkt =
∑
i∈Ik

qit.
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By Proposition 4 i), the optimal solution is a unit commitment constrained Nash-Cournot equilibrium

(to see this, replace qi and ui by qk = (qit : i ∈ Ik) and uk = (uit : i ∈ Ik), respectively, in the proof).

5.2 Data

We use the data set of Devine and Lynch (2025b) representing the all-island Irish electricity market.

Accordingly, K = 16, I = 52, αt := α = 0.137 Euro/MWh2 and bi := b = 0.000213 Euro/MWh2. The

rest of the data can be found online, see Devine and Lynch (2025a). Moreover, we take the number of

time periods as T = 24 hours.

Our results include both perfect and Cournot competition. We justify Cournot competition as

follows. The Irish power grid being an isolated system makes it vulnerable to market concentration

and exercise of market power. In fact, in the data set, one dominant firm owns more than 35% of total

capacity, and two firms each own more than 10%. For a discussion of market design and market power

issues in the all-island Irish electricity market, see also Cosmo and Lynch (2016). For simplicity and

like Devine and Lynch (2025b), we assume that all producers are Cournot players.

5.3 Unit commitment constrained market clearing

To compare the market equilibria with and without discreteness and demonstrate the importance of ac-

counting for unit commitment decisions, we consider Cournot competition and solve the mixed-integer

(convex) quadratic program (MIQP) of system-wide unit commitment and the (convex) quadratic pro-

gram (QP) of economic dispatch. Whereas the former produces a unit commitment constrained Nash

equilibrium, the latter provides a Nash equilibrium in which all producers solve an economic dispatch

problem. The unit commitment constrained Nash equilibrium is guaranteed by the assumption that

all producers are Cournot players. Nevertheless, this assumption can be relaxed, allowing only larger

producers to make unit commitment decisions and exercise market power while the remaining produc-

ers are perfectly competitive and solve convex economic dispatch problems. As a sensitivity analysis

with respect to the variations in demand, we consider both real data and randomly generated data

for the intercept of the inverse demand curve. The random demand data are uniformly distributed

over time between the minimum and maximum values of the real data. As a result, the random data

fluctuate significantly more over time than the real data, as reflected in the autocorrelations of -0.10

and 0.96, respectively.

The MIQP and QP were implemented in GAMS and solved by the mixed-integer quadratically

constrained programming (MIQCP) routine and the quadratically constrained programming (QCP)

routine in GUROBI, respectively, using a 3.1GHz i9-9900 processor with 32GB of RAM. For real de-

mand, computation times were 3347 and 461 seconds for MIQP and QP, respectively, demonstrating

the feasibility of obtaining a unit commitment constrained Cournot-Nash equilibrium by optimisation,

but also illustrating the significant increase in complexity due to discreteness. The impact of discrete-

ness, however, is more moderate for random demand, with computation times of 948 and 456 seconds

for MIQP and QP, respectively.

The effects of accounting for unit commitment decisions are already studied in detail by Devine and

Lynch (2025b), including the comparison of perfect and Cournot competition and the sensitivity with

respect to the share of renewables in the system. Here, we illustrate the influence of unit commitment

on market prices and volumes and provide summary statistics for producer and consumer surplus and

social welfare. Market prices and volumes are depicted in Figs. 1 and 2 for the real demand data.

Prices are generally higher with discrete unit commitment than without due to the internalisation of

start-up and fixed costs. The variation in prices is likewise higher with discreteness. In this case,

the mean and standard deviation are 14% and 24% higher, respectively. In contrast, the mean and

standard deviation of total market volumes are 5% and 7% lower, respectively, reflecting the inertia

caused by start-up costs. Columns 2–4 of Table 1 shows consumer surplus of the MIQP and the QP,

total producer surplus (profit) and social welfare of the MIQP. For the QP solution, producer surplus
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and social welfare include the costs of the unit commitment corresponding to production. That is,

for an optimal solution q = (qit) to the QP, we let uit = 1 if q
i
≤ qit ≤ qi and uit = 0 if qit = 0 for

i ∈ Ik, k = 1, . . . ,K, t = 1, . . . , T , and add the unit commitment costs to those of economic dispatch.

We find that failure to account for unit commitment results in an overestimation of consumer surplus

by 2% (computed as the difference in consumer surplus of the MIQP and the QP as a share of the

former), a total profit loss of 58% and a total welfare loss of 10%. Similar results for the random

demand data can be found in Columns 5–7 of Table 1 and in Figs. A1 and A2 of Appendix A.2. The

underestimation of prices and profits, the overestimation of volumes and consumer surplus, and the

significant loss of social welfare, have important implications for market design and clearly illustrate

the relevance a unit commitment constrained approach to market clearing.
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Figure 1: Market prices, real data.
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Figure 2: Market volumes, real data.

Table 1: Consumer surplus (CS), total producer surplus (PS), and social welfare (SW) for the real and random demand
data and the MIQP and QP solutions. Note that for the QP, producer surplus and social welfare includes the costs of
unit commitment. All values are in 1,000 Euro.

real random

CS PS SW CS PS SW

MIQP 49,887 11,202 44,314 59,389 14,037 53,327
QP 50,831 4,717 39,820 60,628 7,282 49,120

5.4 Multiplicity of equilibria

We proceed to check for multiple equilibria under both perfect and Cournot competition. Due to the

computational complexity of Algorithm 1, we consider only the four larger units of the dataset (White-

gate, Ardnacrusha1, AghadaCCGT and GreatIslandCCGT, where Ardnacrusha1 in fact represents the

combination of several small hydro units) and assume each unit acts as an independent producer the

market. We likewise reduce the number of time periods to T = 8 hours.

Fig. 3 reflects the unit commitment schedule, showing total online capacity in the market for three

distinct equilibria under Cournot competition. Furthermore, Fig. 4 and 5 depict total production
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volumes and prices. For similar results under perfect competition, see Figs. A3–A5 of Appendix A.3.

Clearly, unit commitment may vary substantially across equilibria (the differences between maximum

and minimum are in the range 2475-4667 MW under Cournot competition and 375-2475 MW under

perfect competition), although total production varies less (the differences are in the range 112-1867

MW under Cournot competition and 194-1154 MW under perfect competition). The large differences

in online capacities are reflected in prices, which likewise vary significantly across equilibria (the dif-

ferences are in the range 15-256 Euro/MW under Cournot competition and 27-206 Euro/MWh under

perfect competition).
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Figure 3: Online capacity, Cournot competition.
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Figure 4: Market volumes (production), Cournot competition.
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Figure 5: Market prices, Cournot competition.

Table 2 shows consumer and producer surplus and social welfare of the three equilibria. Consis-

tent with capacities, production and prices, these vary considerably across equilibria. Under perfect

competition, maximum consumer surplus is 74% higher than the minimum, whereas the numbers are

22% and 24% for producer surplus and social welfare, respectively. Under Cournot competition, these

numbers are 39%, 36% and 24%. Evidently, the choice of equilibrium has crucial impact on the system

metrics.

It should be noted that, for the unit commitment constrained equilibrium, the ability of producers

to affect market prices does not necessarily result in higher prices, higher profits and lower social wel-

fare than under perfect competition. Indeed, Table 2 include examples of lower total profits and higher
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social welfare under Cournot, cf. Equil. 1 and Equil. 2 under Cournot and perfect competition, respec-

tively (although for any of the equilibria obtained in the numerical experiments, at least one producer

always has higher profits under Cournot than under perfect competition). Thus, unit commitment

constrained equilibria and their implications for market power should be interpreted with caution.

Table 2: Consumer surplus (CS), total producer surplus (PS), and social welfare (SW) for two perfectly competitive
equilibria. All values are in 1,000 Euro.

Cournot perfect

CS PS SW CS PS SW

Equil. 1 5,491 3,233 8,723 5,152 3,895 9,047
Equil. 2 4,479 3,155 7,634 3,701 4,160 7,860
Equil. 3 3,164 3,846 7,010 4,258 3,066 7,324

To illustrate the complexity of the equation system (8)–(11) and Algorithm 1, we report computa-

tion time for each iteration (i.e., time to obtain a new equilibrium) as a function of the number of time

periods T . Figure 6 indicates that computation times increase exponentially with the number of time

periods, consistent with the exponential increase in the number of constraints. For T = 8, computation

time was more than 15 minutes, and for T = 9, it was 1 hour and 37 minutes. For the higher number of

time periods, computation time can be reduced by initially checking whether the system-wide optimal

solution is an equilibrium (which is it under both perfect and Cournot competition in this case study),

cf. the first iteration.
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Figure 6: Computation time as a function of time, under perfect competition (PC) and Cournot competition (CC).

6 Conclusion

This paper proposes a formulation of unit commitment constrained Nash equilibrium in which self-

scheduling profit-maximizing producers solve mixed-integer convex programming problems subject to

joint market clearing constraints. We derive optimality conditions and valid inequalities to arrive at

a system of equations that characterises a Nash equilibrium and develop a procedure for obtaining

multiple equilibria. Under Cournot competition, an equilibrium can likewise be obtained by a single

mixed-integer convex programming problem. A case study illustrates the impact of unit commitment

on market prices and volumes and the social welfare losses incurred by ignoring unit commitment,

but also the variation across equilibria. The system-wide optimization offers market operators and

policy-makers practical decision support, using standard optimisation software and without the need

for specialised algorithms. For market design in particular, our work suggests that unit commitment

can be efficiently incorporated into market clearing, though caution is needed when multiple equilibria

exist in the market.

Our unit commitment problem does not account for network constraints. However, it would be

straightforward to include such joint constraints in the market clearing without affecting the results

of the paper. Furthermore, although our approach is framed in the context of a unit commitment
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constrained Nash equilibrium, it can be generalized to mixed-binary convex Nash games. The unit

commitment constrained Nash-Cournot equilibrium is one such example for which the equilibrium

can be obtained by mixed-integer convex programming. When a unit commitment constrained Nash

equilibrium does not exist, it is possible to use our system of inequalities (8)–(11), introduce slack

variables in (9) and minimize the disequilibrium à la Harwood et al. (2024).

A Appendix

A.1 Proof of Proposition 2:

Our proof is constructive in the sense that it not only verifies the validity of the inequalities but it

also demonstrates how tight they are. Let t ∈ {1, . . . , T}, i ∈ {1, . . . , I}, j ∈ {1, . . . , J} with uj
it = 1.

Consider the inequalities

qjit −M ij

( ∑
(k,s):uj

ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
−M1uit −M2(1− uit) ≤ qit

≤ qjit +M ij

( ∑
(k,s):uj

ks=1

(1− uks) +
∑

(k,s):uj
k,s=0

uks

)
+M3uit +M4(1− uit). (A1)

with constants M ij ,M ij ,M1,M2,M3,M4. If uit = 1, u = uj , (A1) reduces to

−M1 ≤ 0 ≤ M3,

i.e., M1,M3 ≥ 0 for the inequalities to be valid. Assume that M ij ,M ij ≥ 0. If uit = 1, u ̸= uj , then

it is sufficient that

qjit −M ij −M1 ≤ qit ≤ qjit +M ij +M3.

If uit = 0, u ̸= uj , then it suffices that

qjit −M ij −M2 ≤ 0 ≤ qjit +M ij +M4.

Thus, if we take M1 = M3 = 0,M2 = q
i
,M4 = −qi,M ij = M ij = qi − q

i
, the inequalities (A1) are

valid.

A.2 Market prices and volumes for the random demand data
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Figure A1: Market prices, random data.



Les Cahiers du GERAD G–2026–50 19

2 4 6 8 10 12 14 16 18 20 22 24
0

2,000

4,000

6,000

hours

vo
lu
m
e
(M

W
h
)

MIQP
QP

Figure A2: Market volumes, random data.

A.3 Capacity, production and prices under perfect competition
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Figure A3: Online capacity, perfect competition.
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Figure A4: Market volumes (production), perfect competition.
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Figure A5: Market prices, perfect competition.
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Hümbs L, A M, Schewe L (2022) Exploiting complete linear descriptions for decentralized power market
problems with integralities. Mathematical Methods of Operations Research 95:451–474.

Huppmann D, Siddiqui S (2018) An exact solution method for binary equilibrium problems with compensation
and the power market uplift problem. European Journal of Operational Research 266(2):622–638.

Liu Y, Ferris MC (2013) Payment rules for unit commitment dispatch. The Electricity Journal 26(4):34–44.

Monderer D, Shapley L (1996) Potential games. Games and Economic Behavior 14(1):124–143.

Ostrowski J, Anjos MF, Vannelli A (2012) Tight mixed integer linear programming formulations for the unit
commitment problem. IEEE Transactions on Power Systems 27(1):39–46.

O’Neill RP, Krall EA, Hedman KW, Oren SS (2013) A model and approach to the challenge posed by optimal
power systems planning. Mathematical Programming, Series B 140:239–266.

https://figshare.com/articles/dataset/Input_data_Devine_Lynch_2023_xlsx/24382018?file=42791032
https://figshare.com/articles/dataset/Input_data_Devine_Lynch_2023_xlsx/24382018?file=42791032
https://doi.org/10.1007/s00291-025-00819-w
https://hepg.hks.harvard.edu/publications/market-clearing-electricity-prices-and-energy-uplift
https://hepg.hks.harvard.edu/publications/market-clearing-electricity-prices-and-energy-uplift


Les Cahiers du GERAD G–2026–50 21

O’Neill RP, M SP, Hobbs BF, Rothkopf MH, Stewart WR (2005) Efficient market-clearing prices in markets
with nonconvexities. European Journal of Operational Research 164(1):269–285.

Pan K, Guan Y (2016) Strong formulations for multistage stochastic self-scheduling unit commitment. Oper-
ations Research 64(6):1482–1498.

Philpott A, Schultz R (2006) Unit commitment in electricity pool markets. Mathematical Programming, Series
B 108:313–337.

Reguant M (2014) Complementary bidding mechanisms and startup costs in electricity markets. The Review
of Economic Studies 81(4):1708–1742.

Scarf HE (1994) The allocation of resources in the presence of indivisibilities. Journal of Economic Perspectives
8(4):111–128.

Todd M (2016) Computation, multiplicity, and comparative statics of Cournot equilibria in integers. Mathe-
matics of Operations Research, 41(3):1125–1134.

Weinhold R, Gabriel SA (2020) Discretely constrained mixed complementary problems: Application and anal-
ysis of a stylised electricity market. Journal of the Operational Research Society 71(2):237–249.
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