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Département de mathématiques et de génie indus-
triel, Polytechnique Montréal & GERAD, Montréal,
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Abstract : In simulation-based engineering, design choices are often obtained following the optimization
of complex blackbox models. These models frequently involve mixed-variable domains with quantitative
and categorical variables. Unlike quantitative variables, categorical variables lack an inherent structure,
which makes them difficult to handle, especially in the presence of constraints. This work proposes a
systematic approach to structure and model categorical variables in constrained mixed-variable blackbox
optimization. Surrogate models of the objective and constraint functions are used to induce problem-
specific categorical distances. From these distances, surrogate-based neighborhoods are constructed
using notions of dominance from bi-objective optimization, jointly accounting for information from both
the objective and the constraint functions. This study addresses the lack of automatic and constraint-
aware categorical neighborhood construction in mixed-variable blackbox optimization. As a proof of
concept, these neighborhoods are employed within CatMADS, an extension of the MADS algorithm for
categorical variables. The surrogate models are Gaussian processes, and the resulting method is called
CatMADSGP. The method is benchmarked on the Cat-Suite collection of 60 mixed-variable optimization
problems and compared against state-of-the-art solvers. Data profiles indicate that CatMADSGP achieve
superior performance for both unconstrained and constrained problems.

Keywords : Blackbox optimization; derivative-free optimization; mixed-variable problems; constrained
optimization; categorical variables
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1 Introduction

In most cases, design choices in engineering and machine learning imply the constrained optimization of

complex computer simulations that are expensive-to-evaluate blackboxes with no analytical expressions.

In addition, these blackboxes may involve different types of variables, such as continuous, integer and

categorical variables. The latter are qualitative and lack structure. For example, in aerospace engineering,

optimal aircraft design involves simulations with choices of materials or propulsion systems [12, 32].

Deep learning models are characterized by hyperparameters, such as the activation function or the choice

of optimizer, whose values affect the training and validation pipeline [7, 16, 22]. Standard optimization

methods using gradients and relaxations in the presence blackboxes and categorical variables are not

suited for this context.

The motivation of this work is to improve the optimization of categorical variables in a constrained

blackbox settings where information is limited and constraints may be difficult to handle. This is done

by proposing a systematic approach to structure categorical variables with neighborhoods constructed

using surrogate models of the objective and constraint functions. These neighborhoods can be directly

incorporated into mixed-variable methods using categorical neighborhoods. As a proof-of-concept, they

are are employed with CatMADS [6], a mixed-variable extension of the Mesh Adaptive Direct Search

(MADS) algorithm [4] for constrained blackbox optimization.

Notation

The notation used follows [6]. Vectors are in bold, and scalars are in normal font. Superscripts are

reserved for types of variables. Subscripts without parentheses index variables, e.g., xcat1 is the first
categorical variable. Subscripts with parentheses are reserved for indexing an iteration k, e.g. x(k), or

for listing points, e.g. x(1),x(2), . . . ,x(s). Sets are denoted using capital letters with either normal or

calligraphic font, e.g. A or A, except for the set of known points noted X.

1.1 Constrained mixed-variable blackbox optimization

This study tackles inequality constrained mixed-variable blackbox optimization problems formulated as

min
x∈Ω

f(x), (1)

where f : X → R is the objective function with R = R ∪ {+∞}, X is the domain of the objective and

constraint functions, x ∈ X is a point, Ω := {x ∈ X : gj(x) ≤ 0, j ∈ J} is the feasible set defined by
the constraints, gj : X → R is the j-th constraint function of the problem with j ∈ J and |J | ∈ N is

the number of constraints.

The constraints defining the feasible set Ω are supposed to be relaxable and quantifiable, meaning

that when they are evaluated, they can return a proper value without being satisfied [23]. An unrelaxable

constraint, which must be satisfied to have a proper blackbox execution, is considered out of the domain,

such that if x ̸∈ X , then it is assigned f(x) = +∞. Similarly, if a point x ∈ X hits a hidden constraint

that crashes or invalidates the output values, then it is simply assigned f(x) = +∞.

The functions involved in the main optimization problem are supposed to be blackboxes, which are

defined as follows in [8]: “any process that when provided an input, returns an output, but the inner

working of the process is not analytically available”. For example, the strain experienced by a beam can

be estimated using a finite element simulation that outputs strain values for a given geometry, material

and loading conditions. The lack of an analytical expression implies that derivatives are unavailable

with respect to the continuous variables. The function evaluations are determined by executing a

process that is possibly time-consuming.

The problems considered are said to be mixed-variable. Each variable is either continuous (cont),

integer (int) or categorical (cat). The variables of the same type are contained in a corresponding
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column vector called a component. For t ∈ {cat, int, cont}, the component of type t is expressed as

xt :=
(
xt1, x

t
2, . . . , x

t
nt

)
∈ X t := X t

1 ×X t
2 × . . .×X t

nt , (2)

where xti ∈ X t
i represents the i-th variable of type t, and X t

i denotes its bounds. The variable index i

ranges over the set It := {1, 2, . . . , nt}. The number of variables of type t is noted nt ∈ N. The set of

type t is noted X t and it is such that xt ∈ X t.

Following the components, a point x ∈ X is defined by a partition by types, and the domain is

expressed as Cartesian products of the sets by types, such that

x :=
(
xcat,xint,xcont

)
∈ X := X cat ×X int ×X cont. (3)

The categorical variables take categories representing qualitative values. For i ∈ Icat, the i-th

categorical variable xcati takes values in the set X cat
i := {c1, c2, . . . , cℓi}, where cj is a category with

j ∈ {1, 2, . . . , ℓi} and ℓi is the number of categories of the variable. For example, the color for an

object could be taking a category in the set {red, blue, green}. These variables are inherently

difficult to treat because their sets are not ordered and usual distance functions are not suitable [7, 19].

The categorical set X cat is assumed to be finite. The total number of categorical components is

|X cat| = ∏ncat

i=1 ℓi.

The integer and continuous variables take quantitative values and they belong to ordered sets

in which standard distance functions are well-defined. These variables are typically much easier to

optimize than the categorical ones. For convenience, the integer and continuous variables may be

regrouped in a quantitative component such that xqnt :=
(
xint,xcont

)
∈ X qnt := X int ×X cont.

Note that this study does not consider meta variables, which influence the inclusion or bounds of

other variables [7, 16]. The problems have fixed dimensions and bounds.

1.2 Research gap, objectives and contributions

Bayesian optimization (BO) frameworks have been successfully applied to mixed-variable blackbox

problems [27, 29, 33, 37]. However, BO does not provide local optimization mechanisms, convergence

guarantees, or principled stopping criteria. Several metaheuristics rely on operations based on Gower-

type distances that reduce categorical differences to mismatches between categories. Such generic

measures are not problem-informed and can lead to a large number of unnecessary evaluations.

There are other mixed-variable methods, such as CatMADS and MV-MADS, that handle categorical

variables with neighborhoods [1, 6, 24]. In these methods, neighborhoods are used to generate candidate

solutions by modifying the variables of an incumbent. The main advantage of these neighborhoods is

that they introduce a local mechanism that leads to theoretical guarantees for discrete variables. The

performance of neighborhood-based approaches depends highly on the quality of the neighborhoods. In

MV-MADS, neighborhoods are constructed with user-defined rules, which can be difficult to establish

in a blackbox context. In practice, these neighborhoods are primarily intended to handle discrete

variables, but they may also modify the continuous variables of an incumbent. The theoretical results of

MV-MADS assume that the points in the user-defined neighborhoods belong to the feasible set Ω. This

constitutes an important methodological restriction for handling constraints and does not capitalize

on information from relaxable constraints. CatMADS focuses instead on neighborhoods strictly for

categorical variables and constructs them using categorical distances defined solely from the objective

function: The constraint functions are thus not considered. This can be problematic for problems

in which the behavior of the constraint functions changes drastically with respect to the categorical

variables.

Figure 1 illustrates a simple example with one categorical variable xcat ∈ {purple, red, green}
and two continuous variables. Each plane corresponds to a category, and the colored regions denote

feasibility. Each plane also shows some level curves of the objective function.
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(a) Categorical neighborhood relying only on objective informa-
tion.
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(b) Categorical neighborhood integrating objective and con-
straints information.

Figure 1: A motivating example where the incumbent x(k) has objective value f(x(k)) = 3, while the global minimum x⋆

has f(x⋆) = 1. The neighborhood on the left selects purple based strictly on proximity with the objective. The
neighborhood on the right selects green based on proximity of both the constraints and the objective.

In Figure 1, the current solution x(k) lies in the continuous subspace associated with the categorical

component xcat = red. It corresponds to a local minimum with respect to the continuous variables.

However, the global minimum x⋆ resides in the continuous subspace associated with xcat = green. In

the setting, reaching this global minimum from x(k) can be difficult when using a neighborhood-based

approach. From x(k) in the subspace of red, objective-based or user-defined neighborhoods would

likely prioritize the category purple. The restriction of the objective function in the red and purple

subspaces appears more similar. Consequently, an objective-based neighborhood may focus on the

purple category, although: 1) its associated continuous subspace is highly infeasible and yields poorer

feasible values, and 2) the feasible regions in the continuous subspaces of red and green are much

more similar. This can degrade the performance of neighborhood-based methods and the quality of
the local minima with respect to the categorical variables. To mitigate this issue, one could rely on

global mechanisms such as BO or design better-informed neighborhoods. In the presence of noise

or nonsmoothness, BO may fail to properly tackle the continuous variables and by consequence the

mixed-variable problem itself. More local and robust mechanisms may therefore be needed to ensure

incremental progress.

This motivates the development of local neighborhoods that are better-informed and robust. The

research gap addressed is the automatic construction of problem-specific categorical neighborhoods

that incorporate information from both the objective and the constraint functions in a blackbox setting.

Note that, hereafter, categorical neighborhoods are referred to simply as neighborhoods. The work

does not aim to introduce a new optimization method, but rather to provide additional structural

information that facilitates handling categorical variables. These better-informed neighborhoods provide

a systematic structure for categorical variables, improve interpretability, and are particularly well

suited for blackbox constrained optimization. They enhance the quality of local minima with respect

to categorical variables and improve the efficiency neighborhood-based methods. The number of
evaluations for optimizing categorical variables may decrease, since each categorical neighbor is selected

in a more informed manner.

The present work is structured through four objectives, representing the main contributions of the

work. The first objective is to construct a problem-specific categorical distance using kernel-based

surrogate models, such as Gaussian Processes (GPs), so that categorical components with similar

predicted objective values are considered closer. The second objective is to define a categorical distance

that captures similarity with respect to the constraint functions by aggregating surrogate models
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of the constraints. Building on these two distances, the third objective is to construct categorical

neighborhoods balancing similarity between the objective and the constraints. The first three objectives

are developed independently of any specific optimization framework and for purely categorical domains.

The fourth objective is to generalize the proposed neighborhoods to mixed-variable domains. As a

proof of concept for the fourth objective, the neighborhoods are used in CatMADS.

1.3 Related work

In [6], categorical distance is constructed using a basic interpolation of the objective function. Neighbor-

hoods are characterized with this single distance function and they are constructed without accounting

the constraint functions, which may lead to neighborhoods containing elements that are highly dissimilar

in terms of feasibility. In [1, 24], categorical neighborhoods are specified manually by the user, which

requires prior knowledge about the problem structure, which may be ambiguous in a blackbox context.

The primary focus of CatMADS and MV-MADS lies in the optimization process, while neighborhood

design remains secondary. In contrast, the present work emphasizes the systematic construction of

categorical neighborhoods, independently of any particular optimization framework.

Several metaheuristic methods have been proposed to address categorical variables in mixed-variable

optimization. These methods construct candidate points with operations transforming categorical

variables of existing solutions. Such operations have similar roles to categorical neighborhoods. CatCMA

extends the covariance matrix adaptation evolution strategy (CMA-ES) to problems involving both

categorical and continuous variables [18]. In this approach, categorical variables are modeled by

probability vectors over their respective categories, while continuous variables are modeled by a
multivariate normal distribution. A joint probabilistic distribution over categorical and continuous

variables is introduced to guide the optimization in mixed-variable domains. The Non-dominated Sorting

Genetic Algorithm-II (NSGA-2) [13], although originally developed for multi-objective optimization,

has also been extended to mixed-variable problems involving categorical variables. [10] provides

implementations with crossover and mutation operators tailored to each variable type, from which

candidate points are generated over a population of solutions. Candidate points are constructed with
these operators applied to a population of solutions. For more details, the survey [36] provides an

exhaustive survey for mixed-variable metaheuristics.

In Bayesian optimization, categorical variables are structured with similarity measures, called kernels.

In optimization, kernels are problem-specific similarity measures characterizing surrogate models that

guide the optimization. In the literature, various techniques exist for constructing categorical kernels,

most notably one-hot encoding and matrix-based approaches. One-hot encoding assigns a unique binary

variable to each category, and they are assigned their corresponding hyperparameter weighting the

importance of each category in the kernel [14]. Matrix-based approaches have shown great results

in BO [27, 29, 31, 33]. The elements of these matrices are hyperparameters that model correlations

and anti-correlations between different categories [29]. The similarities between categories are directly

encoded in matrices. Other techniques for encoding categorical variables include continuous latent
spaces. In [37], each categorical variable is assigned a 2D continuous space, in which its categories are

mapped in a way that correlated categories are close, and uncorrelated ones are far. The coordinates of

the categories can be viewed as hyperparameters representing correlations.

The rest of this document is organized as follows. An illustrative optimization problem is introduced

in Section 2 to guide the presentation. The essential concepts of kernels and GPs are presented

in Section 3. In Section 4, the categorical distances and neighborhoods are developed. The novel

neighborhoods are adapted and used within the CatMADS framework in Section 5 to provide proof of

concept. Lastly, some numerical experiments benchmarking CatMADS using the new neighborhoods

with other solvers are presented in Section 6.
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2 An illustrative mechanical-part design problem

To outline the proposed contributions, a mechanical-part design problem is used as an illustrative

example in the following sections. The goal is to minimize the physical strain of a structural piece

subject to a budget constraint and an ecological score constraint. A point represents a design, and

it is composed of three categorical variables and two continuous variables. The categorical variables

correspond to the choice of supplier u ∈ {a,b}, the material a ∈ {alum, steel,comp1,wood}, and
the shape s ∈ {square,circle,ellipse}. The continuous variables are a length l ∈ [5, 10] and a ratio

of recycle material r ∈ [0, 1]. The domain and a point are defined as

x = (u, a, s, l, r) ∈ X = X cat ×X cont (4)

where X cat = {a,b}×{alum, steel,comp,wood}×{square,circle,ellipse}, and X cont = [5, 10]×
[0, 1]. The categorical set X cat contains 2× 4× 3 = 24 categorical components, and the feasible region

Ω is unknown.

The problem is intentionally constructed as a blackbox in accordance with the scope of this work.

The functions are evaluated through numerical iterative routines to a prescribed accuracy. By design,

the problem features strong interactions between the categorical variables and constraint feasibility.
Each categorical component xcat = (u, a, s) ∈ X cat induces a different feasible region over the continuous

subspace X cont = [5, 10]× [0, 1]. Some categories may appear intuitively similar, e.g., the circle and

ellipse categories for the cross-section shape. However, the objective function, and, in particular, the

constraint functions, behave very differently across categories. As a result, constructing categorical

neighborhoods without incorporating information from both the objective and the constraints can lead
to misleading similarity measures and poor optimization performance. The difficulty of the problem is

outlined in Figure 2 that describes three Latin Hypercube Sampling (LHS) experiments and a graph.
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100 000 points per categorical component.

Figure 2: Statistical analysis of feasibility per categorical component in the piece machining problem.

In the histogram of Figure 2a, LHS is performed independently within each categorical component.

Each bar represents the percentage of feasible points obtained for a given number of samples. Only the

categorical component for which at least one feasible point was sampled is presented. As the number

of points per categorical component increases, more components with feasible points are discovered.

1comp for “composite”
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The categorical component (a,alum,circle) does not have any feasible point with 250 samples (there

is no blue bin), but it does with 5 000 and 100 000 samples. The histogram suggests that only six

categorical components may be capable of achieving feasibility.

The graph in Figure 2b shows the best feasible objective value obtained by performing an LHS

with 100 000 points for each categorical component. Overall, best objective values are associated with

smaller percentages of feasibility.

3 Mixed-variable kernels

This study uses similarity measures derived from available data to induce categorical distances including

kernel-based measures. A similarity measure quantifies how close or related two data points are in the

decision space. A kernel is a particular type of similarity measure. The data points of Problem (1) lie

in the domain X , and the kernel is defined on this domain. From such a kernel, a categorical kernel is

extracted and used to construct categorical neighborhoods. In practice, kernels can compare mixed-

variable points, enabling the construction of interpolation models that rely exclusively on similarity

measures, such as mixed-variable Gaussian processes.

Formally, a kernel κ : X × X → R is a symmetric similarity measure, such that

1. κ(x,y) = κ(y,x) for any x,y ∈ X , and

2. for any finite set of points {x(1),x(2), . . . ,x(p)} with p ∈ N, the symmetric p× p matrix [K]i,j =

κ
(
x(i),x(j)

)
for i, j ∈ {1, 2, . . . , p} is positive semi-definite.

Such kernel κ is said to be positive semi-definite. The kernel is constructed following the approach of the

classic textbook [30]. For t ∈ {cat, qnt} and i ∈ It, each variable xti ∈ X t
i is assigned a one-dimensional

kernel κti : X t
i ×X t

i → R of the appropriate variable type. The one-dimensional kernels are combined

with multiplications that conserve symmetry and semi-positive definiteness.

Common kernels for quantitative variables include polynomial, Matern or Gaussian kernels, e.g.,

see [30]. Typically, the quantitative kernel can be built directly as product of one-dimensional Gaussian

kernels, i.e.,

κqnt
(
xqnt,yqnt

)
:=

nqnt∏
i=1

exp
(
−θqnti

Ä
xqnti − yqnti

ä2)
, (5)

where θqnt :=
Ä
θqnt1 , θqnt2 , . . . , θqntnqnt

ä
∈ Rnqnt

+ is the vector of hyperparameters of the quantitative kernel.

The quantitative kernel and the following ones are all parameterized by hyperparameters. For readability,

hyperparameters are not explicitly noted in the arguments of kernels.

3.1 Categorical kernels

As mentioned in Section 1.3, there are currently two main state-of-the-art approaches for constructing

categorical kernels: one-hot encoding and matrix-based methods. Again, the matrix-based approach

encodes similarity measures between categories directly into matrices. More precisely, each categorical

variable xcati ∈ X cat
i is assigned a positive semi-definite matrix Ti ∈ Rℓcati ×ℓcati where ℓcati is the number

of categories of xcati . A matrix T cat
i := LiL

⊤
i is built as a symmetric and positive semi-definite matrix

where Li is a lower-triangular matrix parameterized by a hypersphere decomposition (lengths and

angles) [11, 20]. An element of a matrix Li contains hyperparameters of the categorical kernel, whereas

an element of a matrix T cat
i is a correlation measure between two categories of the corresponding

categorical variable. For example, in the machining piece problem, the similarity matrix associated
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with the material choice a ∈ {alum (A), steel (S),comp (C),wood (W)} can be expressed as

T cat
a =


ϑA,A

ϑS,A ϑS,S
ϑC,A ϑC,S ϑC,C

ϑW,A ϑW,S ϑW,C ϑW,W

 (6)

where ϑi,j ∈ [−1, 1] denotes a similarity measure between categories i and j, with i, j ∈ {A,S,C,W},
and T cat

a is symmetric by construction. The values of ϑi,j are implicitly determined through the

hyperparameters of the lower-triangular matrix La in the hypersphere decomposition, such that

T cat
a = LaL

⊤
a . For similarities between identical categories (auto-correlations), the homoscedastic

parametrization fixes a constant value across categories, typically ϑi,i = 1, whereas the heteroscedastic

parametrization allows ϑi,i ∈ [−1, 1] to be learned as adjustable hyperparameters.

For the matrix-based approach, the categorical kernel is derived from the categorical matrices

T cat
1 , T cat

2 , . . . , T cat
ncat . Essentially, two points x and y are compared variable-wise, with each matrix T cat

i

providing the correlation parameter comparing categories xcati and ycati . These correlation parameters
are then multiplied. The number of hyperparameters associated to the categorical variable xcati depends

on the number of categories ℓi and the chosen parametrization of Lcat
i . While more hyperparameters

increase modeling flexibility, they also imply greater computational costs: see [33] for a detailed

presentation of parametrizations and the hypersphere decomposition.

The matrix-based approach typically involves many hyperparameters. in BO. Alternative approaches

with fewer hyperparameters are available. The common one-hot encoding technique assigns a unique
binary variable to each category. The categorical component xcat ∈ X cat is represented by a total

of
∑ncat

i=1 ℓi binary variables, where ℓi ∈ N is the number of categories of the i-th categorical variable

xcati . For each categorical variable, exactly one of its binary variables is assigned the value 1, and the

others are set to 0. In the machining problem, recall that the categorical variables are u ∈ {a,b},
a ∈ {alum, steel,comp,wood} and s ∈ {square,circle,ellipse}. The categorical component

(b,wood,circle) would be represented by ((0, 1) , (0, 0, 0, 1) , (0, 1, 0)), whereas (a, steel,ellipse)

would be represented by ((1, 0) , (0, 1, 0, 0) , (0, 0, 1)). With this approach, each binary variable can be
assigned a hyperparameter. Then, a categorical kernel can be defined via Gaussian kernels as follows

κcat
(
xcat,ycat

)
:=

ncat∏
i=1

exp
(
−
∥∥Ei

(
xcati

)
−Ei

(
ycati

)∥∥2
θcat
i

)
(7)

where Ei (x
cat
i ) ∈

{
z ∈ {0, 1}ℓi : 1⊤z = 1

}
is the one-hot representation of the i-th categorical variable

xcati , and θcat
i ∈ Rℓi is the vector of hyperparameters of xcati , and ∥u− v∥2w := (u−v)⊤diag (w) (u−v)

is the weighted Euclidean norm. In (7), the norm represents distances between binary vectors, where

the weights are the hyperparameters of the binary variables.

3.2 Adjusting the kernels with mixed-variable GPs

Once appropriate quantitative and categorical kernels are defined, the kernel κ : X × X → R can be

constructed with the product

κ (x,y) := κcat
(
xcat,ycat

)
κqnt

(
xqnt,yqnt

)
, (8)

which is parameterized by a vector of hyperparameters θ := (θcat,θqnt) .

To adjust the hyperparameters of the kernel, a regression model linking input data points to their

corresponding images is required. In BO, GPs are commonly used as surrogate models for objective and

constraint functions, as they can represent a wide variety of functions, including mixed-variable ones.

For readability, the construction of GP surrogates is presented for the objective function. This

surrogate is noted f̃ and it is constructed with a set of points X := {x(1),x(2), . . . ,x(p)} and a vector of
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corresponding images f = (f(x(1)), f(x(2)), . . . , f(x(p))). This procedure yields a prediction function

f̂ : X → R and a variance function σ̂2 : X → R+ that, in the noiseless setting, can be expressed as

in [30]:

f̂(x) := κ(x)⊤K−1f ,

σ̂2(x) := κ(x,x)− κ(x)⊤K−1κ(x) ≥ 0,
(9)

where κ : X × X → R is the kernel, κ(x) :=
(
κ(x,x(1)), κ(x,x(2)), . . . , κ(x,x(p))

)
∈ Rp is the kernel

vector comparing an input point x ∈ X and the points in X, and K ∈ Rp×p is the kernel matrix that

compares all points in X such that [K]i,j := κ
(
x(i),x(j)

)
for i, j ∈ {1, 2, . . . , p}.

The kernel characterizes the GP by quantifying how correlated or similar input points are, i.e., how
close their output should be. Concretely, it controls the general behavior of the fit, e.g., the smoothness
in a continuous setting. In the mixed-variable setting, defining an appropriate mixed-variable kernel
is key to constructing a GP surrogate that can model the functions of interest. In fact, the GP that
best fits the available data is found by adjusting the hyperparameters of the kernel. They are typically
obtained by maximizing the marginal likelihood of the GP [30]:

θ⋆ ∈ argmax
θ

log P [f | X,θ] where log P [f | X,θ] = −1

2
f⊤K−1f − 1

2
log det (K)− p

2
log (2π) . (10)

The marginal likelihood is continuously differentiable. Hence, it can be optimized with standard

continuous solvers. After this step, the GP is properly constructed and the categorical kernel is finely
adjusted to the data problem. The categorical kernel is used in the next section.

The GP surrogates of the constraint functions are constructed using the same procedure as for

the objective function. Specifically, for j ∈ J , each constraint function gj is provided a probabilistic

surrogate g̃j with a predictive mean function ĝj : X → R and variance function σ̂2
j : X → R+, as well

as its own kernel and hyperparameters.

4 Surrogate-based categorical neighborhoods

Kernels and surrogate models are used to construct neighborhoods that structure categorical variables.

The proposed neighborhoods are defined using two categorical distances, one associated with the

objective function and another one associated with the constraint functions. Proximity between
categorical variables simultaneously considers similarities in the objective and constraint functions.

This section focuses exclusively on categorical variables. Quantitative variables are temporarily

omitted to simplify the presentation. The surrogate models f̃ and g̃, as well as the kernel, are defined

on the categorical set X cat. A neighborhood constructed at an incumbent u ∈ X cat is denoted N (u;m)

where m ∈ {1, 2, . . . , |X cat|} is the number of neighbors. This notation is formalized at the end of the

section.

Section 4.1 presents categorical distances that establish proximity with respect to the objective

function. Afterwards, Section 4.2 proposes a categorical distance for the constraint functions. Based on

these categorical distances, surrogate-based neighborhoods are developed in Section 4.3.

4.1 Categorical distance for the objective function

Kernels are equivalent to scalar products in Hilbert spaces [25]. This property allows categorical

kernels to be transformed into categorical distances. Let ϕ : X cat → H be a mapping that maps the

categorical components of the categorical set X cat into a Hilbert space H equipped with a scalar product.

Then, the categorical kernel is uniquely defined according to the Moore-Aronszajn Theorem [3] and

satisfies κcat(u,v) = ϕ(u)⊤ϕ(v). Note that the categorical kernel κcat is still computed as described in
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Section 3, i.e., with Gaussian kernels or matrices. The categorical distance df : X cat ×X cat → R+ is

defined with the categorical kernel [15], and it is ensured to be a metric via the implicit mapping ϕ:

df (u,v) := κcat(u,u) + κcat(v,v)− 2κcat(u,v)

= ϕ(u)⊤ϕ(u) + ϕ(v)⊤ϕ(v)− 2ϕ(u)⊤ϕ(v)

= ∥ϕ(u)− ϕ(v)∥2.
(11)

Although the mapping ϕ and the Hilbert space H are not explicitly known, (11) shows that the

categorical distance can be equivalently interpreted in a Hilbert space with df (u,v) = ∥ϕ(u)−ϕ(v)∥2.
Without constraint functions, categorical neighborhoods are characterized only by the categorical

distance. Hence, unconstrained neighborhoods can be viewed as being implicitly constructed in a Hilbert

space, where two categorical components u,v ∈ X cat that are more similar correspond to a smaller

distance ∥ϕ(u)−ϕ(v)∥2. Figure 3 illustrates this Hilbert space as a two-dimensional continuous space,

where categorical components are mapped into continuous vectors. Note that this is only an equivalent

representation. In practice, the distance is computed as df (u,v) = κcat(u,u) + κcat(v,v)− 2κcat(u,v).

X cat = {u,v,w}
ϕ

H

ϕ(u)

ϕ(v)

ϕ(w)

N (u; 2) = N (v; 2) = {u,v}

N (w; 2) = {w,u}

Figure 3: Visualization of a unconstrained neighborhood equivalently constructed in a Hilbert space.

In Figure 3, the categorical components are mapped in a Hilbert space via an implicit mapping ϕ.

Schematically, neighborhoods containing two elements can be viewed as follows: the neighborhoods

constructed at u and v coincide and contain the components {u,v}, while the neighborhood constructed

at w contains {w,u}.

On the one hand, the construction of the categorical distance df requires non-negligible computational

effort, notably because of the maximization of the marginal likelihood of the GP in (10). On the other

hand, it is induced by a finely-tuned kernel. The categorical distance in (11) is constructed from the

problem data through the kernel, so that correlated categorical components are embedded closer to

each other in a Hilbert space, while uncorrelated components are placed farther apart. This behavior

is particularly useful for constructing categorical neighborhoods. This distance is finer than binary

categorical distances, such as the Hamming distance, which treats all mismatches equally and does not

use information from the problem. As an example, let X cat = {r,b,g} and dHM denote the Hamming

distance. Then dHM(r,g) = dHM(r,b) = 1, implying that it is not possible to determine whether green

or blue is closer to red.

If a surrogate model is available, but no kernel is defined, the categorical pseudo-distance can be

approximated by a pseudo-distance using prediction values, such that df (u,v) ≈
∣∣∣f̂(u)− f̂(v)

∣∣∣. This
pseudo-distance trivially satisfies symmetry and triangular inequality properties, but not the identity

of indiscernibles property since df (u,v) = 0 ̸⇔ u = v when f̂ is not injective. Hence, categorical

components with similar prediction values are considered close. Conceptually, this mimics the behavior

of a kernel inducing an interpolation model, such as GPs. Although simple, this pseudo-distance

captures proximity with respect to the objective function f . That said, when a kernel with adjusted

hyperparameters is available, the categorical distance of (11) is generally preferable, as it corresponds

to measuring similarity in an inner-product Hilbert space.
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4.2 Categorical pseudo-distance for constraint functions

As discussed previously, the main goal is to construct neighborhoods that incorporate information from

both the objective and constraint functions. This section develops a pseudo-distance that establishes

proximity with respect to the constraint functions.

When a neighborhood is constructed at a feasible component, it should first maintain feasibility

and then promote improvement in the objective function, i.e., similarity with respect to the objective.

In this setting, differences in the degree of feasibility between categorical components that are both

predicted to be feasible are of limited importance. From an optimization perspective, once feasibility is

predicted, the focus should instead be on improving the objective function.

In particular, large distances between a “highly feasible” component and a “marginally feasible”

component should be avoided, as both satisfy the constraints and should be compared primarily

regarding the objective. For this reason, the proposed pseudo-distance is constructed so that it

evaluates to zero when both compared components are predicted to be feasible.

The next functions are used to construct the pseudo-distance. For each j ∈ J , a function ĝ+j :

X cat → R is defined from the predictive model ĝj : X cat → R and its associated uncertainty model

σ̂j : X cat → R+, both derived from the surrogate model g̃j of the j-th constraint. Let λ ≥ 0 be a

relaxation parameter used to relax a predicted constraint value ĝj(u) using its associated uncertainty

σ̂j(u) ≥ 0. The function ĝ+j sets to zero any predicted constraint value ĝj(u) that is feasible after
relaxation by λσ̂j(u) and normalizes the remaining values, such that

ĝ+j (u) :=

®
0 if ĝj(u)− λσ̂j(u) ≤ 0,

ψ (ĝj(u)) otherwise,
(12)

where ψ is a normalization function ensuring that ĝ+j (u) ∈ [0, 1] holds for any u ∈ X cat. For example,

ψ may apply a min-max normalization on the bounds of ĝj(u) when ĝj(u)− λσ̂j(u) > 0 is considered.

Note that if the surrogate model does not provide an uncertainty measure, then λ can be set to zero,

meaning that no uncertainty is taken into account. For readability, (12) may be expressed in a vector

form ĝ+ : X cat → R|J|
+ , considering all indices j ∈ J compactly.

The pseudo-distance function associated with the constraint functions is constructed from the vector

function ĝ+, as follows :

dg (u,v) := ∥ĝ+(u)− ĝ+(v)∥p, (13)

where p ≥ 1 and dg (u,v) = 0 are ensured when both arguments are predicted to be feasible after

relaxation, i.e., when ĝ(u)− λσ̂(u) ≤ 0 and ĝ(v)− λσ̂(v) ≤ 0. The normalization function ψ ensures

that the pseudo-distance dg is not biased by the relative scales of the constraint function values. The

symmetry and triangular inequality properties are trivially satisfied by virtue of the p-norm. However,
the identity of indiscernibles is not respected, i.e., dg (u,v) = 0 ̸⇔ u = v since the vector function ĝ+

is not injective by design. This last unsatisfied property makes ĝ+ a pseudo-distance function instead

of a distance function.

4.3 Surrogate-based neighborhoods

The novel categorical neighborhoods are developed in this section. A neighborhood is constructed at

a component u ∈ X cat. The other components in the neighborhood are selected based on trade-offs

between distances concerning the objective and the constraint functions. This selection is formalized

using notions of dominance inspired by bi-objective optimization. In the following, two ranking

functions are derived from the distance functions introduced in previous sections: a primary and a

secondary ranking function, both parameterized by a component u ∈ X cat at which the neighborhood

is constructed. Conceptually, the first selected components correspond to Pareto-optimal solutions
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concerning the two ranking functions, while subsequent components prioritize the primary ranking

function over the secondary one.

The primary and secondary ranking functions are defined in two cases depending on the component

u ∈ X cat. If u is feasible, then the primary ranking function is derived from dg (constraints), since

the priority is to construct neighborhoods with components that maintain feasibility. Otherwise, u

is infeasible, and the primary ranking function is based on df (objective), allowing greater flexibility

with respect to feasibility. This may allow finding promising solutions that are difficult to reach when

imposing feasibility at all times.

The primary and secondary ranking functions, noted pu : X cat → R+ and su : X cat → R respectively,

are parameterized by u ∈ X cat and defined as follows

pu(v) := dg (u,v) and su(v) := df (u,v) if u ∈ Ω,

pu(v) := df (u,v) and su(v) := dg (u,v) if u ̸∈ Ω.
(14)

An illustrative example is presented before introducing the formal ordering rules that determine

the components selected in a neighborhood. These rules are induced by the ranking functions. In this

example, there are twelve categorical components. Hence, eleven components must be ordered, since

the neighborhood stems from u ∈ X cat, which is naturally ordered first. Visually, the ordering of the

components is performed in the space of images (su, pu) across three steps, each corresponding to a

sub-figure from left to right in Figure 4.

pu

su

1
2

3
4

(a) Pareto components.

pu

su

5

6

1
2

3
4

(b) Non-Pareto components with
pu(v) = 0.

pu

su

5

6

1
2

3
4

7

8
9

10

11

(c) Remaining components
ordered with the primary ranking

function.

pu

su

1

2

3
4

5

(d) Unconstrained
problem.

Figure 4: Ordering components with ranking functions. (a)-(c) three steps for constrained problems. (d) single step for
unconstrained problems. The component u is located at the origin and is not displayed.

The first four components are the Pareto solutions, i.e., the nondominated solutions, in the space

of images. The Pareto components are ordered among themselves solely with the primary ranking

function pu. The components 5 and 6 are not Pareto, but they have a primary ranking function

value of zero with the component u at which the neighborhood is constructed. This situation may

most notably occur when the primary ranking function is based on the pseudo-distance dg: recall

that when both components are predicted to be feasible, this pseudo-distance returns zero. Among

themselves, components 5 and 6 are ordered using the secondary ranking function. Finally, the remaining

components 7 to 11 are directly ordered with the primary ranking function.

Note that when the problem is unconstrained, the component u ∈ Ω and, consequently, the primary

ranking function is based on dg. However, in this case, the pseudo-distance function dg is always set to

zero by convention, since its components are always feasible. Therefore, only the distance function of

the objective df is considered. An unconstrained example is illustrated with six components (including

u that is not displayed) in Figure 4d, where the ordering is done directly based on their height.

The relation establishing a partial order on the categorical set X cat, given a component u ∈ X cat

and ranking functions, is now formally introduced.
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Definition 1 (Ordering relation). Given a component u ∈ X cat, and ranking functions pu : X cat → R+

and su : X cat → R+, the ordering relation ⪯ defined on the categorical set X cat is such that for any

pair v,w ∈ X cat, v is ordered before or tied to w, noted v ⪯ w, when any of the following conditions

hold:

1. pu(v) = pu(w) = 0 and su(v) ≤ su(w),

2. pu(v) > 0, pu(w) > 0 and pu(v) ≤ pu(w),

3. v is not dominated by any component of X cat \ {u} in the space of images (pu, su), but w is

dominated by at least one such component,

4. pu(v) ≤ pu(w).

The ordering relation in Definition 1 does not establish a total order, because there can be ties,

notably when v and w are such that pu(v) = pu(w) and su(v) = su(w). Nevertheless, it provides a

systematic way to identify promising categorical components with information from both the objective

and constraint functions. If the problem is unconstrained, then only the first condition is used since all

components are feasible, as illustrated in Figure 4d.

Now that the ordering relation is formally defined, the neighborhoods based on surrogate models

are finally introduced.

Definition 2 (Surrogate-based neighborhood). For a given component u ∈ X cat and integer m ∈
{1, 2, . . . , |X cat|}, the surrogate-based neighborhood N (u;m) ⊆ X cat is the set containing m categorical

components of lowest ordering with respect to an ordering relation ⪯ defined on X cat. The relation
v ⪯ w is satisfied whenever v ∈ N (u;m) and w /∈ N (u;m).

Definition 2 generalizes distance-induced neighborhoods in [6] by using relations instead of a single

distance for selecting components. In fact, when a problem is unconstrained, a surrogate-based

neighborhood is equivalent to a distance-induced neighborhood using df . That said, the implementation
in [6] uses a basic mixed-variable interpolation to construct the categorical distance. The kernel-induced

categorical distance df introduced in Section 4.1 provides a more structured similarity measure, as

it is induced by an inner product in a Hilbert space through well-defined categorical kernels. The

improvements does not only concerns constrained problems.

4.4 Illustrative case study of the mechanical-part problem

The mechanical-part design problem from Section 2 is used here to develop a case study with categorical

neighborhoods. A single Latin Hypercube Sampling (LHS) of 96 points is performed on the mixed-

variable domain described in Section 2, in which three points are generated for each of the 32 categorical

components. Only one point sample is feasible, that is, x⋆ = (b,wood,circle, 5.5, 1) with objective

function value f(x⋆) = 28.55 is known. In study, the goal is to find another triplet of categorical

variables maintaining feasibility and improving the objective value without modifying the continuous

variables. The continuous variables are fixed, and the current categorical component is noted u =

(b,wood,circle) ∈ X cat. The neighborhood resulting of the Gower distance has exactly six categorical

components, at distance one from u. Table 1 compares three neighborhood-generation strategies

producing exactly six points. Each point has same continuous variables of x⋆ and is different than u.

The first and simplest strategy uses the Gower distance. The second strategy uses an objective-based

categorical distance [6], induced by a mixed-variable Inverse Distance Weighting (IDW) regression

model. The third strategy employs the surrogate-based neighborhoods from Definition 2, using GPs as

surrogate models.

The results highlight clear differences between the three strategies. The Gower distance and

the objective-based neighborhood fail to identify any feasible point, whereas the surrogate-based

neighborhood proposed identifies four feasible points. Recall that Figure 2b shows the results of a

Latin Hypercube Sampling with 100 000 samples per categorical component, suggesting that only six
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Table 1: Neighbors of u = (b,wood,circle) proposed by three strategies.

Strategy Neighbor Supplier Material Shape f g1 g2 Feasible

Gower distance

1 b alum circle 18.4928 -0.1300 0.0150 No
2 b steel circle 14.5128 -0.0225 0.0625 No
3 b comp circle 9.5329 -0.0800 0.0575 No
4 b wood square 24.0428 0.0050 0.0650 No
5 b wood ellipse 24.5628 -0.1075 0.0125 No
6 a wood circle 28.3468 0.3450 0.5600 No

Objective-based [6]

1 a wood circle 28.3468 0.3450 0.5600 No
2 b wood square 24.0428 0.0050 0.0650 No
3 b alum circle 18.4928 -0.1300 0.0150 No
4 b wood ellipse 24.5628 -0.1075 0.0125 No
5 b steel circle 14.5128 -0.0225 0.0625 No
6 b comp circle 9.5329 -0.0800 0.0575 No

Surrogate-based

1 a alum circle 18.2868 −0.0225 −0.0451 Yes
2 b alum circle 18.4928 -0.1300 0.0150 No
3 a wood circle 28.3468 0.3450 0.5600 No
4 a wood ellipse 24.3568 −0.6900 −0.4715 Yes
5 b steel square 10.0028 −0.0225 −0.0451 Yes
6 a comp square 8.8169 −0.0225 −0.0451 Yes

categorical components are likely to admit feasible continuous regions. The proposed method identifies

four of these six components within the six evaluations, while the incumbent component accounts

for another one. The only remaining feasible component is (b,alum, square), which appears to be

extremely unlikely to yield feasible points, with only 0.01% feasibility observed in a LHS of 100 000

points in Figure 2b.

Only the surrogate-based strategy improves the objective value while maintaining feasibility. The

best improvement is obtained with the categorical component (a,comp, square), yielding an objective

value of 8.8169. This component also corresponds to that of the best solution identified in Section 2

using an LHS with 100, 000 points per component.

The ordering and selection of categorical components in the surrogate-based neighborhood are

presented in Figure 5. The figure plots the primary and secondary ranking functions pu and su
introduced in Section 4.3, with logarithmic scales for readability. The selected components are shown

in blue, together with their categorical component and a number indicating their ranking. On the

horizontal axis pu, an axis break is introduced to display components with distance zero on a logarithmic

scale. In the figure, the feasible neighbors all have a distance of zero with respect to pu: they lie on the

vertical axis. The objective-based approach identifies (b, steel, square), which corresponds to the

component ranked fifth by the surrogate-based approach.

5 Adapting surrogate-based neighborhoods for mixed-variable direct
search

The categorical neighborhoods developed in Section 4 are now used for optimization in this section,

which also reintroduces the integer and continuous variables discarded previously.

5.1 Adapting the surrogate-neighborhoods for mixed-variables domains

The pseudo-distance and distance functions from Section 4 require minor adaptations now that the

surrogate models are defined on the domain X rather than on the categorical set X cat. They are

now computed between points in the domain, while the quantitative variables are held fixed so that

comparisons only concern the categorical variables. More precisely, for a given and fixed quantitative
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Figure 5: Ordering of categorical components with the surrogate-based neighborhood in the mechanical-part design problem.
The incumbent u = (b,wood,circle) is at the origin and it is not displayed.

component xqnt ∈ X , the distances introduced in Section 4 are computed on the set

(X × X )xqnt :=
{
(x,y) ∈ X × X : xqnt = yqnt

}
. (15)

The distance and pseudo-distance functions are said to be parameterized by the quantitative

component xqnt, since it influences their behavior without appearing as an explicit argument.

Consequently, the primary and secondary ranking functions px : X → R+ and sx : X → R are now

defined on the domain X and parameterized at a point x ∈ X , which can be either feasible or infeasible.

In this context, an argument of the ranking functions shares the same quantitative component as the

incumbent solution, that is xqnt. The ordering relation ⪯ thus compares points of the domain sharing

the same quantitative component, making the comparisons effectively on categorical components.

Finally, surrogate-based neighborhoods must be generalized to the mixed-variable setting. They are

redefined by considering the ordering relation on the full domain and by choosing that the neighborhoods

themselves contain categorical components only. This choice ensures consistency with both the CatMADS
framework and the notion of local minima discussed in the next section. The following definition adapts

Definition 2 in the more general mixed-variable case.

Definition 3 (Mixed-variable surrogate-based neighborhood). For a given point x ∈ X and integer

m ∈ {1, 2, . . . , |X cat|}, the surrogate-based neighborhood N (x;m) ⊆ X cat is the set containing m

categorical components of the lowest ordering with respect to an ordering relation ⪯ defined on X . The

relation y ⪯ z is satisfied whenever

y = (ycat,xqnt) ∈ X where ycat ∈ X cat ∩N (x;m)
and z = (zcat,xqnt) ∈ X where zcat ∈ X cat \ N (x;m).



Les Cahiers du GERAD G–2026–16 15

Note that Definition 3 reduces to Definition 2 when restricted to categorical components. Moreover,

a consequence of this definition is that for any x ∈ X and m ∈ {1, 2, . . . , |X cat|},

N (x;m) =
¶
ycat
(1) , y

cat
(2) , . . . ,y

cat
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in which ycat
(1) = xcat and where
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qnt
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⪯
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qnt
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⪯ . . . ⪯

Ä
ycat
(m),x

qnt
ä
. In the next sections,

the surrogate-based neighborhoods from Definition 3 are used to handle the categorical variables.

5.2 Background on CatMADS

CatMADS is a direct search framework that iteratively seeks points yielding a strict decrease of the

objective function and/or the constraints [6]. It generalizes MADS by tackling categorical variables

with neighborhoods induced by data from the problem. The quantitative variables are essentially

treated as they are in MADS. For simplicity, CatMADS is presented in Algorithm 1 without considering

constraints.

Algorithm 1: The CatMADS framework for unconstrained problems (adapted from [6]).

0. Initialization. Set k = 0, perform an Design of Experiment (DoE) and define an initial mesh
1. Opportunistic search (optional).
2. Opportunistic poll. Perform polling around the incumbent solution
3. Opportunistic extended poll (optional). If Steps 1 & 2 are unsuccessful, perform quantitative polls

around points in P cat
(k)

with objective function values sufficiently close to f(x(k))

4. Update. Set k ← k + 1, update mesh and check stopping criterion
If the iteration is successful, increase mesh size and GO TO Step 1.
Else, decrease mesh size, and if the mesh is at its minimum size, then STOP

Before any optimization is done, a DoE samples points in the domain using a portion of the budget

of evaluations. The DoE is used to gather information on the problem and construct categorical
neighborhoods, as well as for determining an initial solution.

The main steps of the CatMADS algorithm are Steps 1, 2, and 3. If a solution with strictly

lower objective function value is found during these steps, it becomes the incumbent solution and the

iteration is deemed successful. Otherwise, the iteration is unsuccessful. The search is an optional step

allowing flexible evaluation of points at the intersection of the mesh and the domain. The poll is the

core mechanism of CatMADS. At iteration k, trial points are generated around the incumbent x(k)

through two polls, a quantitative one and a categorical one. The quantitative poll fixes the categorical

component and performs a standard MADS poll on the quantitative variables. The categorical poll

fixes the quantitative component and explores neighboring categorical components selected through a

surrogate-based ordering relation. Two consecutive quantitative polls on R2 are illustrated in Figure 6.

Figure 6c illustrates both poll types.

Arrows emerging from an incumbent solution represent a positive basis. Quantitative components

produced are on the mesh in gray and within the black square, called the frame. The frame delimits

the region in which a quantitative poll can produce quantitative components.

In the example in Figure 6c, xcat(k) = red and the number of components in the neighborhood is

three. The neighborhood contains the red (incumbent), yellow, and purple categories. Each colored

plane represents the quantitative domain associated with one categorical component. Vertical arrows

correspond to the categorical poll, while the quantitative poll is performed within the red plane.

If both the search and poll steps fail to improve the objective, the optional step, called the extended

poll, may be launched at Step 3. This step revisits points in the categorical poll P cat
(k) that almost

improved the incumbent value f(x(k)) by calibrating their quantitative variables with additional

evaluations.

On an unsuccessful iteration, the mesh and frame are further discretized. CatMADS terminates

when the mesh and frame have reached their minimum allowable discretization.
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(b) Quantitative poll P qnt
(k+1)

.

N (x(k); 3) x(k)

(c) CatMADS (unconstrained) P cat
(k) .

Figure 6: (a)–(b) MADS (quantitative) polls at iteration k and k + 1 where x(k) = x(k+1), and (c) a CatMADS poll.

In CatMADS, the constraints are handled with the progressive barrier strategy (PB) [5]. The PB

works with two incumbent solutions, each with their own independent poll, as described above. The

feasible poll is performed around the feasible incumbent solution xfea, and this solution is considered

feasible when it strictly improves the objective function. The infeasible poll is performed at the infeasible

incumbent solution xinf, and this solution is forced to become more feasible through the iterations. For

more details on the update with the PB, see [8, Chapter 12].

5.3 Improvements of CatMADS with surrogate-based neighborhoods

In [6], categorical neighborhoods are constructed using information from the objective function only.

Moreover, the implementation in [6] relies on a simple mixed-variable interpolation. The surrogate-based

neighborhoods introduced here do not affect the theoretical convergence results, as the proposed method

remains an instance of the CatMADS framework. However, the resulting categorical neighborhoods

incorporate information from both the objective and the constraint functions and rely on an objective

distance induced by kernel-based similarities. As a result, the categorical polls should be guided more

effectively toward feasible regions than in the original implementation. Again, this has no impact on

the theoretical results, but it is expected to improve empirical performance and accelerate convergence.

The improved categorical poll with the surrogate-based neighborhoods is illustrated in Figure 7.

xFEA

xINF

(a) Basic categorical poll in [6].

xFEA

xINF

(b) Poll with surrogate-based neighborhoods.

Figure 7: The CatMADS framework in the presence of constraints.
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In Figure 7a, the infeasible regions are in gray and the feasible regions are colored. The feasible

categorical poll starts from the red category and selects the yellow category, which is the most similar

with respect to the objective function. The generated trial point is infeasible.

In contrast, in Figure 7b, the generated trial point lies in the blue category.

A similar behavior is observed for the infeasible categorical poll. In the basic implementation, the

generated trial point comes from the category that is closest with respect to the objective function, which

again leads to an infeasible trial point in Figure 7a. In comparison, the surrogate-based implementation

selects a category that is less similar in terms of the objective but considers the similarities of both

the objective and the constraint functions. This results in a feasible trial point in the red category in

Figure 7b.

6 Computational experiments

This section describes the benchmarking of an instance of CatMADS using the novel neighborhoods,

as described in Section 5. This is a proof of concept demonstrating the utility of surrogate-based

neighborhoods in mixed-variable blackbox optimization. Since the surrogate models are GPs with

one-hot encoding of the categorical variables, the new resulting method is referred to as CatMADSGP.

The implementation of CatMADSGP is identical to that of CatMADS, except for the construction of

the neighborhoods and a BO search step strategically reusing the surrogates. Moreover, in CatMADS,
IDW interpolation is constructed following the DoE, whereas CatMADSGP also updates the GPs as

long as a BO search step is performed. To mitigate computational costs, the BO search step and

update of GPs are stopped whenever the number of evaluations exceeds 500 or 33% of the budget of

evaluations. The GPs are implemented with the SMT Python library [34]. For a given problem, the

number of neighbors is given by m = max(3, |X cat|1/2) [6]. This value scales with the total number of

categories |X cat|, and ensures there are at least two different categorical components other than the

incumbent one. For the detailed implementation, see [6, Section 4.1].

The benchmarking includes state of the art solvers used in different mixed-variable blackbox

optimization applications [21, 28, 35]:

• Pymoo, a Python library containing a collection of optimization algorithms. Specifically, the

mixed-variable implementation of a genetic algorithm is used [10];

• Optuna, a mixed-variable solver extending the metaheuristic covariance matrix adaptation evo-

lution strategy (CMA-ES) to categorical variables [2]. The solver is also available as a Python

implementation;

• CatMADS, a prototype implementation built on the NOMAD software. It serves as the reference

implementation of the original CatMADS framework, from which CatMADSGP is derived.

6.1 Optimization results for the mechanical-part problem

The mechanical-part design problem from Section 2 is now treated as a mixed-variable blackbox

optimization problem. To emulate a realistic blackbox setting in which function evaluations are

expensive, a small budget of only 200 evaluations is allowed. All solvers are initialized with the same

DoE comprising 40 evaluations, corresponding to 20% of the budget, without any feasible point. As

shown in Figure 2, an important difficulty of this problem is the identification of a feasible solution

using a limited number of evaluations.

Convergence graphs are presented in Figure 8. The plot on the left shows the progress of the

constraint aggregation function, and the one on the right shows the progress of the best feasible objective

function. Feasibility is declared when h(xfea) ≤ 10−8, as represented by the horizontal dashed line. On

https://pymoo.org/customization/mixed.html
https://hub.optuna.org/tags/cma-es/
https://github.com/bbopt/CatMADS_prototype
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the left plot, the curves are interrupted as soon as a feasible solution is generated. The plots on the

right start at this value.
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Figure 8: Convergence graphs for the mechanical-part design problem with a budget of 200.

Pymoo is the first method to reach feasibility, as shown on the left of Figure 8. However, the

corresponding objective function value is high and remains unchanged throughout the budget. This

indicates that Pymoo is stuck in a suboptimal categorical component. In contrast, CatMADSGP and

CatMADS reach feasibility later, but with lower objective values. Both methods identify significantly

better solutions, suggesting that they reach more favorable categorical components. Finally, Optuna
fails to produce a feasible point.

The mechanical-part problem was run with multiple seeds. The seed affects both the DoE and the

stochastic components of the solvers, such as sampling procedures or the generation of directions. The

results lead to similar conclusions as those observed in Figure 8. Pymoo reaches feasibility in most runs,

and when it does, it is usually the first one. However, in approximately 75% of the runs, the resulting

objective function value remains high, as observed in Figure 8. CatMADSGP and CatMADS consistently
achieve the best objective values, and CatMADSGP reaches feasibility faster than CatMADS. Optuna
rarely finds a feasible point.

6.2 Data profiles with existing solvers

In this section, CatMADSGP is tested on the 30 unconstrained and 30 constrained mixed-variable

problems of the Cat-Suite collection [17]. As in CatMADS [6], the evaluation budget per problem is set

to 250n, where n is the number of variables, and the initial DoE consists of 20% of this budget.

Each problem is instantiated with three different seeds, resulting in a total of 180 instances. An

instance, denoted p ∈ P, corresponds to a problem with a specific seed. The set of all instances is

denoted P. The convergence test for an instance p ∈ P depends on an initial objective value f0 ∈ R.
This value is defined as

• the least objective function value in the common DoE, for unconstrained problems [9];

• the smallest objective function value among the first feasible solutions found by the solvers, for

constrained problems [9].

This definition enables the comparison of solvers even when the DoE fails to produce a feasible solution.

The set of solvers in the comparison is S = {CatMADSGP,CatMADS,Pymoo,Optuna}. A solver

s ∈ S τ -solves an instance p ∈ P if it produces a feasible incumbent solution xfea ∈ Ω such that the
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reduction f0 − f(xfea) is within τ of the smallest reduction f0 − f⋆ obtained by any solver on this

instance [26]. More precisely, the τ -convergence test is defined as

f0 − f(xfea) ≥ (1− τ)(f0 − f⋆), (16)

where τ ∈ [0, 1] is a given tolerance.

A data profile [26] represents the fraction of instances τ -solved by a solver s ∈ S as a function of

the computational budget. It is defined as

datas (κ) :=
1

|P|

∣∣∣∣ßp ∈ P :
kp,s
np + 1

≤ κ

™∣∣∣∣ ∈ [0, 1], (17)

where kp,s ≥ 0 is the number of evaluations required by solver s to τ -solve instance p, and np is the

number of variables in p. In the following plots, κ represents budgets measured in multiples of (np + 1)

evaluations. The data profiles comparing CatMADSGP with the solvers from the literature on the

unconstrained and constrained instances are presented in Figures 9a and 9b.
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Figure 9: Comparison results on the test problems.

The data profiles for unconstrained problems in Figures 9a and 9b show that CatMADSGP performs

best across all tolerances, followed by CatMADS. The performances of the three other methods

significantly deteriorate as the tolerance τ gets smaller. For instance, at τ = 10−2 and 250(np + 1)

evaluations, CatMADSGP τ -solves approximately 65% of the problems, compared to 60% for CatMADS,
45% for Pymoo and 25% for Optuna.
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For the constrained case, the profiles in Figure 9b show that both CatMADS variants clearly

outperform Pymoo and Optuna over all tolerances. To better analyze the relative performance of the

two variants, Figure 10a shows the performance profiles constructed using only the two CatMADS
variants. CatMADSGP dominates CatMADS for the three tolerances on the constrained problems. The

most significant improvement is at τ = 10−3.
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Figure 10: Comparison results on the constrained test problems between the two CatMADS variants.

7 Discussion

This work introduces a novel approach to structure categorical variables through neighborhoods

constructed from surrogate models. These neighborhoods incorporate information from both the

objective and the constraint functions, making them suitable for constrained mixed-variable optimization.

To balance similarity with respect to the objective and constraint functions, the construction relies on

dominance relations.

As a proof of concept, the surrogate-based neighborhoods are first illustrated on the mechanical-part

design problem. A distinctive feature of this problem is the difficulty of identifying feasible points among

the categorical components. The proposed neighborhoods navigate this challenge more effectively than
alternative neighborhood strategies.

The surrogate-based neighborhoods are then integrated into the CatMADS algorithm, resulting

in the new method CatMADSGP, that is tested against several state-of-the-art solvers. Data profiles

indicate that CatMADSGP consistently achieves better performance on the Cat-Suite collection. These

results suggest that surrogate-based neighborhoods provide a promising mechanism for constrained

mixed-variable blackbox optimization.

Further improvements could extend this study. The current implementation of CatMADSGP uses a

fixed number of neighbors throughout the iterations, and more sophisticated strategies could dynamically

adjust the number of neighbors. Future extensions would define and analyze neighborhoods involving

meta variables [7], i.e., variables whose values dictate the number of variables and/or or constraints

present in the optimization problem.
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