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Abstract : Lithium-ion batteries (LIBs) are currently the core energy storage component of electric
vehicles (EVs). Real-time, accurate, and robust state-of-charge (SOC) estimation is critical for reliable
range prediction and for preventing cell degradation due to overcharging or deep discharge. Current
model-based estimation methods, based on equivalent circuit models and filters, such as the extended
Kalman filter (EKF) and unscented Kalman filter (UKF), provide effective real-time SOC estimation.
However, they typically assume a Gaussian process and measurement noise with known mean and
covariance, which may not hold in practice. Distributionally robust Kalman filtering (DRKF) utilizes
the Wasserstein distance to construct an ambiguity set around a nominal process and measurement
noise, thereby accounting for errors in the nominal assumptions. In this paper, we propose the dis-
tributionally robust extended Kalman filter (DREKF'), which broadens this methodology to nonlinear
problems and applies it to the battery state estimation problem. We benchmark the DREKF against
the EKF and UKF using simulations based on an open-source urban dynamometer driving schedule
dataset. Results across multiple temperatures demonstrate that the DREKF achieves accuracy and
computation time comparable to conventional EKF and UKF approaches under nominal conditions,
while offering improved resilience to measurement outliers.

Keywords: Electric vehicles; state-of-charge estimation; lithium-ion battery; equivalent circuit model;
extended Kalman filter; distributionally robust optimization

Résumé : Les batteries lithium-ion sont présentement le choix principal pour le stockage d’énergie
dans les véhicules électriques (electric vehicle, EV). Il est donc essentiel d’avoir une estimation précise
et fiable de 1'état de charge (state of charge, SOC) en temps réel afin de prévoir autonomie de
la batterie d’'une maniére fiable et d’éviter la dégradation due & une surcharge ou & une décharge
profonde. Les méthodes d’estimation actuelles basées sur des modeles de circuits équivalents et des
filtres, telles que le filtre de Kalman étendu (extended Kalman filter, EKF) et le filtre de Kalman
sans parfum (unscented Kalman filter, UKF), fournissent une estimation efficace du SOC en temps
réel. Cependant, elles supposent généralement un bruit de processus et un bruit de mesure gaussien,
avec une moyenne et une covariance connues, ce qui peut ne pas étre le cas dans la pratique. Le
filtre de Kalman robuste en distribution utilise la distance de Wasserstein pour construire un ensemble
d’ambiguité autour d’un bruit de processus et de mesure nominal, se prémunissant ainsi contre toutes
les déviations dans les valeurs nominales. Dans ce travail, nous proposons un nouveau filtre robuste
en distribution de Kalman étendu (distributionally robust extended Kalman filter, DREKF), qui étend
cette méthodologie au scénario nonlinéaire et on 'applique au probleme de ’estimation de I’état de la
batterie. Nous comparons le DREKF contre 'EKF et 'UKF utilisant des simulations basées sur un
ensemble de données ouvertes provenant d’un programme de conduite sur dynamometre urbain. Les
résultats obtenus pour un éventail de températures démontrent que le DREKF atteint une précision
comparable a celle des approches EKF et UKF conventionnelles dans des conditions nominales, tout
en offrant une meilleure résilience aux valeurs aberrantes des mesures.

Mots clés: Véhicules électriques; estimation de 1’état de charge; batterie de lithium-ion; modélisation
du circuit électrique équivalent; filtre de Kalman étendu; optimisation distributionnellement robuste

Acknowledgements: This work was supported in part by Serafin Solutions and Mitacs through the
Mitacs Accelerate Program under grant 1T33680.
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1 Introduction

Lithium-ion batteries (LIBs) are widely used in currently manufactured electric vehicles (EVs), and it
is projected that the global EV stock will expand to 140 million by 2030 [6]. LIBs are the most popular
choice for energy storage in EVs due to their high energy density, long lifespan, light weight, and low
self-discharge rate relative to other battery chemistries [13]. To ensure the battery’s lifespan [35] and
alleviate range anxiety [2], battery management systems must provide accurate and robust real-time
state-of-charge (SOC) estimation.

Accurate SOC estimation remains challenging due to the inherent nonlinearity of battery dynamics
and the highly variable operating environments of EVs [21]. Rapid acceleration, regenerative braking,
and switching operations of power electronic devices in EVs result in substantial transient current
variations [4]. Acquisition systems are also susceptible to electromagnetic interference, leading to
spikes in the voltage and current noise, which typically exhibit non-Gaussian characteristics [4, 30].
When faced with non-Gaussian noise or significant initial estimation bias, the performance of estimators
relying on Gaussian assumptions degrades, leading to reduced accuracy and convergence issues [33,39).
This motivates the use of a distributionally robust estimation framework.

Related Works: Battery SOC estimation can be broadly categorized into four methods: direct mea-
surement methods, electrochemical models (EMs), data-driven methods, and equivalent circuit models
(ECMs).

Direct measurement methods include Coulomb counting and the open-circuit voltage (OCV) char-
acterization method. Coulomb counting is capable of real-time use and is computationally light.
However, it suffers from cumulative errors due to sensor inaccuracies, integration error and initial
SOC estimation uncertainty, leading to significant deviations over time [3,25]. OCV characterization
alone is unsuitable for real-time estimation due to the required rest periods, which are not feasible for
EVs [37].

EMs utilize internal electrochemical kinetics and Li-ion transport behaviour to predict the current
SOC. The main EMs for LIBs are the pseudo-2-d model [15] and the single particle model [24,41]. These
methods are based on partial differential equations, leading to computational bottlenecks in online
applications. As such, EMs are typically only preferred in battery chemistries where the relationship
between the SOC and OCV cannot be utilized, e.g., lithium-sulphur [12].

Data-driven approaches like deep learning have also been utilized for LIB SOC estimation [16].
Given sufficient training data and an appropriate architecture, e.g., recurrent neural networks with
long short-term memory [38], the SOC value can be predicted accurately without the need for a
dedicated model. However, the blackbox nature of data-driven methods means that these models lack
the interpretability and reliability guarantees needed for such a critical tool.

ECMs utilize circuit models with resistors and capacitors to mimic the polarization present in LIBs
that cause the load voltage to differ from the OCV [43]. Kalman filters (KFs) can then be employed
using the state transition and measurement functions derived from the ECM [3], and are widely used
due to their relatively low computational complexity and satisfactory tracking performance over time [5,
20,42]. Although the standard KF is effective in mitigating cumulative errors and correcting state
estimation deviations in real-time, its recursive computations are inherently derived from linear system
assumptions. Given the nonlinear behaviour of LIBs, the conventional KF is unable to accurately track
SOC dynamics. This has led to the use of the extended Kalman filter (EKF) [5,30] and unscented
Kalman filter (UKF) [29]. To mitigate the filter’s high sensitivity to ECM parameters, adaptive KF
techniques have also been developed. For instance, [19] introduces an adaptive UKF that updates the
system and measurement noise covariances in real-time, yielding improved performance over standard
EKF and UKF implementations. Additionally, [40] highlights the advantages of incorporating variable
parameters within an EKF to achieve a reduction in maximum estimation error, particularly at high
C-rates. The aforementioned filters assume that the measurement and process noise follow a Gaussian
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distribution and that their characteristics are known during the estimation process. This, in turn,
limits the applicability and effectiveness of these filters in practical deployments where measurement
and process noise characteristics have uncertainty and may be non-Gaussian.

In this work, rather than relying on exact knowledge of the process and measurement noise distri-
butions, we instead seek state estimators that perform well under the worst-case distributions within
a pre-specified ambiguity set centred around a nominal model. Within the literature, [31] establishes
a distributionally robust Kalman filter (DRKF) in the linear setting. Subsequently, [8] has developed
formulations for both finite and infinite-horizon problems, while [14] has proposed a computationally
efficient DRKF by deriving theoretical conditions under which the Kalman gain may be computed
offline. This paper introduces a distributionally robust SOC estimator for lithium-ion batteries with
nonlinear dynamics under uncertain and potentially non-Gaussian noise. The main contributions are
as follows:

1. We design a distributionally robust extended Kalman filter (DREKF) that integrates order-2
Wasserstein ambiguity sets into an EKF-based estimation framework, enabling improved robust-
ness to noise distribution mismatch and measurement outliers in nonlinear settings.

2. We propose a computationally efficient DREKF for real-time LIB SOC estimation to hedge
against non-Gaussian noise, in which worst-case covariance updates are selectively recomputed
based on voltage residuals, preserving real-time feasibility despite the inclusion of semidefinite
programs (SDPs).

3. We illustrate the performance of the DREKF on an open-source LIB dataset across multiple
temperatures, initialization conditions, and corrupted measurement scenarios, demonstrating
improved robustness relative to the EKF and UKF.

The remainder of the paper is organized as follows. In Section 2, we introduce the preliminary
background for our method. Section 3 presents the DREKF algorithm. Section 4 presents the empirical
evaluation based on the open-source LG 18650HG2 Li-ion Battery dataset [17]. Finally, we lay out
our conclusions in Section 5.

2 Preliminaries

We now present the relevant background on battery modelling and KFs.

2.1 Equivalent circuit modelling

ECMs enable the development of a fully defined state-space and measurement function through the
use of Kirchhoff’s voltage law (KVL) and Kirchhoff’s current law (KCL). ECMs counsist of the following
components to model typical LIB behaviour:

o A voltage source representing the OCV of the battery. We denote the OCV as a polynomial
function of the battery SOC [3,29], uoc(s) € R, where s represents the SOC.

e A resistor rg > 0, which captures the instantaneous voltage drop that occurs when a current is
applied.

o A set of N resistor-capacitor (RC) pairs, parameterized by r; and ¢;, j = 1,2,..., N, which
models the voltage relaxation and polarization effects [3,29].

The number of RC pairs IV is chosen to balance between improved accuracy and additional com-
putational burden. We set N = 2 (2-RC) because it yields a good level of accuracy in terms of voltage
response, while only subject to limited computational complexity [3,29]. The resulting circuit is
shown in Figure 1. We let i(t) € R denote the applied current at time ¢, adopting the convention that
discharge current is positive, and let uy,(¢) € R denote the load voltage at time t¢.
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Figure 1: 2-RC ECM.

Applying KVL and KCL, uy,(t) is given by:
uL(t) = Uoc(s) — roi(t) — ui(t) — ua(t), (1)

where wuq(t) and wus(t) represent the transient voltage drops across the first and second RC pairs,
respectively. The polynomial function for uec(s), as well as the values for the resistors and capacitors,
are typically fitted with data from hybrid pulse power characterization (HPPC) tests, conducted across
a range of temperatures [3]. This is briefly discussed later in Section 2.2. The dynamics of u; and us
are governed by the following ordinary differential equations (ODEs):

iy = é <i(t) - 1:11) (2)
P (i(t) - “2) : (3)

where 17 and 7o denote the time derivatives of the respective RC pair voltages. To track the evolution
of the SOC, we employ Coulomb counting [25]. Letting s; denote the SOC at time ¢ in seconds and
assuming the prior SOC s;_; is known, the updated SOC is given by:

1 t
= 11— ) d 4
St = St—1 36000 /t_l i(n)dn, ( )

where @) > 0 is the battery capacity in Ah, and the negative sign reflects the convention that positive
current corresponds to discharge. To obtain a discretized state-space model that captures both the SOC
evolution and transient voltage dynamics, we solve ODEs (2)—(3) analytically using the integrating
factor A

aj=¢ 7, j=1,2,...,N, (5)
where At is the sampling interval and 7; = r;c; is the time constant. We index the discretized time
horizon by k € N, corresponding to a sampling period, At. A process noise vector wy € R3*! is
included to account for current sensor noise, modelling inaccuracies, and unmodelled hysteresis effects.
Combining (4) and the discretized solutions to (2)—(3) yields the following discrete-time state dynamics:

Sk 1 0 07/ sk — 35000
uig| =0 a1 0| |urg—1|+ [r1(1—oq)| ik + Wk, (6)
U2 g 0 0 azf [uzk—1 ro(1 — )

where a; and «ay are defined in (5). To obtain a discretized measurement equation, a scalar measure-
ment noise term vy € R is added to (1), which captures voltage sensor noise and residual modelling
error. Hereinafter, uy, j denotes the measured terminal voltage, while dr, ; denotes the model-based
estimate of the load voltage at time step k. The corresponding measurement equation is:

ULk = Uoc(Sk) — Tolk — U1k — U2k + V- (7)
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We re-express (6) and (7) compactly in the standard discrete-time stochastic state-space form and
obtain
X = Axp_1 + Bug + wy,

_ (8)
vk = Cxy + Duy, + vy,

where x; € R" denotes the system state vector, uy € R™ denotes our control input i(t), yx € R™
denotes the measured output, and v represents a generalized measurement noise vector at time step
k. The matrices A € R"*"= and B € R"*" are directly obtained from (6), while C € R™v*"=
and D € R™*™ follow from the measurement Equation (7). For the 2-RC ECM, we have dimensions
ng = 3, n, = 1, and ny = 1. Note that the measurement equation is nonlinear due to the polynomial
nature of uc(si). The state vector is written component-wise as

1

X = [-'L'l,k X2k e Ty ik

where zg 1, £ =1,2,... N, denotes the /-th component at time step k.

2.2 Estimating battery model parameters

The reliability and accuracy of the ECM in estimating s and uy, ; depend on the precision with which
its parameters are identified, because each parameter directly shapes the voltage response used by the
estimator. The numerical values of these parameters determine both the magnitude and dynamics of
voltage transients during current changes. For example, a higher r( increases the instantaneous voltage
drop under load, while a larger 7; slows the relaxation behaviour, increasing the time taken for the load
voltage to settle to the OCV value following a current pulse. If these values are inaccurate, the model
produces an incorrect predicted terminal voltage dr,, and the resulting error propagates into the
SOC estimation. The ohmic resistance rg, polarization resistances r;, and polarization capacitances
¢; all vary with SOC s and temperature 7. Accordingly, each parameter is identified as a function of
these variables, e.g., ro(s,T), ;(s,T), and ¢;(s,T). We collect all model parameters into the vector

T . R .
¥ = [ro, 71, 1, T2, C2, Uoc(s)] € RY, where the dependence on s and T is left implicit for notational
brevity. Parameter identification is performed by minimizing the sum of the squared error between
Qr, 1 and ur, i, over a test dataset of K samples. Our parameter estimation problem is given as

K

P e argd’min > (unk — k(1)) (9)

k=1

which can be solved offline for experimental purposes [23] or in real-time as a recursive least squares
problem [22,28,32,34]. The HPPC test is commonly used to generate the data required for this iden-
tification procedure, as it excites the battery with controlled current pulses at fixed SOC setpoints [3],
enabling clear observation of both the OCV and the transient voltage dynamics associated with each
RC pair. The test is carried out over several temperatures, and the resulting identified parameter
functions ro(s,T), rj(s,T), and ¢;(s,T) are subsequently used to populate and dynamically update
the system matrices A, B, C, and D in (8).

2.3 Extended Kalman filtering

For battery SOC estimation, an EKF is required over the standard KF, as the latter is not well-suited
to the nonlinear dynamics of LIBs [36]. The EKF operates similarly to the KF with a state prediction
and state correction step. However, the nonlinear dynamics are linearized at operating points of the
state estimates. In the prediction step, the EKF forecasts the state and its uncertainty based on the
nonlinear state transition model:

Kpjk—1 =f (R—1jk—1, Uk) + Wi (10)
Py =FiPr_ 1o FL + Q. (11)
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where Xj,,_1 is the prior state estimate at time k given measurements until k — 1, Py, € R"=*"e
is the corresponding prior error covariance matrix, and Qi € R™*"= represents the process noise
covariance at time k. The nonlinear state transition is described by the mapping f(Xx_1|x—1, ux) with
Fj € R"=*" denoting its Jacobian matrix evaluated at the posterior state estimate Xj_;jx—1. In the
correction step, the EKF updates the Kalman gain Ky € R" %™ by using the measurement function
Hj, € R"v*"= which is the linearized matrix of the nonlinear measurement function h(Xy, k—1).- The
state estimate is then updated using the residual error, defined as the difference between the observed
measurement yj and the predicted measurement, ¥ = h(Xyjx—1) + vi. This leads to:

“1
K =Py H] (HiPyp_1H] + Ry)

Xk =Xpjp—1 + Ki (Yr — Jr)
Pup =1 — KiHg) Pji—1,

where X, and Py, are the posterior state estimate and error covariance matrix, respectively, and
R, € R™*"™ is the measurement noise covariance matrix. To obtain Hj, in the context of LIB SOC
estimation, we differentiate (7) with respect to the prior state estimate, which yields:

Hk = [Ui)c(sk) —1 —1] , (12)

where u,.(sx) is the derivative of wuc(s;) with respect to sj evaluated at time k. Additionally, we
define the measurement y;, := ur,, and ¥ = ir, ;. Note that this linearization is an approximation
and causes the EKF to no longer be an optimal estimator. Although the unscented transform in the
UKF often gives better results for nonlinear estimation problems [19], the use of the EKF allows us to
extend the DRKF to nonlinear problems, as presented next.

3 Proposed methodology

We now formulate our DREKF.

3.1 Notation

Let 8™ denote the set of all symmetric matrices in R"*". We use S} C 8™ and S}, C S™ to represent
the cone of symmetric positive semidefinite and positive definite matrices in 8™, respectively. For any
A, BeS", A~Band A > B mean that A — B € S} and A — B € 87, respectively. The set
of Borel probability measures with support 2 C R" is denoted by P(£2), while the subset of measures
with finite second-order moments is denoted by Pa(£2).

3.2 Problem setup

Consider the state-space problem defined similarly to (8). We also assume that the nominal distri-
butions for the initial state X, process noise Wy, and measurement noise v for all k are Gaussian
with distributions on = N(%o, ﬁ];ﬁ), @wk = N(Wg, f)wk), and ka = N(¥g, ﬁ)vk_), respectively, where
X, Wi € R™ and Vv € R™ are the mean vectors, while ﬁ];o, ﬁ)wk € S and ﬁ]vk S S_T_y are the
nominal covariance matrices. In practice, these nominal distributions are simply estimations as the
true distributions governing xg, wy, and v, are never directly observable. This motivates the use of
an estimator that performs well if the true distributions deviate from the nominal assumptions.

Because the state estimate and measurement are coupled through the observation model, a worst-
case distribution is sought over their joint distribution rather than over each marginal independently.
At each time step k, the prediction step of the filter propagates both the state estimation and process
noise uncertainty through the state transition dynamics, such that the process noise wy, is absorbed
into a prior state estimate distribution, Px, , , € Pa(R") [14,31]. The measurement noise distribu-
tion, defined as Py, € P2(R™), remains independent [14,31]. We write the joint distribution as
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Py = Px,,_, ®Py,, where ® denotes the product measure. Similarly, we define the nominal joint
distribution as @k = @ﬁk‘ o1 @ ka. To account for the uncertainty between Py and @k, we consider
an ambiguity set Bg(Qx) C Pa(R™*) ® Py(R™) consisting of all joint probability distributions that
are sufficiently close to the nominal distribution, (@k.. We control this distance through the use of the
order-2 Wasserstein distance with respect to the Euclidean norm || - ||2 [7], denoted as Wy (Py,P2) for
two probability measures Py and Py. Formally, By (Qk) is defined as:

BB(@k) ::{Pk = Pﬁmk—l ®ka
ng‘k71 € ,PQ(R”J'), ka € Pg(R”y)

Wa(Psy s Quppy) < Ox, Wa(Py,,Qy,) < 641,

where 0 = (6, GV)T > 0 are the radii of the Wasserstein ball for the process and measurement noise,
respectively. With the ambiguity set defined, we seek a state estimator that minimizes the worst-case
mean-square error across all distributions with respect to the ambiguity set. The distributionally
robust minimum mean-square (DR-MMSE) takes the form:

min max  EP* [||x; — 7, 13
i max B[l = gu(y)l] (13)

where ¢y, : R™ — R™* denotes the state estimator, and Fj, denotes the set of all admissible estimators.
The inner maximization selects the least-favourable distribution within the ambiguity set Bg(Qy), and
the radii 05 and 0, act as hyperparameters that govern the size of the ambiguity set. As 0,6, — 0,
the ambiguity set collapses to the nominal distribution and the problem recovers the standard MMSE
solution, while larger radii yield a more robust but potentially overly conservative estimator. [31].

While (13) is generally nonconvex, [7,14] have shown that if the nominal distributions on,@wk,
and Qw are assumed to be Gaussian, then (13) has a tractable reformulation. The resulting estimator
preserves the recursive structure of the KF, but replaces the nominal covariances for the process and
measurement noise with worst—case covariances, in line with the robustness consideration.

We now present the DRKF [14,26] and then devise the DREKF in Section 3.3. The DRKF begins
with a prediction step: At time & and given the previous posterior estimate (Xj_1j5—1, N ), the

prior state estimate, Xy x—1, and the pseudo-nominal prior state covariance, 3 are calculated as:

Xk|k—1
Xplk—1 =AXp_1)k—1 + Bug + wy (14)
Y =AS AT £33, (15)

Xk|k—1 Xk—1|k—1

Then, instead of directly using the pseudo-nominal prior state covariance 3! and measurement

Xk|k—1
covariance Xy, , the DR formulation computes the least—favourable covariances by solving the following
SDP [14]:

max Tr[¥«,,, ] (16a)
Zxk|k—1’zxk|k’2"k Y.Z e
3 -X by (o7
st. Xk|k—1 Xk |k Xglk—1 "k ] =0 16b
[ Ckzxk\k—l CkEXMk*lc;Cr + 3y, |~ ( )
gxk k—1 Y 2 Z
- - Vi = 1
[ Y Exklk—l B 07 ZT Evk a 0 ( 60)
Tr[zxk\k—l + 2Xk|1c—1 - 2Y] S 9)2c (16d)
Tr[S,, + 3y, — 2Z] < 62, (16e)
where 2y, 2xk|k—1 €St B, €81, Y € R=x"= Z € R™*"v. The decision variables
Yxyp_, and Yy, represent the prior and posterior state covariances, respectively, while 3y, represents
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the measurement covariance. The objective (16a) finds the pair of ¥, , _, and ¥y, which maximizes
¥x,, Within the ambiguity set. Constraint (16b) ensures that X, , respects the Kalman filter mech-
anism. The auxiliary variables Y and Z and the resulting constraints (16¢)—(16e) follow from the use
of Schur complement arguments and Gelbrich bounds to convert the original infinite-dimensional op-
timization problem into a convex finite-dimensional problem [9], and ensure that X and X, lie
within the specified Wasserstein radii of the ambiguity set Bg(Qy). Interested readers are referred to [9)]
for the full derivation of (16). Solving (16) yields the least-favourable covariances (2;"%“%1 and X7, ),
which are used to determine the robust Kalman gain as

XEk|k—1

-1

K, =35, .C (G5, ,Cr +3%,) (17)

The posterior state estimate and covariance are determined via
Rije =Rpjp—1 + K5 (ye — %), (18)
Y == K,’;Ck)E;M_l. (19)

where I € R"= %"= ig the identity matrix. The Wasserstein radii 65 and 6, determine the estimator’s
conservativeness and serve as tunable hyperparameters selected from the data. Notably, for quadratic
loss functions under a We-ambiguity set centred at a Gaussian distribution, the worst-case distribution
is known to remain Gaussian. This follows from the fact that the optimal adversarial distribution is
an affine mapping of the nominal one, as demonstrated in [18].

3.3 Distributionally robust extended Kalman filter

The DRKF framework of Section 3.2 assumes a linear output mapping Cj. To extend DRKF to
the nonlinear setting, we adopt a methodology akin to EKF, which we refer to as DREKF. We be-
gin by assuming that x; and yj are governed by the nonlinear state and measurement functions
f(Xi—1jk—1,ux) and h(Xyp—1), respectively. The prior state estimate, Xj,_1, is computed exactly

as is in (10). The nonlinear state transition matrix is obtained via the Jacobian Fj = g—,{k s
k—1|k—1

The pseudo-nominal prior state covariance s
dynamics. The prediction step becomes:

xxx_1 18 Obtained by using Fy to approximate the linear

Kpp—1 =f R—1jk—1, Ug) + Wi (20)

3! =F;% F + 3y, (21)

XEk|k—1 Xg—1|k—1

% Kpjk—1"
Matrix Hy, replaces matrix Cy, within the SDP constraints (16b), the robust gain calculation (17), and
the posterior state covariance update (19). Because Hy, is linear, it preserves the Kalman filter’s update
mechanism for propagating the uncertainty in constraint (16b), as well as when updating the Kalman
gain and the posterior state covariance [26]. The updated robust Kalman gain is then computed as:

Similarly, the linearized time-varying measurement matrix is obtained via the Jacobian Hy =

K;=%: H (HZ, H +%)" (22)

Xk |k—1 Xk |k—1

and the state and covariance updates are now computed using the linearized approximation:

Kije =%pp—1 + K5 (ye — I) (23)
Zxk‘k :(I_KZHK)Zj(Mk,l' (24)

In the context of LIB SOC estimation, nonlinearity is driven solely by the OCV polynomial .. (s).
Because the state-transition function is linear, Fy = A V k while Hy, is defined by (12).

The DREKF is presented in Algorithm 1. We begin by predicting the state prior estimate, Xy(_1,

and the pseudo-nominal prior state covariance matrix, ﬁ]xk‘ ., via (20) and (21) (Line 7). Matrix Cy
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Algorithm 1 Distributionally Robust Extended Kalman Filter (DREKF)

Inputs:

1: Wasserstein radii 0x, 0y

2: Covariances ﬁ)w, ﬁ)\,, ﬁ]xo,

3: Initial state estimate and noise means Xq, Wi, Vi,
4: Update Tolerance €

Output: State estimates {%;}7_,

5: for k=1to T do

6: Compute Jacobian Fj = g—f .
XX _1k—1

7 Predict Xy x—1 and Xx, |, , via (20) and (21)
8: Obtain measurement y; and predict yj via (7)
9: Compute Hy, = 2&

P kT ox Xk k—1
10: if |lyx — Ykl >€eork=1 then
11: Substitute Hy, into (16b)
12: Solve SDP (16) to obtain E;Mkfl,z::k
13: else
14: E;k\k—l’zf’k = E;k—lﬂc—?’zr’k—l
15: end if

16: Compute K7 via (22)
17: Compute Xk, 2xk|k via (23) and (24)
18: end for

is approximated by Hj, (Line 9) and we substitute it into (16b) to solve the SDP (16) (Line 11— 12).
The robust Kalman gain is then computed via (22) and the state estimate and covariance are updated
via (23) and (24) (Line 17).

A drawback of the DREKF is that it requires Hy to be updated at each time step k. This
in turn necessitates recomputing the worst-case covariance at each time step, and prevents the use
of a more efficient version of (16), where the Kalman gain is computed offline [14]. To improve
computational efficiency, we draw inspiration from works based on event-triggered state estimation [10,
11] and assume that if the predicted measurement is very close to the actual measurement, the worst-
case distribution from the previous timestep can be considered a reasonable approximation, and we do
not require a recomputation of (16). Therefore, we recompute the worst-case covariances only when the
difference between the measured terminal voltage and the estimated value exceeds a certain tolerance,
e > 0 (Lines 10 and 13). We highlight this modification in grey in Algorithm 1. This additional
hyperparameter can be tuned, depending on the desired accuracy and computational efficiency gain
of the user and its effect is studied in Section 4.3. Setting e = 0, effectively ensures that (16) is
recomputed at every timestep, leading to the nominal DREKF.

4 Numerical study

We now evaluate the performance of the DREKF algorithm for LIB SOC estimation. Numerical
simulations are carried out in MATLAB and Simulink. We use the open-source LG 18650HG2 Li-ion
Battery dataset [17], which contains tests at —20°C, —10°C, 0°C, 10°C, 25°C, and 40°C. Specifically,
the HPPC tests are used to characterize the battery behaviour, and the urban dynamometer driving
schedule (UDDS) tests are used to evaluate the model’s performance against baselines, viz., EKF and
UKF. The UDDS dataset gives us a sample time At = 0.1s.

We use the MATLAB Simscape battery library and the tfest function method to obtain the ECM
parameter vector 1,21 in (9) from the HPPC test. We assume that the battery SOH is constant at 100%.
The inclusion of a varying SOH is a topic for future work. The reference SOC is obtained via Coulomb
counting using high-precision current measurements and a known initial SOC, x; ¢ = 1.0. To evaluate
the correction ability of the various Kalman filters, we also observe the performance when x; ¢ does
not match the true value and later set the initial condition to =, = 0.75.
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For each filter, the process and measurement covariances are tuned iteratively until a stable value
is obtained. The radii x and 6, are determined through the use of Optuna [1], where 100 trials are
carried out to find the best performing values with respect to the root mean square error (RMSE).
Through this, 8 = (0.01,0.001) T is selected for our DREKF. Our implementation is readily available
on Github.

4.1 SOC estimation accuracy

Table 1 reports averages for the SOC estimation error for the nominal UDDS data across temperature
and initial SOC conditions. We consider the mean absolute error (MAE) and the RMSE as primary
metrics for assessing the accuracy, favouring the RMSE as it gives higher weights to larger deviations
from the reference value. We also look at the average 75'"" percentile and the number of outlier errors
within our dataset to evaluate the spread of the estimation errors. Outliers are defined per test as
samples exceeding 1.5x the inter-quartile range of the absolute error. These results are presented in
Table 1.

Table 1: Average performance metrics across —20°C to 40°C for nominal UDDS dataset at ¢ = 0.01.

z1,0 Method MAE (%) RMSE (%) 75 pct.(%) No. Outliers

EKF 3.14 4.46 3.85 3,347.67

1.00 UKF 2.85 3.23 3.55 3,933.00
DREKF 2.77 3.10 3.46 2,937.33

EKF 3.53 4.42 4.33 4,270.33

0.75 UKF 2.89 3.30 3.58 4134.67
DREKF 3.03 3.69 3.58 4015.33

When averaging the metrics across all temperatures, the proposed DREKF consistently outperforms
EKF across all metrics. Under the correct initial SOC (21, = 1.0), it also marginally outperforms
UKF. With z; 9 = 0.75, UKF performs slightly better, partly due to its faster settling time, which
is illustrated in Figure 2. Crucially, these results demonstrate that DREKF incurs no significant
performance penalty from its robustness under nominal conditions, while also preserving a settling
time comparable to the baseline filters when SOC correction is required.

1
0
e, |
0.95 |- .
=
=}
o 09} .
@)
175}
0.85 |- -
l l l
0 50 100 150 200

Time (s)

—— DREKF EKF UKF —— Reference

Figure 2: Convergence speed for the tested estimators at 25°C.


https://github.com/donaldkinyafisher/DREKF

Les Cahiers du GERAD G-2026-34 10

4.2 Robustness against corrupted data

To evaluate the robustness of our approach, we employ a Sliced-Wasserstein (SW) outlier generation
method [27] on the UDDS dataset. This method allows us to generate out-of-distribution outliers
that can mimic non-Gaussian noise by thresholding the SW-distance between the sample and the
outlier distributions. In our corrupted UDDS dataset, we specify 1% of the current measurements to
be corrupted by a SW-distance threshold of 0.01, while 1% of the voltage points are corrupted by a
SW-distance 1 x 1073. The results are presented in Table 2.

Table 2: Performance comparison for the 1% corrupted UDDS dataset at 1,0 = 1.0 and ¢ = 0.01.

Temp Method MAE (%) RMSE (%) 75th pct. (%) No. Outliers

EKF 8.64 9.93 10.40 3397
—20°C UKF 7.42 7.89 8.73 4781
DREKF 7.14 7.51 8.36 3322
EKF 5.47 6.87 5.18 14435
—10°C UKF 4.04 4.46 4.27 11041
DREKF 4.04 4.38 4.40 8279
EKF 4.80 8.24 3.49 23676
0°C UKF 1.89 2.23 2.70 256
DREKF 1.76 2.09 2.56 83
EKF 2.04 3.31 2.48 4268
10°C UKF 1.91 2.22 2.68 1734
DREKF 1.87 2.17 2.63 1602
EKF 1.12 1.46 1.59 4131
25°C UKF 0.95 1.28 1.43 3622
DREKF 0.88 1.16 1.29 2673
EKF 1.14 1.50 1.75 1534
40°C UKF 0.90 1.28 1.49 1969
DREKF 0.86 1.20 1.43 1462

We observe in Table 2 that the DREKF achieves lower RMSE, MAE, and 75" percentile errors
than both the EKF and UKF for all temperatures, except —10°C, where the UKF yields a lower
MAE and 75" percentile error. Even in this case, the DREKF outperforms the EKF and produces
fewer outliers than the UKF. Across all temperatures, the primary benefit of the proposed DREKF is
a reduction in the upper tail of the estimation error distribution, as evidenced by consistently lower
75" percentile errors and fewer outliers. This reflects the fact that distributional robustness limits the
sensitivity of the filter’s gain to outliers, due to the consideration of the worst-case distribution. We
further illustrate this in Figure 3b, where the DREKF exhibits narrower whiskers and fewer outliers
relative to EKF and UKF.

We note a clear performance degradation at —20°C across all estimators. Exceptionally, some
outliers at this temperature correspond to anomalously low estimation errors, as shown in Figure 3a. At
this extreme cold, the battery’s internal and polarization resistances increase sharply and nonlinearly
in the battery, which the parameter lookup tables fail to capture as accurately compared to the other
temperatures. As such, while distributional robustness effectively mitigates the effect of non-Gaussian
noise, it cannot compensate for larger, systematic model inaccuracies. Nevertheless, we observe that
the DREKF is effective in reducing the maximum estimation error by approximately 5% relative to
the UKF and 25% relative to the EKF.
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Figure 3: SOC error distribution of estimators for z1 o = 1.0.

4.3 Computational complexity

To satisfy real-time operation requirements, each state estimate must be computed before the next
measurement is acquired. In this experiment, this corresponds to a maximum allowable computation
time of 0.1 s per sample. We evaluate the impact of the € tolerance value by carrying out simulations
with varying values. We choose values within the range of 0.001 — 0.02 V, as this roughly translates
to a SOC difference of 0.1 — 2% based on the battery’s corresponding OCV-SOC profile. We compute
the average computation times across all temperature conditions, using the corrupted UDDS dataset.
All trials are conducted on a 64-bit Lenovo Thinkpad with 16GB RAM and a 13th Gen Intel Core i7
processor. Simulink’s Profiler is used to time each filter during a simulation. For the DREKF, we
present the runtimes alongside the average accuracy metrics in Table 3.

Table 3: Evaluation time of the DREKF for different e.

Average Computation Time MAE RMSE th
€ (ms /sample) (%) (%) 75t pct. error (%)
0.001 23.6 2.93 3.38 3.70
0.005 5.15 2.82 3.16 3.56
0.01 2.51 2.76 3.44 3.44
0.02 1.15 2.75 3.43 3.43

Compared to the other filters, the EKF exhibits the lowest mean execution time at 0.634 ms per
sample. The UKF incurs a moderate increase in overhead, averaging 2.39 ms per sample. For the
DREKF, the cost is significantly higher at the tightest tolerance of ¢ = 0.001, where the SDP is
recomputed at effectively every timestep. However, Table 3 shows that the computation cost remains
comparable to the UKF at tolerances of ¢ = 0.005 and 0.01, while being more efficient at ¢ = 0.02.
These results demonstrate that the implementation of € is effective in reducing the computational
demands without sacrificing the robustness of the DREKF, and the algorithm can be implemented
with a marginal overhead relative to the benchmark filters. Critically, all variants operated well within
the 0.1 s sampling interval, validating the real-time feasibility of the DREKF.



Les Cahiers du GERAD G-2026-34 12

5

Conclusion

This paper proposes a distributionally robust extended Kalman filter (DREKF) for Lithium-ion battery
state-of-charge estimation. By incorporating a Wasserstein-based ambiguity set into the estimation
framework, the proposed method improves robustness to deviations in the nominal measurement and
process noise distributions, while preserving computational efficiency for real-time operations. Sim-
ulation results across multiple temperatures and operating conditions demonstrate that the DREKF
achieves accuracy comparable to the conventional extended Kalman filter and unscented Kalman filter
(UKF) approaches under nominal conditions, while outperforming them when faced with measurement
outliers. Future work includes developing a distributionally robust extension to the UKF to further
improve estimation performance.
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