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Abstract : This document contains the complete geometric derivations and analytical proofs sup-
porting the results stated and used in the main manuscript. Results that are used directly in the main
manuscript are restated here solely to make their proofs self-contained. Auxiliary theorems, interme-
diate inequalities, and supporting geometric constructions are included because they form part of the
logical proof chain. Unless explicitly redefined, the notation and assumptions are the same as in the
main manuscript.
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Guide to the supplement

The supplement is organized in the same logical order as the analysis in the main manuscript. Sec-
tion S1 establishes the lattice geometry and the interference bounds. Section S2 provides the discrete-
to-continuous results used for the normalization constant and expected hop count. Section S3 proves
the boundary and geometric bounds used to extend the central-node analysis to the network as a whole.
The two figures below reproduce the geometric configurations needed to read the proofs independently

of the main manuscript.
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Figure S1: Reproduced from the main manuscript for completeness. lllustration of the interfering transmitters surrounding
the central link and the sectorization of each interference ring in the hexagonal lattice. Concentric hexagons represent
successive rings (i = 2,4,...), and each ring is partitioned into 6 identical sectors. The dashed arrows indicate the
distances r;;1 from the receiver of the central link to representative interferers in each ring. The shaded elliptical region
highlights the range of angular deviations (¢; — %) arising from the geometric offset of the hexagonal grid. This sectorized
structure is used to derive closed-form expressions for the interference contributed by each ring in the analytical model.

Figure S2: Reproduced from the main manuscript for completeness. Network sectoring for a general source node position.
The source node S is located at the polar position (a, ) with respect to the network center. Relative to S, the network
can be divided into 6 pairs of sectors with radii (71, 72k)-
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Figure S3: Distance computation for interferers in the i-th ring of a hexagonal lattice, shown over a single % sector

by symmetry. The ring index ¢ determines the nominal radial distance i(1 + A)r, while the index j enumerates nodes
within the ring at different angular offsets on both sides of the symmetry axis. Nodes with j < i/2 and j > i/2 appear
symmetrically and yield identical interference contributions. Distances are obtained by combining the vertical component

i(1+ A)r§ with a horizontal offset proportional to | j — % | (1 4+ A)r, where 1 < j <.

(1+A)rcos(E)
2cos(p;—%

Figure S4: Geometric construction for computing distances to node j-th on the i-th ring within a hexagonal lattice
sector. The angular index z; (angle ¢;) parameterizes node positions, and the resulting distance d(y;) is obtained from
projections along the sector geometry.
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S1 Geometric Characterization of Interfering Nodes and Interfer-
ence Bounds

Theorem S1.1. Given that z; is the angle between the perpendicular bisector of the sector and the
line segment connecting the central node to node j (as shown in Fig. S3), where %* < z; < &, and r
is the distance between immediate neighbors, the distance between the central element to any element
j is given by:

(14 A)ircos(F)

di =
cos(z;)

J

(S1)

Proof. The distance between the central element and element j, in a sector from ring i*", defined as
d?, as depicted in Fig. S3, given by

di = i(1+ A)r\/(‘j_io'SiP + (?)2, 1<j<i. (S2)

Considering x; as the angle shown in Fig. S3, we have

(14 A)r¥2
cos(z;) = A - . (s3)
(1 A)r (2022 4 ()2 2y/(1=0202 4 ()2
By substituting cos(z;) from Equation (S3) into Equation (S2), we obtain:
&= (14 A)ircos(g) (s1)
J cos(x;)
O

Theorem S1.2 ( Transmitters-Receiver Distance). For a node j in the first sector, where 0 < ¢ < %,
and the " sector, the distance is calculated as:

us

b w,ms )2 4 sin2
J \/( COS((p _ 5) (90])) + (90) (85)

Proof. From Theorem S1.1, if x; is the angle between the perpendicular bisector of the sector and the
segment connecting the central node to node j, where =& < x; < &, the distance d; is given by:

(14 A)ircos(g) .

di = S6
J cos(z;) (S6)
For i > 1, as depicted in Fig. S4, we have:
oG W2 o (D 2
2%2 7 cos(ip5))2 + (5 sin(p))2

us

According to Fig. 54, the relationship between x; and ¢; for 0 < p; < % is ; = p; — &. Substituting
d; from Equation (S6), the distance r; of any interfering transmitter node from the center receiver,
for0<<pj§§,is

— cos(ip7))? + sin’ () . (S7)

us

cos(p — 5)

O
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Theorem S1.3 (Distance to Interfering Transmitters ). Consider a symmetric network arranged in a
hexagonal lattice, as depicted in Fig. S1. For rings with ¢ > 2, each ring is divided into six identi-
cal sectors, each containing ¢ interfering transmitters. The distance from the central receiver to an
interfering transmitter in ring ¢, sector k, at angle ¢; is given by:

Tijk = rw(iaWjak)v (S8)

where

(i(l +A) Cos(g)
)

1/J(% Py k) = - COS(QOJ' +

™
cos(p; — &

Proof. In sector k = 1, the angle ¢; is determined by:

cos(p;) = ) ,
|, j—0.5i V3
22\/( — P + (7)2

7

j=1,2,...,i. (S10)

k—1 k
For other sectors k > 1 with (J il

< p < ER the expressions are obtained by applying a
(k—1)
3

phase shift of T to cos(p;) and sin(g;) in Equation (S5) of Theorem S1.2, and by factoring out

Y(i, pj, k) as Equation (S9), Equation (S8) is achieved. O

Theorem S1.4 (¥ (i, p, k) approximation). For any sectors of 1 <k < 6 and ¢ € [0, ] the lower bound
of the 9 (i, ¢, k) could be written as

cos(%
e b) > (104 8) = C B e (s11)
where C}, € {%—l—%,%,%,%,%,% +3}.
Proof. We start with the expression:
cos(p — &) cos(p + @) _ cos(2¢ — § + (k_gl)ﬂ) + cos(% + (k_l)ﬂ)
cos(§) N 2cos(%)

As shown in Table S1, the maximum of the expression for any sector is presented as C). Thus, we
can write:

(k—Dm .
T) zi(l+ A)cos(<p

cos( % cos( %
oot ) 6

) - kcos(gp

Squaring both sides of the inequality, adding sin?(y), and then taking the square root, we obtain
Equation (S12):

Ve k) = (L A%OZ?Z@U —cos(p+ E T2 4 e+ EEDT)
6
2 C052 5 . k — 1 i 1
= (((1+4) = C) cosQ(SD(E)g) +sin( + ( 3 ) ))?
> (i(1+A4) - Ck)coz(();(f)g) (S12)
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Table S1: Function extreme values over sectors.

K Equation per sector Max value (Cy) Min value

1 cos(2¢— §)teos(§) 141 3
2cos(§) V3 2 2
9 cos(2pt §)+cos(F) 1 -3
2cos(§) 2 2
C05(2<p+5)+cos(51) 1 1 L
3 T gamm T2 ~s T
cos(2¢p+ 3T ) +cos( TT) 1 1 1
4 e 2 B
5 oot ) teos(i) 1 -3
2cos(f) 2 2
6 cos(2<p+37”)+COS(HTﬂ-) 1 + 1 1
2cos(§) V3 2 2

Theorem S1.5 (Upper Bound of Interference). For a symmetric network arranged in a hexagonal lattice,

the total interference from all rings beyond a threshold i > I—FLA’ where k > 1, has an upper bound
given by:
6
. K 3PgoQ(ayp)
I(i > 7 —|—A) < . le (A, ap, &, Ck), (S13)
with:
Qap) 1+ A) Hap — 1)( { —‘ —0.5) — Crp(1+A)~2
X(A, ap, k, Cy) = =T (S14)
e A)([ } 5= -l

where:

e ()} are constants specific to each sector k provided in Table S1,
4 Q Oép forg o P(¢_, de.

cos®P (

Proof. Fori > 1, the sum over j and k in the interference I(7) can be approximated using the Riemann
integral. The discrete sum:

*ZZ

k=1 j=1

(S15)

Nz/ wz%

1/)29037

where (i, ¢, k) is as defined in Equation (S9).

According to geometric considerations (details in Equation (S11)), for the &*® sector, 9(4, ¢, k) has
a lower bound:

H1ya) -G JCFOSA(L; Ci (S16)
6

T
cos(p — 6)

Y(i, 0, k) >

Substituting the lower bound into the integral, we obtain:

3P 90

ﬂ'r%

3Pgo

2/[ e

cos( 6)

&k N
cos(p — 6)}

do

Tree 1
k=1
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6
3PgoQ(ap) i
_ S17
mrer kz:; [i(14+ A) — Ck]*’ (S17)
where Q(ay,) is defined as:
5 cos™(p—I)
= ———>"dep. S18
Qo) = [ e (518)
To compute the upper bound of the total interference from rings beyond i > HLA’ we consider
the sum: .
, K 3PgoQ(ap) = i
1G> 1+ A) R—- Z}; ; [i(1+ A) — Cg]*” (519)
= [ 1+ Aw
We define I(r) as:
6
r
I(r) = - S20
D=2 ta - (520)

K
Since I(r) is a convex decreasing function for r > ’7-‘ and K > Cy, we can use Theorem S2.7

+A
for the upper bound:

i (i) < . K 1(r) dr. (S21)
i:{ K -‘ /[HAWO'S
1+ A
Integrating I(r), we get:
6
o (1+A)(ap — 1)r — Cy,
o =c 2 T AP 8) - G oy ey 1) (522)

where C' is the constant of integration.

K
1+A

Therefore, the upper bound of I(i > ) is:

6

P
") < 3090 S (A gk, O, (523)
k=1

A<

I(i>

Tror

where x(A, ap, k, Cy) is as defined in Equation (S14).

This completes the proof. O

S2 Series to Integral approximation

Theorem S2.6. Let f : [a,b] — R be a continuous, convex, and strictly decreasing function on the
closed interval [a,b]. Let M be the mean value of f over [a, ], i.e.,

1 b
M:b—a/a f(x)dx.

Then, if ¢ is a point in (a,b) such that f(c) = M, c is located in the left half of the interval [a, b], i.e.,
c < atb
=7
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Proof. Let f : [a,b] — R be a continuous, convex, and strictly decreasing function, and let M be the

mean value of f over [a,b]:
b
- [ f@d

Suppose ¢ € (a,b) satisfies f(c) = M. We aim to show ¢ < 22, Assume, for contradiction, that
c > aTer. Since f is strictly decreasing, f(z) > M for z < c and f(z) < M for z > ¢. Given f is
convex, Jensen’s inequality implies:

b b
f(a; )sbia/a f@)de = M

However, if ¢ > %b, the integral would be weighted more towards lower function values, contradicting
f(¢) = M. Thus, ¢ must satisfy ¢ < “7“’.

O

Theorem S2.7. Let f : [a,b] — R be a continuous, convex, and strictly decreasing function on the
closed interval [a,b]. Let M be the mean value of f over [a,b], i.e

1 b
b—a/ flx)dzx

Then, if ¢ is a point in (a,b) such that f(c) = M, c is located in the left half of the interval [a, D], i.e
¢ < b For a convex decreasing function f(z), Y02, f(i) < [ 1 f(z

M=

Proof. Based on Theorem S2.6, for any interval [i — 5, i + ) < f z+2 f(x) dz. Therefore

Sy [ st / °°é o) da

Theorem S2.8 (P, series to integral). For o > 2,

n

i ~ r (a— 1)o7t
Tzl Gt e

M:\\:

i=1

Proof. Considering f(r) = W7 d%f(r) is given by

5 +(1—-a)r
f(r) has only one maximum at r = —£=. For any i < {aﬁlJ.

[a%] 2],
Z:f Z:: +/3 Z/ g

and for 7 > {%J

: . \/; ) - r
Z f(@) = Wz/ﬁj(rﬂ-ﬁ)o‘dr'

il el la o
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By summing up both cases, we have

1 Vi T [a% ]+ r
(i+ﬁ)a2/o <r+6>adr_/m_lj T

Furthermore, [ f(r)dr computed as

P LY L ST)
(r+ 8)~ (a—1)(a—2)

M5

i=1

+C, (S24)

that by using Equation (S24), we have

/LJ%J“ r _ a1
|2 (+B)> T acpett

Consequently,

W
3

b " r . (a — 1)~
(i + ) = (/0 (r+ B) d a1 )- (S25)

Il
_

i
Theorem S2.9 (Approximate E(h) series ). For o > 2,

d“/ / TCOS< dpdr + =2 CEED . s

ﬂoz 2040‘

z /

(e (Fem s + )

2
Proof. Considering the function f(r,¢) = ——
( ) ) ( COS((¢@>)+B)0‘7

df(rp) (2 —a) B+ 28)

ar (i + o)

%:éf(%). f(r, ) is increasing for r <

decreasing for higher values of 7. We can thus write:

The maximum of f(r, ) occurs at rpax = 25 cos(¢) 5 and

(a—2) cos(§

L%J = 283 cos(p) T
G i2 eI+t % r2
Z / W ng S / / —’I‘ cos( d(p d'l" 5 <827)
=2 0 ( cos(g;) + B)oz 2 0 ( cos( ) + ﬁ)

28 cos()
(a72)cos(%)’
Vi 5 p VE P2
> / e 0 < / e / e dedr. (S28)
(o + 8y L 5170 (Gosiey +P)°

L%JJA cos go) (a—2)cos(§) cos(p)
« cos

and for r > we have:

Summing up Equations (S27) and (S28), we get:

Z/ mdsﬂﬁ

=2 ( cos(p) + ﬂ)
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SO e

COb(sa)

2B cos(p)
e e it % 2

dgodr+/ ——————dpdr). (S29)
cos rcos(§) o
) L(a%?)co(:z) )J 0 ( cos(tp6) +/8)

‘We then have:

2B cos(¢) g
L(a 2)00:2 )J+1 6 7/'2

2 cos () rcos(§) [ d(p dr
L(a 2)cos( )J 0 (COS(LP) +IB)

<

dp = . (S30)

[Pt e/
0 (255 + B)- 362

It means the upper bound of the E(h) series could be given the below integral as

, (0 =27 (2vB+ %)
Z/ 2cos( )+B d </ / 'rcos(7r d(pdT+ Ba 2 (831)

cos(p) cos(p) + ﬂ)a

S3 Extreme values and upper bounds related to E(h)

Theorem S3.10. By moving away from the corner of the network to the center on the line of x = y as
Figure A.14 of the main manuscript so that the minimum distance of the source node from all corners

. Prino L
considered as k0, then ﬁ is given by
0

; 141 .
pmin 1— z if o > 3
Onﬁ = O45e—1.2541 (S32)
Py 1_W, ifar3,a<3.

Proof.

The integral for Py can be rewritten as:

VE r = r Vi r
ﬂ (wamﬂ v+ma”+ﬁﬁ<ﬂww”

_ 1 (a—1+6_(a—1)\/§+5
(a—1(a=2)" (1 +p)*"t (/T4 p)>1
If we consider the P} # as the Py constant for the point on the line x = y that is at least k3 away from

all network corners, and call A as the effective area for the integral, we should have Py(§, P(a)da +
C(a,B)) = 1. Here, P(a) is the interaction probability, and C(c, ) is the offset value of converting

)

series to integral. On the other hand, for the Pj*™ the area of integral is the fof( Sae dr &

fooo (CHE B)‘* dr. Therefore, we can write,

Pg’”” fA a)da+ Cl(a, 8)
PP j?(w dr + C(a; B)

As depicted in Figure A.14 of the main manuscript, the integral for the effective area of A could be
written so that
. 1 (a—2)(a—1)" 3((04—1)55—}-,8) ) arcsm('iﬁ)
S e ch sl G2V Gt 3 N ) il

P(};B 5a1—2 - (a;i)ﬁ(gtll)
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~

, 7T(r+ﬁ)°‘ dr .

3(a—1)k+1) p>=2 [ arcsin(®> By
1= 4(k + 1)o—1 * ™ A

min

ry
since always

<1, always:

3((a—1k+1) _ po2 arcsin(“2)r
4(k + 1)o—1 = ™ /,iﬁ w(r+ 5)>

Therefore, we can write:
3(a—1k+1)
4(k+ 1)>1

—1-(1-0)

where 0 < C < 1. Now, we consider f(a) = %, if we show % < 0 for all @ > 3, then by

. . min
increasing «, e increases. We have

df  3((1—(a-1DHKr?+25 —a+1)
da Ak + 1) ’

min min

that shows that for any x > 1 and a > 3, o e is increasing with respect to a. Therefore, Ijgw

a=3
is a lower bound for all & > 3. Furthermore,
9 B narcsin(ﬁjﬂm_}_ﬁ) B T—rZ i r=1
1 / arcsin( =2 By P K ( Y P “lato—rnS¥r  arcsin(z) )
r=— — .
w 7CAP O B 2 2z + |
Could be shown the result of the integral if x > 1, is approximated by
5/ arcsin( 7’8 i = (05— 1)k —1
+5)? (k+Dr
that if o > 3;
et 3((e=1k+1) (05— Dr—1
PP T A(k 1)t (k+ 1)k
32+l 05— Dp—  (L+ R+ 475
- 4(k + 1)2 (k+1)2 - (k+1)2
Finally, the simplified ratio is given by
O >1-— M . (S33)

P = K+ 1

For a < 3, also could be written that

e 3la—-1Dr+1) B3(05— L)k — 1

P = 4(k + 1)1 (k+ 1)k
B 3((a—1Dr+1)  p*3(0.5- %) — % S min
- 4(k + 1)1 (k+1)2 - P

30— 1k )+ (5 + DB (05— Ly — 1)

>1—
= Ak + 1)o—T
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If a~3, ((k+1)8)* 3 ~ 1, then

Pyrin 750 —1.25+ L
— — (S34)
Pé‘”"ﬁ (5 + 1)~
Hence, for both cases we have
) 1+ .
Py 1——= ifa>3
> wElo 1 (S35)
PP {1—%, ifa~3,a<3.
O

Theorem S3.11. Let f : R? — R be a positive, radially decreasing function, i.e., f(r,9) > 0 and
% < 0 for all sufficiently large r. Consider the integral of f over a square S centered at the origin
with side length L.

Then, the integral satisfies the following bounds:

12 0x+% Rk
’;/ek ; f(r,ﬁ)rdrdﬁg[Sf(r,ﬁ)dAg/Cf(nﬁ)dA

where:

e ( is a circle centered at the origin with radius R = %,

e The lower bound is obtained by dividing S into 12 sectors, each spanning an angle of %. Specif-

ically, 8 sectors have radius Ry = % and 4 sectors have radius Ry = %

Proof. Consider the square .S centered at the origin with side length L. We partition .S into 12 sectors,
each with an angular span of ¢ radians.

Lower Bound:

e Among these 12 sectors, 8 sectors can be inscribed within the square with a radius R = %

e The remaining 4 sectors are inscribed with a radius R = %

Since f(r,1) is positive and radially decreasing, the integral of f over each sector is maximized
when the radius Ry is as large as possible within the sector. Therefore, the sum of the integrals over

these 12 sectors provides a lower bound for the integral over the entire square:

12 Ort+5 R
/f(r, 9)dA > Z/ f(r,9) rdrdo.
s 1 Ok 0

We ensure that the combined area of these sectors is entirely contained within the square. Since f is
positive and decreases with r, the integral over these sectors provides a conservative (lower) estimate
of the integral over the entire square.

Upper Bound:

e Approximate the square S with a circle C' centered at the origin such that both have the same

area. The radius of this circle is R = %, since Area(C) = mR? = L%

e For any point inside the square but outside the circle C, the radial distance r satisfies r > #

Given that f(r,9) is decreasing with r, the value of f at these points is less than or equal to f
at corresponding points inside C'
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The integral of f over the square is bounded above by the integral of f over the circle since any
area outside the circle but inside the square contributes less to the integral than the corresponding
area inside the circle. Hence, integrating over the circle gives an upper bound for the integral over the
square.

/Sf(r,ﬁ)dAs/cﬂw)dA.

Combining both bounds, we obtain:

12 Ort+5 R
I) rdrdd M) dA V) dA. O
,;/9 [ reyrar S/Sf(n) s/Cﬂr,)

Theorem S3.12. [Geometric relations of r;] If we consider a point inside a circle of radius R, and
divide the circle into 6 pair of sectors each of sectors covering § concerning that point, then for any

arbitrary point inside the circle
6

Zr%k + T%k = 12R?
k=1

Proof. Consider a point inside a circle with radius R, and divide the circle into 12 sectors (6 pairs),
each covering . We aim to show that the sum of the squares of the distances from the node to the
boundaries of these sectors is 12R2.

First, consider the distances r1; and 79 in a pair of sectors. as shown in Fig. S2. For riiandray,
we have:
(r1 + acos(pp +0))* +asin(p +0) = R?,

and
(ror, — acos(p + 0))? 4+ asin(p +0) = R?

By summing these equations, we obtain,

e + T3 + 2a% + 2(r1g — Tar) cos(y, + 0) = 2R2.

Due to symmetry, we have:
ror, — acos(p + 0) = rix + acos(p + ),

which implies
rop — Tk = 2acos(p + 0) .

Substituting this back into our sum, we get

r2 15 = 2R + 2a® cos(2(py + 0)) .

Since we have 6 pairs of such sectors, the total sum is

6 6
Z i+ rhy = Z 2R + 2a” cos(2(x +6)) -
k=1 k=1

As g €{0,---, (k_ﬁl)w, cee %’T}, the sum of the cosines over a complete cycle averages out to zero,

regardless of the values of a and 6, leaving us with:

6
Zr%k + T%k = 12R?. O
k=1
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Relationship to the main manuscript

The theorem statements and final analytical expressions used directly in the main manuscript remain
in their corresponding main-text sections. This supplement provides their complete proofs and retains
all auxiliary results needed by those proofs. The final geometric identity is included as an additional
supporting result; its role should be cited explicitly in the main manuscript if it is used there.
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