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Abstract : Predicting the state of the weather, from tracking hurricanes and thunderstorms to assess-
ing daily temperatures, is of crucial importance. Over the past decades, these predictions have relied
on solving complex sets of partial differential equations and closure models spanning multiple temporal
and spatial scales. Recently, advances in machine-learning technologies have given rise to data-driven
weather emulators that are able to perform skillful predictions at a lower computational cost. However,
these data-driven weather models predict only a limited subset of meteorological variables. The objec-
tive of this work is to complete Al-based weather models by predicting some secondary meteorological
variables of interest. We adopt a data-driven approach in which the models considered consist of
neural networks, with several simplifying hypotheses regarding spatial and temporal dependence. The
capability of the model to generalize in time and space is assessed using two metrics: a weighted mean
squared error and the Structural Similarity Index Measure. The model errors are further investigated
by computing their spatial and temporal correlations. A spectral analysis of the model’s predictions is
also performed. Finally, we carry out a sensitivity analysis to identify the relevant parameters of the
model.

Keywords: Weather simulations; Al-based weather emulators; sensitivity analysis

Résumé : Les prévisions météorologiques constituent des outils essentiels & la prise de décision.
Au cours des dernieres décennies, ces prévisions reposaient sur la résolution d’ensembles complexes
d’équations différentielles partielles ainsi que sur des modeles de fermeture couvrant de multiples
échelles temporelles et spatiales. Récemment, les avancées en matiére de technologies d’apprentissage
automatique ont donné naissance & des émulateurs météorologiques fondés sur I'TA, capables de pro-
duire des prévisions performantes & un cout de calcul réduit. Cependant, ces modeles météorologiques
basés sur les données ne prédisent qu'un sous-ensemble limité de variables météorologiques. L’objectif
de ce travail est de compléter les modeles météorologiques basés sur I'TA afin de prédire des vari-
ables météorologiques d’intérét actuellement manquantes. Nous adoptons une approche fondée sur les
données, dans laquelle des modeles basés sur I'TA sont développés a ’aide d’hypotheses concernant les
dépendances spatiales et temporelles. Les capacités de généralisation du modele dans le temps et dans
I’espace sont évaluées a ’aide de deux métriques : I'erreur quadratique moyenne pondérée et 1’'indice
de similarité structurelle des images. Les erreurs du modele sont ensuite étudiées plus en détail en cal-
culant leurs corrélations spatiales et temporelles. Une analyse spectrale des prédictions est également
réalisée. Finalement, nous effectuons une analyse de sensibilité afin d’identifier les parametres perti-
nents du modele.

Mots clés: Simulations météorologiques; émulateurs météorologiques IA; analyse de sensibilité
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1 Introduction

The ability to perform accurate weather forecasts is critical to the functioning of societies. From the
prediction of thunderstorms and hurricanes to the long-term assessment of hydrological capacity of
dams, meteorological simulations provide crucial information to stakeholders in their decision-making
process. Over the past decades, these forecasts relied on intricate numerical weather programs (NWPs)
that approximate the solution of complex partial differential equations and closure models. Various
hypotheses and discretization approaches are employed in order to accurately capture the different
meteorological phenomena occurring at various temporal and spatial scales. Nowadays, several NWPs,
such as the Integrated Forecasting System (IFS) of the European Centre for Medium-Range Weather
Forecasts (ECMWF) and the Global Environmental Multiscale model (GEM) of Environment and
Climate Change Canada (ECCC), can perform skillful forecasts up to several days.

In recent years, the rapid emergence of artificial intelligence methods combined with the devel-
opment of extensive climate reanalysis datasets have enabled the creation of machine learning-based
weather programs (MLWPs). Technological companies have showcased the possibility to perform
weather forecasts by training various AI architectures on the ERA5 reanalysis dataset [9]. For exam-
ple, Google developed GraphCast [10], an autoregressive model comprised of a graph neural network
over the entire Earth. Later, the same company proposed a probabilistic version of GraphCast, coined
GenCast [16] that relies on a similar graph architecture embedded in a diffusion model. Despite their
strengths and key advantages, MLWPs still exhibit a number of notable limitations. Beyond their
lack of interpretability, these models are heavily dependent on high-quality training data, struggle to
accurately quantify forecast uncertainty, and frequently underperform in extreme weather scenarios.
Their evaluation also tends to be incomplete, often relying on a narrow set of statistical metrics that
may not fully capture operational forecast skill from a meteorological perspective. Furthermore, the
range of predicted meteorological variables remains restricted; critical variables such as precipitation
are either unavailable or insufficiently accurate, which significantly limits the suitability of these models
for operational weather service applications [24].

In this work, we focus on this last limitation, namely how to extend the output of MLWPs to a
broader set of meteorological variables. One natural approach is to reconstruct missing variables from
the outputs of existing MLWPs. Hardy and Finney [8] addressed this for a single variable, 100-meter
wind speed, over a restricted domain (Europe), using a U-Net model. More recent MLWPs, often
referred to as foundation models, such as Aurora [3], offer a more flexible framework. These models
can be fine-tuned on new data and/or new training objectives, providing a principled mechanism
to introduce additional variables not originally included in the emulator’s output. Exploiting this
property, Lehmann et al. [12] reconstruct missing hydrological variables directly from Aurora’s latent
space, on the grounds that it encodes meaningful physical relationships between atmospheric states.
Their proposed lightweight add-on models, trained with Aurora’s weights kept frozen, are shown to
achieve strong predictive performance while requiring only a fraction of the computational cost of
fine-tuning Aurora directly.

Our work sits at the intersection of Hardy and Finney [8] and Lehmann et al. [12]. Specifically, we
propose a lightweight add-on model that reconstructs meteorological variables not natively produced
by MLWPs, taking as input the set of variables that such emulators typically output. Unlike Lehmann
et al. [12], and in line with Hardy and Finney [8], we operate directly on the emulator’s output variables
rather than its latent space. This design choice enhances the generalizability of our approach, as it
remains agnostic to the underlying emulator architecture, making it readily applicable across different
MLWPs. We further consider a broader and more diverse set of target meteorological variables,
spanning a range of physical properties and reconstruction challenges, thereby extending the scope
of prior work. Finally, unlike methods that rely on fixed spatial grids (e.g., the U-Net model), our
add-on model can reconstruct any target variable at arbitrary space-time locations, enabling flexible
deployment across different domains and resolutions.
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1.1 Objectives

In light of this discussion, the objective of this paper is to model the secondary meteorological variables
that are not predicted by MLWPs. More precisely, we aim to complete the meteorological information
provided by MLWPs, in order to provide more comprehensive forecast. Thus, we will work within
the following methodological constraints. First, we restrict the data available to model the secondary
variables to:

e The meteorological variables predicted by MLWPs, which will be coined primary meteorological
vartables;

e Time-invariant geospatial information (e.g. orography, land-sea mask);

e Spatiotemporal coordinates (e.g. latitude/longitude and time of day)

Second, we want the proposed solution to be lightweight compared to MLWPs. Indeed, the objective
is to complete these emulators, not to replace them. Moreover, the end objective of this paper is not
to present a complete and operational solution for the prediction of the secondary variables. Rather,
this paper is devoted to exploring the various issues and challenges that arise when tackling this task.
More precisely, we will study:

e The impacts of the various modeling choices and assumptions;
e The generalization capacities of the model under several quantity of interest;

e The meteorological variables that drive the prediction of the secondary variables.

1.2 OQutline

Section 2 precisely describes the problem of completing the secondary variables. A minimal subset of
meteorological variables predicted by MLWPs is identified as the primary variables. Next, the sec-
ondary variables considered in this work are defined, along with the normalization procedure employed.
Section 3 introduces the proposed methodology to model the secondary meteorological variables. A
simple model architecture is presented as well as the loss function considered. Then, the various
datasets employed for the training, validation and testing are described. Section 4 discusses the var-
ious metrics employed to assess the quality of the developed model. The Power Density Spectrum
(PDS) and the Structural Similarity Index (SSIM) will be described. A sensitivity analysis method
will be presented, namely the Active Subspaces method. Section 5 evaluates multiple aspects of the
proposed solution. The impact of the architecture and of the training datasets will be investigated.
Then, the various metrics will be computed and an error analysis will be performed. The results of
the sensitivity analysis are also presented. Finally, some concluding remarks are made in Section 6.

2 Problem description

In this section, we introduce the notation employed throughout this paper. Importantly, we precisely
define the problem of predicting the secondary variables. To this end, we first identify the minimal
set of variables predicted by MLWPs. We also describe our treatment of spatiotemporal coordinates
via Fourier Feature Mapping [23]. The minimal set of meteorological variables predicted by MLWPs,
together with the spatiotemporal coordinates, will be referred to as primary variables . Then, we
identify the relevant secondary variables, denoted by 3, that we wish to model.

The surface position will be described by = = (6, 1), where 6 is the latitude and ¢ is the longitude.
The temporal coordinates will be denoted by ¢. In this work, the pressure levels are not considered as
geographical coordinates, but rather assimilated in the definition of the variables. For example, if the
primary variables were to consist of the 2m temperature (t2m) and the geopotential (z) at pressure
levels 500 and 600, the primary variables at position x and time ¢ will be denoted

a(z,t) = (vom(z, 1), aps00(2, 1), app00(2, 1))
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2.1 Primary variables

In order to define the meteorological variables included in the primary variables a, we survey six
MLWPs. More precisely, we will consider AIFS [11] by the European Centre for Medium-Range
Weather Forecasts (ECMWF), GraphCast [10] and GenCast [16] from Google, Pangu [2] from Huawei,
Aurora [3] from Microsoft and FourCastNet [15] from Nvidia. The various meteorological variables, as
well as their respective use, are displayed in Table 1. We note that among the aforementioned MLWPs,
only GenCast is a probabilistic model, compared to the other, which are deterministic. However, it
is important to mention that once trained, the deterministic MLWPs can produce large ensemble-
members forecasts due to their low evaluation cost.

Table 1: Meteorological variables used by MLWPs. The terms | and O indicate that the variables are employed as input
and as output, respectively. The meteorological variables included in the primary variables are highlighted in gray.

Variable ATFS GraphCast GenCast Pangu Aurora FourCastNet
Land-sea mask I I I - 1/0 -
Orography I I I - 1/0 -

Standard deviation of
sub-grid orography,
Slope of sub-scale orography

I _ _ _ _ _

orography

Soil type - - - - 1/0 -
Insolation I - - - - -
Latitude I I I I I I
Longitude I I I I I I
Time of day I 1 1 - - -
Day of year I I I - - -
Top of atmosphere incident ) I ) ) )
solar radiation

Surface pressure 1/0 - - - - I/0
Mean sea-level pressure 1/0 1/0 1/0 1/0 1/0 1/0
Skin temperature 1/0 - - - - -
2m temperature 1/0 1/0 1/0 I/0 1/0 1/0
2m dewpoint temperature 1/0 - - - - -
10m U wind component 1/0 I/0 I/0 I/0 1/0 I/0
10m V wind component 1/0 I/0 I/0 I/0 1/0 I/0
Total column water 1/0 - - - - -
Total precipitation (0] I/0 O - - 1/0
Convective precipitation O - - - - -
Sea surface temperature - - I/0 - - -
Geopotential 1/0 I/0 I/0 I/0 1/0 I/0
U wind component 1/0 I/0 I/0 I/0 1/0 I/0
V wind component 1/0 I/0 I/0 I/0 1/0 I/0
Vertical wind component 1/0 I/0 I/0 - - -
Specific humidity 1/0 I/0 I/0 I/0 1/0 I/0
Temperature 1/0 1/0 I/0 I/0 1/0 I/0

By analyzing Table 1, we can observe that several variables are predicted by the majority of MLWPs.
From these shared variables, we extract a minimal set of variables that will be incorporated in the
primary variables. This minimal set is highlighted in grey in Table 1. Several of these meteorological
variables are atmospheric and are thus defined at specific pressure levels. The description of the
pressure levels employed by the different MLWPs is provided in Table 2.

For the atmospheric variables, an analysis of Table 2 indicated that 4 out of 6 MLWPs employed
the levels used by WeatherBench [18]. We will thus consider these levels for the primary atmospheric
variables. There will be a total of 6 surface primary variables plus five atmospheric primary variables
at 13 pressure levels.

Alongside these meteorological variables, we enhanced the primary variables with information re-
garding the spatiotemporal coordinates. More precisely, we will employ the Fourier Feature Mapping
to represent these additional variables [23].
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Table 2: Pressure levels used by the MLWPs

MLWP Pressure Levels

AIFS 50, 100, 150, 200, 250, 300, 400, 500, 600, 700, 850, 925, 1000
1, 2,3, 5,7, 10, 20, 30, 50, 70, 100, 125, 150, 175, 200, 225, 250, 300, 350, 400, 450, 500, 550, 600,

GraphCast 650, 700, 750, 775, 800, 825, 850, 875, 900, 925, 950, 975, 1000
GenCast 50, 100, 150, 200, 250, 300, 400, 500, 600, 700, 850, 925, 1000
Pangu 50, 100, 150, 200, 250, 300, 400, 500, 600, 700, 850, 925, 1000
Aurora 50, 100, 150, 200, 250, 300, 400, 500, 600, 700, 850, 925, 1000
FourCastNet 50, 500, 850, 1000

The temporal primary variables agay and oneur are obtained using the following Fourier Features
Mappings

Qday (z,t) = (sin(27tq/365), cos(27mty/365)) , (1a)
Ohour (T, 1) = (sin(27ty, /24), cos(2nty, /24)) (1b)

where ¢4 represent the day in the year and ¢, the hour (UTC) of the day.

The geographical position is also represented with the Fourier Features Mapping approach. To this
end, we consider the real spherical harmonics of degree | > 0 and order |m| <

(1) 2/ BNt plml (cos(G)) sin(jm|d) if m < 0

Yim(0,9) = < /2L pm(cos(6)) ifm=0 (2)

m D) (=m)! pm ; 7 -
(—1)mv2 %Pz (cos(0)) cos(map) ifm>0
where P/™ are the Legendre polynomials. An important point is that the spherical harmonics (2) are
defined with respect to polar angle 0 (0 at the North pole and 7 at the South pole) and longitude w
ranging between [0,27n]. The primary variable pertaining to the surface position a, can then be
defined as:

y = <Y1,71(9~, 0), Yi,0(0,9),Y1,1(0, @) . (3)

The first spherical harmonic is not taken into account since it is constant. We mention that higher
frequencies can be considered in the Fourier Feature Mappings, both in the spatial and temporal
domain. However, as a first approximation, we consider only one frequency/degree in each of the
Fourier Feature Mappings. Hence, the number of primary variables is 78 (6 surface variables, 5
atmospheric variables on 13 pressure levels, 4 Fourier features in time and 3 Fourier features in space).

2.2 Secondary variables

Multiple meteorological variables are important for the operational activities of weather forecast agen-
cies. Several of these variables are already predicted by some or all of the MLWPs. However, numerous
meteorological variables of interest are not predicted and/or are not considered as primary variables.
Moreover, the atmospheric variables predicted by MLWPs are available only for a restricted set of
pressure levels.

In this work, we will consider a set of five secondary variables. We list here the variables selected
alongside the rationale for such choices.

2m dewpoint temperature: This variable is a priori depends on the local meteorological state.

Total cloud cover: This variable consists in an aggregation of information occurring at multiple
pressure levels.
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Geopotential at pressure level 900: The pressure level 900 is not present in the primary variables.
Hence, we wish to investigate the possibility of interpolating the primary meteorological variables
at missing pressure levels.

Vertical velocity at pressure level 925 and 700: The vertical velocities at pressure levels 925
and 700 are considered because of their potential importance in modeling precipitation. More-
over, analyzing the same meteorological variables at two different pressure levels will allow us to
investigate the effect of the pressure levels.

This set of secondary variables is far from being exhaustive. We remind the reader that the objective of
this work is to explore the possibility to reconstruct secondary variables from the output of MLWPs. We
do not wish here to provide a complete and operational solution, but rather to identify the challenges
of such a task.

2.3 Data normalization

Due to the difference in units, scales, and marginal distributions of the primary and secondary variables,
suitable normalization of the data need to be performed. The objective of this normalization is twofold:
1) Tt prevents poor scaling of the parameters of the models to be developed; 2) It ensures that all
secondary variables are given equal relative importance.

In this work, we will normalize the primary and secondary variables so that they are of zero mean
and unit variance
ai(m, t) — Q;

s(o)
Bi(z,t) — B;

s(Bs) .
The quantities @; and §3; represent the empirical /sample mean of the primary and secondary variables
for the dataset corresponding to the Canadian region for year 2016 (see Table 3 and Section 3.2). The
empirical /sample standard deviation s(«;) and s(8;) are also computed with respect to this specific
dataset. This transformation is applied to each primary and secondary variable, except for the land-sea

mask and the total cloud cover. These two variables are mapped to the interval [—1, 1] with an affine
transformation.

«; (CL’, t) — s (43)

Bi(w,t) + (4b)

2.4 Statement of the objective

We can now state the objective of reconstructing the secondary variables. We want to design models,
represented by the functions f, that take as input the primary variables and output the secondary
variables. The precise description of the modeling hypotheses and assumptions will be provided in
Section 3.

3 Data-driven solution

This Section describes the various hypotheses and simplifications employed for the modeling of the
secondary variables. Then, the loss function used to train the models is specified. We discuss the
different datasets that will be considered during the training and testing phases. We conclude this
Section with a description of the training procedure.

3.1 Modeling hypotheses

In order to model the secondary variables, we suppose that the secondary variables at geographical
location x and time ¢ are determined solely by the value of the primary variable a(z,t), i.e.,

Bla,t) = flalz,t)). (5)
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Hence, the space of the primary variables is a subset of R™ and the space of secondary variables is
a subset of R®. This hypothesis leads to a nodal model, which is a significant departure from the
hypotheses of the MLWPs mentioned in Section 2.

Two functions f are considered in this work. The first model is a simple affine model
Sin (@, 1); Wiin, biin) = Wina(z,t) + biin, (6)

where W € R>*™ are the weights and by, € R® are the offsets. This model will serve as a base model
for comparing the performance of the subsequent model. This second model is a fully-connected
neural network of n hidden layers with a residual connection. More precisely, the secondary variables
are predicted according to

fnn(a(xv t); w, b) =T,o (Tn—l o---0Ty + Tres)(a(xv t)), (73)
with T;(y) = c(W;y + b;) fori=1,...,n—1, (7b)
and T, (y) = vy(Way + bn), (7c)

and Tres (y) = Wresy + bres (7d)

To simplify the notation, we will note W = (W1, ..., W,,, Wies) and b = (b1, ..., by, bres). The activation
function o is the hyperbolic tangent (apply component-wise). The activation function + is the identity,
but the component pertaining to the total cloud cover is constrained to the interval [—1, 1] (sometimes
referred to as the hard hyperbolic tangent). The hidden layers are of width h, so that W, € RP*78,
W; e RM¥P for i =2,...,n—1, W, € R%*" and W,e € R>*™8. The biases are defined accordingly.
We treat the number of hidden layers n and their width h as hyperparameters to be tuned.

3.2 Training, validation and testing datasets

To train and analyze the models, we employ the reanalysis datasets ERA5 from the European Centre
for Medium-Range Weather Forecasts [9]. This choice is justified by two reasons. First, this dataset
provides detailed and high-quality weather states of the entire Earth from January 1940 to the present.
Indeed, the reconstructed weather state are extensive, consisting of several surface, atmospheric and
accumulated variables with a resolution of 0.25 degrees. Second, this dataset is already employed to
train the various MLWPs.

In this work, we consider the single high-resolution reanalysis, rather than the ensemble reanalysis.
An important point to mention is that we will consider the ERA5 datasets as the ground truth, even
though it contains inevitable errors arising from the modeling and data assimilation.

The data are separated into three distinct datasets, each fulfilling a specific objective:

Training set Sirain: Data employed to train the models (6) and (7);

Validation set Sy,: Data employed to terminate the training of the model (early stopping) and to
compare the trained models;

Test set Siest: Data employed to assess the accuracy of the final model.

Employing the whole ERAS5 reanalysis dataset for the training of the model is very computationally
intensive, since the entire dataset takes up several petabytes of memory. In accordance with the
objective to design a lightweight solution for the prediction of the secondary variables, we decide to
adopt a parsimonious approach regarding the selection of the training datasets. Firstly, we extract
ERAS data at time 00, 06, 12 and 18 UTC, which is the usual approach to train the MLWPs. Secondly,
we take inspiration from the work of Subich [22], where the GraphCast architecture is trained only on
data from the Global Deterministic Prediction System spanning July 2019 to December 2021. Hence,
we will restrict the temporal domain to a few years. Finally, given the nodal nature of the models (5),
we can further subset the ERA5 reanalysis by considering specific geographical regions for the definition
of the datasets. Table 3 provides a description of the subsets of ERA5 considered.
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Table 3: Definition of the subsets of ERA5 with their purpose

Regions
Years Canada Brazil California
Training Training
2016 Validation  Validation Test
2017 Training Training
Validation = Validation B
2018 Test - Test

Several rationales explain the choices made to determine these subsets. The research question
investigated in this manuscript was developed in partnership with Environment and Climate Change
Canada, hence explaining the consideration of the geographical region of Canada in both train-
ing/validation and test datasets. The starting year of 2016 is chosen somewhat arbitrary. We note that
since 2016, the Integrated Forecasting System (IFS) of ECMWF operated at a finer resolution of 0.1
degree [20]. We remind the reader that the ERA5 datasets utilized in this paper are on an equiangular
grid of 0.25 degree. Hence, if it becomes necessary to consider a finer grid, as with Bodnar et al. [3,
Section 6], suitable datasets are available from 2016 to the present.

We also consider the year 2017 and another geographical region, Brazil, as training data. The
objective behind expanding the training data, both in time and space, is to evaluate the impact of the
choice of the training dataset. This procedure will be described in greater detail in Section 5.2. To
assess the generalization performance of the models, we first consider the same regions employed for
the training/validation, but for year 2018. This way, we test the ability of the model to generalize in
time. We also wish to test the capacity of the model to generalize in space by considering the region
of California. The ability to generalize both in time and space will also be investigated.

Due to the hypothesis (5), each spatiotemporal node constitutes data on which the models may
be trained or evaluated. By considering the hours 00, 06, 12 and 18 UTC, the yearly Canada and
Brazil datasets are comprised of approximately 85 and 50 million spatiotemporal nodes, respectively.
In order to train the model, we randomly assign 80% of these spatiotemporal nodes to the training
datasets, while the remaining 20% are attributed to the validation datasets.

3.3 Training procedure

To compute the optimal value of the weights and biases of models (6) and (7), we solve the following
empirical risk minimization problem

(W=, b*) € argmin Rg, .. (W, b; f), (8)
Wb

where Rg,,... is the loss function evaluated over the training dataset Sirain. For the loss function, we
consider a weighted mean squared error (WMSE)

Rs(W.bif) = g 3 wlo)|fas W) = 513 (9)
(a,B)€S

where |S| is the size of the dataset S (the number of spatiotemporal nodes) and w is the weighting
function. Due to the equiangular nature of the ERA5 dataset, concentration of nodes appears at the
poles. The weighting function takes into account this phenomenon by pondering according to w(a) =
cos(), where 6 is the latitude associated with the primary variable « (this weight can be recovered from
the corresponding spherical harmonic Y ¢). The factor 1/5 accounts for the fact that five secondary
variables are considered. Due to the normalization process described in Section 2.3, each type of
secondary variable is of the same order of magnitude. Hence, we do not need to weight each component
of the error f(co; W,b) — f.
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To find a (local) minimum of problem (8), we employ the algorithm L-BFGS with a line-search
based on the Strong Wolfe conditions [13]. A relative early stopping criterion is applied to the validation
loss function to terminate the training process. More precisely, at the k-th iteration of L-BFGS, we
check if the following criterion is met

Rs,.,(WF,b% f) = Rs,, (W, 1~); 13
Rs,.,(W,b; f)

< 0.001, (10)

where (W*, b¥) represent the weights and biases at iteration k and (W, b) represents the best solution
up to this k-th iteration. If the criterion is met, then (W, 1~)) < (W*,b*) and the iteration proceed. If
no significant relative improvement is detected over eight epochs, then the training terminates. The
training is performed on a single NVIDIA A100SXM4 GPU with allocated time in the range of a few
hours up to 36 hours.

4 Errors and sensitivity analysis

We adhere to the point of view that any model is merely an approximation of the true underlying
physical phenomenon. Indeed, the modeling act in itself implies simplifications and hypotheses to
render reality comprehensible. Inevitably, there will be errors in the model predictions, and it is the
whole objective of the modeling process to reduce these errors as much as possible. These errors stem
from various sources and for the problem at hand, we mention the following ones:

1. The choice of the primary variables a described in Section 2.1 may be too restrictive. The
secondary variables § may depend upon additional variables that are not taken into account.

2. The hypotheses regarding the structure of the models introduced in Section 3 may be too sim-
plistic. Moreover, the choice of the hyperparameters pertaining to the width h and number of
layers m of the neural network may not be optimal.

3. The training datasets employed to train the models described in Section 3.2 may not encompasses
all the possible meteorological states.

4. The weights and biases obtained with the optimization algorithm L-BFGS may not represent the
global solution of Problem (8).

The first and second types of errors are often coined approximation errors, the third type of errors are
the generalization errors and the fourth type are the optimization errors [1, 17, 21]. The approximation
errors will be investigated to a limited extent. Indeed, the choice of primary variables « is considered
fixed, as described in Section 2.1. However, we will investigate, in Section 5.1, the influence of the
hyperparameters pertaining to the neural network model. The impact of the choice of training datasets
will be investigated in Section 5.2, providing some insights into the generalization errors. Finally, the
optimization errors will not be investigated in this work. However, the aggregation of these errors will
be analyzed on the aforementioned test datasets.

4.1 Additional metrics of interest

The previous discussion pertains to the error analysis of the loss function R. However, the Earth
weather system is so complex that it will be highly reductive to limit our study to one type of metric.
To expand the analysis of our model predicting the secondary variables, we consider two additional
quantities to assess the qualities and limitations of the predictions performed.

4.1.1 Structural similarity index measure

The first metric investigates the ability of nodal models to recover spatial structures. To this end, we
will evaluate the Structural Similarity Index Measure (SSIM) [28]. The SSIM measures the similarity
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between two images, which in our study will represent the model’s predictions and the ERA5 ground
truth at a given timestep. The SSIM is composed of three parts, namely:

e Luminance: Comparison between the pixel’s mean value of the two images
e Contrast: Comparison between the pixel’s variance of the two images

e Structure: Correlation coefficient between the two images

We refer the interested readers to [5, 28] for a more in-depth discussion of this index. To simplify the
notation, we will note by By, = Bk (-, t) and by By = fr(a(-,t)) the ERA5 and model’s prediction
images respectively. These images are obtained at time ¢ and for the k-th secondary variable. In an
Euclidean setting, the SSIM is generally computed as

2Bk,t Bf,k:,t + SBy.,t,By k¢ +C2

—2 e —] 2 2
Bk,t + Bf,k,t + SBk,t + st,k-.t t e

(11)

SSIM(By.t, By it) =

where By, B+ respectively represent the mean of the ERA5 ground truth and of the model’s
prediction, sg, , B;, , is the covariance, SQBf_k,t , SQBk.t are the variance, and ¢; and ¢y are small constant.
An SSIM value of one indicates that the images are identical, whereas an SSIM value near zero indicates
that the images are very different. Usually, the SSIM is not computed on the whole image at once.
Each pixel is attributed an SSIM score by computing (11) on a local patch, where the various means,
variances and covariances are computed with some weighting function. A global SSIM value is then
computed by averaging all the local SSIM values. An additional averaging is performed along the time
dimension ¢.

Given that the model’s prediction and the ERA5 datasets are located on the sphere on a regular
latitude/longitude, the aforementioned procedure to compute the global SSIM value needs to be mod-
ified. We adopt the procedure taken by Chen et al. [19]. The local SSIM values are computed in the
Euclidean setting, because locally, the planar approximation is fairly valid. However, we aggregate the
local SSIM by pondering their contribution with respect to their latitude (identical to the weighting
of the loss function (9)).

4.1.2 Power density spectrum

A notable challenge encountered in weather modeling resides in the presence of several physical phe-
nomena occurring at various spatial and temporal scales. In order to assess the performance of the
developed models across the different spatial scales, we will compute the power density spectrum (PDS)
of the model predictions as well as that of the ERA5 ground truth.

Given that the data reside on the globe and span relatively large regions, we need to consider the
spectral decomposition on the sphere. Indeed, if we were to perform the spectral decomposition on the
plane (on the latitude/longitude grid), significant errors will be introduced. We assume that all the
secondary variables considered in this work are square-integrable on the sphere, hence the spherical
harmonic decomposition reads

ﬁ(xvt) = Z Z Bl,m(t)}/l,m(x)? (12)

where Bl’m are the coefficients of the spherical decomposition for the spherical harmonics Y ,,, defined
at (2). The truncation [ = 320 is due to the angular resolution of 0.25 degree of the latitude/longitude
grid. Once the spectral decomposition is computed, the power P associated to each degree [ at time t is

m=l
Pty = Y Bim(®). (13)

m=—1
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The regions considered for testing the model do not span the whole globe, hence a localized spectral
analysis must be performed. In order to do so, we employ a multitaper analysis [6, 26, 27]. In
a nutshell, the multitaper method consists in multiplying the signal of interest by tapers (window
functions) that are bandlimited and whose energy resides primary in the region of interest. The
spectral decomposition of the product of the tapers and the signal is performed and then averaged.
We refer the interested readers to the aforementioned articles for in-depth discussion of the multitaper
approach in the spherical domain. In this work, we employ the library SHTools to perform such
analysis [25].

4.2 Sensitivity analysis

The numerous primary variables a may not all be relevant for predicting the secondary variables .
To identify the important primary variables with respect to predicting the secondary variables, we will
employ a sensitivity analysis method. More precisely, we will employ the Active Subspaces method [4].

The Active Subspace computes an influence matriz My j, for the k-th secondary variable of model f
according to

My =E(V fr(a)V fr(a)") = Cov(V fr(a)) + E(V fi()) B(V fi(a))” (14)

The gradients are computed with respect to the primary variables a. The expectation is performed
according to the distribution of the primary variables. This influence matrix My ; encodes how the
primary parameters « influence the surface of response of the k-th secondary variable of model f. In-
deed, the term Cov(V fi(a)) will capture if the derivatives vary considerably, while the term E(V fi(«))
indicates, in average, the magnitude of the derivatives.

By performing an eigendecomposition of My we can extract the relevant linear structures
My =VAVT. (15)

The eigenvector associated with the largest eigenvalue indicates which directions in the space of primary
variables influence the model f the most. A way to aggregate this information for each primary
variables is to compute sensitivity indices

S =Y NV (16)
J

Normalized sensitivity indices can be computed such that their sum equals one. By ranking these
sensitivity indices, we can identify which primary variables influence the response of the model as well
as the primary variable that do not influence the prediction of the secondary variables.

5 Results

In the following, we first investigate the impact of the neural network architecture as well as the
impact of the training datasets. From these results, a final model predicting the secondary variables
is selected. The performance of the chosen model will be assessed under the metrics presented in
Section 4.1 evaluated for the various test sets of Table 3. An analysis of the model’s errors will also
be presented. Finally, the sensitivity analysis will be conducted on the selected model to identify the
relevant primary variables employed for predicting the secondary variables.

5.1 Impact of the model architecture

We first investigate the impact of the network architecture upon the performance of the model. The
objective is to seek the architecture that allows the minimization of the approximation errors, while
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not overfitting the training dataset. This problem is often referred the bias-variance trade-off. To avoid
considering a model that overfit the training data, we evaluate the empirical risk (9) on the validation
dataset. Table 4 presents, for several width A and number of layers n, the values of the empirical risk
on the validation dataset of Canada 2016.

Table 4: Loss function on the validation dataset Canada 2016 for different neural networks architectures

Layers
Width 2 4 6 8 10

50 0.153 0.131 0.129  0.130 0.134
100 0.145 0.121 0.119 0.121 0.124
150 0.141 0.115 0.114  0.116 0.120
200 0.138 0.112 0.110 0.113 0.115
250 0.136 0.108 0.107  0.111 0.114
300 0.135 0.106 0.106  0.109 0.114*
350 0.134 0.103 0.104 0.112*% 0.114*
400 0.133 0.105 0.105  0.107 -

From Table 4, we can observe that validation losses vary significantly with respect to the neural
network hyperparameters. This variation is rather smooth, demonstrating a stable behavior with
respect to these hyperparameters. We can identify a (local) minimum at width A = 350 and number
of layers n = 4. We can also notice directly the bias-variance trade-off, where too many parameters in
the neural network may lead to overfitting the training dataset. The values with an asterisk indicate
that with the allocated time, the early-stopping criteria was not met.

The production of the results presented in Table 4 are computationally possible given the simplicity
of the model as well as the relative small scale of the training dataset. Given these results, we think
that the impact of the neural network architecture ought to be further investigated for the MLWPs
presented in Section 6. We are aware that the size of these models renders this type of analysis rather
complex, but it may be that more parsimonious models present similar or better performance.

We mention that one can envision employing more sophisticated neural network architectures or
consider more complex modeling assumptions compared to (5) to improve the validation loss. However,
we reiterate that the objective of this paper is to investigate the completion of secondary variables via
relatively simple and lightweight solutions. This is the reason why we limit our investigation to the
effect of the width and number of layers of model (7).

5.2 Impact of the training dataset

We now investigate the impact of the training dataset on the performance of the model. To this
end, we will train the model using several training datasets. The idea is to incorporate additional
information, both relative to the spatial and temporal domain, in the training process. This process is
akin to the one employed by Oden and Prudhomme [14] in the context of model calibration. On one
hand, if the quality of the empirical risk on the validation dataset varies significantly by considering
expanding training datasets, this indicates the presence of non-negligible generalization error. On the
other hand, if the quality of the models does not vary while trained on expanding training datasets,
this may suggest small generalization error.

Table 5 illustrates the various loss values according to the training datasets employed (as described
in Table 3) for both linear and neural network models introduced in Section 3.1. For example, the neural
network model trained with the Canadian and Brazilian region on year 2016 possesses a validation
loss of 0.149. We mention that the same normalization process, described in Section 2.3, is adopted
whatever the training dataset considered.

We remind the reader that the linear model is employed as a baseline. Given the results displayed in
Table 5, we can observe that the neural network models outperformed the baseline models for all four
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Table 5: Normalized training and validation loss for the linear and neural network models (NN) trained on different
datasets

Canada Canada Canada/Brazil Canada/Brazil
2016 2016-2017 2016 2016-2017
Linear NN Linear NN Linear NN Linear NN
Training Loss 0.205 0.100 0.206 0.103 0.277 0.147 0.281 0.150

Validation Loss 0.205 0.103 0.208 0.105 0.277 0.149 0.282 0.152

training datasets. Moreover, we note that the training and validation loss increase as we expand the
training datasets. This result is expected, since the models need to fit/account for more data. However,
this increase is relatively large when the training dataset is expanded in space. This indicates that the
behavior of the given secondary variables § vary significantly according to the geographical extent. On
the other hand, the increase in the training and validation loss is relatively small when the datasets
are expanded in time. Although this analysis is limited in terms of the number of training datasets,
it suggests that future models should be trained on very large geographical extents (up to the whole
globe), rather than for very large temporal extents.

From these results, we retain for further analysis the neural network model trained on the Canadian
and Brazilian regions for the years 2016-2017. It is important to mention that the retained architecture
of four layers of size 350 may not be optimal when considering this particular training dataset. We can
repeat the same analysis presented in Section 5.1 to identify the (new) optimal architecture. However,
the objective of this work is not to present the best operational solution, so we will keep the trained
model without seeking to re-optimize the architecture hyperparameters.

5.3 Error analysis

We now analyze in greater detail the errors made by the adopted model. First, we expand the loss
function (9) according to the loss associated with each secondary variable as displayed in Table 6. The
total loss is the mean of the loss associated to each secondary variable (the factor five in (9)). We also
compute the SSIM values associated to each secondary variable.

Table 6: Normalized loss function (WMSE) and SSIM on the testing datasets

Canada 2018 California 2016  California 2018
WMSE SSIM WMSE SSIM WMSE SSIM

Dew-point Temperature 1.41e-3 0.9833 1.48e-2 0.9373 1.46e-2 0.9338
Total Cloud Cover 6.08e-2 0.5246 0.144 0.4493 0.150 0.4502
Geopotential Level 900 5.44e-6 0.9999 1.61e-5 0.9995 1.75e-5 0.9994
Vertical Velocity Level 925 0.248 0.7269 0.816 0.5563 0.779 0.5416
Vertical Velocity Level 700 0.290 0.8245 1.36 0.6304 1.29 0.5723
Total 0.120 - 0.467 - 0.447 -

From the results displayed in Table 6, we clearly observe that some secondary variables, such
as the geopotential at level 900 and the dew-point temperature, are predicted relatively well by the
model. Indeed, the loss values are relatively small and the SSIM values are close to one. The ability
of the model to predict the dew-point temperature is expected, since it is essentially a function of the
local pressure, temperature and humidity. For the geopotential at level 900, we can speculate that the
model predictions consist in local interpolation of the geopotential at the levels included in the primary
variables. The loss and SSIM values are more degraded when the generalization is performed in space,
that is, for the Californian region. However, the loss values remain small and the SSIM values stay
close to one, indicating good generalization capabilities of the model for these secondary variables.
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For the total cloud cover, we observe a clear degradation in the SSIM values. Because SSIM com-
putes the similarity between the model predictions and that of ERA5 ground truth at each timestep,
we can assess that there are significant mismatches in the spatial structures. Interestingly, for the
secondary variables of vertical velocities, the loss function is greater, while the SSIM is slightly better
compared to the total cloud cover. Finally, we note that the prediction quality degrades markedly
when the generalization is performed in space.

The results of Table 6 represent the aggregation of the loss values and the SSIM values. In order
to better visualize the errors committed, we plot in Figure 1 the predictions and the errors produced
by the model for the Californian region at 2018-10-28 00 UTC. The comparison between the ERAS
ground truth and the model predictions at this particular time step sheds some light on the previous
discussion. Overall, the predictions of the dew-point temperature generate small errors, but we note
patches where the errors can become quite large (10 degrees Kelvin). The model appears to introduce
significant smoothing in the prediction of the total cloud cover, somewhat struggling to capture the
quasi-binary nature of this secondary variable. This explains the lower SSIM values observed for the
total cloud cover, since the sharp boundaries of clouds are not predicted.

The geopotential at level 900 closely resembles that of the ground truth, as hinted by the loss and
SSIM values. For the vertical velocities, we also observe significant smoothing in the model predictions,
as the high-frequencies of the ground truth are absent from the model predictions. Interestingly, for all
secondary variables, we observe spatial structure in the errors, hinting that the modeling assumption (5)
is not adequate. To perform a more detailed analysis of these spatial correlations, we compute the
Spearman correlation between a reference time series at a given geographical location and the time
series of another geographical point. Figure 2 presents the maps of these pairwise Spearman correlations
for two choices of reference geographical points.

By analyzing Figure 2, we observe the presence of strong Spearman correlation for all secondary
variables in the vicinity of the first reference point. Indeed, this reference point = (=120, 37) is located
in California’s Central Valley, and we can observe high correlation along the valley for the dew-point
temperature, the geopotential, and vertical velocities of interest. Moreover, we note oscillations in the
Spearman correlation for the geopotential and the vertical velocities that spread far from this point
of interest. For the total cloud cover, the correlations are more isotropic around the point of interest.
With the second reference point = (—116,40), we can also observe strong spatial correlation in the
neighbouring regions.

We now perform a similar analysis to highlight the correlation in time. More precisely, we choose
a reference map at a specific time and we compute the Spearman correlation with another map repre-
senting a different time step. Figure 3 presents the time series of these pairwise Spearman correlations
for two choices of reference times.

The results presented in Figure 3 do not show strong Spearman correlation with respect to the
time coordinates. Contrary to the spatial correlation, there are no strong correlations in the vicinity
of the reference times. A possible explanation may be that the time step of 6 hours is rather large. An
analysis of these time-series may reveal some important frequencies, but since the overall Spearman
correlations are relatively low, we do not perform such analysis.
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Figure 1: ERA5 ground truth (left), model predictions (center) and the corresponding errors (right) for the Californian
region at 2018-10-28 00 UTC. From the top row to the bottom row, the secondary variables are the 2m dewpoint
temperature, the total cloud cover, the geopotential at level 900, the vertical velocity at level 925, and the vertical
velocity at pressure level 700.

5.4 Power density spectrum

We now analyze how the model performs when its power density spectrum is compared to that of the
ERAS5 ground truth. The Californian region is of relatively small size compared to the whole globe, so
window functions of high bandwidth should be considered to ensure that their energy remains localized.
Because of that, we decide to compute the power density spectrum for the Canadian region for the
year 2018 only. To perform this analysis, we consider bandlimited window functions of maximal degree
of 29. With a concentration factor of 0.99, we obtain 15 tapers for the Canadian region (whereas no
taper possesses 99% of its energy for the Californian region). We compute the power density spectra
for four different time steps throughout the year 2018. The results are displayed in Figure 4.
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Figure 2: Spearman correlation map of the secondary variables for the reference point z = (—120,37) (left column) and
for the reference point x = (—116, 40) (right column).

First, we can clearly observe the energy injected by the window functions around degree 29. It is
important to mention that the same taper functions are employed for the ERA5 ground truth and for
the model predictions. Hence, the two types of curves can be directly compared to each other, since the
influence of the taper functions is identical. For the dew-point temperature and the geopotential at level
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900, we note that the power density spectra are nearly superposed. These results echo the previous
findings in that these two secondary variables possess relatively low errors and good SSIM values.
Regarding the total cloud cover, we can observe the smoothing in the model predictions because the
high frequencies are dampened compared to the ERA5 ground truth. Moreover, this damping increases
with the degree of the spherical harmonics. For the vertical velocities, we observe again the smoothing
of the predictions compared to ERA5. However, we also note non-negligible mismatch in the power
density spectra at low degree, indicating that even the large scale patterns of the vertical velocities are
not exactly captured by the model. Again, these results are coherent with the previous ones indicating
the poor performance of the model for these types of secondary variables.
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Figure 3: Spearman correlation time series of the secondary variables for the reference time 2018-06-27 12 UTC (left
column) and for the reference time 2018-10-03 18 UTC (right column).

5.5 Relevant primary variables

To assess which primary variables influence the prediction of the secondary variables, we compute the
normalized sensitivity indices described in Section 4.2. Figure 5 presents the relative contribution of
each primary variable whose individual normalized SI is greater than 4%. The remaining primary
variables are aggregated in the category Others.

For the dew-point temperature, the most influential primary variables are the temperature at
2 meters (t2m) and the specific humidity at level 1000 (q 1000). This result is coherent with the
underlying physics implemented in ERA5 to simulate the dew-point temperature. We also note that
the mean sea-level pressure (msl) and the geopotential at level 1000 (z 1000) play a non-negligible role
in predicting the dew-point temperature, which is again consistent with the physics [7].
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Figure 4: Power density spectra for the Canadian region at four different time steps for year 2018. The power density
spectra of the ERA5 ground truth are in blue, whereas the power density spectra of the model predictions are in red.

The sensitivity analysis of the total cloud cover reveals that the mean sea-level pressure in addi-
tion to the geopotential at various levels are important primary variables. This observation is to be
expected, since the total cloud cover represents the aggregation of the clouds at various levels. We also
note that the cumulative contribution of the Others primary variables accounts for nearly one third of
the SI. This result is coherent with the fact that the underlying physics describing the clouds involves
multiple phenomena [7].

The repartition of the SI for the geopotential at level 900 indicates that the prediction of this
particular secondary variable is an interpolation of the geopotential included in the primary variables.
Indeed, the geopotential at level 925 and 850 (z 925 and z 850 respectively) contribute to almost 99%
of the total contribution.

For the vertical velocities, we note that the important primary variables are the mean-sea level
pressure and the geopotential at various levels. This result is again coherent with the underlying
physics encoded in the momentum equations [7]. We also note that the geographical location, encoded
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in the Spherical Fourier coefficients Y7, _; and Y7 1, plays a non-negligible role in predicting the vertical
velocities.

From this sensitivity analysis, we can observe that only an handful of the 78 primary variables
influence significantly the secondary variables. What is noteworthy is that the primary variables
representing the u/v components of the wind at all levels influence very marginally the secondary
variables. Moreover, the atmospheric primary variables located at low pressure levels (high altitude)
do not influence much the secondary variables. It may be that these primary variables could be
discarded from the model without affecting its performance. In turn, it may indicate that the MLWPs
predict several primary variables that are either redundant and/or not relevant for the prediction of
secondary variables.
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Figure 5: Sensitivity indices for the secondary variables. To improve readability, all the primary variables whose sensitivity
indices contribute for less than 4% are aggregated in Others.

6 Conclusion

In this work, we have explored the possibility of recovering secondary meteorological variables not
predicted by MLWPs. First, we have identified a restricted subset of meteorological variables predicted
by various MLWPs that serves as the primary variables. Then we have posed a central hypothesis: The
models are nodal, i.e. the secondary variables located at a specific spatiotemporal node are predicted
using solely the primary variables at the same spatiotemporal node. These models have been trained
on the ERAD reanalysis datasets using a weighted mean-squared loss function.

The influence of the neural architecture and of the training dataset has been investigated. According
to the training and validation loss functionals, the neural network architecture outperformed the simple
linear model. Moreover, we have illustrated that the choice of the training datasets may have a
significant impact upon the models. Indeed, expanding the training dataset in the spatial dimension
leads to a greater increase of the loss function compared to expanding the dataset in the temporal
dimension. From these results, a final nodal model has been selected for testing. The generalization
capabilities of this model have been investigated with respect to the loss function and the SSIM.
Some secondary variables, such as the dew-point temperature and the geopotential at level 900 can
be relatively well recovered by the proposed model. However, the total cloud cover and the vertical
velocities present large errors. A closer analysis reveals that the nodal model produces errors that are
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correlated in space. Moreover, the comparison of the PDS of the nodal model and of the ground truth
exposes significant smoothing for the prediction of the total cloud cover and the vertical velocities.
Finally, a sensitivity analysis of the nodal model has been performed. For each secondary variable, the
primary variables identified as relevant are in accordance with the expected physics.

These results shed insightful light on the limitations of the nodal model. Apart from the geopo-
tential at level 900, the nodal hypothesis appears too restrictive. Indeed, the variations of training
and validation losses when expanding training datasets in space, the strong spatial correlation of the
errors, and the mismatch of the PDS all point toward the necessity of considering global models in
space. A future improvement could be to consider a model in the spectral domain. Since the data
lie on the sphere, an idea could be to employ spherical harmonics to represent both the primary and
secondary variables. It should also be interesting to investigate the application of Physics-Informed
Neural Networks (PINNs) to add physical constraints to the secondary variables. As a final note, we
think that performing a sensitivity analysis on the MLWPs should provide some valuable information
regarding their structures. Indeed, it may be that the MLWPs invest too much in predicting mete-
orological variables that are either redundant/highly correlated or not relevant for predicting other
missing variables.
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