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Abstract : The almost supermartingale convergence theorem of Robbins and Siegmund (1971) is
a fundamental tool for establishing the convergence of various stochastic iterative algorithms arising
in system identification, adaptive control, machine learning, and reinforcement learning. However,
the original theorem is limited to scalar-valued stochastic processes. In this paper, we generalize the
Robbins-Siegmund theorem to non-negative vector-valued stochastic processes and provide multiple
sufficient conditions for such processes to converge almost surely, relying on the convergence of infinite
products of matrices. We demonstrate the utility of this framework by introducing the concept of
an autoregressive almost supermartingale and applying it to establish the almost sure convergence of
stochastic gradient descent with delayed updates.

Keywords: Stochastic approximation; time-delay systems; stochastic gradient descent

Résumé : Le théoreme de convergence des presque surmartingales de Robbins et Siegmund (1971)
constitue un résultat fondamental pour I’analyse de convergence de nombreux algorithmes itératifs
stochastiques intervenant en identification des systémes, commande adaptative, apprentissage automa-
tique et apprentissage par renforcement. Néanmoins, sa formulation originale se limite aux processus
stochastiques scalaires. Dans cet article, nous proposons une généralisation du théoreme de Rob-
bins—Siegmund au cadre des processus stochastiques vectoriels non négatifs et établissons plusieurs
conditions suffisantes garantissant leur convergence presque stre, en nous appuyant notamment sur
I’étude de la convergence de produits infinis de matrices. Nous illustrons ensuite I'intérét de ce cadre
en introduisant la notion de presque surmartingale autorégressive, que nous appliquons a l’analyse de
la convergence presque stire de méthodes de descente de gradient stochastique en prenant en compte
le retard dans les mises a jour.

Mots clés: Approximation stochastique; systéemes a retard; gradient stochastique

Acknowledgements: The work of Aditya Mahajan was supported by DATATIA Fellowship and Natural
Sciences and Engineering Research Council of Canada (NSERC) Discovery Grant RGPIN-2021-0351
and Alliance Catalyst Grant ALLRP 592356. The work of Mathukumalli Vidyasagar was supported
by the Science and Engineering Research Board of India.



Les Cahiers du GERAD G-2026-27 1

1 Introduction

In optimization, systems and control, signal processing, and machine learning, data is often observed
sequentially and corrupted by noise. Algorithms in these settings typically start with an initial guess of
a solution and recursively update it as additional data becomes available. Representative examples of
such stochastic iterative algorithms include recursive least square methods in system identification [9,
17, 18, 19], certainty equivalent methods in adaptive control [7, 9, 33], stochastic gradient descent
methods in machine learning [21, 30], various learning algorithms such as Q-learning in reinforcement
learning [22, 35], and distributed consensus [23, 24].

The convergence of these algorithms is commonly studied using stochastic approximation theory [3,
6, 15, 16, 29]. Two main approaches are used. The first, called the ODE approach, establishes that the
iterates of stochastic iterative algorithms track, in an appropriate sense, the trajectories of deterministic
difference or differential equations. The second approach, called the martingale approach, analyzes the
discrete-time iterates directly and establishes convergence using generalizations of the supermartingale
convergence theorem, typically using a generalization called the almost supermartingale convergence
theorem which is due to Robbins and Siegmund [28]. We refer the reader to [6, 16] for an overview
and applications of the ODE approach and to [34] for an overview of the martingale approach. While
these classical results establish asymptotic convergence, the recent literature increasingly focuses on
deriving non-asymptotic finite-time bounds to quantify the convergence rate and sample complexity.
See [10] for an overview.

In recent years, there has been a proliferation of distributed machine learning where processing is
offloaded to a cloud or edge servers, which often leads to network and processing delays. This has led
to considerable interest in understanding the behavior of standard machine learning algorithms such
as stochastic gradient descent (SGD) under delayed updates (also called stale updates).

Since the seminal Hogwild! paper [27], numerous asynchronous SGD variants have been studied [1,
5, 8, 11, 12, 20]. However, with the exception of [5, 8], this literature primarily establishes finite-
time convergence rates for the average of the iterates. Crucially, convergence of the average does
not guarantee that the iterates themselves remain bounded or converge. To the best of the authors’
knowledge, [5, 8] are the only work in this domain that establishes almost sure convergence (and also
asymptotic normality in case of [8]) of the iterates themselves.

In this paper, we present a conceptually simple approach to analyze the convergence of SGD
with delayed updates. Our intuition rests on a standard technique: discrete-time processes with
memory (i.e., delay) can be converted to processes without memory by using an appropriate state
augmentation. However, this transformation does not work for SGD with delayed updates because the
standard martingale analysis relies on the scalar-valued almost supermartingale convergence theorem of
Robbins and Siegmund [28]. State augmentation introduces vector-valued states, which would require
a vector generalization of the almost supermartingale convergence theorem which, to the best of our
knowledge, does not exist in the open literature.

The main contributions of this paper can be summarized as follows.

e In Sec. 2, we provide vector-valued generalizations of the almost supermartingale convergence
theorem under different sets of sufficient conditions, which rely on the convergence of an appro-
priately defined infinite product of matrices.

e As an application of these vector-valued almost supermartingales, in Sec. 3 we introduce the con-
cept of an autoregressive almost supermartingale and provide easy to verify sufficient conditions
for its boundedness and convergence.

e In Sec. 4, we show that SGD with delayed updates can be viewed as an autoregressive almost
supermartingale and use the results of the previous section to show that it converges under stated
assumptions on the objective function and the noise.

The notations are standard and explained when first used.
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2 Vector generalizations of Robbins-Siegmund theorem

A sequence {X,},>o of real-valued random variables adapted to a filtration {F,},>¢ is called a

supermartingale if
E,[Xn1] <X,y Yn2>0

where the notation E,[] is a shorthand for E[-|F,]. Roughly speaking, supermartingales generalize
the notion of monotonically decreasing sequences to stochastic processes, see, e.g., [26]. A fundamental
result in martingale theory is the supermartingale convergence theorem [25, 31], which states
that non-negative supermartingales converge almost surely.

When analyzing convergence of stochastic iterative algorithms, it is not always convenient to di-
rectly apply the supermartingale convergence theorem and a slight generalization, initially proposed
by Robbins and Siegmund [28], is much more useful:

Theorem 1 (Almost supermartingale convergence). Suppose {X,}n>0, {Bn}n>0, {Yn}n>0, {Zn}n>0 are
R.4-valued stochastic processes adapted to some filtration {F,, },>0 that satisfy

Define the set Qg by

QO—{wGQ:Zﬂn(w)<oo}ﬂ{w:ZYn(w)<oo}.

n>0 n>0
Then, for almost all w € Qy, we have that

1. The sequence {X,,(w)}n>0 converges, and hence, is bounded.!
2. Y50 Zn(w) < oo

To analyze the convergence of SGD with delayed updates, we need a delayed version of Theorem 1.
Such delayed almost-supermartingales can be viewed as vector-valued almost supermartingales via
state augmentation. Therefore, we start with a generalization of Theorem 1 from R4 to Rﬂ. Such a
generalization is trivial for R -valued stochastic processes if they are component-wise supermartingales,
that is, E,[X,,+1] < X,,, where the inequality holds for each component of X, 1. However, such simple
arguments do not work in the almost-supermartingale case.

We present a set of sufficient conditions under which the vector-valued almost supermartingales
converge. Our conditions rely on the existence of the limit of infinite product of matrices. So, we review
some basic results of infinite product of matrices in Sec. 2.1 and then present the main convergence
theorem in Sec. 2.2.

2.1 Review of infinite product of matrices

We start with a review of infinite products of matrices. If { By, },>¢ are p X p real matrices, we define

" BmBm_1---B, ifn<m,
II 5. = .
P I if n>m;

to be the product where successive terms multiply on the left.

Let ||-|| denote any sub-multiplicative matrix norm on R?*?. The following are sufficient conditions
for the convergence of infinite product of matrices.

INote that the bound will in general depend on w.
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(C1) If Y07 || Bnll < oo then [[)2 (I + B,) converges.
(C2) Let {R,}n>0 be a sequence of p x p matrices such that lim, o R,, = I and Y., ||(I + Bn) R, —
Ry41]] < oo then [[2, (I + B,,) converges.

(C3) Let {U,}n>0 be a sequence of p x p matrices such that |U,|| = 1 for all n. Suppose that for all
N >0, the product [[""_y U,, converges for m — oo and Y > || B, || < oo, then [[°2, (U, + By)
converges.

Condition (C1) is a standard result and stated as Theorem 1 in [32]. Condition (C2) is Theorem 5
of [32]. Condition (C3) is Theorem 2.1 in [2]. Tt is also argued in [2] that in (C3) if the U, are invertible,
then convergence of [["_, U, as m — oo implies convergence of [[_ U, for all N.

2.2 First vector generalization of Theorem 1

Suppose { X, } >0, {Yn}n>0, and {Z, },,>0 are RE -valued stochastic processes and {A,, },>¢ is a RE*P-
valued stochastic process, all adapted to some filtration {F, }, >0, that satisfy

En[Xpi1] < A4 Xp+ Yy — Zo, n>0. (2)

We assume that there exists a deterministic sequence {An}nzo, A, € Rﬁxz’ that satisfies the
following properties:

(A1) For each n, A, < A,, almost surely.
(A2) For each n, A, is invertible.
(A3) The infinite product
M = H A,
n=0
converges. Clearly, M € R}?.
(A4) M is invertible.
Remark 1. The sufficient conditions (C1)—(C3) mentioned above for existence of infinite product of
matrices can be used to verify (A3). In particular, if we assume that A, = I+ B,, where > Byl <
00, we have a natural generalization of the conditions in Theorem 1 to the vector case. However,
condition (A3) is more general. For example, as shown in [32], [[,5,( + B,) converges even if
> n>0llBnl = oo if condition (C2) holds.

Define
0, = H A (3)
m>n

It follows from (A2) and (A3) that ¥, is well defined for all n because
n—1 -1
\Ifn:M[HAm} . (4)
m=0

It is also clear that for all n >0, ¥,, € RY*, and
U, 1A, =1,. (5)

Tt is shown in [32] that (A4) implies
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Theorem 2. Suppose (A1)—(A3) hold. Define the set

le{weQ:ZYn(w)<oo}. (7)

n>0
Then, for almost all w € €y, we have the following:

1. The sequence {¥,, X,,(w)},>0 converges, and hence, is bounded.
2. Additionally, if (A4) holds then {X,,(w)},>0 converges, and hence, is bounded.

3. 20 Ynt1Zn(w) < oo

Proof. Observe that since all processes are non-negative, Assumption (Al) implies that we can re-
place (2) by the following:
E,[Xn1]) <AXy +Y —Z,, n>0. (8)

Define X! =¥, X,,, Y =W, 1Y, and Z', = ¥, ,17Z,. Now consider

En (X, 1] = En V41 X044]
@ U1 B [ X 41]
(b) _ _
< \I/n-‘rl (Aan + Yn - Zn)
YDxr v -2z 9)

where (a) follows because W, is deterministic, (b) follows from (8), and (c) follows from (5) and the
definition of X/, Y, and Z/. Note that (9) holds for every component.

Define
0 = {w eN: ZH\T’nHYn(W)H < oo}
n>0
(where [|-|| is any norm on RRP). Since all norms are equivalent in a finite-dimensional space, we have

that for any w € O, >, 5 o[Yn]i < oo, for alli € {1,...,p}, where [Y,]; denotes the i-th component of
Y,!. Therefore, by applying Theorem 1 to every component of (9), we get that for almost all w € Qf,
limy, 00 X, (w) exists and ), 5 Z;,(w) < oo. This establishes the first and last part of the result.

We now prove part 2. Recall that due to (A2) and (A4), ¥, is invertible and lim,, . ¥, = I.
Therefore, lim,, o, ¥;;! = I. Hence, for almost all w € 0},

Xn(w) = 01X (W) = X (w).

So, we have shown that the result holds for almost all w € Q). We will now show that ; C Q.
For any w € Q, we have that > _,||Yn(w)||cc < co. Due to the equivalence of norms in a finite
dimensional space, this implies that

Yo IYa(w)ll < oo (10)

n>0
From (A3), it follows that ¥* := sup,,~¢|[ ¥y || < co. Then, for any w € Qy,
S T Yo < 8 3 Vo) < oo

n>0 n>0

where the first inequality follows from the definition of ¥* and the second inequality follows from (10).
Thus, ©; C Q}. Hence, the result holds for almost all w € Q. O
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2.3 Second vector generalization of Theorem 1

Assumptions (A1)—(A4) require an upper bound on {A,},>0 to satisfy certain properties. We now
present a variation of these assumptions that does not require an upper bound, but places a stronger
assumption on the infinite product of matrices. In particular, we assume that the following assumptions
hold.

(A2%) For each n, A, is invertible.
(A3’) The infinite product

M = ﬁ A,
n=0

converges to a deterministic limit, almost surely. Clearly M € IRTP .
(A4’) M is invertible.

Similar to version 1, define

v, = H Am- (11)

m>n

Tt follows from (A2’) and (A3’) that ¥, is well defined for all n because
n—1 -1
mnzM{HAm} : (12)
m=0

Since M is deterministic, ¥, is F,, measurable. As in version 1, it is clear that for allm > 0, ¥,, € ]RiXp,
and

Furthermore, as before, (A4’) implies that
nh_}rr;o v, =1 (14)

Theorem 3. Suppose (A27)—(A4’) hold. Define the set §; to be the same as (7). Then, for almost all
w € €1, we have that

1. The sequence {X,,(w)}n>0 converges, and hence, is bounded.
2. > 0 Ynt1Zn(w) < oo

Proof. The proof argument is similar to that of Theorem 2, with the following changes. Define
X =9,X,,Y, =VU,1Y,, and Z,, =¥, 1 7Z,. Now consider

En (X, 1] = En[Vq1 Xp41]

@ G B[ X1]

(b)
S \Ijn+1 (Aan + Yn - Zn)

YDxr 4y -2z (15)

where (a) follows because ¥,,; is F,, measurable due to (12), (b) follows from (2), and (¢) follows
from (13) and the definition of X, Y, and Z],. Note that (15) holds for every component.

n?’

The rest of the proof argument is the same as that of Theorem 2. O
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2.4 Third vector generalization of Theorem 1

Assume that the sequence {4, },>0 satisfies the following assumptions:

(A5) For each n, A, is invertible.
(A6) For each n, A;' € RE*P.
Remark 2. A necessary and sufficient condition for (A6) is that each A,, is monomial, i.e., for every n

there exists a permutation matrix P,, and a diagonal matrix D,, with strictly positive diagonal elements
such that A,, = P, D,,.

Define @, = [],,,.,, Am. It follows from (A5) that ®,, is invertible and from (A6) that ol e ]Rﬂ)(p.
It is also clear that for all n > 0,
& 1A, =0, (16)

Theorem 4. Suppose assumptions (A5) and (A6) hold. Define

Qg = {w € Q: lim &, (w)exists and is ﬁnite} {w €eQ: Z R } (17)

n— o0
n>0

Then, for almost all w € 29, we have that

1. The sequence {X,(w)}n>0 converges, and hence, is bounded.
2. ano @;Jlrl(w)Zn(w) < 0.

Proof. Define X/ = ®,1X,, Y, =&

Y., Z, = o

n+IZ Then,
(@) ®)
E, [X;z+1] @n+1E [Xn+1] < (I)nil[Aan +Y, - Zn]

©

O 1X, +® 1Y, —d

L Z, =X, +Y, -2, (18)

n+1

where (a) follows because @, is F,-measurable, (b) follows from (2) and (A6) and (¢) follows
from (16). Inequality (18) holds for each component of the vectors. Therefore, by applying Theo-

rem 1 on each component, we get that lim, ., X/, (w) and Zn>0 ! (w) exist and are finite for almost
all elements in the set {w : >0 Yolw) < 00} D Q.

Furthermore, on Qg, lim,_,+, ®,(w) converges to some limit ®,. So, X,, = &, X/ also converges.
O

3 Autoregressive almost supermartingales

Fix an integer D > 0 and let D = {0,1,...,D}. Consider R-valued stochastic processes {X,, }n>0,
{Yotnz0, {Zntn>0, {anatn>1, d € D, all adapted to a filtration {F, }n>0, that satisfy,

En[Xni1] € Xo+ Y anaXn-a+Yn—Zn, ¥n>D. (19)
deD

Drawing a parallel with (1), we call such a process autoregressive almost supermartingale.

Define X,,,Y,,Z, € RP*! as follows: X,, = vec(Xn_p,...,Xn), Y = vec(0,...,0,Y,), and
Zy, = vec(0,...,0,7,). Then, the dynamics (19) may be written in vector form as

E,[Xp1] <AX,+Y,—Z,, n>D (20)
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where A,, € ]RS_DH)X(DH) is given by
[0 1 0 0
0 0 1 0
A, = (21)
0 0 0 1
Gn,D Gn,D—1 **- - Qpo+ 1]

Theorem 5. Consider the autoregressive almost supermartingale defined in (19). Suppose there exists
a strictly positive deterministic sequence {ay, q}dep n>0 that satisfies the following:

(AS1) For alld € D, n >0, we have ap g < Gnq -
(AS2) For all d € D, we have ), - n,a < 00.

Define A,, to have a similar structure to A,, with an,q replaced by a,, 4 and define U, as in (3). Define

the set 4 as in (7), that is,
0 = {w eN: ZYn(w) < oo}.

n>0

Then, for almost all w € €2y, we have the following conclusions:

(Conl) The sequence {¥,, X, (w)},>p converges and is therefore bounded.
(Con2) The sequence {X,,(w)}n>o converges and is therefore bounded.
(Cond) 3,54 Zn(w) < oo

Proof. By construction 4, is invertible and satisfies (A1) and (A2). We first prove that it satisfies (A3).

Observe that we can write A,, as

A,=8+B,
where ) ) ) )
0o 1 o0 0 0 0 0 0
0 0 1 0 0 0 0 0
S = , B,=
0o 0 . 0 1 0 0 .00
o 0 -~ 0 1] (Gnp Gnp-1 - Gno]
Observe that for k > D, S* = L, where
o0 --- 01
o0 --- 01
L =
00 --- 01

Thus, for every N > 0, the product [ S = S™ N*1 converges to L as m — co. Moreover, from
(AS2),

D
S 1Bulloe = 303 < . (22)
n>D n>D d=0

Hence the perturbations B,, are summable. Thus, condition (C3) of Sec. 2.1 implies that

I1 4 -

n=D n=D

(

S+ B,)
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converges. Hence (A3) holds.

Now, Eq. (20) may be viewed as a vector almost-supermartingale. The matrices A; satisfy (A1)
(A3). Therefore, Theorem 2 implies that lim, ,c U, X,(w) exists and is bounded and
EnZO U, 4172, (w) < 0o. This establishes the first part.

We now prove the second part. We first show that {X,,},>0 is bounded. Since all entries of A,
are non-negative,

oo
[@n]D,D Z H (1 + am,O) Z 17 (23)
m=n
where we use the notation [M]; ; to denote the (4, j)-th entry of a matrix M (with indices ranging
from 0 to D) and use a similar notation for vectors.

Now observe that H

[\i’an]D = Z[@H]Dd[)zn]d > [@n]D,DXn > X,
d=0

where we have used the structure of X,, and (23). By (Conl), we know that {¥, X, },>0 converges
and, therefore, all its components are bounded.

We now prove convergence of {X,,},>o. For any M > n, define

M M
Py = H S and Qpum = H(S+Bm).

By the telescoping identity for products, we have

Qn,M_Pn,M:Z< H (S—i—Bm)) BT<T1:[ S)

r=n \m=r—+1

Since ||S]|co = 1, we get

M M
1Qnar = Pt <5 T 0+ 1Bunlloc)|Br

r=nm=r+1

M M
< Z H (L+ (| Bimlloc) | Brll oo

T=nm=n

M M
< exp (Z ||BM||OO> Z ||Bm||00~ (24)

Taking the limit as M — oo, we get that

¥, — L]los < exp (Z |Bm||<x>> Z [ B loo-

Combining this with (22), we get that
nlggqujn —Llee =0
Hence lim,,_y00 ¥,, = L.
Since {X,, }n>0 is bounded, we have that there exists some constant C such that || X, |l < C.

lim [|[(¥, — L)X |leo < lim [|(¥,, — L)]|ecC = 0.
n—0o0

n— oo
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Now in (Conl), we had shown that {¥,, X, }n>0 converges. Combining with the above, we get that
{LX,}n>0 converges. By definition of L, we have that

LX, = (Xn,. ., Xn) '
Hence, { X, }n>0 converges. This completes the proof of (Con2).

Now we prove the third part. Observe that

D
(W1 Znlp = [Wniilp.alZnla > [Wni1]p.0Zn > Zn
d=0

where we have used the structure of Z,, and (23). Therefore, Theorem 2 implies that

Z Zn < Z[‘i]nJrlZn]D < 00.

n>0 n>0

This proves (Con3). O

4 Stochastic Gradient Descent with Delayed Updates

Let {F,}n>0 be a filtration and let {&,},>0, &, € R be a noise process and {ay, tn>0, an € R>o, be
a sequence of learning rates, both adapted to {F,}n>0.

We consider a version of SGD with delayed updates, where the current update term is a convex
combination of past gradients. The coefficients of the convex combination can vary from one step to
another, and can also be random. However, it is assumed that there is a known upper bound D on
the delayed information.

We are interested in finding the minimum of a C!' function .J: R? — R. We start with initial

estimates 0y, -+ ,0p € RP. From step D + 1 onward, the estimate is updated according to the
iteration:
D
9n+1 - en — Qp Z >\n7kVJ(9n7k) + fnJrl 5 n 2 D» (25)
k=0

In the above, for each fixed n, the “weights” {)‘n,k}kD:O are nonnegative, and add up to one. They can
also be F,,-measurable random variables. When the delay D = 0, the above iteration corresponds to
standard SGD. The paper [13] gives the best available results for that problem. Our objective is to
analyze the asymptotic behavior of (25) when D > 0, in such a way that the results reduce to those
of [13] when D = 0.

For this purpose, we impose suitable assumptions on the objective function J(-), the noise sequence
&i41, and on the learning rate o;. We begin with the objective function.

(J1) The function J is ¢-smooth for some £ > 0, i.e., for any 61,6s € RP, we have
IVJ(01) = VJ(62)] < £]|61 — 02

where ||-|| denotes the Euclidean norm.
(J2) The quantity
J* := inf J(0) > —o0.
0cRP
Moreover, it is assumed that the infimum is attained. By replacing J(-) by J(-) — J*, it can be
assumed without loss of generality that J* = 0.
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(J3) J(:) satisfies the relaxed “Kurdyka-Lojasiewicz” condition, denoted by J € KL', defined next.
A function n: R — R is said to belong to Class B if (i) n(0) = 0, and (ii) whenever ¢ > 0 and
M < oo, we have
inf n(r) > 0.

e<r<M

The assumption is that there exists a function 7(-) of Class B such that

IVI(O)]* = n(J(8))-

Remark 3. Now we discuss some implications of the above assumptions.
e As shown in [13, Lemma 1], Assumption (J1) implies that
IVJ(0)]* < 2¢J(6). (26)

e The class of functions known as Kurdyka-Lojasiewicz (KL) is standard in optimization theory.
Note that every function that belongs to the class (KL’) is invex, in the sense that every
stationary point 6* such that VJ(6*) = 0 is a global minimizer of J(-). The reader is directed
to [14] for a detailed discussion of such ideas. Our definition imposes slightly weaker conditions.
See [13, Section 4.2] for further details.

Next, we impose the following assumptions on the noise.

(N1) The noise sequence {&,+1}n>0 is a martingale difference sequence with respect to the filtration
{}—n}nZOa i.e.,
E,[(+1] =0, ¥n>0.

(IN2) There exists a sequence of nonnegative constants o2 such that
En[||§n+1||2] < U’IQL’ Vn > 0.
Finally, here are the assumptions on the learning rates.

(R1) The learning rate sequence is upper bounded by a deterministic non-negative sequence {@y }n>0

such that
Z a2 <oo and Z aZol < oco.
n>0 n>0

(R2) The learning rate sequence satisfies

E Qp =00, a.s.

n>0
Theorem 6. Suppose assumptions (J1)—(J3), (N1) and (N2) hold.

1. If (R1) holds, then the sequences J(6,,) and V.J(6,,) are bounded almost surely.

2. If, in addition, (R2) holds, then the sequences J(6,) and ||V.J(6,)| converge to zero almost
surely.

Remark 4. Note that the conclusions of the theorem do not say anything about the behavior of the
iterates {0,}. In order to draw such conclusions, additional assumptions need to be imposed on the
objective function J(-). This is done later in the paper in Remark 5.

Proof. The proof consists of finding a bound for the conditional expectation E,[J(6,+1)] in such a
way that Theorem 5 can be applied. For this purpose, the following bound from [4, Eq. (2.4)] is very
useful. It states that, when Assumption (J1) holds, we have

T(02) < J(02) +(TI(0:), 02— 00) + 510 — 6n] (27)

We will also make use of the following inequalities:
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1. Given vectors z1,--- ,zxy € RP, we have that

N 2
>
i=1

This follows directly from Cauchy-Schwartz inequality.

N
<N ] (28)
=1

2. Given vectors zg, -+ ,xp € RP and non-negative weights {wy }2_, which add to 1, we have

D 2
E WE Xl
k=0

This follows directly from Jensen’s inequality

D
< w1 (29)
k=0

With these preliminaries out of the way, we begin our analysis of (25). Assumption (N1) means
that, whenever x,, € RP is F,,-measurable, we have

En[(@n, €nt1)] =0, Enllzn + &ar1l®] = lzall? + Enfll€nsa]l?).

Substituting this into (25) and using (27) gives

D
En[J(On41)] < J(0n) = om Y Ak (VI (0n), VI (01))
k=0
+ o g[ Z)\n VI (0n_t) +Of¢2¢§En[||§n+1||2]- (30)
k=0

Next, define
D
Fip=—an > Ans(VJI(0n), VI (0n ).
k=0

Since ZkD:O An,k = 1, it follows that

D
Fio=—an|VIO)I? + n > Ans(VI(0n), VI (0r) = VI (0r_k)).
k=1

To proceed further, define Fy,, to be the second summation, i.e.,

D
Fam = an Y Ak (VI(00), VI (0r) = VI (O1))-
k=1
Then
D
Fam < an Y Akl VIO - VI (6n) = VI (6r )|
k=1

D
Qp
<50 AnsllIVIO) P + 19T (0n) = VT (0ni)|]
k=1

IN

ay
7||VJ( ||2+6¥n ZAnkHQ — Op—|? (31)

where the first inequality follows from ab < (a? +?)/2 and the second follows from (J1). Substituting
into (30) gives
o
En[‘](en-‘rl)] < J(Gn) - %“VJ(Qn)HZ + Vi + S, (32)
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where
Vo = an ankna —0ni|?, (33)

2

Sy, 1= a n, KV I (0n—k) En[”fn+1”2] (34)

We will now find bounds for V,, and Sn, starting with V,,.Note that if D = 0, then V,, = 0. Hence, in
the following, we will assume D > 1. We write 8,, — 0,,_j as a telescoping sum, as in

k
en - enfk: = Z[enfjJrl - 97’1,7]]

j=1
Thus, from (28), we have

k 2

Zn]Jrl nj]

k
<k l6n—ji1 = 6njl®. (35)

Jj=1

”971 - 9n7k||2 =

Now we invoke the updating formula (25), giving

D
9n7j+1 - 9n,j = an,j [Z )\n,j’mVJ(Hn,j,m) + gnj+1‘| .
m=0

Therefore

D
16n—j1 = Onyjl|* < 207 [Z M| VT (B =) 1 + ||€nj+1|2]

m=0
D
» lZ W (Bu—jun) + ||sn_j+1||2] (36)
m=0

where the first inequality follows from (28) and (29) and the second from (26). We can substitute this
bound into (35), which gives

16, — 6, k|\2<2k2an . [Z 20\ j.m <0n_j_m>+||fn_j+1||2].

j=1

Now this can be substituted into (33), leading to

Vo < anﬁ Z An kkzan J [Z 26)‘71—3'77”*](971—3'—7”) + ||§n—j+1||2] .

m=0

This expression can be simplified considerably by (i) replacing k by its upper bound D, and (ii) re-
placing each A by its upper bound 1. This gives

D k D
Vo < anﬁDZ Zai—j [Z 20— jmd (On—j—m) + ||€n—j+1||2] :

k=1 j=1 m=0

The square summability of &, implies that &, — 0 as n — oco. Since a,, < @,, we can choose a
deterministic integer N sufficiently large that a,, <1 /EQD whenever n > N. Thus, for all n > N, we

can write b
Vi < ZZ ] [Z 200 jmd On—j-m) + [€n—jr1l
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It is henceforth assumed that n > N, and this is not explicitly mentioned every time. Next, observe
that

D k D D

k=1j=1 Jj=1k=j

Therefore

D D D
Vi, < Z Zai,]‘ lz QZ)\nfj,mJ(en*j*m) + |§nj+1||2]

m=0
D D
<DY of [Z 20 (0—j—m) + ||§nj+1||2] :
m=0

Here we use the fact that & does not appear anywhere in the summand. Since k ranges from j to D,
we can simply multiply the summand by D.

We now consider S, defined in (34).

l
n,kVJ(Qn_k) +O‘$L§En[||£n+1”2}

l
+ a2*En[||£n+1|| ]

l\D\N

[ZAMHVJ n— k)||2
k=0

D
< aZf? Z A (On—r) + o? £0'2

n2 n
k=0
14
<a éQZJ h—k) aniaz

where the first inequality follows from (29), second follows from (26), and the last holds as A, , < 1.
Substituting these bounds into (32) and rearranging terms gives an inequality to which Theorem 5 can
be applied, namely

D D D
Buld Ons1)] < T(0n) = TITIO)? +2D Y 02y 3 T(asm) + 023 T(0a)

D
4
+ DY ahlénjll® + an 500 (37)
j=1

This is of the form (19) where X,, = J(6,), with the maximum delay D replaced by 2D (because of
the presence of the term J(6,,—;—,) where j ranges from 1 to D and m ranges from 0 to D), and
coefficients that are easily identifiable. Moreover

D
Y4 o,
=D al gl +alz0%,  Za=FIVIE)IP

We now verify the hypotheses of Theorem 5. The autoregressive coefﬁcients in (37) are bounded
above by deterministic sequences obtained by replacing each a? by @2. Thus, (R1) implies (AS1) and

(AS2). It remains to show that Y, is summable. Observe that Y, consists of two terms (after ignoring

constants): o702, which is summable as per (R1), and a sum of terms of the form a2 ;||&n—j41]%.

n-n’

Moreover, by the tower property of conditional expectations, we have that

E[l[€n—j+11%] = BlEn—;[[€n—s+1 1)) < on ;-
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Note that in the above equation, we are taking the ezpected value, not the conditional expectation.
Now applying (R1) shows that

D
l
~2 2 2% o
< E DE an_jan_j+an§crn<oo.

This in turn implies that Y,, is summable along almost all sample paths.

Therefore when hypothesis (R1) holds, the hypotheses of Theorem 5 apply, and we conclude from
Conclusion (Con2) that J(6,,) converges and is, therefore, bounded. Since |[VJ(6,,)||* < 2¢J(6,,), it
follows that V.J(6,,) is also bounded. This establishes the first conclusion of the theorem.

To prove the second conclusion under the additional Assumption (R2). We start with Conclusions
(Con2) and (Con3) of Theorem 5. Conclusion (Con2) states that the sequence {J(6,,)},>0 converges
almost surely. Let C' denote the limit.

Conclusion (Con3) states that

370 =3 sonll VIO < oo, (3%)

n>0 n>0
almost surely.

We now show by contradiction that C' = 0. Suppose C' > 0. Since J(6,) — C, there exists a N;
such that for all n > Ny
J(0n) € [3C,2C].

Now let 7(-) be the function of Class B in Assumption (J3), and define

= inf .
p C/2l§nr§20 (r)

Then, from (J3), we get
IVI0))? > p, Vn> Ny
However, since
> o
n:N1
this contradicts (38). Thus it is not possible for C' to be greater than zero. Hence J(6,) — 0. In turn,
this implies that V.J(6,,) also approaches zero due to (26). O

Remark 5. Note that Theorem 6 does not say anything about the convergence of the iterates 6,,. This
is because of the very mild assumptions on the function J(-). If J(-) is assumed to be strongly convex,
in that, for some 6* and some R > 0, it is true that J(6*) = 0, and for every pair 61, 6,

J(02) > J(01) + (VJ(61),02 — 01) + R|| 02 — 012,

Then it follows readily from the convergence of J(6,,) to zero that ,, converges to 6*.

5 Conclusion

In this paper, we presented a generalization of the Robbins-Siegmund almost supermartingale conver-
gence theorem to non-negative vector-valued stochastic processes. We established multiple sufficient
conditions for the almost sure convergence of these processes. These conditions rely on the stability
properties of infinite products of matrices. Building on this theoretical foundation, we introduced the
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concept of autoregressive almost supermartingales, a structure that naturally arises in systems modeled
via state augmentation.

To demonstrate the practical utility of our framework, we analyzed the convergence of SGD

with delayed updates. We proved that, under standard assumptions on the objective function and
noise, delayed SGD drives the objective values to the optimum almost surely, i.e., J(6,) — 0, and
IVJ(6,)|| — 0. This result highlights the robustness of SGD to asynchrony and delays.

We believe that the generalizations presented in this work will be useful in the analysis of other

stochastic iterative algorithms subject to delays. Future work includes applying this framework to
delay-sensitive domains such as asynchronous reinforcement learning and federated reinforcement learn-

ing.
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