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Abstract : In this work, we tackle the optimal energy trading (OET) problem in distribution grids
with a large number of prosumer households. We first introduce a clustering architecture that parti-
tions the grid into residential prosumer clusters (RPCs), each managed by an aggregator responsible
for internal energy coordination and external interactions with neighbouring clusters and the distri-
bution system operator. To optimize energy exchanges within and across clusters, we develop a novel
decentralized control framework based on graphon mean field game theory. This framework models
the OET as a decentralized dynamic game, deriving optimal control strategies that minimize each
prosumer’s individual energy cost. Household dynamics and cost functions are influenced by both
local aggregate effects within their RPC and global interactions across interconnected cluster. Numer-
ical experiments conducted on a dense energy network with 100 clusters, each containing 200 uniform
households, validate the effectiveness of the proposed method in achieving scalable and cost-efficient
energy coordination.

Keywords: Decentralized energy management; graphon mean field game; optimal energy exchange;
optimal pricing mechanisms; residential prosumer cluster; home energy management system

Résumé : Dans ce travail, nous nous intéressons au probléeme de ’Optimal Energy Trading (OET)
dans les réseaux de distribution intégrant un grand nombre de foyers prosommateurs. Nous proposons
d’abord une architecture de regroupement qui partitionne le réseau en des groupes de prosommateurs
résidentiels (RPC), chacun étant supervisé par un agrégateur chargé de la coordination énergétique
interne et des interactions externes avec les groupes voisins ainsi qu’avec I'opérateur du systeme de
distribution. Pour optimiser les échanges d’énergie inter et intra groupes, nous avons développé un
cadre de contréle décentralisé innovant fondé sur la théorie des graphon mean field games. Ce dernier
modélise 'OET comme un jeu dynamique décentralisé et permet de dériver des stratégies de controle
optimales visant a minimiser le cotut énergétique individuel de chaque prosommateur. La dynamique
des foyers et leurs fonctions de colit sont influencées a la fois par les effets agrégés locaux au sein de
leur RPC et par les interactions globales entre groupes interconnectés. Des simulations réalisées sur un
réseau dense comprenant 100 clusters, chacun composé de 200 foyers homogenes, démontrent efficacité
de la méthode proposée pour atteindre une coordination énergétique évolutive et économiquement
avantageuse.

Mots clés: Gestion décentralisée de I’énergie; graphon mean field game; optimal energy exchange;
mécanismes de tarification optimale; cluster de prosommateurs résidentiels; systeme de gestion
énergétique domestique

Acknowledgements: This work is supported by the NSERC Alliance-Mitacs Accelerate grant ALLRP
571311-21 (“Optimization of future energy systems”) in collaboration with Hydro-Québec.
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1 Introduction

The widespread adoption of demand-side management technologies and distributed energy resources
(DERs), such as rooftop solar panels, home energy storage systems (ESSs), and electric vehicles (EVs),
has transformed households into active residential prosumers. These prosumers now play a dynamic
role in enhancing grid flexibility by modulating their electricity consumption and generation in re-
sponse to system conditions. However, the individual impact of a single household on the broader
demand-supply balance remains limited, reinforcing the need for coordinated mechanisms that aggre-
gate prosumer actions to improve grid reliability and resilience. To address this challenge, we propose a
novel cluster-of-clusters (CoC) architecture for residential energy networks. In this framework, multiple
prosumer households, equipped with DERs are organized into residential prosumer clusters (RPCs).
Each RPC is managed by an aggregator that coordinates internal energy exchanges and interfaces
with neighbouring clusters and the distribution system operator (DSQO). The CoC architecture enables
bidirectional energy trading between clusters, facilitated by an energy management system (EMS) that
supports real-time energy exchange.

In this paper, we adopt the definition of demand response (DR) from [14], which characterizes it as
voluntary, active, and temporary adjustments in electricity consumption or production by customer-
sited energy resources in response to external signals such as prices, commands, or measurements.
Moreover, each RPC consists of a large number of uniformly equipped prosumer households, identical
in terms of appliances and generation technologies, and a central aggregator. Figure 1 illustrates the
proposed hierarchical CoC architecture, where each RPC connects to a central grid provider, e.g., a
utility or the DSO. Through its aggregator, each RPC engages in bidirectional energy exchange with
neighbouring clusters, forming the basis of the proposed coordination mechanism.

/Cl Aggregator A* N Grid Provider /Cz Aggregator A? N

Price : Price
Incentive Grid Price
Penalty I
pr5§ﬁmer prosumgr " prdmsumemr' prosumér
K hl hy M Aggregator A h2 n
Cluster C! » Cluster Ct
Cluster CM p G0 ¢ p Cluster C3
- \ prosumer prosumer / . \
/QM Aggregator A \ hi | hi / ol Aggregator A
Price Cluster C!

e : Electrical Distance

pl’(;Sl:IIII“e;r prc;méumé} asur p’r(;;:l.,l(lllgr prosume
CoC :
p :CoC Energy Price

Figure 1: Cluster of clusters architecture energy grid diagram

Recent research has explored decentralized energy trading and coordination mechanisms for resi-
dential microgrids and community energy systems. Peer-to-peer (P2P) and community-based markets
have been widely studied to enhance prosumer autonomy and local welfare, with game-theoretic for-
mulations such as Nash [18], Stackelberg [19], and cooperative games [13] proposed to capture strategic
interactions under uncertainty. Network-aware P2P designs have introduced electrical-distance-based
pricing and distribution-level locational marginal prices to mitigate congestion and losses in low-voltage
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networks [9]. On the control side, multi-agent reinforcement learning (MARL) has been applied to
demand response and integrated energy systems, but broad stability and convergence guarantees re-
main limited for safety-critical grid operations [5, 20]. To address scalability and provide theoretical
guarantees, mean field game theory has been employed for large populations of flexible resources [15],
such as EVs [12], using coupled Hamilton—Jacobi-Bellman and Fokker—Planck—Kolmogorov equations.
However, existing MFG-based approaches typically assume a single global mean field, abstracting away
heterogeneity induced by network topology, while network-aware P2P mechanisms lack equilibrium-
based control laws at household resolution.

This paper fills the gap by introducing a graphon mean field game (GMFG) framework tailored to
the CoC residential architecture. Unlike prior models, our approach captures both intra-cluster and
inter-cluster interactions through an electrical-distance-weighted graphon kernel, enabling network-
aware coordination in addition to promoting privacy and allowing for scalability. This work’s key
contributions include:

1. GMFG formulation: The optimal energy trading (OET) problem is modelled as a decentralized
GMFG, where each node represents a prosumer household. The framework captures both local
(RPC-level) and global (network-level) mean field interactions.

2. Theoretical guarantees: Under standard monotonicity and convexity assumptions, the existence
and uniqueness of the GMFG equilibrium are established using coupled GMFG-Hamilton—Jacobi
Bellman and GMFG-Fokker—Planck—Kolmogorov equations.

3. Dual-layer pricing: Decentralized control strategies are derived, along with dual-layer equilib-
rium prices, local (within-cluster) and global (inter-cluster), to support scalable and fair energy
exchange.

4. Numerical validation: Dedicated algorithms are developed and validated for solving the decen-
tralized nonlinear optimization problem in the context of a dense distribution grid structure
consisting of 100 RPCs each with 200 prosumer households.

The remainder of this paper is structured as follows. Section 2 introduces the system dynamics
and control variables for a generic household, along with the formulation of the decentralized OET
problem. Section 3 presents the GMFG approach, detailing the coupled GMFG-HJB and GMFG-FPK
equations and establishing the existence and uniqueness of the fixed-point solution. Section 4 outlines
the computational investigation of the proposed method. Finally, Section 5 sums up the paper and
presents potential extensions to the proposed OET problem via the GMFG approach.

2 Generic household system dynamics and OET problem formula-
tion

As illustrated in Figure 1, each RPC comprises a cluster of prosumer households connected to a single
feeder. These households interact with their cluster aggregator through local trading price p?PC and
with other clusters via a global price p©°C, forming the basis of the proposed coordination mechanism.
Each household is equipped with a home energy management system (HEMS), depicted in Figure 2,
which monitors and optimizes energy flows in real-time.

In this framework, the HEMS operates the controllable appliances, sets the shiftable appliance
schedule, manages charging/discharging of local ESS and EV batteries, and communicates bidirec-
tionally with the aggregator and grid provider. It estimates local and global mean field effects and
computes optimal control strategies using GMFG theory. In this paper, we are considering a CoC with
uniform households. Uniformity in the sense of load appliances, and DER technologies (standardized
batteries for EVs, ESSs, and solar panels). The GMFG approach presented here can be easily general-
ized to non-uniform households by incorporating the statistical distribution functions that characterize
the load and the DER technical operating parameters.
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Figure 2: Generic household HEMS architecture

2.1 HEMS System variables

This subsection presents the system variable dynamics for a generic household hf HEMS in a generic
RPC C7. The household’s energy profile includes:

2.1.1 Generation

modelled as a stochastic process influenced by environmental variability, represented by a Brownian
motion Wj. The generation dynamics for a generic household k! is as follows:

00" = Phyot + €yoOW,, (1)

where €y > 0 represents the intensity of stochastic fluctuations in solar generation, and Ppy is the
generated solar power.

2.1.2 Load

composed of base load yj (t), controllable y!(¢), and shiftable y!(t) components Each is modelled using
independent Brownian W}, W}, Wi, with corresponding constants !, €, e representing the variability
intensity of each load type. The total load evolves as:

Ay = 2'0t + ul POt + u POt + €,0W,), 2)

where e; aggregates the stochastic effects from all load components, W, is a Brownian motion represent
the commutative sum of the independent Brownian motions (W?, Wi, W), ul, and u’ are the control
variables for the shiftable and controllable loads, respectively, and where 2z := ddt assuming the base
load is differential. Lastly, P. and P, represent the rated power of the controllable appliances and
shiftable appliances, respectively.

2.1.3 Storage dynamics

Each HEMS prioritizes energy from local PV generation to meet the local load. Surplus energy may
be stored in the ESS or sold to the cluster aggregator. In case of a deficit, the HEMS can draw
energy from the ESS, EV battery, or the CoC grid through its cluster aggregator. The HEMS is
aware of the EV’s schedule, distinguishing between grid-connected and on-road states. The states of
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energy (SoE) for ESS bi(t) and EV b (¢), when connected to the HEMS, are governed by bidirectional
charging/discharging equations:

ObL = —ri(t)dt + i (t)Ot + . OW! (3)
Ob. = —rL(t)0t + ~L(t)Ot + €L OW,, (4)

where r(t) and v(t) are discharging and charging rates, and the e terms represent stochastic variability.
Control actions ensure non-simultaneous operation and respect battery constraints. Denote by 6(t) =
0 (t) — y'(t) the net energy after meeting local demand from DER generation at time ¢, and denote by
uim the control action for charging the ESS using §°(t) and u%g)s the control action for charging the
ESS from the grid. First, consider the case 6°(t) > 0, then the charging and discharging values are
given by:

‘o) = {ns (ud, 88+, Peae) s i BL(E) < B @

0, otherwise

i Lsu;n P82 ) if b;(t) > b?nin
(t) = { oo (6)

0, otherwise

where 1® € (0, 1] is the charging/discharging efficiency of ESS battery, Pyas and Psg, represent the rated
power for charging and discharging of the ESS battery, and b}, and b} ,, are the by SoE capacity
limits. If the EV is connected to the HEMS, the charging and discharging energy of the EV battery

dynamics are as follows:

(7)

; neul (t)Pyoe, if bL(t) < bS,.
%(t) — ’ve( ) g2 ()
0, otherwise

(8)

Tz’ (t) _ #U:«e (t)P92g7 if bé(t) > biqin

0, otherwise
where 77° € (0, 1] is the charging/discharging efficiency of EV, ., and u,, represent the charging and
discharging controls of the EV battery, respectively, Pyae, and Fea, are the rated power for EV charging
and discharging, and b7 ;,, and b% . are the b, SoE capacity limits.

min»

Second, consider the case §%(t) < 0, i.e., where the DER-generated energy is not sufficient to meet
the total load. At this time, the HEMS decides to discharge the batteries or purchase energy from its
cluster aggregator to meet the shortage. The control actions and the dynamics are described by:

7 nsui ‘PgQSV lf bé(t) < b?nax
'(t) = Ve 9
7%(®) {O, otherwise ©)
Fi(t) = aeuk Pog, if DL(t) > by, (10)
i 0, otherwise
i neU%ePngv if bé(t) < bhax (11)
Te 0, otherwise
; ety Peag, it OL(t) > by, (12)
.=
¢ 0, otherwise

2.2 HEMS objective function

Based on the energy flow model in Section 2.1, the HEMS minimizes the household’s energy cost by
optimizing the net energy exchange £(t) = d*(t) — s'(t), where d*(¢) and s(t) are demand and supply.
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The cost function is:

() =€ (1) (wi ()PSO () + w2 ()p“°C(t) + w3 (1)p”)

(13)
+ ag; (t) — Be, (t) + 0(0,1),
where:

o wi(t), wa(t), and ws(t), are time variant weights for local, inter-cluster (CoC), and grid-level en-
ergy exchanges, respectively, such that wy(t) > 0 for all k € [1,3] and ¢t € [0,T] and Zizl wg =1,

Moreover, ws(t) ensures the balance in import/export is met through the grid provider.

p?PC (t) and p©°C(t) are the local and global market prices, and p® is the main grid set energy
price,

ac; and B¢, are the penalty and reward terms,

0(0,t) captures DERs operating cost.

The aggregator A’ ensures fairness in pricing and incentives across the RPC. The HEMS computes
optimal control actions using the GMFG framework, solving for equilibrium strategies based on local
and global aggregate behaviours.

3 HEMS optimal controls via graphon mean field game theory

We now present our decentralized game-theoretical approach based on graphon mean-field game the-
ory to address optimal energy trading in the proposed cluster-of-clusters energy grid. Within the
proposed architecture, households in RPC C7 exchange energy with each other, with the aggregators
of neighbouring clusters, and with the main grid.

Figure 3: Cluster-of-clusters graph illustration

3.1 Cluster-of-clusters graph representation

Figure 3 depicts the cluster-of-clusters residential energy network as a weighted, undirected graph
which is modelled as: G = (V,&, W), where ¥V C N is the set of nodes, £ C V x V the set of edges, and
W :VxVe|0,1] a symmetric weight function representing the electrical distance between the nodes.
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Nodes are partitioned into clusters {C’p};‘il, M € N, each with aggregator AP where M represents
the number of clusters.

Denote by e(x,y) the electrical distance between node x € V and node y € V. In this framework,
the electrical distance quantifies how strongly two nodes in a distribution network influence each other,
and is derived from a sensitivity matrix based on the voltage—admittance relationship. The combined
sensitivities ensure uniqueness and positive correlation, and the resulting distances can be used as
edge weights (e.g., in the Louvain algorithm) to form partitions with high internal cohesion and low
inter-region coupling. The electrical distance between the nodes is calculated using the methodology
presented in [7], and is bounded such that 0 < e%J < 1.

3.2 Graphon coefficient using the electrical distance

The interaction between agents x and y is modelled via a graphon derived from their electrical distance
e(z,y). In this work, we assume lossless intra-cluster exchange, modelled at the cluster level by an
electrical distance matrix e € [0, 1]M*M with e,, = 0 and e,, = e, € (0,1] for p # ¢ and for all
p,q € [1,M]. Define the graphon weights W,, = exp(—aey,) € [0,1] and consider a measurable

partition [0, 1] = U;Vilfp with the cluster map s(z) =pif x € I,,.

W(Jf, y) = Wn(z), k(y) — exp(—a Cr(x), n(y))7 (14)
such that W : [0,1]> — [0, 1]. Hence, W (z,y), is symmetric, bounded, and measurable.
3.3 Local and global aggregates and price formulation
Let X(t,z) = (t,0(t,2),yc(t, ), ys(t, ), bs(t, ), be(t,2)) € R be the state of a generic household
x € [0,1] at time ¢t. Let u(t,z) € u be the control vector (load controls, ESS/EV charging/discharging
decisions). Based on (1)—(4), the stochastic differential equation (SDE) for X(t,x) can be written as

follows:
dX(t,z) = f(X(t, 2), u(t,z)) dt + S(X(t, z)) dBy(z) (15)

where B;(x), a Brownian motion, f, the drift of the system dynamics, and X, the diffusion matrix (e.g.,
due to stochastic solar generation and demand), are Lipschitz in X, and U is convex and compact.
Let &(t,z) = d(t,x) — s(t,z) denote the agent’s net exchange with the CoC. Denote by wu(t,-) the
population density of X(¢,-) on R* indexed by z € [0,1]. Define the cluster p aggregate by:

w20 = [ &) ult.) (16)
Let the CoC-aggregate as seen at node x be defined as:
1
Awt) = [ W) ntt ) ay (1)
0
and the scalar aggregate as:
1
Mg (t) = / Az, t)dx (18)
0

1,1
= / / W (z,y)&(t, y) u(t,y) dyda.
o Jo
Local and global prices are generated by the Lipschitz pricing functions Pioc, Pglob : R — Ry

Pl (1) = Proc(mif (1)) (19)
poc (t)= Pglob(Mg(t)) (20)
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3.4 GMFG-HJB and GMFG-FPK equations

The total cost-to-go, V (¢, x) for agent x is given by:

minB[ [ (05,2, (5. ) + 5.2) o5 ()

+ wp®C (s) + wap®(s)] ) ds + B(X(T,2)) (21)
where @ is the terminal cost function.
3.4.1 Hamilton—Jacobi—-Bellman (HJB) equation

The HJIB equation governs the value function V' (¢,x), i.e., the minimal expected cost-to-go for agent
x at time ¢:

V(¢ @) =min { VXV (t,2)(f(X(t,2), u(t, 2)) (22)
+ IEETVRV (¢, 2)] + 6X(t, ), u(t, z))

+ €t ) [l (8) + wap®O (1) + wep® ()] }

Let VxV T = (Vp, Vi, Vi, Vi, Vi ). Then, the switching scalars of each control in Vx VT are:

Loads: S. = P.V,., Ss = BV, (23)
ESS: Sfy)s = (77ng23) %57 Sr,s = _(%) %s
EV: Sye = (1ePp2e) Vi, Sre = = (52¢) Vi

The optimal control decisions are then provided by:

-1, S.>0

us(t,z, X) =<1, S. <0 (24)
0, S.=0

. 1, Ss<0

us(t7x,X)={0’ 5. >0 (25)
(0,0), Sys>0andS,s>0

(u) s urs) =9 (1,0), Sy <min{0, S, s} (26)
(0,1), S;s <min{0,S5,s}
(0,0), Sye>0and Spe>0

(uf e tre) =4 (1,0),  Sye <min{0, Sre} (27)
(0,1), Sre <min{0,S,.}.

3.4.2 Fokker—Planck—Kolmogorov equation

The propagation of the state probability density function u(t, z) is calculated using the following FPK
equation:

at,u(t’ LE) =—Vx (f (X(t7 JU), u* (t7 1‘)) :U“(t’ LE)) (28)
+ %V; (E (X(t,z)) 2" (X(t, z)) ,u(tmc)) .
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3.5 GMFG-loop and fixed-point solution

Let u(t, ) denote the probability density function of the state vector X(¢, ) for a generic household
x € [0,1] at time ¢. Let u*(¢, ) be the optimal control strategy derived from the GMFG-HJB equation.
Define the GMFG operator T as:

T:p—u e, (29)

where 1/ is the updated distribution obtained by solving the GMFG-FPK equation using the control u*.
A fixed-point p* satisfies T (u*) = p*. The operator T in (29) represents the GMFG-loop defined by
the coupled system of the Graphon Mean Field Hamilton—Jacobi-Bellman (GMFG-HJB) and Graphon
Mean Field Fokker—Planck—Kolmogorov (GMFG-FPK) equations. The goal is to establish the existence
and uniqueness of a fixed-point solution (p*,u*), where p* is the density function and u* are the
HEMS optimal control strategies. The following are the necessary assumptions for the existence and
uniqueness of the fixed-point solution:

1. The drift f(X,u) and cost function ¢(X, ) are Lipschitz continuous in both X and w.

2. The control set U is convex and compact.

3. The graphon W (z,y) = exp(—ae(z,y)) is symmetric, bounded, and measurable with W(x,y) €
[0, 1].

4. The diffusion matrix 3(X) is uniformly bounded and positive definite.

RPC CoC

5. The pricing functions p and p in (19) and (20) are Lipschitz continuous.

6. Graphon—Monotonicity hold: for any pq, 2 with net exchanges &1, &2,

/OT/[O ) (C(:v,/n) - C(m,ug)) d(py — p2)(z)dt >0

where C(z, 1) = w1 Ploc(ml(fc(m))) + w2 Pgion (M) + w3 p©.

Building on the preceding assumption, we now present theorems that establish the existence and
uniqueness solution for the formulated OET problem.

Theorem 1 (Existence of GMFG equilibrium). Based on the above assumptions, the GMFG operator
T @ p— u* — i has at least one fized point p* € C([0,T); P2(RY)). The pair (u*,u*) solves the
coupled GMFG-HJB/FPK system.

Proof. Fix p. Viscosity theory yields a solution to the HJB and a measurable selector u*; stability
under Lipschitz perturbations gives continuity in the data [2]. Given u*, the FPK has a unique weak
solution; tightness and relative compactness follow from standard a priori estimates or the gradient-
flow viewpoint refer to [1]. The maps u +— (Mioc, A, Mgion) + (pRFC, p©°C) are continuous, and the

cut-norm continuity of graphon integrals [10]. Hence 7 is continuous with relatively compact range
and the Schauder theorem [17] holds. O

Theorem 2 (Uniqueness under graphon—monotonicity). Suppose the above assumptions holds and that
L is strictly convex in u and the coupling satisfies the Lasry—Lions monotonicity adapted to (17)—(18).
Then, the GMFG equilibrium (u*,u*) is unique.

Proof. Let (u1,u1) and (u2,u2) be two equilibria. Consider the difference of HIB equations tested
along optimal trajectories and add the FPK identities; strict convexity in 4 and monotonicity of the
graphon-aggregated coupling force py = puo and w3 = uy. See Lasry—Lions for the classical argument
and recent generalizations [8, 11]. O

Theorem 3 (e-Nash for large clustered grids). The finite game conversion based on the infinite game
if an e-Nash Equilibrium exists in the finite game. Let {Gn} be a sequence of household networks
(cluster-of-clusters) whose step-graphons We,, converge in the cut metric to W. Let (u*,u*) be the
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unique GMFG equilibrium for W. Then there ezists ey — 0 as N — oo such that the controls u* of
GnN are an en-Nash equilibrium for the N-agent game.

Proof. Using the results of [16] graphon-game approximation, the equilibrium responses and payoffs
are continuous in the cut metric. GMFG e-Nash theorems yield ey — 0 as N — oo for dense graph
sequences. For the full details underlying the N-player/GMFG convergence proof, we refer the reader
to [3, 6]. O

Theorem 1 and theorem 2 present the existence and uniqueness of the fixed-point solution to the
GMFG-loop in the infinite graph game, and for a finite CoC graph theorem 3 proves the existence of
an €y Nash-equilibrium solution for the CoC OET problem.

4 Computational experiments and results

In essence, the HEMS observes the state variables of its household, i.e., generation, load, and SoE
in the batteries. Using the GMFG algorithm, the HEMS calculates the equilibrium prices for energy
exchange within its cluster and cluster of clusters. Subsequently, the HEMS finds the optimal control
strategies.

4.1 Fixed-point algorithm for the GMFG OET problem

Figure 4 represents the algorithmic sketch for finding the unique solution for the GMFG-loop given a
tolerance €.o, > 0. The output of the algorithm is the fixed-point solution for the control actions and
the probability density functions (PDF's).

Initialize (%) on (8, v, bs, be) & Graphon weight W (z,y) in (14)

[Solve the Backward HJB in (22), get u(k)]

[Solve the Forward FPK in (28), get u<k+1>)

if not met

(Compute Mioe, A, Mg and prices in (19) & (20)]

Check [|p®+D) — u®)|| < econ

Figure 4: GMFG-loop fixed-point solution algorithmic steps

4.2 Numerical result

This subsection presents the numerical results for the OET problem via GMFG. The proposed approach
is validated on a dense CoC energy grid consisting of 100 RPCs each containing 200 prosumers.
The electrical distances are computed based on [7] and converted into a graphon weights based on
equation (14). The system variables parameters considered for the simulations are: P, = 2.5kW,
P, =2.0kW, ESS Pyos = Psop = 3.0kW with n, = 0.95, EV battery specs: Pyoe = Pege = 7.0kW with
e = 0.93, main grid tariff is flat (i.e., p© = $0.07/kWh), and €con = 1073,

Figure 5 and Figure 6 present the converging PDF's and equilibrium prices obtained through the
iterative process described in Figure 4. Household load is concentrated at lower demand levels, while
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Figure 5: Probability density function solutions

solar generation remains skewed toward low output, reflecting limited PV capacity. ESS SoE distribu-
tions exhibit distinct peaks, indicating preferred operating ranges driven by optimal charge/discharge
strategies, and EV battery PDF's reveal multiple peaks consistent with heterogeneous charging patterns
such as overnight and daytime usage and EV availability.

RPC G
0.1F ' Pgen

0.08

0.06

$/kWh

0.04

0.02

0 I I I I
0 5 10 15 20

time [h]

Figure 6: Equilibrium energy exchange prices p©°¢(t), pRPC(¢)

The convergence of the PDFs and equilibrium price trajectories validates that the GMFG algo-
rithm achieves a unique fixed-point solution to the GMFG-loop with an error €.o,, in our simulation
€con = 1073,

Figure 7 depicts the generic agent energy profile showing the state variables of its HEMS. In
essence, the generic agent HEMS observes the state variables, and finds the optimal control strategies
that minimize its energy bill by solving its HJB using the fixed-point solution of the GMFG-algorithm
presented in Figure 5, and Figure 6.

4.3 CoC validation: Economic objective and scalability

The validation of the proposed CoC architecture addresses two key claims: economic efficiency and
scalability.
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Figure 7: Energy profile for a generic agent

4.3.1 Economic validity

The objective of the HEMS-GMFG approach for the OET problem is to determine household-level
optimal controls that minimize energy bills while accounting for both local and global interactions
specifically, energy availability and corresponding equilibrium prices. To validate this claim, we com-
pare the energy cost incurred by a generic agent operating under three configurations:

(i) Stand-alone mode: the agent interacts only with the main grid,;

(ii) RPC-only mode: the agent interacts with its RPC and the main grid, no inter-RPC energy
exchange;

(iii) CoC mode: the proposed architecture enabling inter-RPC energy exchange.

Numerical results for the generic agent (see Figure 7) show a significant cost reduction: 16% in
RPC-only mode ($5.11) 29% in CoC mode ($4.33) compared to stand-alone operation ($6.09). These
findings illustrate that the CoC architecture, combined with the GMFG-based optimization, achieves
better economic performance by balancing the local RPC and CoC flexibility to better serve the
participating prosumers.

4.3.2 Scalability and security

The GMFG algorithm computes the fixed-point solution offline, ensuring convergence before real-time
operations. Once the equilibrium is established, each HEMS can determine optimal controls indepen-
dently in real-time with negligible computational and communication overhead. The complexity of the
GMFG fixed-point loop depends on the discretization of the random variables state space rather than
the number of agents, due to the fact that the algorithm operates on probability distributions and
estimates aggregate effects instead of simulating each prosumer. Consequently, runtime scales with
grid resolution and the dimensionality of the random variables, not with network size. This design
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guarantees scalability for large networks, making the approach suitable for high-density residential
energy systems.

5 Conclusion

This paper presents a novel decentralized optimization framework for optimal energy trading in large-
scale residential prosumer networks using Graphon Mean Field Game theory. The proposed architec-
ture models both intra- and inter-cluster interactions through an electrical-distance-weighted graphon
kernel, enabling network-aware coordination while maintaining scalability and privacy. Theoretical
analysis establishes the existence and uniqueness of GMFG equilibrium under standard monotonic-

ity and convexity conditions and proves convergence of the fixed-point algorithm for the coupled
GMFG-HJB and GMFG-FPK equations.

Numerically, we have tested the proposed framework on a dense cluster-of-clusters topology with
100 RPCs of 200 households each, showing up to a 29% reduction in energy costs relative to stand-
alone operation. The simulations also demonstrate efficient convergence to equilibrium strategies with
promising real-time performance with minimal agent-to-agent communication, confirming the method’s
scalability for large-scale residential prosumer grid.

Future research will extend the presented GMFG framework to incorporate the distribution grid
power flow constraints (voltage and apparent power limits) and time-varying tariffs, generalizing the
OET problem toward a decentralized optimal power flow formulation. Additionally, we aim to develop
graphexon-based mean field game [4] models for sparse topologies, such as the IEEE 8500-bus feeder,
to broaden applicability to realistic distribution networks.
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