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Abstract : Dynamic games are considered with large subpopulations distributed over large sparse
graphs, where each agent has mean field coupling with all agents within the same cluster and meanwhile
receives impact from neighboring clusters. Tractable limit models are obtained via the network limits of
graph Laplacian operators modelling second order interactions. The resulting mean field game (MFG)
has what is called Laplexion dynamics. For ring and torus topology cases, solutions for linear quadratic
Laplexion MFG systems with infinite populations on infinite node networks are obtained via a second
order linear partial differential equation system. This work focusses on the relationship between the
finite population model and the sparse network limit model. We prove an e-Nash equilibrium property
for the obtained decentralized strategies.

Keywords : Immediate neighbor interactions; Laplexion; large networks; mean field games; Nash
equilibria
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1 Introduction

1.1 GMFG and GXMFG theory

Graphon theory [30] provides a natural framework for modeling the interaction of agents distributed
over large networks when the nodes can be indexed by the reals in [0,1] furnished only with the
topology of the node set [0, 1]. Graphons are symmetric measurable functions on [0, 1]?, taking values
in [0, 1] (interpreted as generalized adjacency matrices). The graphon framework has been widely used
in the analysis of dynamics, control and games on large networks (see e.g. [2, 8, 14, 16, 20, 26, 31, 34]).
Graphon Mean Field Games (GMFGs) [7, 8] are formulated so as to describe the limiting behavior
of large populations of dynamical agents interacting over large networks, the key property of interest
being the existence of Nash equilibria.

The GMFG framework is formulated in terms of graphons and hence is restricted to asymptotically
dense networks. However, many networks of interest are not dense. Large sparse graphs occur, for
instance, in biological neural networks [17] and electrical power grids [33]. When the sequence of graphs
is sparse but the node degrees still have unbounded growth, graphon theory is extended by an LP theory
for sparse graph limits [4]. The reader is also referred to sparse limit graph dynamical models in [27] for
related game models on sparse networks, and general convergence analyses of interacting particles over
graphs, including sparse graphs, in [25, 28]. The graphexon MFG (GXMFG) construction generalizes
the GMFG framework to the graphexon setting ([5]) and consequently applies to networks which are
asymptotically a combination of sparse and dense graph limits. Unlike the graphon case, non-trivial
subsequential graphexon limits are defined for all graph sequences and hence in particular for sparse
graph sequences. The solution of the GXMFG [9] assigns coupling weights to other nodes using a
graphexon measure instead of a graphon function in GMFG equations [6, 8.

1.2 MFG and Laplexion dynamics

Immediate neighbor based interactions have been addressed in the game theoretic literature [3, 24, 36]
and arise in markets of retailing services or goods [3]. Such interaction structures are also adopted
in deriving continuum dynamics as motivated by bacterial colonies and flocking [18], and interacting
particle models in mathematical physics [1, 21].

To describe interactions of immediate neighboring clusters, our previous work considers graphexon
limits of sparse networks and proposes first order interaction models [9] and second order interactions
models [10] containing a mean field derivative term in the nodal parameter. This interaction struc-
ture accounts for the influence of neighboring subpopulations through the spatial variations of their
behaviors, while the standard graphon network limit framework has no defined metric topology on
the set of vertices in which to define the notion of locality. The more recent work [11] starts with
a dynamical model via graph Laplacian operators and, taking their sparse network limit, provides a
mathematical derivation of second order interaction terms in [10], which, due to their interpretation
via limit Laplacians, are called Laplexions. Graph Laplacians have been widely used in other areas
such as multi-agent coordination control [32] and machine learning [13]. For developing limit theory,
the modeling in this paper starts with finite populations on stylized finite networks as either one di-
mensional or two dimensional lattices [1, 3, 18, 21]. Our network models are cases of extreme sparsity,
and are not covered by the sparse limit theory as in [4, 25]. In a linear-quadratic (LQ) setting, this
paper addresses the relationship between the finite population model and the sparse network limit
model while some preliminary analysis has appeared in [12] without detailed proofs. Our analysis de-
pends on techniques different from those employed in MFGs and GMFGs, primarily due to the second
order (diffusive) interactions. Our techniques will combine mean field approximations for intra-cluster
coupling and Laplexion approximations of the seconder order interactions for inter-cluster coupling.
The Laplexion is closely related to hydrodynamic limit under scaling of diffusion type in asymptotic
analysis of interacting particle systems [1, 21].
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The paper is organized as follows. Section 2 introduces the dynamical modeling involving a graph
Laplacian operator to capture the influence of subpopulations at neighbouring nodes, which leads to
the so-called Laplexion mean field game (LMFQG) in the large network limit. Section 3 derives the
solution equation system of the LQ LMFG and the associated decentralized strategies. Section 4
presents an existence and uniqueness analysis of the partial differential equation (PDE) system of the
LMFG. Section 5 gives the a priori cost bound for the decentralized strategies. Section 6 analyzes
the Laplexion limit of the second order interaction terms. Section 5 establishes an asymptotic Nash
equilibrium theorem.

Notation: We use N* (¢:=1 for the ring, ¢ = 2 for the torus) to denote the number of nodes in the
graph, and N; to denote the subpopulation size at each node. We take C,C,- -+ as generic constants,
which change from place to place but do not depend on (N, Ny).

2 Dynamic games with subpopulations over sparse networks and
the Laplexion limit

We start with some preliminaries on graph limits and graph Laplacian operators.

2.1 Large graphs and their limits

Let (M, g) be a compact, connected Riemannian manifold of dimension p, equipped with its geodesic
distance dg and Riemannian volume measure dVg. Let P(M) be all probability measures defined on
(M, B(M)) with Borel o-field B(M).

Definition 2.1 (Embedded graph sequence). GV = (VN ,£V) shall denote a non-empty finite graph
without self-loops, with node set denoted VN = {1,--. N}, and undirected edge set of unordered
pairs denoted Y C VN x VN, The sequence {GV, oV }_, is an embedded graph sequence if every GV is
embedded into M via a bijective node mapping ¢ : V¥ — M, assigning a location a¥ = ¢™ (i) € M
to each node i € VV.

Definition 2.2 (Empirical vertex and edge measures). Let Gy = (Vn,En) be a finite embedded graph
on a Riemannian manifold M with an embedding mapping ¢” : Vy — M, with oY = ¢V (4).

1. The empirical vertex measure Viy € P(M) is defined by

1
VN = W Z 504?”

1EVN

N

i

where §,~n € P(M) denotes the Dirac probability measure on (M, B(M)) concentrated on «
2. The empirical graphexon measure Wy € P(M x M) is defined by

1
Wy = 5w D ey oz + 0y a)):
{i,jreeN

where 0o~ o~y € P(M x M) denotes the Dirac probability measure on (M x M, B(M x M))

that concentrates on the ordered pair (o, oY) whenever {i,j} € EV.
Remark 2.3. The measure Wy assigns zero measure to the diagonal in M x M since the graphs under

consideration have no self-loops.

Since M is a compact metric space, the space of probability measures P(M) is tight. Consequently,
by Prokhorov’s theorem, the space of probability measures P(M), endowed with the topology of weak
convergence, is also compact. Consequently, the sequence of empirical vertex measures {Vy} ey is
relatively compact which guarantees the existence of convergent subsequences.
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Definition 2.4 ([5, 9, 10]). Let (V, W) be the empirical vertex and edge measures from Definition 2.2.
We equip P(M) with the topology of weak convergence of probability measures, and let Ps(M x M)
denote the space of finite symmetric Borel measures on M x M.

o A vertezon is any weak limit Vo, € P(M) of a subsequence {Vn, }32;.

e Given such a vertexon V, realized by {Ny}$2,, an associated graphezon is any weak limit
Woo € Ps(M x M) of a further subsequence in {Wn, }72 ;.

The limit V5, depends on the chosen subsequence {N;}%2 . Hence, both V,, and the associated
W need not be unique.

2.2 The graph Laplacian operator

Consider an undirected graph G = (V, &), where ¥V = {«a1,- -+ ,an} is the set of (distinct) nodes and
€ is the set of edges (v, ;) with ¢ # j. For convenience in the subsequent analysis, we label the
node set in this form instead of using a set of integers. The finite graph Laplacian (ga,q«,)1<i,j,<n i a
symmetric matrix, where for i # j, ga,, > 0 if and only if (o, ;) is an edge (in which case we denote
a; ~ a;), and ga;a; = 0 otherwise; go,a;, = — >4 Jaia,-
For a function 1 from V to R™, denote the finite graph Laplacian operator by
(Ln)() = D gaa, (¥(0g) — ¥(a)).
Qjiajog

So L is still a function from V to R™.

2.3 Agent dynamics and costs within a finite population

For the graph G in Section 2.2, suppose that each of the N nodes is occupied by a cluster (or called a
subpopulation) of agents. At node oy, 1 <k < N, denote the agent states by %, (¢), 1 <i < Ny. For
notational simplicity, we assume equal subpopulation sizes IV; although this restriction can be relaxed.
Define the local empirical state distribution of the subpopulation at node ay:

1
WD) = 57 D0, 0 LSRN,

ak
153

where §, is the Dirac measure at the point x.

While we are primarily interested in developing our methodology in an LQ setting, our exposition
starts with dynamics and costs in a general form to make the notation more compact. For agent
dynamics we introduce the stochastic differential equation (SDE):

et (1) = (b, (0) b, (), ugi“( )yt
£ 3 oo [ 0@ i) = [ ol dplde+odel, @21)

m:m#k

where the state z, (¢), control u}, (t) and standard Brownian motion w}, (t) have values in R",
R™, and R"2, respectively; ¢ = (¢1,---¢,)T : R® — R" is a given coupling function; and o is a
constant coefficient matrix. The initial states xflk (0), 1 <i< Ny, 1 <k <N, are independent. The
standard Brownian motions are independent and also independent of the initial states. The above
graph Laplacian based inter-cluster coupling is different from the dynamical coupling in [8] since in
the present model we do not assume a dense graph sequence.

The individual cost is given by

T
Tou, =E/O L(ay, (8), ug, (1), n&) (0)dt + Eh (g, (T), n§V(T)). (2.2)
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2.4 Limit dynamics of infinite sub-populations on a finite graph

As an approximation of (2.1)-(2.2) with N7 — oo, we next introduce a mid-level model where the N
nodes of the graph G are each occupied by an infinite subpopulation. At time ¢, the agents of the
cluster residing at node 8 € V = {as,---,an} generate the local mean field pg(t), as the infinite
population limit of ,u( 1)( t) when Ny — oo.

Given the coupling function ¢, define ¢; (¢ f bi(Ypp(t,dy) ER 1 <i<n, ¢= (g1, ,Pn)T
for B € V. Let z4(t) denote the state of a representatlve agent at node @ € V. We consider the following
dynamics

dzo(t) = f(2a(t), ua(t), o (t))dt + (Lxd(t, ) (a)dt + odw,(t), (2.3)
where Ly is the finite graph Laplacian operator.

We further introduce the cost of the representative agent
T
Jo = E/ L(za(t), ua(t), pa(t))dt + Eh(za(T), pa(T)).
0

2.5 The solution via infinite populations and large network limit

For asymptotic analysis with a suitable neighbor structure, we take the ring network T = [0, 1) (where 1
is identified with 0) and the torus network T? as prototype network limit models. They are intended to
approximate large one and two dimensional networks while their periodic structure avoids the nuisance
of boundary effects.

(I) Discrete ring network T;,y. Consider the partition of [0,1) into N subintervals Zy = [(k —
1)/N,k/N), k=1,---,N. Let the midpoint oy, = % + ﬁ denote the nodal location. Denote
the nodal set V;/x = {ax,1 <k < N} forming a ring, as a graph, denoted by Ty,y (see Fig. 1)
so that oy ~ ap. We define the graph Laplacian as an N x N matrix: for j # i,

2 .
gaw{j =N y if Qg ~ Oy,

and gq,o, = 0 otherwise; and gq,o, = —2N2.

(IT) Discrete torus network Tf - The discrete torus is a graph consisting of N 2 nodes of the form

a;j = (o, ;) (an ordered pair), where o;,a; € Vi n, so that each node a;; has 4 neighbors.
The nodal set is Vl/N The graph Laplacian is defined by the rule: for a;; # ayrjr, Yoo, = N?
if agj ~ iy, and ga,sa, =0 otherwise; and ga,;0;; = —4N? for all i, 5.

In the mathematical physics literature, a scaling by N? for immediate neighbors is customarily
called the scaling of diffusion type [21], which is used to derive the so-called hydrodynamic limits. We
will analyze limits of the finite graph Laplacian operators in (2.3).

Recall that ¢;(t, ) = [ ¢i(y)pa(t,dy) for a € V. To analyze the large network limit, we take the
continuum vertex set Vo, as T¢, ¢« = 1,2, and let y,(t) be defined for all & € V., so that ¢;(t, ) is now
defined for a € Vo, = [0,1)". We further identify ¢; as a function defined on [0, 7] x R* (still denoted
as ¢;), with period 1 for each component of R*. A function f(t,z) on [0, T] x R¥, k > 1, is said to have
period 1 for each space variable if f(t,2z1 + i1, 2k + i) = f(t, 21, ,2x) for all z1,--- , 2z € R and
all iy,--- i, € Z. If ¢; has up to second order continuous partial derivatives in the variable o € R,
by elementary calculation, we derive

lim sup [Lno(t,-)(@) — Ag(t, a)| =0.

N —oo OzEV{/N

where

Aé(tv a) = (A(El(t, O‘)v Ty A&n (tv a))T’
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- 024i(t, ) ifaeT
Agi(t,a) =< S 07 - ’
it { Zi:l 02 it ) if a= (oM, al?) e T2

The following limit model for (2.3) takes a formal limit of the graph Laplacian operator and is
called a Laplezion Mean Field Dynamical System

dzo(t) = f(2a(t), ua(t), 1 (t))dt + ®(t, a)dt + odw,(t), (2.4)

which speciﬁfs the dynamics of a representative agent A, at node o € V., and where we suppose
O(t, ) == A¢p(t, «) is well-defined. The cost function is given by

Jo=E / L(@a(t), ualt), sa(t))dt + Eh(2a(T), ja(T)). (2.5)

The above Laplexion framework is different from the GMFG case which depends on a graphon
function for coupling. For the ring case of T, the vertexon W, as the counterpart of a graphon,
assigns a uniform probability distribution along the diagonal line of the unit square [0,1)2, and as
a result, the use of W, alone cannot indicate interconnections between clusters. In contrast, the
incorporation of the Laplacian operator enables us to capture the immediate neighbor interactions in
the limit model (2.4).

oTTTe,

Figure 1: The ring network with two immediate neighbors

2.6 The Laplexion mean field game (LMFG) equations

Denote £, = oo”. Based on locally infinite populations and the network limit, the formal LMFG solu-
tion pair consists of the Hamilton—Jacobi-Bellman (HJB) equation and the Fokker—Planck—Kolmogorov
(FPK) equation:

—OVa(t ) = it {0V (b, 2) [ s rat)) + B (1, 0)] + L 0, (1))} (26)

+ %Tr(Ewﬁg%Va(t, z)),
Vo(T,z) = h(z, ue(T)), (t,z) €[0,T] xR", o€ Vs,
Oipa(t,x) = —div{[f(z,u’, pa(t)) + (e, )]palt, )} + %Tr(&)aipa(t, x)), (2.7)
where u® := u%(t,z|ug) is the best response control law determined by Equation (2.6), ®(t,a) =
AfRn &(y)pa(t,y)dy with coupling function ¢, and pe = (1g)o<p<1- We use po(t,-) to denote the

probability density function of ji, () (as the local mean field at node «) if it exists. The term 92V,
stands for the Hessian matrix, and div(-) for divergence.

As in standard mean field games, the HJB Equation (2.6) is derived by solving an optimal control
problem of agent A, taking p,(-) as fixed. The solution of the HIB-FPK equation system then
consists of the family of function pairs (V,,, p,) defined on [0,7] x R™, which are indexed by a € V.
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3 The Linear Quadratic (LQ) model

In all subsequent sections, we will study the model (2.1)—(2.2) in an LQ setting. The cases where the
finite network is respectively either a discrete ring T,y or a discrete torus Tf /N will be considered:

first, the ring has nodes {a,--- ,a¥.}, where N* = N, while, second, the torus network is such that
N* = N2 . Let N; be the equal subpopulation size at all nodes. Denote the subpopulation average

state xgi\?) = N% Z;V:ll xkaN The agent Aiykm 1 <4 < Ny, at node a]kv has dynamics

+rN? Y (g;if}’vl)_x(afzvl))(t)dt-i-adwikw(t),

ey N N
k oy o

with initial state * y (0), where N2>, ~_ ~(-) is called the second order interaction term, involving
ak Aak,’\‘ak )
the subpopulations at immediate neighboring nodes (see Fig. 1 for the ring network case). Here 2’ v (t),
. . k
ul N (t), and w! Ny (t) have dimensions n, ny, and ns, respectively, and coefficient £ > 0. For a matrix
k k .
M >0, denote [|z]|3, = 2" Mz. The cost of agent A’ y is
'k

T
=K / [k () = 1@ (6) = Tanlfd + [t (D11t

) N
+Ellaly (T) = Trpa 3 (T) = Topld,

[e3

for R >0, Q >0, Qf >0, and n € R", where u;f\, stands for the strategies of all agents at node

X k
aév except A v, u,~, for strategies of all agents not at node afcv . For notational simplicity, we
A N

consider constant parameters (A, B,--- ,n,Qy). The extension to time-dependent parameters will be
straightforward.

Within the large network limit, we take T* (v = 1, 2) as the node set, and z,(t) € R™ as the state of
the representative agent A, situated at node o € T*. At node «, the state average of the subpopulation
is replaced by m(t,a) = [4, yua(t, dy). We take ¢(y) = Ky, £ > 0, so that ®(¢,) in (2.4) becomes
kAm(t, ). Suppose all initial states have mean m, (0) and finite second moment at ¢ = 0.

For the best response control problem of agent A,, we consider the dynamics
dzo(t) =(Aza(t) + Bua(t) + Dm(t, o) + cAm(t, a))dt + odwq (). (3.3)

The cost of agent A, is given by

T
Jo = IE/O (||:ca(t) —Tymt, a) — Tonl[3 + ug(t)Rua(t))dt

+Elza(T) = Tiym(T, o) = Topnlg, - (34)

Next, we introduce the Riccati ordinary differential equation (ODE):
0=P+PA+ATP-PBR'BTP+Q, P(T)=Qy,
which has a unique solution P on [0,T]. The best response control law is given by
tio(t) = —R7'BT[P(t)z4(t) + S(t, )], (3.5)

where S(t, ) is given by an ODE when « and the function m are fixed. Subsequently, m is determined
by the standard consistency condition of MFGs [23]: the ODE of m(t, o) is obtained by averaging the
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closed-loop equations for (3.3) of all agents residing at node a. We summarize the LMFG equation
system:

2,S(t,a) = — (AT — P(t)BR'BT)S(t, ) (3.6)
— kP(t)Am(t,a) + (QT1 — P(t)D)m(t, o) + QT'an,
om(t, o) = kAm(t,a) + (A — BR'BTP(t) + D)m(t,a) (3.7)

—~ BR'BTS(t,a), 0<t<T, k>0,

where o € T, m(0,«) is given, and S(T,a) = —Qf(I'1ym(T, ) + I'syn). The equation system is a
generalization of the forward-backward ODE system (see e.g. [23, Sec. IV]) in MFGs with symmetric
players. The condition k£ > 0 is important in existence analysis since (3.7) becomes a parabolic equation
(with space variable «) subject to an initial condition.

4 Existence and uniqueness analysis
To apply results in the literature to the existence analysis for (3.6)—(3.7), we will identify S and m as
functions defined on [0,7] x R* (: =1 or 2) with period 1 in each space variable within a.

For a general analysis of classical solutions, we introduce certain Holder spaces [19, 29]. Fix
§ € (0,1) as the Hélder exponent. On Q = [0,7] x R* with & > 1, we define the parabolic distance
between two points (¢, ) and (s,y) as

dy((t2), (5.9)) = It = 5]/ + max |o; — ).
Define the Holder semi-norm for a function v(t, z) with domain Q:
[v(z1) — v(z2)|
V52,5 =  SUp s
o2 5€Quazz  p(21,22)°

We allow v to be a vector function. Denote [v]o,q = sup,cq |v(2)|. We further define the Holder norms

[vls/2,6.0 = vloiq + [V]s/2,6:Q
[v1+5/2,24+6:0 = [Vlo:q + |Orv]o;q + Z |0z, v

2

+ Z |61'i-75jv|0§Q + [U]1+5/2,2+5;Q’
%,

where [v]145/2,0+5: = [010]5/2,5:0 + 22 (00,0, 0]5/2,5:0- We use C°/29(Q) (resp., C1H/2219(Q)) to
denote the space consisting of functions v with |v]5/2 5, < 00 (resp., [v]115/2,2456:q < 00). The Holder
space C'T9(RF) for 1 = 0,1,2,--, is similarly defined without involving time variable ¢.

0;Q

We give some analytical preparation on linear parabolic equations. Let ¢(¢,z) be an R™-valued
function defined on Q. Counsider the following parabolic equation system [29, Theorem 5.1, Theorem
10.2]:

{ Orq(t,z) = kAq(t, z) + F(t, 2)q(t, 2) + g(t, 2), (4.1)

q(0, Z) = p(2),

where £ > 0, ¢ € C**(RF), F,g € C%/?9(Q), and |Fls/2,5:q < Cr. Here I and g are R"*"- and
R™-valued, respectively.

The following lemma is a special case of Theorem 10.2 in [29]. For notational brevity, we will omit
the underlying domain for the norms.
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Lemma 4.1. [29] Suppose Q = [0,T] x R*. Then there exists a unique solution ¢ € C*+9/2:2+9(Q)
to (4.1) and

lal145/2,216 < Co(lgls/2.6 + l¢l2+6)s

where the constant Cy only depends on (k,Cp,T),?). O

Remark 4.2. Cy in Lemma 4.1 can be selected such that it remains valid when T is replaced by any
T <T.

For existence analysis, we introduce the following function classes (with ¢ = 1,2):

(1) CgTd(RL) consists of functions f € C°(R*), having period 1 for each space variable.
11 consists of functions € , having perlo or each space variable (thus
ii) C2H (R i f functi f € C*°(RY), having period 1 f h iable (th

prd
D2z, [ (2) € CO(RY) for all 4, 7). C’f)::f(R") is similarly defined.
(iii) C;f,/_j’é([(),T] x R*) consists of functions f € C%/2%([0,T] x R*), having period 1 for each space
variable.
(iv) C;Lé/z’2+5([0, T] x R*) consists of functions f in C1*9/2:2+9(]0, T] x R*), having period 1 for each

space variable.

For convenience of subsequent analysis, we introduce another Holder semi-norm. For two points x
and y in T* = [0, 1)*, define the distance dr.(z,y) = max;<, min{1 — |z; — y;|, |z; — yi|}. Next, on the
set Q° = [0,T] x T*, we define the parabolic distance between two points (¢,z) and (s,y) as

dy((t,2), (s,9)) = |t — s|'/% + dre (2, y).

The Holder semi-norm for a function v(t, ) defined on Q° is given by

[v(z1) — v(z2)|
Vlsj2.0Q0 =  SUp
[ } /2.5 2, €QC,217#22 dp(zlsz)(S

Denote [vo.qe = sup,cqe |v(2)| and further define the Holder space Co/29(Qe).

Lemma 4.3. Suppose v € C2/7°(Q) with Q = [0,7] x R*. Then we have

[v5/2,6: = [V]5/2,5:q¢- (4.2)

Proof. We start by showing [v]s/25q < [v]s/2,5,qo- Take any two points (t,z),(t',2") € Q, with
xz,2’ € R*. Using periodicity, we can find z” € R* such that i) both 2" and 2z’ are identified with the
same point in T* = [0,1)*, ii) v(¢',2") = v(¢', "), and moreover, iii) |x; — z]| < min{|z; — x}|,1/2} for
each i < ¢. Then we have

|U(t,$) — ’U(t/, x/)l "U(t, ;U) — v(t’,:r”)| _ ‘U(t,x) - v(t'7x”)| < [v] o
@ (6a), () = (), (Fa")° dg((t,x),(t/,x//))a = [V]s/2,6,Q0

Hence [v]s/2.5:q < [v]5/2,5:qo- We can similarly show [v]s5/2,5:q0 < [v]s/2,5:q- O

Suppose m(0,-) € C;L‘S(RL) in (3.7). We proceed to the existence analysis of (3.6)-(3.7) by

formulating the following fixed point problem with Q = [0,T] x R*. Given any R"-valued function
S e 06/2’5((2) in (3.7), by Lemma 4.1, we obtain a unique solution m and define the following

prd
mapping Aq:
m = Al(S),
which is well defined from Cgis’é(Q) to C'19/2:249(Q). By periodicity of m(0,-) and next uniqueness

of the solution ¢ in Lemma 4.1, we further have m € C;LWQ’ZH(Q).
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Next, taking any R"-valued function m € C’1+6/2 2H(Q) i

solving a linear ODE for each o € R* and deﬁne the mapping

n (3.6), we find a unique solution S by

S = Ay(m). (4.3)

Let ®(¢,7) be the fundamental solution matrix of the ODE 2(t) = —(AT — P(t)BR™'BT)z(t).
Denote [flo = |flo;jo,7] = suPsejo, 7] [f(¢)|- Define the constant

Ko=(T + T+ T%79/2) sup [|®(t, )|+ [0:®(t, 7)]]
t,7<T
x (|QT1 — PDlo + &|Plo + [QsT15]).

The estimate in the specific form in the next lemma will be useful for identifying a contraction condition
later for a fixed point problem.

Lemma 4.4. For Q = [0, T] x R* and m(0,) € Cp 7 (R"), Az in (4.3) is a mapping from C,,//**"(Q)
to C°/2°(Q) with

prd

1S]5/2,5:0 < Kolmliys/2,2460

+SUP|‘I)(t T)Q¢T1y|- ( lo;re +Z\3a1m |0]RL>
+ T2 5up |0, 0(8, )] - |QTagn| +sup [9(8,7) - (T|QTan| + Qs Tapnl)-  (44)
Proof. See Appendix A. O

Now we introduce the following fixed point equation
S = AsAq(S5), (4.5)
which determines a solution of the system (3.6)—(3.7).

Consider m = A1(S) and m’ = A1(S’), with the same initial condition m(0,«) = m’(0, «), where
S and S’ are any functions in C(S/2 6(Q). By Lemma 4.1, for some fixed constant Cy, we have

Im —m/| 1452246, < Co|BR™'BT[- |5 — S'|5/2.6:q- (4.6)
Theorem 4.5. Given m(0,-) € ngd‘g(R‘) the PDE system (3.6)—(3.7) for (S, m) has a unique solution
in C'Sr/j 5(Q) X 0;216/2 2+5(Q) if CoKo|BR™'BT| < 1, where Cj is given in Lemma 4.1 taking Q =

0,7] x R* and F(t) = A— BR™'BTP(t) + D.

Proof. For any two functions m,m’ in C’Hé/2 2JF(S(Q), define S = As(m), S’ = Ay(m'). Then we
follow the method of establishing (4.4) to smularly obtain

IS = S8'l5/2,5: = [A2(m) = Aa(m)]5/2,6:q < Kolm —m/[145/2.216,Q: (4.7)
which together with (4.6) yields

[A2A1(S) — A2A1(S)]s /2,50 < KolA1(S) — Ar(S")]145/2,246:Q
< CoKo|BR™'BT|- |5 = &'[5/2,5.q-

We then apply a fixed point theorem on the Banach space C‘;/ 2, 6(Q). O

Remark 4.6. The contraction condition is satisfied when 7' is Sufﬁciently small or the system has weak
coupling, i.e., [I'1| + |I'1¢| + | D| + & is sufficiently small.
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Corollary 4.7. If m(0,-) € C’ETE‘S(RL) in Theorem 4.5 is replaced by m(0,-) € C’;If(RL), then we

have S € C%2(Q) and m € C*%(Q), and moreover, S (resp., m) has all up to second order partial

derivatives with respect to a belonging to C’gr/j’&(Q) (resp., 0;36/2’2”((,2)).

Proof. Consider the case of ¢ = 1 while the case of ¢ = 2 is similar. We apply a difference quotient
approach [19, pp 72-74] by setting Sy, (t,) = h=[S(t,a + h) — S(t, )] and mp(t, ) = b= [m(t,a +
h) —m(t,a)], h > 0, to obtain

0:Sh(t,a) = — (AT — P(t)BR™'BT)S)(t, a) (4.8)
— kP(t)Amp(t,a) + (QT1 — P(t)D)my(t, @),
oymp(t, ) =kAmy(t,a) + (A — BR™'BT P(t) + D)my(t, ) (4.9)

— BR'BTS,(t,0), 0<t<T, k>0,

where S, (T, o) = —QsT'1 ymy (T, o), with initial condition my (0, -). It is easy to show supy, |mp (0, ) |24sme <
C'. Under the contraction condition of Theorem 4.5, (Sy, mp) is the unique solution of (4.8)—(4.9). In
view of Lemma 4.1 and (4.4), we can show

sup (ISls/2.5q + Imnli+s/2,246.0) < C.

By a standard subsequence argument [19, pp 72-74], we see that (9,59, 0,m) is a solution of (4.8)—(4.9)
with initial condition 9,m(0, ). Repeating this argument, we further obtain (92.5,92m) as a solution
to (4.8)—(4.9) with initial condition 92m(0, «), so that (925,0%2m) € Cgr/j’é(Q) X C;If/?’z”(Q). O
4.1 Numerical example

Example 4.8. In the LQ model (3.1)—(3.2) we consider a ring network with A =0.5, B=1, D =0.2,
k=05 Q=Q =2 R=1T; =08 Ty =02 n=1T; =06 Iy =04, T = 2, and
m(0, a) = ¥(a) = 256a*(1 — a)*, 0 < a < 1.

If we extend 1) on R with period 1, then it can be shown that ¢ € 0;1;;1/2 (R). The system (3.6)—
(3.7) is solved by a difference scheme, with stepwise At = 0.0025 and Aa = 0.05. The numerical
solution of (S, m) is displayed in Fig. 2.

1

Figure 2: S(t,a) and m(t,«) in (3.6)—(3.7) computed by iterations with ¢ € [0,2] and o € [0, 1].

5 Closed-loop analysis of the LQ model

In this section, the cases of finite networks T;,x and Tf /N are considered. Let the LQ model be
specified by (3.1)—(3.2). For tractability of the subsequent estimates, all remaining sections consider
scalar states, control and Brownian motions in (3.1)—(3.2) so that n =n; = ng = 1.
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We introduce the following assumptions (H1)—(H4), which are in effect throughout Sections 5, 6
and 7.

(H1) For a given function mg () from [0, 1)* to R, we have m’ag (0) = mo(ad)), for all i, k. The periodic
extension of mg(-) to the domain R*, denoted by g, belongs to C;;"f(RL) for some 6 € (0,1).

(H2) There exists a unique solution (S,m) to (3.6)—(3.7) with n = 1 on Q = [0,T] x R*, such that
S e C2(Q), me CL*P(Q), m(0,a) = ig(a).

(H3) The solutlon (S,m) to (3.6)—(3.7) is such that the 2nd (resp., 4th) order partial derivatives of
S(t,a) (resp., m(t, «)) with respect to « are continuous in (¢, ) € [0,7] x R~

(H4) limy_,oo N1/N? = oo for the ring network Ty/y; limy_oe N1/(N?InN) = oo for the torus
network T .

Remark 5.1. (i) We assume equal initial states within the same cluster to streamline the presentation,

and can deal with random initial states easily. (ii) For higher order regularity of the solution in (H3),

Corollary 4.7 provides sufficient conditions. (iii) Since the second order interaction terms in (3.1) are

random and scaled up by N2, we need to average with fast growth of Ny as in (H4) to reduce their

fluctuations.

By assigning the agents’ actual nodal positions to « in (3.5), the LMFG-based decentralized strate-
gies for the finite population take the form

a;},cv (t) =— R*lB[P(t)a:;g(t) +8(t,ad)], 1<i<N;, 1<k<N* (5.1)

In further analysis, for notational brevity, we will often drop the time argument in a process. For
instance, we simply write xfx ~(t) as x; ~- The strategies in (5.1) yield the closed-loop dynamics:
k k

System (A):
dity = {[A= B*R7'P()]#,x + Dx(Nl) B2R7'S(t, o) }dt
+rN? Y (33%1) - @Szvl))dt +oduly, (5.2)

1. N N
k oy ~vag

1<i<N;, 1<k<N7,
. ~i i ~ N1 N1 ~j
with xakN(O) = xakN(O) and & ( ) = N%ijll xkaN

In the e-Nash equilibrium anadysis7 only one agent applies a different strategy while all the other
agents stick to the strategies in (5.1). Without loss of generality, we consider the strategy change of
agent .A; ~ within the cluster residing at node oV, and the system dynamics are given by

1

System (B) :
dx:;{v = [Az] N + Bu! N +Dx(Nl)]dt
+ kN? Z (mS}fvl) — ((lNl )dt+adw N
k:akNwa{V g

da’ oy = = [Az!, N + B!, N —i—DJ;(Nl)]d

+ kN? Z (xgx,l) (Nl))dt+adw N

’
N k
k

k’:a;ﬂv,wa

forie{l,--- ,Ni}ifk#1;andie{2,--- , N1} if k=1.

The next theorem gives the a priori upper bound of the cost that is achieved by the decentralized
strategies in (5.1).
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Theorem 5.2. There exists a constant C’o such that

su max  Jin (@i a kN ) < Co.
N£k<N,z<N1 O‘k(%’ af” o ) = Co

We postpone its proof, which is technical and needs a series of preparations. For the e-Nash
equilibrium analysis, Theorem 5.2 provides a benchmark performance level when one agent unilaterally

applies an alternative strategy u; v for its own improvement. In this case it suffices to consider u; v
k k

satisfying
JikN(ugkN,ﬁ;é,ﬁQN ) < Co. (5.3)

—k
The restriction to such strategies 1’ .~ will allow us to obtain uniform error bounds when approximating
A

J:(JYVI) and N2 Zk, (x(]xl) gNl)) 1 <k < N*, generated by (u’, N,u ,ﬁaN ).

g -k

By (5.2), we have
di'\ = [A— B2R7'P(t) + D]x(Nl)dt B R7'S(t,al)dt

k
+ kN? Z (i:fljyvl) A(Nl))dt—i—adle) (5.4)

k/
7o N N
k o oy

(N1) _ 1 Ny
where W = 37 Djm 1w N

To find the cost bound in Theorem 5.2, a key step is to estimate the following quantities in
System (A):

2
sup sup E[zNV ()2, sup supNQIE’ ST @l -2 (5.5)

a
N,N; k,t Rt N,Ni k.t K/ k
k’:a’k\f,Nozg

As it turns out below, the resulting analysis is much more difficult than in GMFGs with dense networks,
which is due to the second order interaction term.
To facilitate the estimate of :ef)ffvl), we introduce an auxiliary deterministic system:
k
System (C) :
d
ZrEal =[A—-B*R™'P(t) + D]z

+uN Y (Bay —Fay), 1<k N, (5.6)

where 2~ (0) = mo(ad)).

Lemma 5.3. There exists a constant C' such that supy <+ <7 [Zon (1) < C.

Proof. For t € [0,7], define Y, (t) = maxj<jp<n- Zon (1) which is then absolute continuous and

so differentiable almost everywhere on [0,7]. If zX_ (¢) is differentiable at ¢, denote the set sV =
{k:2N, () == N( )}. Consider the sequence {zY, (t + 1/j),j > jo} for a sufficiently large jo if

t < T. There necessarily exists some k € sV such that «, (t +1/j) = Z~(t + 1/§) for an infinite
k
number of values of j (we replace ¢t + 1/j by t — 1/j if t = T). Therefore, we have %mN (t) =

max
%:E%N (t), which further implies that whenever 22, (t) is positive, its derivative, if existing, is at most

|A — B2R™'P(t) 4+ D}, (t) + c1 for ¢1 := B?R™*sup,,, |S(t, )| since & > 0. To bound z},, (t) on
[0,T] from above, we construct the auxiliary ODE:

§(t) = [A= BR™'P(t) + Dly(t) + c1, y(0) = Bex [mo(a)l- (5.7)
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Then by Lemma A.1 (i), we have Y, (t) < y(t) for all t € [0, T].

max
Similarly, we apply Lemma A.1 (ii) to obtain a constant lower bound for z¥; (#) == minj << Zon ().
This completes the proof. O

Lemma 5.4. We have sup,< - < [Toy (t) — m(t, af))| = o(1) as N — oc.

Proof. Taking a = ' in (3.7), we write the equation as an ODE:
d
am(t, al)=[A—B?R7'P(t) + D)m(t,a ) — B?R™'S(t,ad) (5.8)

TN ST [l ad) — mlt ad)] + ey (1),

AN N
k"ak,f\/ak

where
€ay (t) = kAmf(t, ag) — kN? Z [m(t, ag) —m(t, a]kv)]a

k:’:ociv/Nosz
and supy ¢ [eqn ()] = 0 as N — oo since m € C;LJ/Z’QH([O,T] x R"). Denote (o (t) = Zon (1) —
m(t,ad). By (5.6) and (5.8), we have
d _
4 ¢yt = (A= B*R7P() + DIy (1)

RN G ()~ Cap (0] — e (D), k< N

K:a ~a
Following the method in proving Lemma 5.3, we construct the auxiliary ODE
y(t) = |A= B*R'P(t)ly(t) + sup ey (1)l 4(0) =0,
and obtain an upper bound of the form maxy i (,x (t) < C'supy . [€,x (t)|. Similarly we obtain a lower
bound for ming . (o (¢), and conclude that max i [Con (1) < C'sup, g oy (1) = 0o(1) as N — oco. [

Denote

By (t) =200 () T (), k<N, 0<t<T. (5.9)

aly A

To obtain bounds for (5.5), we start by analyzing TN (t), 1 <k < N*, which will be stacked into
a large vector by the following rule:

(i) For the ring network Ty, define

X = [Ty, Eay], W= [wg{il),.-- ,w%ﬂ}T, (5.10)

where oY = % + ﬁ, 1 <k < N (see Section 2.5).
(ii) For the torus network ’JI‘% /N let the N2 nodes be arranged into an N x IV array. The entry at the

1th row and jth column, to be called the (i, 7)-th node, is (ij_\,1 + ﬁ, % + ﬁ), 1<4,5<N.
Each node has 4 neighbors. For instance, the (1,1)-th node has neighbors: the (1,2)-th node,
the (1, N)-th node, the (2,1)-th node, and the (N, 1)-th node. We list the N2 nodes into a single
column, starting with the first row, next the second row, and so forth until the last row. Following

the above order, we now list the N2 terms TN (resp., wsyvl)) into a large vector denoted by x
k

(resp., w):
X = [jaiva"' 7'ja%2]Ta W= [wi]{\\]fl)7"' aw((XJJV\Ilz)}Tv (511)
N

where oY and X, are the (1,1)-th and the (N, N)-th nodes, respectively.
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Our subsequent analysis will give details for the torus case, and the ring case can be similarly
handled and is simpler. For the error estimate, we will derive an equation for X. As a preparation,
denote the N x N circulate matrix [15]

01 0 0 1
1 0 1 00
01 0 00
Rn=10 0 1 0 0
100 - 1 0]

which is symmetric and is the Laplacian matrix of the ring network T /.

For the ring network T/, letting A(t) = A— B?R™'P(t) + D and An(t) = A(t) — 26N?, we
introduce the following circulate matrix

AN kN2 0 . 0 kN2
. kN? Ay kN?Z .. 0 0
N = : S . (5.12)
kN2 0 0 .o KN? AN
= A(t)Iy — 26N%Iy + kN?*Ry.
where each row has 3 non-zero entries.
To analyze x for the torus network 'JT? N define
Tn =In @ RN + Ry @ Iy, (5.13)

which is the Laplacian of ']I‘f N An example of Ty with N = 4 is illustrated in Appendix B. Following
the definition in [22], the right hand side of (5.13) is the Kronecker sum Ry @ Ry. We further denote

MU (t) = In> @ (A(t) — 46N?) + kN Ty (5.14)
So MY is a symmetric matrix with dimension N? x NZ.

We have the following representation of the process x:
Lemma 5.5. Let &, (t) be defined by (5.9). Then

(i) for ring network T,y and (5.10), we have
dx(t) = MYx(t)dt + odw(t), (5.15)
with initial condition Z,n(0), 1 <k < N;
(ii) for the torus network ']I‘%/N and (5.11), we have
dx(t) = MYx(t)dt + odw(t), (5.16)

with initial condition Z,n (0), 1 <k < N2,

Proof. By (5.4) and (5.6), it is straightforward to show
di oy =[A— B*R™'P(t) + D]gndt + kN Y (Fan — &y )dt (5.17)
kol ~af
+odwX, 1<k <N,
k

where &~ (0) = 0. Arranging &,y into a vector as in (5.10)—(5.11), and checking the coefficient matrix
of each case, we derive the SDEs in (i) and (ii). O
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Define the polynomial ¢(z) = z + 2V~! for Ry. By the results on general circulate matrices
(see [15]), the eigenvalues of Ry are given by

2r(k —1) 2

A = (27 F=1/NY — 9¢og —N =-1, 1<k<N. (5.18)
Denote wy, = eiQ”(k_l)/N, 1 <k < N, and the Fourier matrix
1 1 1 1
n 1 1 wn w?v wlj\\[f*l
VN : : : :
- 2(N—-1 N-1)2
1 w% 1 OJN( )L wg\, )

By results on circulate matrices [15], F' is unitary (i.e., F*F = I) and
F*RyF = diag[Ay, -+, AN], (5.19)
where F* is the conjugate transpose of F. Denote

2 (j — 1 ok — 1
W(]N ) 4 cos ”(N >), 1<j k<N,

Njg = Aj+ A =2 (cos

and the N2 x N? matrix
Ao = diag[Ai1, -+, AN, Aan, o s dans o L AN L AN

Lemma 5.6. The following properties hold:

(i) the matrix MRP(t) in (5.12) is symmetric and MR (E)MR(s) = MRJ (s) MR (t) for all t,s €

[0, TT;

(ii) TE& = Ty for Ty defined by (5.13);

(iii) the matrix MY () in (5.14) is symmetric and MY (H) MY (s) = MY (s) MU (t) for all ¢, s € [0, T7;

(iv) we have (F @ F)* MU (t)(F @ F) = (A(t) — 4k N?)Inz + kN%Ag, and F @ F is a unitary matrix.

Proof. (i) holds since Ry is symmetric. Using the property (M; @ Mz)T = M{ @ MZI for any two
matrices M; and My, we obtain (ii), which further implies (iii). By basic properties of Kronecker
products, it is easily shown that F'® F is a unitary matrix. By [22, Theorem 4.4.5], the N? eigenvalues
Aji (including algebraic multiplicities) of Tn are given by Ag, and we use properties of Kronecker
products (see [22, Lemma 4.2.10]) and (5.19) to calculate

(FQF)TN(FRF) = (F* @ F*)(Iy @ Ry)(F ® F)
+ (F*@ F*)(Ry @ In)(F ® F)
= (F'F)® (F*RNF) 4 (F*RNF) ® (F*F)
= AO7

which leads to (iv). O

By Lemma 5.6 (iv), all N? eigenvalues of MY, (¢) are given by

2n(k —1)
N

N 2m(j — 1
A(t)—2f<;N2<2—cos W(JN )—cos ), 1<j,k<N. (5.20)

Consider the ODEs

x = MY (t)x, % = MY (t)x, (5.21)
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where the dimension of x is compatible with the coefficient matrix. In view of Lemma 5.6 (i) and (iii),
we apply Lemma A.2 to get the fundamental solution matrices

Bt 5) = els MN (AT gir(y g) = Js ME DT 4 g c [0, T, (5.22)

which are symmetric for all given ¢, s € [0,7]. We give some estimate for (5.9).

Lemma 5.7. (i) For the ring network T;,x, we have

sup Bl (O < C/(NVL)
t,

(ii) For the torus network T? /N> We have

sup E[Z,v ()|* < C'ln N/(N2Ny).
t.k

Proof. (i) For x given by (5.10), we have x(t) = afot O™ (t, 7)dw(T), so that
0'2 t t ™n
E|x(t)|* = 713/ 2 I MW (dr g (5.23)
Nl 0
by symmetry of ®""(t, 7). By digitalization using (5.19), we have

b gt 1
Tr/ 2 Jr ME(dr g < 0(1 + > —) (5.24)
0

2(1 — 2mi
1§Z,§N71N (1 —cos 5*)

We estimate the sum sy = kN:_ll N=2(1 - cos %)71 . There exists a fixed small 8y > 0 such that
1 —cosf > 6%/4 for all |0] < 6. We write

SN = E + E + E =!SN,1 + SN,2 + SN,3, (525)
k:0<2mk/N<0g ki0o<2mk/N<2m—0, k:2mr—00<2wk/N<2m

where the summands are obvious and not displayed. We obtain

0<sya< > 4/@2rk)’=0(1), (5.26)
k:0<2mk/N <6

and similarly obtain sy 3 = O(1) while clearly sy o = O(1). Hence, sy = O(1) and E|x(¢)|* < C/Nj.
By symmetry, we get the bound of each component.

(ii) In analogue to (5.23), we have
0'2 ¢ 't tr
E|x(t)|* = —Tr/ 2 Jr My (r)dr g
1 Jo

We have
t
Tr/ o2 JE MY (r)dr g (527)
0
t
= TI'/ 62f:[HN2A0+(A(7‘)—4HN2)IN2]drdT
0

t .
_ / Z 2007\t A; —4)sN?] 2 [* Ar)dr g
0

1<ij<N

1
< CT+ C e 2mj
i+j21,(§j§N—1 N2[(1 — cos %) + (1 — cos )]
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= O(In N),

where we have obtained the last line using the method in (5.25) and a double integral estimate. Finally
for some constant C, we get E|x(¢)|? < C'In N/N;. By symmetry, we obtain the upper bound for each
component. O

Lemma 5.8. For some constant C, we have

sup sup]l*l\ﬂ?:gyvl)(t)|2 <C.
N,N; t,k k

Proof. This lemma follows from (5.9), Lemmas 5.7 and 5.3. O

6 Estimate of the second order interaction term

This section analyzes the torus network Tf /N with detail. For akN in the array of N2 nodes of ’]I‘% /N

(see Sec. 5), let a,];i and aﬁi denote its two neighbors along the horizontal direction. Our next step is

to approximate fcgzvl) +§:SZV1) - 2:%5;1) contained in (5.2) by the deterministic term fakaJr Ty —2T,N.

We have the relation

where &~ is defined by (5.9). Now we set v,y = Ton + Ty —2%,n and ”LUSZVI) = N% Zivzll wflkN By

+ v
SDE (5.17) for &, , we have

dvgy = [A—B*R7'P(t) 4 DJvgydt + kN Y (vgn —v,n)dt
j:ozj.vwafcv
+ odwg,l) + odwND — 20dng,1), 1< k< N2
7 k

N
o4
kg k_

Denote v(t) = [vn, - ,UQN2]T, which lists the N? entries by the same rule as in (5.11), and D =
N
In @ Ry — 2In52. We can show

dv(t) = MY v(t)dt + oDdw(t). (6.1)

Using (6.1) we obtain the following lemma.
Lemma 6.1. We have sup;, o<, <7 Elvay (1)]* < CIn N/(N?Ny).

Proof. The matrix D? has all its eigenvalues (including algebraic multiplicities) given by the N values
(2—X1)2,-- -, (2—AnN)?, each repeated N times (see [22, Theorem 4.2.12]), where ); is defined by (5.18).
Hence D? < 16Iy2. By v(0) = 0, we have v(t) = o [ & (t,7)Ddw(7), and

t
E|v(t)]* < (1602/N1)Tr/ 2 [r ME(Mdrgr < Cln N/Ny, (6.2)
0

where we have used (5.27) to get the last bound. By symmetry of the components in v, the lemma
follows. .

Remark 6.2. The bound in Lemma 6.1 is still valid after redefining Vo N along the vertical direction of
the array of nodes on Tf/N.
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Lemma 6.3. We have

2
2 ~(N1) _ ~(N1)y _ ar2 - = 2
SEEE’N ) N(x“f’ FN) =N YD (ay — Tay)| < ON?InN/N.
k

N

1. N 1o N
k o~ k i o

Proof. The lemma follows from Lemma 6.1 and Remark 6.2. O

Denote £, (t) = N? Zk,:aszINQIkv (J’U%N/ —Z,x)(t). We will further check the asymptotic behavior of
fag’(t)- For convenience of analysis, we split the summation in fai\’ into two parts corresponding to
neighbors along two directions of the array of nodes on T% N The estimate in Lemma 6.5 below will
mean that Equation (5.6) may be regarded as a space discretized version of the parabolic equation of
m(t, ). Along the horizontal direction of the array for T% /> define

HQN (t) = N2(jaN + TN — Q.faN)(t). (63)
k ky k_ k

For a € [0,1)? C R?, denote o = (a!V), (). Write the second order partial derivatives 92 ,,m(t,a)
and 02,y m(t, o). We proceed to show that 0, (t) approaches 9% ym(t,ap) as N — oco.

Lemma 6.4. Let 0~ (), 1 <k < N2, be defined by (6.3). Then (Oan, - ,Ha%2) is the unique solution
to the ODE system:

d 2p—1
0y (t) = [A— B*R™'P(t) + D)0, (t)
— B*RTIN?[S(t, a7 ) + S(t,p ) — 25(t, o))
+EN? > (B —Oax)(1), 1<k <N (6.4)
k’:afc\f,r\«ag )

with initial condition O~ (0) = N?[mo(ay, ) +mo(ay ) — 2mo(ay)].

Proof. We take oz,i\/,ozkj\’+ and o in (5.6) to obtain three ODEs, which are multiplied by N? and
combined together to derive (6.4). The solution to (6.4) is unique since it is a linear ODE system with
bounded coeflicients when S is given. O

Lemma 6.5. We have

li 3 O~ (t) — 02 t _on| =0.
i sup ey () = Gy mlt @l |

Proof. To analyze (6.4), we introduce the parabolic equation

atai(l)m(t7 OZ) = [A — BZR_l.P(t) + D]ai(l)m(t7 Oé)
— B*R7'9%,)S(t, @)dt + KA(921ym(t, @), (6.5)

where the initial condition is 92, m(0,a) (periodic in ). We view 92, m(t, ) as the solution of a
second order parabolic equation obtained by differentiating (3.7) twice. There is a unique solution to
the resulting linear parabolic equation subject to the initial condition 82 ;,m(0, o). Denoting x(t, ) =

Xa(t) = 9% ym(t, ) and taking a = o) in (6.5), we obtain an ODE system with perturbation terms:

@ oy (1) = [A~ B*RP(1) + Dlxay (6.6)

d
— B*RT'N?[S(t, a7 ) + S(t, ) ) — 25(t, o))
+ KN? Z (XaX = Xax) + € 1<k<N2,

N

1o N
k o o
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where

EZkN (t) = B2R718§(1)S(t7 a)'a:akN
+ B2*R™'N?[S(t, akN+) + S(t,al ) —2S(t, )]

+RAOR am(t0)|acay — AN (Xa — Xap) (D).

N
k’.ak,wak

We proceed to compare the solutions of (6.4) and (6.6). It is clear that €’ v (t) is continuously differen-
k
tiable on [0, 7] and sup, ; [€° v (¢)] = o(1) as N — oo, which is due to the approximation of 92, S(t, o)
) ak (e
and A(82,, x(t,«)) by the second order difference quotients under (H3). For (6.4) and (6.6), denote

EakN (t) = aakN (t) - XockN (t)ﬂ EN = Slllili) |6akN (t)|

Then we have

%eag = [A— B2R7'P(t) + Dle,y

2 0 2
+ &N Z (eakN/—eakN)—eag, 1<k <NZ,
k’:akN,NakN

where e, (0) = N2[mo(af!) + mo(af ) — 2mo(af)] — 2o (a))).

Thus following the proof of Lemma 5.3, we may construct two auxiliary ODEs by setting ¢; =
+ supy, ; \eZkN (t)| and initial condition +supy |e,x (0)] in (5.7) to bound €, (¢) both from above and
from below on [0,T]. So we have ey = o(1) in view of the estimate supm(\egkN ()] + [ean (0)]) = o(1)
under (H1) and (H3). O

Remark 6.6. If we define 0/ v (t) using two neighbors along the vertical direction instead of (6.3), then
k
we similarly obtain
: / 92 —
ggnw%;gggwag(t) n@m(t, )| g—an|=0.
Remark 6.7. For the ring network T;,y, Lemma 6.3 holds with an upper bound CN3/Ny, and
Lemma 6.5 still holds after replacing 92 ,,m(t, ) by d2m(t,), and k < N* by k < N.

6.1 The proof of Theorem 5.2

Proof. We use Lemmas 6.3, 6.5, Remarks 6.6, 6.7, and (H4) to obtain

2
sup supE‘Nz 3 @ -l <c (6.7)

N,N:i tk O k B

(03 NOék

k!

for some constant C, which combined with Lemma 5.8 yields sup, , E|2¢ v (#)|? = O(1). Then we
) Oék

obtain the cost bound Cp in Theorem 5.2. O

7 The e-Nash equilibrium

This section considers the network cases of both T,y and ']I‘% /N To establish the e-Nash equilibrium,
consider alternative strategies for a single agent. Let the space U, consist of individual feedback
strategies p(t,x), 0 <t < T, with x being the state vector of the overall population (allowing central-
ized state information), such that ¢ is continuous in (¢,x) and Lipschitz continuous in x. In particular,

each decentralized strategy @’ N belongs to U, 4. If u!, x € US , for all 7,1, the set of individual strategies
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(u? v, u” %, u_,~) ensures a well defined solution to (3.1), where % and u__~ follow the notation in
ay o, k ay k

PV RN

Section 3. Define the strategy set U(i’kNC" consisting of all u;kN € US4 such that JikN (u;g,uag,u_ai\r)

satisfies condition (5.3).

For the performance estimate, we need to approximate the two terms

zgkj\(ll)(t), N? Z (a:((jg,,l) — xijzvl))(t) in System (B),
k':aN ~alN
K/ k

respectively, by
0@, N2 @Y —200)(t)  in System (A).

Ctk, A

k' ag/NockN
Denote
Cr@® =N 3 @0V - N ST @O -2 (7.1)
k’:a’k\f,NafCV H g k’:a’kv,NakN v g

In the following, without loss of generality, we consider an alternative strategy for agent A; ~ 50 that
1

(u;{V,a;;,ﬁ,a{v) is applied by the population.

Lemma 7.1. For System (B) with (U;Nvﬂ;}V»fLa{V) and u! v € L{i}vé“, we have
1 1 1 1
sup  supEleNV () — 20 (1) = O(1/N2), (7.2)
iy forsT 1
sup  supE|¢n (6)* = O(N'/NT). (7.3)
ul - eytCo t<T
1 1
Proof. See Appendix A. O

By Lemmas 5.4, 5.7, 6.3, 6.5, and 7.1, Remarks 6.6 and 6.7, we further obtain the following corollary.

Corollary 7.2. For the cases of both T,y and ']I‘f/N, as N — oo, we have

sup  sup E|x$}f\,1)(t) —m(t,ad)]? = o(1), (7.4)
ul EZ/ll’éo t !
off Tafl
2
sup supIE‘N2 Z (xsy\,l) — xsy\,l)) — Am(t,a)| = o(1). (7.5)
ulNEMI’SO ¢ k:’:ockN,Noz{V Y '
“1 “1

Theorem 7.3. Under assumptions (H1), (H2), (H3), and (H4), the set of decentralized strategies

{ﬁle, 1<i<N;,1<k<N*}in (5.1) is a ey-Nash equilibriums for the finite population of Ny N*
k

agents, i.e.,

i (pioa—i oo . i (i a—i o ~
JakN(uakN’uag”u*akN)< inf JaN(uakN’“a;yvufak’Y)"‘eN’ vi, k,

ul yEUL, F
k
where ey = 0(1) as N — oc.

Proof. Without loss of generality, consider agent A;N taking an alternative strategy u}x,\,. By
R 1 1
Theorem 5.2, it suffices to consider u! v € Z/Ii}\(,j". We rewrite the equation of A! v in System (B) with
1 1 1

n=1:

dely = [Azly + Buly + Dal\V)dt (7.6)

N
st
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+ kN? Z (xgx,l) — mgx,l))dt + waé{v'
k 1

N N
ko ~aq

To estimate J; N, We introduce an auxiliary optimal control problem with dynamics and cost:
dz(t) = [Az(t) + Bu' (t) + Dm(t, od)]dt + kAm(t, o )dt + wa;{v (1), (7.7)
J*(ul) =E / ' [12(6) = Tum(t, ad') = Tanll, + [luf (6)13 ] at
+E[2(T) = Tipm(T, af) = Tapnlly, -

where z(0) = z! v (0). By the solution of the best response control problem in (3.3)~(3.4), the optimal
control law in (7.7) is given by

af(t) = —BR™Y[P(t)z(t) + S(t,odV)].

For the set of decentralized strategies in (5.1), we use Corollary 7.2 and elementary L? error
estimates to obtain

|J;{V(a;{v,a;{£,ﬁ,a{v) —J* (@] = o0(1), as N — . (7.8)

Throughout the proof, each o(1) term may be estimated without depending on which agent has been
1
aff

System (B), we need to show that the cost may be reduced by at most o(1). We write

selected for an alternative control. When 4 4 is replaced by a strategy “iN € Z/li’NCO to generate
1 1

1 1 ~—1
Ja{\f (ua{\’ ) ua{\’ ’ u—af])

T
=B [ (Iohy ()= Tsal) ) = Tanlly + uly (01 )

+ Ellay (T) = DagalN(T) = Topnlly,

[e3

We write
T
B [ () - ialyY 0) - Ll (79)
T
=8 [ o)~ Tumt.af) - Tl
’ T
+ E/O l2(t) = by (1) + Ta[e 3 () = mt, 0] Bt
T
~28 [ () - Tum(t.of) - T
[2(t) =l (6) + T (@l (1) = m(t, o )]dt.

When System (B) has generated u) v (t,w) as a random process, we set u'(t,w) = ul x (t,w) in (7.7).
1 1
By comparing z(t) in (7.7) and z! v (¢) in (7.6) under the same control process u! y (t,w) on [0,T], we
1 1
use Corollary 7.2 to obtain

sup sup E|z(t) — 2l v (1)]? = o(1), (7.10)
et o OSIST 1
1 1
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as N — oo. By (7.9), (7.10) and Corollary 7.2, we have

sup
1 1.8
ua{\, Eua{\,

T
B [ leky® - Tl - Tl
0

T
_ ]E/ () — Tym(t, o) — Tanldt| = o(1).
0
We similarly have

N-
sup  [Ellay (T) — Tapal)(T) — Tagnfy, — E|l2(T) — Tapm(T, o) — Topnll3,

N
ay

Therefore, we have

T
Thy ey i bt oy) 2 B [ [t = Dot ) — Canlfy + uby (O3] e
1 0 1

+E[2(T) = Tiym(T, a) = Tapnllgy, — o(1)
> J*(ah) — o(1), (7.11)

where z(t) is generated by (7.7) using the process u! x (t,w). By (7.8) and (7.11), it follows that

JlN(ulN,ﬁ;;V,ﬁ,a{v) > J;{V(a;iv,a;ilv,ﬁ,a{v) —o(1).

This completes the proof. O

8 Conclusion

Future work will address general existence and uniqueness analyses for nonlinear Laplexion mean field
game equation systems.

Appendix A

Proof of Lemma /4.4. We first show that Ay has its image in 065375(Q). Take an arbitrary function

P
m € C;;US/ZQH(Q) in (3.6), which is solved as an ODE to give S as a function with period 1 in each

space variable:
S(t, a) =As(m)(t)
_ /tT ®(t, 7)[(QT1 — P(1)D)m(r, @) — kP(T)Am(7, @) + QTan)dr (A.1)
— ®(t, T)Qys[L1ym(T, ) + Lapn).

To estimate |S|5/2,5,q using [S]5/2,5:q> according to Lemma 4.3, we observe
T
S(t,a) = S(t,a)| < / |@(t,7)| - |QT1 — P(7)D| - |m(7, @) — m(7,a)|dr
t

+/t Ot 7)| - K| P()] - |Am(r, ) — Am(r, o) |dr

+2(T)QsT1y - Im(T, ) = m(T, ). (A.2)
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By Lemma 4.3 and periodicity of .S, it suffices to consider o, &’ € R* with dpe. (v, @) := max;<, |o; —
o] < 1/2. Hence by (A.2), we have

SUp  dyaz(a, @) 7°|S(t, @) — S(t, )]
a#a’ te[0,T]

<T sup |®(t,7)] (|QT1 — PDlo + x| Plo)
t,7€[0,T

X sup dpyaz(Q, o/)_‘s(\m(T, a) —m(r, )|+ |Am(r,a) — Am(r, o/)\)

0,00

+ Sltlp [®(t, T)QsT 14| - sup Amaz (v, o/)f‘s\m(T, a) —m(T, )|
< 7{ sup|(t, )| - (1QLs ~ Pl + |Plo) }

< (X010 mlna + D daa(e,0) | Am(r, a) — Am(r, "))

K2

+ Tsup |®(¢, T)Q¢T1f| sup dmaz (o, &) 70 |0rm (T, @) — Orm(T, )|
t 7

T,00,&

+ Slip |(I)(t7 T)erlf| : Z |8Oézm(07 ')|0;]RL . (A3)
Next for 0 <t < t' < T, we have
t/
S(t,a) =St ,a) =— / O(t, 7)[(QTy — P(1)D)m(7, ) — kP(7)Am(T, a)]dr
t

T
—|—/t [@(t',7) — ®(t,7)] - [(QT1 — P(T)D)m(t, ) — 6 P(T)Am(T, )|dT

’

+[2(t',T) — @, T)|Qs[T1ym(T, @) + T2pn).
We use the differentiability of ® to estimate
|t =707 1S (t,a) = S(t', )
< (Tl_‘s/2 sup |®(t, )| +T279/2 stuP |0: D (¢, 7')\)

t,T

x (|QTy = PDlo + &[Plo)(Im[o:q + |Amlo:q)
+ 110 sup [0, S(8, )| - (|QsT'1s - mloiq + 1@ T2snl). (A.4)
Hence we conclude S = Ag(m) € Cir/j’é(Q).
Now it suffices to consider z = (t,a), z = (¥, ) such that dpeq (@, ') < 1/2. We have
15(2) =S| _ [S(2) = S(t, ) + S(t, &) = S(2)]
dp(z,2')°  — dp(z,2")°

< dias (e, 0') 7|8 (2) = S(t,0")| + [t = ¢'|°/2|S(t, ') = S()],

which combined with (A.3), (A.4) and an estimate of |S|o,q using (A.1) yields (4.4). O

We give a comparison lemma of differential inequalities, which is used in proving Lemma 5.3. For
similar comparison results, see [35].

Lemma A.1l. Suppose ¢(t) is a nonnegative continuous function on [0,7], ¢¢ > 0 is a constant, and
the function z(t) is absolute continuous on [0, 7.

(1) If 2(t) < c(t)z(t) + co holds almost everywhere on the set {¢ : z(¢) > 0}, and y(t) satisfies the
ODE §(t) = c(t)y(t) + co with y(0) > max{z(0),0}. Then z(t) < y(t) for all t € [0,T].
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(ii) If 2(t) > ¢(t)z(t) — co holds almost everywhere on the set {¢ : 2(¢) < 0}, and y(t) satisfies the
ODE §(t) = ¢(t)y(t) — co with y(0) < min{z(0),0}. Then z(t) > y(t) for all ¢ € [0, T].

Proof. For case (i), we may assume non-empty {¢ : z(t) > 0} since otherwise the conclusion is obvious.
We prove by contradiction and assume there exists ¢; € (0,7] such that z(¢1) > y(t1), which implies
for some tg € [0,t1), 2(t) > y(t) > 0 holds on [tg, t1] with z(tg) = y(to). We have

ty1

y(tr) — =(tr) = / (s) — (s))ds > / e()[y(s) — 2(s))ds > 0,

to to

leading to a contradiction. Therefore we get the desired comparison inequality. The proof of part (ii)
is similar and omitted here. O

Lemma A.2. Suppose F(t) is a continuous R¥*¥-valued function defined on [0, 7], and F(t)F(s) =
F(s)F(t) for all s,¢ € [0,T]. Then ®(t,s) = el: ("4 is the fundamental solution matrix of the linear
ODE i = F(t)z, i.e., 2®(t,s) = F(t)®(t,s) with ®(s, s) = I.

Proof. We have 1[®(t + ¢,5) — ®(t,5)] = L(e" Fr _ el FOMr 5 p(1)®(t, 5) as € — 0, where
the equality follows from the commutativity condition F(¢)F(s) = F(s)F(t) for all s, 1. O

Proof of Lemma 7.1. For System (B), we write

"\ =[A — B2 R™'P(t) + D]x(Nl)dt — B2R7'S(t,alN)dt

+rN? S @ = aNat+ (BNt + oduw Y, (A5)
k"ol ~alN v
K/ 1
da') =[A— B*R™'P(t) + Dla\ ) dt — B* RS, akN)dt
k
+eN? Y @O - (Nl))dt+adw ), 2<k <N, (A.6)

k!
1. V
k o oy

where xgyvl)(O) mo(adY) for all 1 < j < N*, and

2
ik (1) = uly () + BR™ Plt)ely (1), (A7)

which is interpreted as a random process generated by the closed-loop System (B). Denote Z,n (t) =

xij;)(t) - gzg;ﬂ(@, 2= [Ty, By )" and @ = [ily,0,--- 0]

(i) The case of ']I‘f/N For u! oy € Z/{l CO, we will give some estimates in terms of Efo ! v (t)|?dt,

which will be shown later to be bounded. By (A.5) and (A.6), and in analogue to (5.16), we have

dz = MY z(t)dt + (B/Ny)ua(t)dt,
which gives
a0 =0 Lo 0] [ @ B/Naar (A5)

where 1 is the k-th entry of the row. Let (M);; denote the (7,j)-th entry of a matrix M. By (5.22)
and an orthogonal transformation we can show supy sup; . [(®*"(t, s))s;| < C, so that (A.8) gives

T
supE|Zy (O < (C/NDE [ Jiap (r) (A.9)
t.k 0



Les Cahiers du GERAD G-2026-12 25

which, in view of Lemma 5.8, implies that

T
supE|ng;>(t)|2 < (C/N?)E / |t (7)[2d7 + C1. (A.10)
t.k 0

We further estimate ¢~ in (7.1). We have

dZ,y =[A— B*R7'P(t) + D)z ndt + kN* > (Zax, — Zay )dt
k’:a{j,m«a{v

+ (B/Nl)ﬁ}l{vdt,
dZoy = [A=B’R7'P(t) + Dz wdt + kN> Y~ (Z,y — Zon)dt,

k/
N N
k’.ak,Nak

2<k<N?,

Let ag\fr and o be the right and left neighbors of node oY, respectively. Denote

Xa¥ = Zq ¥

fi(t)+§afv_ (t) _2204?’(0’ X = [Xa{va"' 7Xa%2
Then by the method of getting (6.1), we derive
dx = MY xdt + (B/Ny)u*dt,

where the entry within u* at the row corresponding to node aé\’ is nonzero if and only if aé\’ is equal

to a{v or is as its horizontal neighbor. So u* contains a total of three nonzero entries: &i Ny 11(11 ~, and
1 1
—211iN. We have
1
T
Xy 0= (B/3) [ 1,0, 087 (¢, 1) (r)a.

0

Hence, by the method of establishing (A.9), we obtain
T
Elxar ()* = (C/JV{")E/O | (7)[Pdr. (A.11)

We again get a bound of the form (A.11) when two neighbours along the vertical direction are used,
so that we get the bound for (,~ in (7.1):

T
Sup |Gy (1) < (CNYNDE [ [y (r)Pd, (A12)
t 0
which combined with (6.7) yields

2 T
supIE‘N2 3 @ - m%))(t)‘ < C+ (CN*/N?)E / [, (1) 2dr. (A.13)
i,k EaN N 0 !
10 ~on
Now by (A.10), (A.13), and System (B), we further obtain
T
sup Elz .~ (1)]* < C + (CN4/N12)E/ | (7)[Pdr. (A.14)
t 0

By (A.7), (A.14) and u! v € Z/{i}vé‘), we derive

1 1

T T
E/ gy (7)[Pdr < C + (CN‘*/N%)]E/ |G (7)[*dr,
0 0
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so that under (H4),

T
sup  sup E/ |ty (r)|dr < C,
0

N 1,Co
u' N EUT
aff Tafy

which combined with (A.9) and (A.12) implies (7.2) and (7.3).

(ii) The case of Ty ,y. The estimate is similar and we omit the detail. O

Appendix B

The following matrix illustrates Ty in (5.13) with N = 4:

010 110 0 0|0 O O Oj1 0 O O
101 001 0 00 O O 0O0jO 1 0 O
010 1{0 01 0|0 O O Of0 O 1 O
101 00 00O 1|0 0 0 0|0 O 0 1
100 001 0 1|1 0 0 00 0 0 O
01001 01 0[O0 1 O0O0O(0O0O0O0
001 0{01O0 10 01 0(0O0O0O0
7.70001101000010000
100001 0O0O0[010T1[1 000
0 0o00|{01O0O0|1 01O0(01O0O0
0 00 0|{0O0O1O0|01O0T1(0 010
0 00 0|]0OOOT1|1 01 0j0 0 0 1
100 0[O OO Of1T 00 O0jO0O 1 01
010 0|0 O0OOO0O|O01O0O0O(1L 010
0 01 0{0 OO O|O0 O 1T 0j]0 1 01
100 0 100000 O0O0T1T|1 0 1 0|
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