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les exigences légales associées à ces droits. Ainsi, les utilisateurs:
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activité à but lucratif ou pour un gain commercial;

• Peuvent distribuer gratuitement l’URL identifiant la publica-
tion.

Si vous pensez que ce document enfreint le droit d’auteur, contactez-
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Abstract : We introduce Envelopt, a globally convergent iterative framework for a broad class of
structured optimization problems where a smooth objective is augmented by a nonsmooth convex
regularizer and the variables are subject to general smooth constraints. The method is akin to an
augmented-Lagrangian method in which partial minimization with respect to a lifting variable results
in smooth subproblems involving the Moreau envelope of the nonsmooth regularizer, and in which the
original constraints are retained explicitly. Subproblems may be solved with off-the-shelf nonlinear
optimization solvers. The key insight is that partial minimization over an auxiliary variable replaces the
intractable nonsmooth term with its Moreau envelope, which is continuously differentiable and requires
only the proximal operator of the regularizer. We state global convergence properties, establish that
feasible limit points are asymptotically stationary, and develop an infeasibility detection mechanism. We
derive worst-case iteration complexity bounds when the penalty parameter is and is not bounded away
from zero. The framework is general enough to subsume the classical augmented Lagrangian method and
naturally accommodates important extensions, including stabilized formulations for degenerate problems,
exact penalty methods, and conic constraints. We provide a Julia implementation, Envelopt.jl, as
part of the JuliaSmoothOptimizers ecosystem. Numerical experiments with low-rank matrix completion,
semidefinite programming, complementarity-constrained optimization, and nonconvex regularizers
demonstrate the effectiveness and versatility of Envelopt.

Keywords : Convex composite constrained optimization; nonlinear programming; augmented La-
grangian method; proximal algorithms; Moreau envelope
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1 Introduction

We consider the problem

minimize
xPRn

fpxq ` hpF pxqq subject to cpxq P C, (1)

where f : Rn Ñ R, F : Rn Ñ Rp, and c : Rn Ñ Rm are C1, h : Rp Ñ R Y t`8u is proper, lower

semicontinuous (lsc), and convex, and C Ď Rm is nonempty, closed, and convex. Even though f , F

and c may be nonconvex, we call (1) a constrained convex composite problem because of the crucial role

played by the convexity of h [6].

Our approach consists in solving (1) by solving a sequence of smooth problems

minimize
xPRn

fpxq ` hµpF pxq ` µŷq subject to cpxq P C, (2)

where hµ : Rn Ñ R is the C1 Moreau envelope of h, µ ą 0, ŷ P Rp, and c is as in (1). Our main

working assumptions are that an efficient solver for such smooth problems is available, and that the

proximal operator of h is available. Some or all components of F pxq could originate from constraints

that were moved to the objective via an indicator. In our approach, such constraints will, in general, not

be satisfied along the iterations. In that sense, constraints in c may be viewed as hard or unrelaxable. If

any constraint is soft, or relaxable, the user has the option of encoding it into h by way of an indicator

provided that the proximal operator remains available. Keeping a constraint explicit means our solver

can, at the user’s option, enforce it throughout, but requires a subproblem solver for (2) capable of

handling that constraint type; encoding it into h removes that requirement but forces the solver to

discover feasibility through penalization.

Numerical experiments on low-rank matrix completion, semidefinite programming, and

complementarity-constrained optimization confirm that Envelopt is competitive with or outperforms

state-of-the-art solvers, including on degenerate problems where standard methods fail.

We provide a Julia implementation of Envelopt with examples named Envelopt.jl that is available

from github.com/JuliaSmoothOptimizers/Envelopt.jl as part of the JSO ecosystem.

Contributions

Our main contributions are as follows:

1. we provide a globally-convergent general framework for constrained convex composite optimization

based on the Moreau envelope that entirely relies on smooth subproblems—see Section 3;

2. our convergence analysis is based on asymptotic satisfaction of stationarity conditions and does

not assume any constraint qualification–see Section 4;

3. we extract the features of a concrete algorithm that ensure convergence and discuss whether

classic augmented-Lagrangian methods have those features–see Algorithm 1 and Assumption 1;

4. we provide a worst-case complexity analysis whether the penalty parameter remains bounded

away from zero or not—see Theorem 3 and Theorem 4;

5. we review important extensions and applications of our framework, particularly NCL, exact

penalty methods, and the proximal operator of composite sums—see Section 5;

6. we provide a complete Julia implementation of an instance of an algorithm that has the required

features, named Envelopt—see Sections 6.1 and 6.2;

Related work

The augmented Lagrangian method has been a powerful optimization tool for many decades, starting

with Hestenes [29], Powell [44] and Rockafellar [47] for smooth problems. Several efficient numerical

schemes have been proposed, including those of Conn et al. [10] and Birgin and Mart́ınez [3].

https://github.com/JuliaSmoothOptimizers/Envelopt.jl
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In the context of nonlinear programming, Andreani et al. [2] investigated augmented Lagrangian

methods in which the lower-level constraints of subproblems need not be simple bounds, proving

convergence to approximate KKT points under weak constraint qualifications. In a related spirit, Birgin

et al. [5] proposed SECO, in which subproblems are equality-constrained smooth NLPs while bound

constraints are handled by an outer augmented Lagrangian loop. Envelopt shares this philosophy of

splitting constraints between those kept explicit in subproblems and those penalized in outer iterations.

Extensions to nonsmooth problems include those of Rockafellar [48] with h convex, and De Marchi

and Themelis [18], De Marchi et al. [19], Hallak and Teboulle [28] with h nonconvex. The latter works

hinge around unconstrained or proximal subproblems. The combination of nonconvex h with general

hard constraints cpxq P C remains an open problem.

Dhingra et al. [21] focus on (1) with convex h, without explicit constraints, and assume that F
is a bounded linear operator. However, they already observed that, by constraining the augmented

Lagrangian to the manifold that corresponds to the explicit minimization over the auxiliary variable, the

subproblem involves the Moreau envelope of the nonsmooth regularizer and is continuously differentiable.
Dhingra et al. [22] augment their approach to use a generalized Hessian for the Moreau envelope.

Rockafellar [48] refers to the objective of (2) as the generalized augmented Lagrangian. These works lay

the groundwork for the smooth-subproblem approach that Envelopt builds upon, while being limited

to the unconstrained setting C “ Rm.

De Marchi [15] addresses (1) with h possibly nonconvex, but without hard constraints cpxq P C,

using the same partial-minimization approach over the lifting variable. Envelopt removes this restriction

by retaining cpxq P C explicitly in every subproblem, which can be accounted for by any off-the-shelf

constrained solver.

A different line of work avoids the augmented Lagrangian altogether. The prox-linear scheme of

Lewis and Wright [32] addresses the minimization of functions that are composition of a prox-regular

h with a smooth F . Their proximal linearized subproblem involves the composition of h with a

linearization of F , which can be easily evaluated for well-structured problems only.

When F “ I, Chouzenoux et al. [8] introduce a proximal interior point algorithm able to handle

problems with convex f , h, and inequality constraints. Leconte and Orban [31] develop an interior-point

method for bound-constrained problems in which both f and h are allowed to be nonconvex, and

De Marchi and Themelis [17] further consider nonconvex inequality constraints.

Dai et al. [13] investigate a numerical scheme for the special case where F “ I, h real- and nonnegative-

valued, and only equality constraints are present. Curtis et al. [12] cover nonlinear inequality constraints,

but their decomposition procedure accesses the regularizer by solving a constrained subproblem, which

is tractable in practice only for special cases such as h ..“ } ¨ }1. Envelopt sidesteps these limitations

by accessing h only through its proximal operator, inheriting the full generality of the augmented

Lagrangian framework while retaining hard constraints explicitly.

Notation

We use lowercase Latin letters for vectors in Rn and lowercase Greek letters for scalars. Exceptions are
that f , g and h are functions. Uppercase Latin letters are sets, except F and L, which are functions.

For x P Rn, we let ∇F pxq and ∇cpxq be the gradients of F and c at x, i.e., the n ˆ p and n ˆ m

matrices whose i-th column is ∇Fipxq and ∇cipxq, respectively, where F pxq “ pF1pxq, . . . , Fppxqq and

cpxq “ pc1pxq, . . . , cmpxqq. The identity function is denoted I.

2 Background

The domain of h is domh ..“ tx P Rn | hpxq ă `8u. h is proper if domh ‰ ∅ and lower semicontinuous

if hpxq ď lim infyÑx hpyq for all x P Rn.
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If C Ď Rn, the indicator of C is χpx | Cq ..“ 0 if x P C and `8 otherwise. When C is convex,

χp¨ | Cq is convex as well, and, when C is closed, χp¨ | Cq is lsc. If C is closed, the Euclidean distance

function to C is distpx | Cq ..“ mint}x ´ y}2 | y P Cu.

For f1, f2 : Rn Ñ RY t˘8u, the infimal convolution of f1 and f2 is the function denoted f1 ˝ f2
defined by

pf1 ˝ f2qpxq ..“ inftf1pyq ` f2px ´ yq | y P Rnu.

A special case is distp¨ | Cq “ χp¨ | Cq ˝ } ¨ }2.

The Fenchel conjugate of h is h˚ : Rn Ñ RY t`8u defined by

h˚pyq ..“ suptyJx ´ hpxq | x P Rnu.

The only function that coincides with its Fenchel conjugate is 1
2} ¨ }22.

The epigraph of h is the set tpx, αq | hpxq ď αu Ď Rn ˆ pR Y t˘8uq. If thku is a sequence of

functions, we say that hk epi-converges to h if the epigraphs of hk converge to the epigraph of h in the

Painlevé–Kuratowski sense.

For u P Rn and µ ą 0, the proximal operator of h is

prox
µh

puq ..“ argmin
vPRn

␣

1
2}v ´ u}22 ` µhpvq

(

. (3)

The Moreau envelope of h with parameter µ, introduced by Moreau [39] and denoted hµ, is

hµpuq ..“ inf
vPRn

␣

1
2µ

´1}v ´ u}22 ` hpvq
(

“
`

h ˝ p 1
2µ

´1} ¨ }22

˘

qpuq, (4)

and is the optimal value function in (3).

Because h is convex, (3) and (4) enjoy strong properties.

Proposition 1 (49, Theorem 2.26). Assume that h : Rn Ñ RY t`8u is proper, lsc and convex. For

every µ ą 0, proxµh is single valued and continuous, and hµ is convex and C1 with

∇hµpuq “
u ´ proxµhpuq

µ
. (5)

Though (3) is a set, Proposition 1 indicates that it is single-valued under our assumptions, and

we will abuse notation and write v “ proxµhpuq to mean tvu “ proxµhpuq. In general, hµ is not twice

differentiable, but its gradient is Lipschitz continuous with constant µ´1 [49, Exercise 12.23].

In addition, there is no need to appeal to the general concept of limiting subdifferential of h [49,

Definition 8.3b] for the latter coincides with the Fréchet subdifferential [49, Definition 8.3a], and both

coincide with the subdifferential of convex analysis [49, Proposition 8.12], i.e.,

Bhpxq ..“ tv P Rn | hpyq ě hpxq ` vJpy ´ xq for all y P Rnu px P domhq. (6)

For ȳ P C, the normal cone to C at ȳ is

NCpȳq ..“ tv P Rm | vJpy ´ ȳq ď 0 for all y P Cu. (7)

We say that x P Rn is feasible for (1) if F pxq P domh and cpxq P C. Such feasible x is stationary

for (1) if there exist y P Rp and z P Rm such that

0 “ ∇fpxq ` ∇F pxqy ` ∇cpxqz (8a)

y P BhpF pxqq (8b)

z P NCpcpxqq. (8c)
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A local minimizer of (1) is only guaranteed to be stationary under a constraint qualification.

However, an asymptotic concept of stationarity holds without constraint qualification.

Let x P Rn be feasible for (1). We say that x is asymptotically stationary if there exist sequences

txku Ñ x, tuku Ď domh, tyku Ă Rn, twku Ă Rm and tzku Ă Rm with yk P Bhpukq and zk P NCpwkq

for all k P N such that

∇fpxkq ` ∇F pxkqyk ` ∇cpxkqzk Ñ 0, F pxkq ´ uk Ñ 0, and cpxkq ´ wk Ñ 0. (9)

In (9), the slack variables uk and wk allow for the constraints F pxq P domh and cpxq P C to be

violated along the iterations, yet satisfied in the limit. The following result connects local optimality

and asymptotic stationarity.

Proposition 2 (19, Proposition 2.5). If x̄ P Rn is a local minimizer of (1), it is asymptotically stationary.

Let ϵ ą 0. For the purpose of designing a stopping condition in an iterative scheme, we say that

x P Rn is ϵ-stationary if there exist u P domh, w P C, y P Bhpuq and z P NCpwq such that

}∇fpxq ` ∇F pxqy ` ∇cpxqz} ď ϵ, }F pxq ´ u} ď ϵ and }cpxq ´ w} ď ϵ. (10)

3 Methodology

At any x P Rn, we assume that it is possible to evaluate f and ∇f , the proximal operator of h (with
the value attained at the proximal point), and F and gradient-vector products ∇F pxqv for v P Rp.

A major obstacle if one wishes to apply a proximal method to (1) is that the proximal operator of

h ˝ F is not available in general, even if that of h is.

We begin by introducing a lifting variable u P Rp and reformulating (1) as

minimize
xPRn,uPRp

fpxq ` hpuq subject to F pxq ´ u “ 0, cpxq P C. (11)

As may be expected, (11) is related to (1) in the following way.

Lemma 1 (19, Lemma 3.1). A feasible point x̄ P Rn of (1) is asymptotically stationary for (1) if and

only if px̄, F px̄qq is asymptotically stationary for (11).

At this point, a nonsmooth augmented-Lagrangian method such as ALPS [19] could be applied

to (11). However, (11) has p more variables and constraints than (1). Fortunately, the augmented-

Lagrangian subproblem associated with (11) is amenable to partial minimization with respect to u,

and that results in a smooth problem in x alone involving the Moreau envelope of h. We now detail

the procedure.

Let µ ą 0 be a penalty parameter and ŷ P Rp be a vector of Lagrange multiplier estimates for the

equality constraint F pxq ´ u “ 0. The (partial) augmented Lagrangian function for (11) is

Lpx, u; ŷ, µq ..“ fpxq ` hpuq ` ŷJpF pxq ´ uq ` 1
2µ

´1}F pxq ´ u}22

“ fpxq ` hpuq ` 1
2µ

´1}F pxq ´ u ` µŷ}22 ´ 1
2µ}ŷ}22.

(12)

For fixed ŷ and µ ą 0, the augmented-Lagrangian subproblem is

minimize
xPRn,uPRp

Lpx, u; ŷ, µq subject to cpxq P C. (13)

In (13), we kept the constraints cpxq P C explicit, while we relaxed F pxq “ u and penalized its violation.

Moreover, u is unconstrained, and the objective is strongly convex in u. Hence, partially minimizing (12)

with respect to u is appealing. By (4), the optimal value of (12) with respect to u is

Lpx; ŷ, µq ..“ min
uPRp

Lpx, u; ŷ, µq “ fpxq ` hµpF pxq ` µŷq ´ 1
2µ}ŷ}22

“ Lpx, upx; ŷ, µq; ŷ, µq,
(14)
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where upx; ŷ, µq “ proxµhpF pxq ` µŷq P domh realizes the minimum. Thus, we replace (13) with the

partially-eliminated augmented-Lagrangian subproblem (2), which has a decision space of dimension n

instead of n ` p, and whose objective and constraints are C1 by Proposition 1 and our assumptions on

f , F and c.

For reference, Proposition 1 implies that the gradient of the objective in (2) is

∇fpxq ` ∇F pxq∇hµpF pxq ` µŷq “ ∇fpxq ` ∇F pxqypx; ŷ, µq.

where

ypx; ŷ, µq ..“ ŷ `
F pxq ´ upx; ŷ, µq

µ
. (15)

Thus, x P Rn is stationary for (2) if there exists z P Rm such that

∇fpxq ` ∇F pxqypx; ŷ, µq ` ∇cpxqz “ 0, and z P NCpcpxqq. (16)

For ϵ ą 0, we say that x P Rn is ϵ-stationary for (2) if there exist w P C and z P NCpwq such that

}∇fpxq ` ∇F pxqypx; ŷ, µq ` ∇cpxqz} ď ϵ, and }cpxq ´ w} ď ϵ. (17)

Lemma 2. Let µ ą 0, ŷ P Rp, ϵ ą 0, and x P Rn be ϵ-stationary for (2). If }F pxq ´ upx; ŷ, µq} ď ϵ,

then x is ϵ-stationary for (1).

Proof. By assumption, there exist w P C and z P NCpwq such that (17) holds. By definition of

upx; ŷ, µq, ypx; ŷ, µq and (3), ypx; ŷ, µq P Bhpupx; ŷ, µqq holds, and so does (10).

4 Algorithm and convergence analysis

We state a generic template algorithm to solve (1) by solving a sequence of problems of the form (2)

as Algorithm 1. Several concrete algorithms fit the template and will be detailed in Section 6.1. For

the purposes of the convergence analysis, we state the features that such a concrete algorithm should
possess.

Algorithm 1 Envelopt: template algorithm.

1: Choose a stopping tolerance ϵ ą 0.
2: for k “ 0, 1, . . . do
3: Select suitable ϵk ą 0, µk ą 0, and ŷk P Rp.
4: Find an ϵk-stationary point xk of (2).
5: Compute uk “ upxk; ŷk, µkq and yk “ ypxk; ŷk, µkq.
6: If xk is ϵ-stationary for (1), return xk.
7: end for

Let xk and uk be generated by Algorithm 1 at iteration k. By Lemma 2, if ϵk ď ϵ and }F pxkq´uk} ď ϵ,

xk is an ϵ-stationary point of (1), and Algorithm 1 terminates at step 6.

4.1 Convergence analysis

We make the following assumption that a concrete implementation of Algorithm 1 should satisfy.

Assumption 1. The sequences tµku, txku, tuku and tŷku generated by Algorithm 1 are such that

(i) if there exists µ ą 0 such that µk ě µ for all k, then, tF pxkq ´ uku Ñ 0;

(ii) if there is an index set K Ď N such that tµkuK Ñ 0, then tµkŷkuK Ñ 0.

The two conditions in Assumption 1 are related to mutually exclusive scenarios: if the penalty

parameter remains bounded away from zero, then the iterates approach feasibility, otherwise the

Lagrange multiplier estimates “do not behave too badly,” as suggested by Conn et al. [10, §3].
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Theorem 1. Let txku be a sequence generated by Algorithm 1 with tϵku Ñ 0 and let Assumption 1 be

satisfied. Then, any limit point of txku that is feasible for (1) is asymptotically stationary for (1).

Proof. By construction, each xk is ϵk-stationary for (2). Let x̄ be a limit point of txku that is feasible

for (1), and let K Ď N be an index set such that txkuK Ñ x̄. Because tϵkuK Ñ 0, Lemma 2 implies

that, if tF pxkq ´ ukuK Ñ 0, x̄ is asymptotically stationary for (1).

There are two cases. In the first case, there exists µ ą 0 such that µk ě µ for all k. Clearly,

Assumption 1 then implies that tF pxkq ´ ukuK Ñ 0.

In the second case, tµkuK Ñ 0. By definition of uk, for all u P Rp and all k,

1
2}F pxkq ` µkŷk ´ uk}22 ` µkhpukq ď 1

2}F pxkq ` µkŷk ´ u}22 ` µkhpuq.

In particular, for u “ F px̄q P domh,

1
2}F pxkq ` µkŷk ´ uk}22 ` µkhpukq ď 1

2}F pxkq ` µkŷk ´ F px̄q}22 ` µkhpF px̄qq.

We take the limit inferior over k P K on both sides and use Assumption 1 to obtain

lim inf
kPK

1
2}F px̄q ´ uk}22 ` µkhpukq ď 0. (18)

We now wish to establish that lim infkPK }F px̄q ´ uk}2 “ 0.

We first show that tukuK has a bounded subsequence. If it were not the case, lim infkPK }F px̄q ´

uk}2 “ `8. By convexity, h is bounded from below by an affine function, i.e., there exist a P Rp and

b P R such that hpuq ě aJu ` b for all u P Rp. Thus,

lim inf
kPK

1
2}F px̄q ´ uk}22 ` µkpaJuk ` bq “ lim inf

kPK

1
2}F px̄q ´ uk}22 ` µka

Juk ď 0,

which can be written

lim inf
kPK

1
2}uk}2 ` pµka ´ F px̄qqJuk ` 1

2}F px̄q}22 ď 0.

But the above is impossible as the value of the left-hand side is `8. Thus, reducing to a further

subsequence if necessary, we may assume without loss of generality that tukuK is bounded. Consequently,

tF px̄q ´ ukuK is bounded as well.

Assume by contradiction that lim infkPK }F px̄q ´ uk}2
..“ δ ą 0. Without loss of generality, we

may assume that tukuK Ñ ū. We now obtain from (18) that 1
2}F px̄q ´ ū}22 ď 0, which contradicts the

assumption that δ ą 0. The above establishes that lim infkPK }F px̄q ´ uk}2 “ 0. Again, reducing to a

further subsequence if necessary, we obtain that x̄ is asymptotically stationary for (1).

4.2 Infeasibility detection

There are two ways in which (1) can be infeasible. The first is that there is no x P Rn such that

cpxq P C. In order to detect such situation, we rest upon the subproblem solver since those constraints

are kept explicitly in (2). Thus, in this section, we assume that cpxq P C is feasible. The second way is

that there is no x P Rn such that cpxq P C and F pxq P domh. In order to detect this second situation,

we formulate the feasibility problem

minimize
xPRn

1
2 distpF pxq | Ğdomhq2 subject to cpxq P C. (19)

In general, (19) is impractical as we may not know domh explicitly, let alone how to compute the

distance to its closure. However, (19) captures the concept of infeasibility for (1) because, as in the

proof of Theorem 1, if txku has a feasible limit point, tF pxkq ´ uku Ñ 0 with uk P domh for all k.
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Thus, if (1) is feasible, we may hope that F pxkq P Ğdomh in the limit while the subproblem solver

ensures that distpcpxkq | Cq Ñ 0.

To identify cases where the optimal value of (19) is positive, we now argue that an appropriate

proxy for (19) is

minimize
xPRn

µhµpF pxqq subject to cpxq P C. (20)

The next result shows that, as tµku Ñ 0, µkh flattens to the zero function over the closure of its

domain.

Lemma 3. For h : Rn Ñ RY t`8u proper, lsc and convex, and any positive nonincreasing sequence

tµku Ñ 0,

e-lim
kÑ8

µkh “ χpḑot | Ğdomhq.

Proof. By [49, Proposition 7.2], we must show that, for all x P Rn,

1. lim infkÑ8 µkhpxkq ě χpx | Ğdomhq for every sequence txku Ñ x, and

2. lim supkÑ8 µkhpxkq ď χpx | Ğdomhq for at least one sequence txku Ñ x.

Let x P Rn and consider an arbitrary sequence txku Ñ x. Two situations can occur. Consider

first the case where x R Ğdomh. For all sufficiently large k, it must be that xk R domh, and thus

hpxkq “ µkhpxkq “ `8. Hence, lim infkÑ8 µkhpxkq “ `8 “ χpx | Ğdomhq.

Consider now the case where x P Ğdomh. Because h is proper and convex, it is bounded below by

an affine function, i.e., there exist a P Rn and b P R such that hpxq ě aJx ` b for all x P Rn. Thus,

µkhpxq ě µka
Jx ` µkb for all k, and lim infkÑ8 µkhpxkq ě 0 “ χpx | Ğdomhq. We have established

condition 1.

We now establish condition 2. Let x P Rn. Three situations can occur. Consider first the case

where x R Ğdomh, and let xk
..“ x for all k. Then, lim supkÑ8 µkhpxkq “ `8 “ χpx | Ğdomhq.

Consider next the case where x P domh, and let xk
..“ x for all k. Then, lim supkÑ8 µkhpxkq “

0 “ χpx | Ğdomhq.

Finally, consider the case where x P Ğdomhzdomh. There exists a sequence twku Ď domh such

that twku Ñ x. Let Ck
..“ tx P Rn | |hpxq| ď 1{

?
µku Ď domh for all k. We have domh “ YkCk.

Let q0 ě 0 be the smallest integer such that wq0 P C0. Because tµku is nonincreasing, for each k ě 1,
there exists a smallest integer qk ą qk´1 such that wqk P Ck. By construction, tqku is increasing,

and therefore, twqku Ñ x. Let xk
..“ wqk for all k. We obtain µk|hpxkq| ď

?
µk Ñ 0, and hence,

lim supk µkhpxkq “ limk µkhpxkq “ 0 “ χpx | Ğdomhq.

The next result shows that epi-convergence is preserved under infimal convolution with the half

squared Euclidean norm.

Lemma 4. Let hk and h : Rn Ñ RYt`8u be proper, lsc and convex, and let g ..“ 1
2}¨}22. If e-limhk “ h,

then e-limphk ˝ gq “ h ˝ g.

Proof. Under our assumptions, [49, Theorem 11.34] implies that e-limh˚
k “ h˚. Because g “ g˚,

[49, Exercise 7.8a] yields e-limh˚
k ` g˚ “ h˚ ` g˚. Note that h˚

k , h
˚ and g˚ are proper, lsc and

convex as well. The sum of Fenchel conjugates is related to the inf-convolution via h˚ ` g˚ “ ph ˝ gq˚

[49, Theorem 11.23a], and hence e-limphk ˝ gq˚ “ ph ˝ gq˚. Thus, [49, Theorem 11.34] again implies

e-limphk ˝ gq “ h ˝ g.

We are now in position to establish the main result that links (19) and (20).
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Theorem 2. For any positive nonincreasing sequence tµku Ñ 0,

e-lim
kÑ8

µkhµk
“ 1

2 distp¨ | Ğdomhq2.

Proof. Apply Lemma 3 and Lemma 4 to hk
..“ µkh to obtain

e-lim
kÑ8

ppµkhq ˝ gq “ χpḑot | Ğdomhq ˝ g “ 1
2 distp¨ | Ğdomhq2.

The result follows from the observation that pµkhq ˝ g “ µkph ˝ pµ´1
k gqq “ µkhµk

.

The first-order optimality conditions for (20) are that there exist w P C and z P NCpwq such that

∇F pxqpF pxq ´ prox
µh

pF pxqqq ` ∇cpxqz “ 0, cpxq ´ w “ 0. (21)

Then, in analogy with (10), it seems reasonable to declare local infeasibility in Algorithm 1 if tµku Ñ 0

and

}∇F pxkqpF pxkq ´ ukq ` ∇cpxkqz} ď ϵinf , }cpxkq ´ w} ď ϵinf (22a)

and }F pxkq ´ uk} ą ϵ, (22b)

for some w P C, z P NCpwq, and prescribed tolerances ϵ, ϵinf ą 0. Criterion (22) is easily computable
along the iterations and provides a well-defined termination condition, as we now demonstrate.

By (17), each iteration of Algorithm 1 produces iterates xk, uk “ upxk; ŷk, µkq, yk “ ypxk; ŷk, µkq P

Bhpukq, wk P C, and zk P NCpwkq such that

}∇fpxkq ` ∇F pxkqyk ` ∇cpxkqzk} ď ϵk, }cpxkq ´ wk} ď ϵk.

The first condition can be written

}µk∇fpxkq ` ∇F pxkqpµkŷk ` F pxkq ´ ukq ` ∇cpxkqpµkzkq} ď µkϵk. (23)

Assume there exists an index set K Ď N such that tµkuK Ñ 0. If ∇fpxkq remains bounded,

tµk∇fpxkquK Ñ 0. By Assumption 1, tµkŷkuK Ñ 0. Because NCpwkq is a cone, µkzk P NCpwkq.

Therefore, (22) will be satisfied for sufficiently large k P K if (1) is infeasible.

4.3 Complexity

Let ϵ ą 0. We first wish to bound the maximum number of iterations for Algorithm 1 to return an

ϵ-stationary point of (1) in the event that tµku remains bounded away from zero. We require the

following assumption.

Assumption 2. A concrete implementation of Algorithm 1 is such that there exists a positive sequence

tηku and constants 0 ă κµ ă 1, 0 ă κη ă 1 and 0 ă κϵ ă 1 satisfying the following conditions for all k:

(i) }F pxkq ´ uk} ą ηk ùñ µk`1 ď κµµk;

(ii) }F pxkq ´ uk} ď ηk ùñ µk`1 “ µk, ηk`1 ď κηηk, and ϵk`1 ď κϵϵk.

The following result is inspired from [4, Theorem 3.1].

Theorem 3. Let Assumption 2 be satisfied, and let ϵ0 ě ϵ. Without loss of generality, assume that

η̄ ě ϵ. Assume that each iteration of Algorithm 1 succeeds, and that

(i) there exists µ̄ ą 0 such that µk ě µ̄ for all k, and

(ii) there exists η̄ ě ϵ such that }F pxkq ´ uk} ď η̄ for all k.
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Algorithm 1 returns an ϵ-stationary point of (1) in at most

R

logpµ̄{µ0q

logpκµq

V

max

ˆR

logpϵ{ϵ0q

logpκϵq

V

,

R

logpϵ{η̄q

logpκηq

V˙

(24)

iterations.

Proof. Because µk never increases and is bounded away from zero, Assumption 2 ensures that it

eventually remains constant. When that occurs, ηk continues to decrease, so that F pxkq ´ uk Ñ 0. In

addition, there are at most rlogpµ̄{µ0q{ logpκµqs iterations k such that }F pxkq ´ uk} ą ηk.

On iterations for which }F pxkq ´ uk} ď ηk, ϵk decreases by a factor of at least κϵ, and ηk decreases

by a factor of at least κη. Thus, there are at most rlogpϵ{ϵ0q{ logpκϵqs such iterations until ϵk ď ϵ, and

at most rlogpϵ{η̄q{ logpκηqs such iterations until ηk ď ϵ.

In the worst case, primal feasibility }F pxkq ´ uk} returns to its largest value η̄ at each subproblem.

Thus, the total number of iterations is at most (24).

In Theorem 3, we assumed without loss of generality that η̄ ě ϵ. If it were not the case, approximate

primal feasibility would be satisfied throughout the iterations and the second term in the maximum
in (24) would simply not be present. In all cases, the maximum number of iterations is Oplogpϵqq.

In general, though, Algorithm 1 may stop at an iterate xk that appears to be infeasible and, at the
same time, a local minimizer of the infeasibility problem (20). The possibility that µk Ñ 0 must be

considered, since it necessarily takes place, for example, when (1) is infeasible. The following theorem

establishes an upper bound on the number of iterations before Envelopt finds an approximate stationary

point (in the sense of (10)) or an infeasible point that is approximately stationary for the infeasibility

problem (20), according to (22).

Let ωpkq P N denote the number of penalty updates up to the k-th iteration. The update rules in

Assumption 2 give µk ď κ
ωpkq
µ µ0 and ωpkq ď lnpµk{µ0q{ lnκµ.

Theorem 4. Let ϵ ą 0 and ϵinf P p0, ϵs be given. Let Assumption 2 be satisfied, and let ϵ0 ě ϵ. Assume

that

(i) there exists η̄ ě ϵ such that }F pxkq ´ uk} ď η̄ for all k,

(ii) there exist cf , cF P R such that }∇fpxkq} ď cf and }∇F pxkq} ď cF for all k,

(iii) there exists Npϵinf , ϵq P N such that ϵk ď mintϵ, ϵinf{4u for all k ě Npϵinf , ϵq,

(iv) there exist ϱ0 ą 0 and κϱ P p0, 1q such that µk}ŷk} ď ϱ0κ
ωpkq
ϱ for all k.

Then, Algorithm 1 returns either an ϵ-stationary point of (1), according to (10), or an ϵ-infeasible

ϵinf-stationary point of (20), according to (22), in at most

maxtNpϵinf , ϵq, P pϵqUpϵinfqu

iterations, where P pϵq ..“

Q

lnpϵ{η̄q

lnpκηq

U

and

Upϵinfq ..“

R

max

"

1,
lnpϵinf{p4cF ϱ0qq

lnκϱ
,
lnpmint1, ϵinf{p4cf qu{µ0q

lnκµ

*V

.

Some comments on the assumptions are in order, particularly in relation to [4, Theorem 3.5].

Similarly to the boundedness requirement (i) on the constraint violation, the assumption (ii) on the

derivatives appears in [4, Lemma 3.3] as a result of the boundedness of txku (which they assume

directly). In contrast, requirements (iii) and (iv) are algorithmic: they pose restrictions on the sequences

of hyperparameters selected by Algorithm 1, and not on the problem at hand. While Npϵinf , ϵq in (iii)
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is the same as in [4, Thm 3.5], the requirement (iv) is weaker than the (rigid) safeguarding condition

adopted for the AL method in [4]. Indeed, the BCL scheme of Conn et al. [10] is also covered; see [10,

Lemma 4.1].

Before proving Theorem 4 we give an intermediate result concerning stationarity for the infeasibility

problem (20).

Lemma 5. Let ϵ ą 0 and ϵinf P p0, ϵs be given. Let Assumption 2 be satisfied. Suppose (ii)–(iv) from

Theorem 4 are valid for the iterates generated by Algorithm 1. Then, k ě Npϵinf , ϵq and ωpkq ě Upϵinfq

together imply (22a).

Proof. Fix k P N and assume k ě Npϵinf , ϵq and ωpkq ě Upϵinfq hold. Owing to the definition of

Upϵinfq, the latter condition implies

ϱ0κ
ωpkq
ϱ ď ϵinf{p4cF q and µk ď mint1, ϵinf{p4cf qu. (25)

For convenience, define the C1 functions

Pkpxq ..“ µkhµk
pF pxqq and pPkpxq ..“ µkhµk

pF pxq ` µkŷkq

to write more compactly the objective functions of (20) and (2), respectively.

We proceed in three steps, (a) showing that }cpxkq ´ w} ď ϵinf holds for some w P C, (b) providing

expressions for ∇Pkpxkq and ∇ pPkpxkq, and (c) establishing that }∇Pkpxkq ` ∇cpxkqz} ď ϵinf holds for

some z P NCpwq. Together, these observations prove (22a).

(a) By (iii), k ě Npϵinf , ϵq implies ϵk ď ϵinf , hence subproblem (2) delivers }cpxkq ´ wk} ď ϵinf for
some wk P C, by (17).

(b) Direct derivation of Pk yields ∇Pkpxkq “ ∇F pxkqpF pxkq ´ proxµkh
pF pxkqqq, using the differenti-

ation rule for the Moreau envelope (5). Similarly, using also the definition of uk “ upxk; ŷk, µkq,

it is ∇ pPkpxkq “ ∇F pxkqpF pxkq ´ uk ` µkŷkq.

(c) We find first a bound for }∇ pPkpxkq ` ∇cpxkqz}, then for the difference }∇ pPkpxkq ´ ∇Pkpxkq},

and finally for }∇Pkpxkq ` ∇cpxkqz} by combining the first two. It will be natural to consider

the multiplier z “ µkzk P NCpwkq. From (23) and (5) we have that

µkϵk ě }µk∇fpxkq ` ∇F pxkqpF pxkq ´ uk ` µkŷkq ` ∇cpxkqpµkzkq}

“ }µk∇fpxkq ` ∇ pPkpxkq ` ∇cpxkqpµkzkq}

and therefore

}∇ pPkpxkq ` ∇cpxkqpµkzkq} ď }µk∇fpxkq} ` µkϵk

ď µkcf ` µkϵk [with cf from (ii)]

ď µkcf ` µkϵ
inf{4 [due to k ě Npϵinf , ϵq]

ď ϵinf{2. [by (25)]

Now we bound the difference between ∇ pPk and ∇Pk, obtaining

}∇ pPkpxkq ´ ∇Pkpxkq}

“

›

›

›

›

›

∇F pxkq

«

prox
µkh

pF pxkqq ` µkŷk ´ prox
µkh

pF pxkq ` µkŷkq

ff
›

›

›

›

›

ď cF

›

›

›

›

›

prox
µkh

pF pxkqq ` µkŷk ´ prox
µkh

pF pxkq ` µkŷkq

›

›

›

›

›

[with cF from (ii)]

ď 2cFµk}ŷk}

ď 2cF ϱ0κ
ωpkq
ϱ ď ϵinf{2, [by (iv) and (25)]
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where the second inequality follows from the nonexpansiveness of proxµkh
(unit Lipschitz constant

by [49, Thms 12.12, 12.17]). Therefore, combining the bounds above we obtain

}∇Pkpxkq ` ∇cpxkqpµkzkq} “ }∇Pkpxkq ´ ∇ pPkpxkq ` ∇ pPkpxkq ` ∇cpxkqpµkzkq}

ď }∇Pkpxkq ´ ∇ pPkpxkq} ` }∇ pPkpxkq ` ∇cpxkqpµkzkq}

ď ϵinf ,

concluding the proof.

The main complexity result can now be established.

Proof of Theorem 4. We proceed in two steps, always considering iterations k ě Npϵinf , ϵq. First,

we show that if (10) is never satisfied, then (22b) holds and the number of iterations between two

consecutive penalty updates is bounded above by P pϵq. Second, we invoke Lemma 5: if the number of

penalty updates exceeds Upϵinfq, then (22a) holds.

First step After the first Npϵinf , ϵq iterations, ϵk ď ϵ by (iii) guarantees that

}∇fpxkq ` ∇F pxkqyk ` ∇cpxkqzk} ď ϵ and }cpxkq ´ wk} ď ϵ

are satisfied for some suitable wk P C and zk P NCpwkq. Therefore, (22b) must hold if (10) fails.

Because }F pxkq ´ uk} ď η̄ for all k by assumption (i), the conditions in Assumption 2 indicate

that it takes at most P pϵq ..“ rlnpϵ{η̄q{ lnpκηqs consecutive iterations without penalty updates to reach

}F pxkq ´ uk} ď ϵ. This means that, for k ě Npϵinf , ϵq, penalty updates are at most P pϵq iterations

apart as long as (10) fails.

Second step We now invoke Lemma 5, which guarantees that condition (22a) is satisfied after at most

Npϵinf , ϵq iterations and Upϵinfq penalty updates.

Combining these observations, the total number of iterations to satisfy either (10) or (22) is at most

Npϵinf , ϵq ` P pϵqUpϵinfq.

5 Extensions and applications

5.1 Standard augmented Lagrangian method

A simple observation that is worth pointing out is that the standard augmented Lagrangian method is

a special case of Algorithm 1. Suppose indeed that h “ 0 in (1), and that we reformulate it equivalently

as

minimize
xPRn

fpxq ` χpcpxq | Cq.

The latter has the form (1) with h “ χp¨ | Cq, F “ c and no explicit constraints. Each Envelopt

subproblem involves the Moreau envelope of the indicator of C, i.e.,

χµ “ χpḑot | Cq ˝ p 1
2µ

´1} ¨ }22q “ 1
2µ

´1 distp¨ | Cq2.

Hence, each Envelopt subproblem has the familiar form

minimize
xPRn

fpxq ` 1
2µ

´1 distpcpxq ` µŷ | Cq2.
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5.2 NCL extension

As a strategy to solve constrained problems that do not satisfy a constraint qualification, Ma et al. [34]

proposed the NCL formulation of the augmented Lagrangian method. The main idea is to relax the

hard constraints cpxq P C by introducing residual variables r such that cpxq ´ r P C, and to penalize

the constraint r “ 0 via an augmented Lagrangian. The same idea applied to (1) yields augmented

Lagrangian subproblems of the form

minimize
xPRn,rPRm

fpxq ` hpF pxqq ` 1
2ρ

´1}r ` ρẑ}22 subject to cpxq ´ r P C,

where ρ ą 0 is a penalty parameter and ẑ P Rm is a vector of Lagrange multiplier estimates. Advantages

of the formulation above are that the subproblems are always feasible, always satisfy LICQ, and that

solvers are better able to exploit sparsity of ∇c than if cpxq P C were penalized explicitly in the objective

via an augmented Lagrangian. We refer the interested reader to [34, 35] for more details on the NCL

formulation and its implementation.

The smoothing strategy of hpF pxqq described in Section 3 can be applied to the above subproblem

to yield subproblems of the form

minimize
xPRn,rPRm

fpxq ` hµpF pxq ` µŷq ` 1
2ρ

´1}r ` ρẑ}22 subject to cpxq ´ r P C.

One may choose ρ “ µ in each subproblem, or to manage the two penalty parameters separately.

The combined Envelopt/NCL formulation may be obtained by applying Envelopt to the formulation

minimize
xPRn

fpxq ` hpF pxqq ` χpcpxq | Cq,

without explicit constraints and the combined proper, lsc and convex nonsmooth term pu, vq ÞÑ

hpuq ` χpv | Cq. In that sense, Envelopt generalizes NCL.

5.3 An exact penalty method

Consider the smooth constrained problem

minimize
xPRn

fpxq subject to F pxq “ 0, x ď x ď sx. (26)

By way of introducing slack variables, any smooth constrained problem with equality and inequality

constraints can be cast in the form (26). The exact penalty method [43] consists in solving a sequence

of subproblems of the form

minimize
xPRn

fpxq ` τ}F pxq} subject to x ď x ď sx, (27)

where } ¨ } is a norm and τ ą 0 is a penalty parameter. The latter subproblem has the general form (1)

with h “ } ¨ }, c “ I and C “ rx, sxs. The proximal operator of h, and hence its Moreau envelope, is

known and is related to the projection into the unit ball in the dual norm. Most often, h is the ℓ1 or

Euclidean norm. Algorithm 1 provides a way to address the exact penalty subproblem (27) based on a

smoothing of h via its Moreau envelope. Algorithm 2 summarizes the resulting algorithm to solve (26)

via exact penalty.

Each subproblem (27) is bound constrained and can be solved with any appropriate solver for

bound-constrained optimization. Had bound constraints not been present in (26), the subproblems

would have been unconstrained. Similarly, any constraint that was part of F pxq “ 0 could have been

kept explicit provided a general constrained solver is available. In this sense, the approach above is more

general than that described by Diouane et al. [23], who consider only equality-constrained problems and

must appeal to a solver for nonsmooth problems to solve the subproblems. When } ¨ } is a polyhedral

norm, (27) can be reformulated as a smooth problem, though one with general inequality constraints.

The approach above yields smooth subproblems with either simple bounds or no constraints at all.
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Algorithm 2 Exact penalty method based on Algorithm 1.

1: Choose a stopping tolerance ϵ ą 0, 0 ă κϵ ă 1, and κτ ą 1.
2: Choose ϵ0 ě ϵ, and τ0 ą 0.
3: for k “ 0, 1, . . . do
4: Find an ϵk-stationary point xk of (27) with τ “ τk using Algorithm 1.
5: If xk is ϵ-stationary for (26), return xk.
6: Set τk`1

..“ κτ τk and ϵk`1 “ κϵϵk.
7: end for

5.4 Proximal operator of a composite sum

Let g : Rn Ñ RY t`8u be proper, lsc, and have a known proximal operator. To evaluate the proximal

operator of ph ˝ F q ` g, with parameter λ ą 0, we must solve a problem of the form

minimize
xPRn

1
2λ

´1}x ´ u}22 ` hpF pxqq ` gpxq, (28)

whose solutions are generally not known explicitly. However, Algorithm 1 can be used to approximate

one. Indeed, each subproblem (2) takes the form

minimize
xPRn

1
2λ

´1}x ´ u}22 ` hµpF pxq ` µŷq ` gpxq,

and can be solved with, e.g., the proximal-gradient method.

6 Implementation and numerical experiments

6.1 Realizations of Envelopt

Two concrete implementations of Algorithm 1 inspired directly by popular augmented Lagrangian

methods in the literature satisfy Assumption 1. The first is the algorithm of Conn et al. [10], which we

restate as Algorithm 3.

Proposition 3. Algorithm 3 satisfies Assumption 1.

Proof. To establish the first condition in Assumption 1, consider ϵ “ 0. If there exists µ̄ ą 0 such

that µk ě µ̄, µk can only be updated finitely many times, and the updates of Line 10 are performed
infinitely many times for all sufficiently large k. Therefore, since αk`1 P p0, 1q for each k, we obtain

ηk Ñ 0, and hence, F pxkq ´ uk Ñ 0. The second condition in Assumption 1 was established in [10,

Lemma 4.1].

Algorithm 3 Envelopt algorithm modeled after [10].

1: Choose stopping tolerance ϵ ą 0.
2: Choose 0 ă κµ ă 1, 0 ă γ ă 1, αϵ ą 0, αη ą 0, βϵ ą 0, and βη ą 0.
3: Choose ϵ1 ě ϵ, η1 ě ϵ, µ0 ą 0 and ŷ0 P Rp.
4: for k “ 0, 1, . . . do
5: Find an ϵk-stationary point xk of (2).
6: Compute uk “ upxk; ŷk, µkq and yk “ ypxk; ŷk, µkq.
7: If xk is ϵ-stationary for (1), return xk.
8: if }F pxkq ´ uk} ď maxpϵ, ηkq then
9: Set µk`1

..“ µk and ŷk`1
..“ yk.

10: Set αk`1
..“ minpγ, µk`1q, ϵk`1

..“ ϵkα
βϵ
k`1, and ηk`1

..“ ηkα
βη

k`1.
11: else
12: Set µk`1

..“ κµµk and ŷk`1
..“ ŷk.

13: Set αk`1
..“ minpγ, µk`1q, ϵk`1

..“ ϵ1α
αϵ
k`1, and ηk`1

..“ η1α
αη

k`1.
14: end if
15: end for
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Another widespread scheme that complies with Assumption 1 is that of Birgin and Mart́ınez [3],

see also [2, 19, 20]. Following this approach the multiplier estimates ŷk`1 are always updated, but

safeguarded by projecting yk onto a suitable compact set, so that the product µkŷk vanishes as µk

approaches zero.

6.2 Implementation details

In our implementation, several subproblem solvers are available depending on m, the number and types

of hard constraints. If m “ 0, subproblems are unconstrained and are solved by way of a traditional

trust-region method [11, Chapter 6] in which steps are computed by the truncated conjugate gradient

(CG) method [52]. Our implementation uses the trunk solver [36].

If m ą 0 but the hard constraints are simple bounds, subproblems are bound constrained. We

solve them with our own implementation of the trust-region method for bound-constrained problems of

Lin and Moré [33], named tron, where steps are computed using a combination of projected-gradient

steps and the truncated CG method. Whereas the original code of [33] requires explicit exact second-

derivatives and uses a limited-memory factorization as preconditioner for CG, our implementation,
also found in [36], does not require exact second derivatives, but does not use a preconditioner. In

particular, the latter can be used with quasi-Newton approximations.

When m ą 0 and c represents constraints that are more general than simple bounds, we appeal

to a general constrained solver and currently support three of them: the filter interior-point method

implemented in Ipopt [42, 55] and MadNLP [51], and the various solvers available as part of the KNITRO

library [7, 37]. Currently, we use the direct interior-point method implemented in KNITRO [56]. The
main reason for relying on interior-point methods is that our implementation warm starts them as the

outer iterations progress in a manner similar to what is done in the NCL solver [34, 35, 38]. Naturally,

it is also possible to use Ipopt, MadNLP or KNITRO when the subproblems are bound constrained or

unconstrained.

An important feature of (2) is that hµ is not twice differentiable in general. Thus, we rely on quasi-

Newton approximations. Ipopt, MadNLP and KNITRO all support quasi-Newton approximations, but

their management is hard-coded in those libraries in such a way that is crucial for the efficiency of the

step computation—see, e.g., [56]. However, trunk and tron let users supply their own approximations.

With those two solvers, we implemented structured quasi-Newton approximations in the sense that we

supply the Hessian approximation

∇2fpxk,jq ` Bk,j ,

where Bk,j “ BJ
k,j is a limited-memory BFGS or SR1 approximation constructed from pairs

sk,j ..“ xk,j`1 ´ xk,j , yk,j ..“ ∇hµpF pxk,jq ` µkŷkq ´ ∇hµpF pxk,j´1q ` µkŷkq,

where k denotes an iteration of Algorithm 1 and j one of the subproblem solver.

6.3 Numerical experiments

The broad applicability of Envelopt is demonstrated in this section with illustrative and real-world

problems. We also compare the performance of our Envelopt1 implementation with relevant solvers,

such as MadNLP2 [51], Ipopt [42, 55], SCS [40], Clarabel [26], NCL [34, 35], and ALPS [19].

1Envelopt v0.1.0, github.com/JuliaSmoothOptimizers/Envelopt.jl.
2MadNLP v0.9.2, github.com/MadNLP/MadNLP.jl.

https://github.com/JuliaSmoothOptimizers/Envelopt.jl
https://github.com/MadNLP/MadNLP.jl
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6.3.1 Degenerate SDP

We consider an illustrative linear conic problem by Ramana [45, Example 4], which reads

minimize
xPR2

´ x2 subject to F pxq ..“

»

–

1 ´ x2 0 0
0 ´x1 ´x2

0 ´x2 0

fi

fl P S3
` (29)

where S3
` denotes the cone of 3 ˆ 3 positive semidefinite matrices. Due to lack of constraint qualifica-

tions, (29) and its dual problem exhibit a finite and positive duality gap, which makes the problem

degenerate and hard to solve. Indeed, SCS [40], an operator-splitting conic solver, and Clarabel [26],
an interior-point solver tailored to conic problems, struggle with (29).

For all tolerances ϵ P t10´3, 10´4, 10´5, 10´6u, SCS3 hits the maximum number of iterations (105 by

default) and returns with status solved (inaccurate - reached max iters), while Clarabel4 stops

after 38 iterations because of insufficient progress.

Problem (29) fits (1) with the linear cost in f , h as the indicator of S3
`, and F the affine matrix-valued

operator appearing in (29). Then, subproblems (2) take the unconstrained form

minimize
xPR2

´ x2 ` 1
2µ

´1 distpF pxq ` µŷ | S3
`q2.

Envelopt is able to find ϵ-stationary points for (29), even with ϵ “ 10´6, as reported in Table 1.

MadNLP performs better than Ipopt and KNITRO in this case, tackling the subproblems down to

tolerance ϵ “ 10´6 and with fewer total inner iterations.

Table 1: Solving (29) with Envelopt. Comparison for different subsolvers and tolerances ϵ in terms of number of iterations,
and total number of subsolver iterations. A dash indicates solver failure.

subsolver MadNLP Ipopt KNITRO

tolerance ϵ 10´4 10´5 10´6 10´4 10´5 10´6 10´4 10´5 10´6

iterations 9 7 7 6 19 - 6 4 -
subsolver iter. 61 72 69 61 125 - 111 75 -

6.3.2 Simple MPCC

We showcase the benefits of integrating Envelopt and NCL, as discussed in Section 5.2, by considering
the following two-dimensional problem with a complementarity constraint, inspired by Scholtes [50]:

minimize
xPR2

}x ´ 1}2 ` }x}1 subject to x ě 0, x1x2 ď 0. (30)

This example also allows us to highlight the flexibility offered by Envelopt in the problem formulation,

particularly the encoding of constraints as soft or hard.

The objective of (30) is convex, and the feasible set is connected but nonconvex. Moreover, standard

constraint qualifications fail at the origin, which is feasible. There are two global minimizers, p0.5, 0q

and p0, 0.5q, with objective value 1.75. The origin is a local maximizer, with objective value 2.

Problem (30) fits the template (1) with fpxq ..“ }x ´ 1}2, F ..“ I, h ..“ } ¨ }1, nonnegativity bounds,

and a nonlinear inequality constraint. We run Envelopt and its NCL extension for (30), along with

Ipopt, MadNLP and NCL [35, 41] for the equivalent reformulation of (30) as the smooth nonlinear

program

minimize
xPR2

x2
1 ` x2

2 ´ x1 ´ x2 ` 2 subject to x ě 0, x1x2 ď 0. (31)

3SCS v2.6.3, github.com/jump-dev/SCS.jl.
4Clarabel v0.11.1, github.com/oxfordcontrol/Clarabel.jl.

https://github.com/jump-dev/SCS.jl
https://github.com/oxfordcontrol/Clarabel.jl
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Starting from 100 random initial points, each solver terminated with a successful status and approx-

imately at p0, 0.5q, p0.5, 0q, or p0, 0q in at least 96 cases. A summary of the numerical performance

is reported in Table 2. Only the NCL variants and Envelopt with Ipopt consistently find the global

minimum; the other solvers returned the local maximizer p0, 0q in 24–27% of cases.

Table 2: Solving a simple MPCC from 100 random initial points with Envelopt, NCL-Envelopt, and NLP solvers. Comparison
for different problem formulations and subsolvers in terms of success rate in finding the global minimum and total number
of subsolver iterations. Tolerance ϵ “ 10´5.

problem solver (subsolver) global local subsolver iterations
min rate min rate (median) (max)

(30)

Envelopt (MadNLP) 71% 27% 62.5 154
Envelopt (Ipopt) 97% 0% 25 106

NCL-Envelopt (MadNLP) 100% 0% 154 679
NCL-Envelopt (Ipopt) 100% 0% 54 104

(31)
MadNLP 69% 27% 24 31
Ipopt 76% 24% 26 48
NCL 100% 0% 13 81

(32)
Envelopt (MadNLP) 73% 27% 142.5 194
Envelopt (Ipopt) 73% 27% 57.5 98
Envelopt (tron) 54% 46% 97.5 334

(33)
Envelopt (MadNLP) 100% 0% 79 121
Envelopt (Ipopt) 100% 0% 67.5 91
Envelopt (tron) 100% 0% 3553.5 4112
Envelopt (trunk) 74% 7% 537 5503

We use (30) to inspect the effect of formulating constraints as hard or soft. As discussed in Section 1,

Envelopt offers the option of dealing with constraints directly in the subsolver, in contrast with other

schemes that relax all constraints. Let us rewrite (30) as the equivalent problem

minimize
xPR2

}x ´ 1}2 ` }x}1 ` χpx1x2 | R´q subject to x ě 0. (32)

With this formulation, the nonlinear inequality constraint x1x2 ď 0 is not passed to the subsolver but

instead relaxed and treated with an augmented Lagrangian penalty in the Envelopt iterations; the

corresponding subproblems (2) have only bound constraints. Another equivalent formulation of (30) is

minimize
xPR2

}x ´ 1}2 ` }x}1 ` χpx | R2
`q ` χpx1x2 | R´q, (33)

which leads to unconstrained subproblems. Note that there is no NCL counterpart for (32) and (33),

since they lack nonlinear explicit constraints.

The performance of Envelopt on formulations (32) and (33) is summarized in Table 2, for comparison

with (30). For each Envelopt subsolver, the formulation (30) with hard constraints requires significantly

fewer iterations than (32) and (33). A tentative explanation is that simple constraints are better

handled directly by the subsolver than by the Moreau envelope relaxation and smoothing in the outer

iterations.

6.3.3 Low-rank matrix completion

Consider N points p1, . . . , pN P Rℓ and P ..“
“

p1 p2 ¨ ¨ ¨ pN
‰

P RℓˆN . Let ∆ P RNˆN denote the

associated Euclidean distance matrix, i.e., ∆i,j
..“ }pi ´ pj}2 for all i, j “ 1, . . . , N . We wish to recover

information on P based on partial knowledge of ∆. In particular, we assume that Ω Ă t1, . . . , Nu2 is a

set of pairs such that only the entries ∆i,j , pi, jq P Ω, of ∆ are known.

We lift the problem by introducing B ..“ PJP whose rank is, by construction, less than or equal to

ℓ. We seek a symmetric matrix B P RNˆN that satisfies the distance constraints associated with the
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observations. Among these admissible matrices, those with minimum rank are preferred. We formulate

the matrix completion task as De Marchi et al. [19, §4.5], for comparison with ALPS:

minimize
BPRNˆN

}B}˚ (34)

subject to Bi,i ´ Bi,j ´ Bj,i ` Bj,j “ ∆i,j @pi, jq P Ω

Bi,j “ Bj,i @i, j P t1, . . . , Nu

where the nuclear norm } ¨ }˚
..“

ř

i σip¨q encourages B to have sparse singular values σipBq, hence low

rank [46].

The problem has the form (1) with x “ vecpBq, f “ 0, hpxq “ }matpxq}˚, F pxq “ x, and cpxq

represents the explicit constraints above, where we denoted vec the operation that stacks the columns of

a matrix into a vector, and mat its inverse. The problem has n “ N2 variables and m “ |Ω|`NpN´1q{2

constraints.

We generated random instances as in [19, §4.5], with N “ 10, ℓ “ 5, and |Ω| “ tNpN ` 1q{6u

observations, leading to problems (1) with 100 variables and 63 (linear equality) constraints. Table 3

summarizes the results obtained by invoking Envelopt on 100 random instances, each with a random

initialization, for different tolerance levels.

Table 3: Solving 100 random instances of (34) with Envelopt. Comparison for different subsolvers and tolerances ϵ in terms
of success rate, number of iterations, and total number of subsolver iterations.

Envelopt subsolver MadNLP Ipopt

tolerance ϵ 10´3 10´4 10´5 10´6 10´3 10´4 10´5 10´6

success rate 97% 97% 93% 90% 89% 87% 76% 60%

iterations
(median) 6 7 7 8 5 7 8 9
(max) 9 12 14 16 8 8 9 10

subsolver (median) 14 14 14 13 113 167 217.5 266
iterations (max) 444 801 1068 854 592 1451 1019 1538

Across all tolerances ϵ, the failures of Envelopt arise from the subsolver returning prematurely

with an error message, always for subproblems (2) with µ ą 10´3. Rather than structural limitations

of the Envelopt approach, this indicates the need for a better integration and tuning of subsolvers

in our implementation. Conversely, Envelopt is significantly more iteration-efficient than ALPS, an

augmented Lagrangian scheme without the partial minimization step, which required several thousands

of projected-gradient steps, see [19, Fig. 5].

6.3.4 Exact penalty method

An interesting application of Envelopt is the solution of exact penalty subproblems, as mentioned in

Section 5.3. Envelopt can address the subproblem (27) for different choices of penalty function h.

We illustrate this by invoking Algorithm 2 on two problems from the CUTEst benchmark set [27].

The small problem zangwil3 has n “ 3 variables and m “ 3 equality constraints. The medium-sized

problem hs118 has n “ 32 and m “ 17 in the form (26).

The results reported in Table 4 indicate that Envelopt can effectively address the subproblems

arising from the exact penalty method. Comparing subsolvers and penalty norms, it appears that Ipopt

and h ..“ } ¨ }1 perform slightly better than other configurations.

6.3.5 Structured composite sum

We test Envelopt on the use case mentioned in Section 5.4. Given a convex regularizer h, a matrix

A P Rpˆn, and a prox-friendly regularizer g, the proximal operator of φ ..“ g ` h ˝ A corresponds to

solving the problem (28), with F pxq ..“ Ax, for some prescribed ξ P Rn and λ ą 0. Since the quadratic
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Table 4: Solving CUTEst problems with Algorithm 2 and Envelopt for (27). Comparison for different choices of penalty
norms and subsolvers, in terms of iterations for Algorithm 2 on (26), for Envelopt on (27), and the total number of subsolver
iterations for each call to Envelopt.

problem hs118 problem zangwil3

Envelopt number of penalty norm h penalty norm h
subsolver iterations } ¨ }1 } ¨ }2 } ¨ }8 } ¨ }1 } ¨ }2 } ¨ }8

MadNLP

penalty method 6 12 7 4 3 5

Envelopt
(median) 6 9.5 6 2 3 3
(max) 8 13 10 3 4 4

subsolver
(median) 428.5 1435 439 4 6 7
(max) 696 4134 2201 19 12 17

Ipopt

penalty method 7 7 6 4 6 2

Envelopt
(median) 6 6 6 3 3 3.5
(max) 8 14 9 4 3 4

subsolver
(median) 356 359 338 8.5 7 14.5
(max) 503 1550 719 16 13 19

fpxq ..“ 1
2λ}x ´ ξ}2 is convex smooth and h is convex prox-friendly, problem (28) can be tackled with

the three-term splitting schemes Vũ–Condat [9, 54] and AFBA [30] when also g is convex prox-friendly.

In contrast, Envelopt can address (28) also with nonconvex g, nonconvex f , and h composed with a

nonlinear operator.

We choose h P t} ¨ }1, } ¨ }2u, g P

!

} ¨ }1, } ¨ }
1{2
1{2, } ¨ }0

)

, set n “ p “ 10, sample A, ξ from a normal

distribution, and take values λ P t10´3, . . . , 103u equidistant on a logarithmic scale. For the Envelopt

subproblems we use the proximal-gradient methods R2DH [24, §7] and NMPG [14] through their

implementation R2DH and NMPG in RegularizedOptimization.jl [25]. While both methods use a

backtracking strategy for globalization, R2DH requires at least a fraction of Cauchy decrease and

NMPG adopts an Armijo-type condition. They also employ different merit values for nonmonotone

globalization, with max and average formulas, respectively. Envelopt with these subsolvers is compared

against the primal-dual methods implemented as VuCondat and AFBA in ProximalAlgorithms.jl [53].

All solvers are given a tolerance ϵ “ 10´5, maximum 105 iterations, and initialized with a random

x0 P Rn (and zero dual). Although the solvers have different stopping conditions, our objective here is

to show that Envelopt can solve problems that the other two solvers cannot.

Envelopt always found an ϵ-stationary point, with both subsolvers. Vũ–Condat and AFBA solved

all instances with g ..“ } ¨ }1, and otherwise failed on about 40% of instances, regardless of h. In the

convex setting, where Vũ–Condat and AFBA have convergence guarantees, Envelopt requires fewer

iterations for small values λ, and slightly more for large values. The statistics reported in Table 5

indicate that Envelopt behaves consistently across different regularizers g and h, regardless of the
subsolver.

7 Discussion and perspectives

Our implementation of Algorithm 1 could clearly be improved in a number of ways. One such way

is to use generalized Hessians of the Moreau envelope as discussed by Dhingra et al. [22]. Whether

generalized Hessians yield better performance in practice than quasi-Newton approximations remains

to be seen. A second way is for cases where the proximal operator of h is not known in analytic form,

but can be approximated by an iterative procedure that can be interrupted early. Inexact evaluations

of the proximal operator imply inexact evaluations of the Moreau envelope and of its gradient, but

recent research indicates that such inexact evaluations can be incorporated into proximal algorithms

while preserving their convergence and worst-case complexity properties [1, 16].
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Table 5: Computing the proximal operator of a composite sum (28). Comparison for different choices of functions h and g,
in terms of total number of iterations. While Envelopt solved all instances, Vũ–Condat and AFBA failed on about 40% of
instances with g nonconvex; their statistics are omitted in this case.

g “ } ¨ }1 g “ } ¨ }
1{2
1{2

g “ } ¨ }0

iterations median max median max median max

h
“

}
¨

}
1 Vũ–Condat 12 34403 - - - -

AFBA 59 1219 - - - -
Envelopt (R2DH) 18 1363 13 953 13 789
Envelopt (NMPG) 10 362 7 864 5.5 625

h
“

}
¨

}
2 Vũ–Condat 12 4538 - - - -

AFBA 59 2817 - - - -
Envelopt (R2DH) 16 140 9 127 7.5 138
Envelopt (NMPG) 7 134 4 97 5 93

An obvious open question is whether any of the above generalizes to nonconvex h. In view of [49,

Proposition 13.37], if h is prox regular, its proximal operator is locally single-valued and Lipschitz

continuous for sufficiently small values of µ. Moreover, its Moreau envelope remains differentiable with

gradient (5). Thus, borrowing ideas from [15], a generalization may be possible though it appears

difficult in general to determine values of µ for which those properties occur.
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