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Abstract : Topological indices are graph-theoretic descriptors that play a crucial role in mathematical
chemistry, capturing the structural characteristics of molecules and enabling the prediction of their
physicochemical properties. A widely studied category of topological indices, known as degree-based
topological indices, are calculated as the sum of the weights of a graph’s edges, where each edge weight
is determined by a formula that depends solely on the degrees of its endpoints.

This work focuses exclusively on chemical graphs in which no vertex has a degree greater than 3,
a model for conjugated systems. Within a polyhedral framework, each chemical graph is mapped to a
point in a three-dimensional space, enabling extremal values of any degree-based topological index to
be determined through linear optimization over the corresponding polyhedron. Analysis within this
framework reveals that extremality is limited to a small subset of chemical graph families, implying
that certain chemical graphs can never attain extremality for any degree-based topological index.

The main objective of this paper is to present ChemicHull, an online tool we have developed to
determine and display extremal chemical graphs for arbitrary degree-based topological indices. To
illustrate the power of this tool, we easily recover established results, emphasizing its effectiveness for
chemically significant graph classes such as chemical trees and unicyclic chemical graphs. This tool also
enabled the identification of a counterexample to a previously published extremal result concerning
the Randić index.

Keywords : ChemicHull; chemical graphs; degree-based topological index; extremal graphs
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1 Introduction

Graph-theoretic descriptors, referred to as topological indices, are useful in mathematical chemistry for

capturing molecular structures and predicting their physicochemical behavior [14, 23, 24, 36, 42–44].

As the name implies, these indices depend solely on the structure of the underlying chemical graph,

in which vertices correspond to atoms and edges correspond to bonds. A key class of these topological

indices is the degree-based topological indices, defined as the sum of edge weights, with each weight

depending solely on the degrees of the edge’s endpoints. A prominent example is the Randić index [53],

first introduced in 1975. As a reminder, the Randić index of a graph G = (V,E), denoted R(G), is

defined as

R(G) =
∑
uv∈E

1√
d(u)d(v)

,

where d(u) denotes the degree of vertex u ∈ V . Over the years, this index has inspired the development

of numerous related descriptors. Investigating the extremal values of these indices (i.e., identifying their

possible maxima and minima) has generated extensive literature, both from a theoretical standpoint

and in connection with practical chemical applications [1–5, 11–13, 15–22, 27, 28, 30, 31, 33, 34, 38–

41, 46, 48, 50–52, 55, 56, 59, 60, 62–64].

As pointed out by Patrick Fowler [29] and discussed in [7], two distinct definitions of chemical

graphs are found in the literature. According to one, they represent the skeletal structures of saturated

hydrocarbons, leading to graphs of maximum degree at most 4. The other considers unsaturated

conjugated systems such as alkenes, polyenes, benzenoids [45], and fullerenes [57, 58] in which the

maximum degree does not exceed three. Throughout this work, we follow the latter definition and

therefore restrict our attention to chemical graphs with a maximum degree of at most three.

Our approach relies on a polyhedral representation of chemical graphs. Specifically, we associate

each chemical graph with a point in a three-dimensional space defined by the numbers of edges classified

according to the degrees of their endpoints. A degree-based topological index then corresponds to a

linear function over this space. This polyhedral framework leads to two major consequences. First,

the extremal values of any degree-based topological index can be determined by optimizing a linear

function over the associated polyhedron, a straightforward task once the polyhedral representation

is known. Second, the structure of the polyhedron reveals that only a small number of families of

chemical graphs can be extremal, regardless of the chosen index. This observation provides a unified

explanation for the recurrent appearance of the same few families as extremal graphs across different

indices and implies that certain chemical graphs can never be extremal for any degree-based topological

index.

The structure of the paper is as follows. In Section 2, we outline the relevant background from

chemical graph theory and geometry, and introduce the proposed polyhedral methodology. Section 3

characterizes all families of extremal chemical graphs, irrespective of the particular degree-based topo-

logical index under study. In Section 4, we introduce ChemicHull [8], an online tool that enables

interactive exploration of extremal values of degree-based topological indices. Section 5 presents ex-

amples demonstrating how our approach can be used to recover known results from the literature in a

simple and systematic way. Finally, Section 6 concludes the paper with a summary and a discussion

of directions for future research.

Throughout the paper, we have taken particular care to ensure that the exposition is both accessible

and self-contained. Numerous examples and reminders of key concepts are provided, with special

attention given to graph classes of central importance in chemical graph theory, such as trees and

unicyclic graphs. Our goal is to make the proposed framework transparent and readily applicable to

researchers studying extremal problems on degree-based topological indices.
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2 Basics and notations

Let G = (V,E) be a simple undirected graph of order n = |V | and size m = |E|. The degree d(v) of a

vertex v ∈ V is the number of vertices adjacent to v. The maximum degree of G is denoted by ∆(G).

In what follows, Pn and Cn denote the path of order n and the cycle of order n, respectively. Also, Tn

is the tricyclic graph obtained by adding two adjacent vertices linked to the endpoints of a path Pn−2.

For illustration, P5, C6 and T7 are shown in Figure 1.

P5 C6 T7

Figure 1: Examples of graphs Pn, Cn and Tn.

2.1 Chemical graphs

A chemical graph is a simple connected undirected graph in which vertices represent atoms and edges

represent the chemical bonds between them. The set of chemical graphs of order n, size m, and

maximum degree at most ∆ is denoted by G∆(n,m). For instance, G4(n, n − 1) represents the set of

chemical trees with maximum degree not exceeding 4. Throughout this work, we restrict our attention

to chemical graphs with maximum degree at most 3. Accordingly, unless explicitly noted, any chemical

graph of order n and size m will be understood to belong to G3(n,m).

For a graph G and integers i, j with 1 ≤ i ≤ j, an ij-edge in G is an edge whose endpoints have

degree i and j. We denote by mij the number of ij-edges in G, and by ni the number of vertices

of degree i in G. The only chemical graphs of order 1 and 2 are the paths P1 and P2, respectively.

Accordingly, to exclude trivial instances, we restrict our attention to chemical graphs with a minimum

of three vertices, which gives

2 ≤ n− 1 ≤ m ≤ min

{⌊
3n

2

⌋
,
n(n− 1)

2

}
. (1)

Since chemical graphs are connected, Inequalities (1) imply m11 = 0. Hence, a chemical graph can

have at most 5 nonzero mij values, namely m12,m13,m22,m23 and m33. One can readily verify that

n1 = m12 +m13 (2)

n2 =
m12 + 2m22 +m23

2
(3)

n3 =
m13 +m23 + 2m33

3
(4)

n = n1 + n2 + n3 =
3

2
m12 +

4

3
m13 +m22 +

5

6
m23 +

2

3
m33 (5)

m = m12 +m13 +m22 +m23 +m33. (6)

As emphasized in the introduction, our goal is to study the extremal properties of degree-based

topological indices of chemical graphs. These indices are computed as the sum of edge weights, where

the weight of an edge vw is determined by a formula involving the degrees of v and w.

Definition 1. A degree-based topological index I for a chemical graph G ∈ G3(n,m) with n ≥ 3 is a

function of the form
I(G) = c12m12 + c13m13 + c22m22 + c23m23 + c33m33,

where every cij is a real number, and mij is the number of ij-edges in G.
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For example, the Randić index (see Section 1) is the degree-based topological index with cij =
1√
ij
.

Note that given n, m and three of the five mij values, the remaining two can be determined. For

example, if m12, m13 and m33 are known, it follows from Equations (5) and (6) that

m22 = 6n− 5m− 4m12 − 3m13 +m33 (7)

m23 = 6m− 6n+ 3m12 + 2m13 − 2m33. (8)

In this paper, for a pair (n,m) satisfying (1), we consider tuples (m12,m13,m33) for which at least

one corresponding chemical graph exists.

Definition 2. A point (m12,m13,m33) is said to be realizable for a pair (n,m) if there exists a graph

G ∈ G3(n,m) of order n and size m containing m12 12-edges, m13 13-edges and m33 33-edges.

2.2 Basic notions in geometry

To study the extremal properties of chemical graphs of order n and size m, we consider the convex hull

of all realizable points for a given pair (n,m). We briefly recall the definition of a convex hull along

with two equivalent representations.

Definition 3. Let S = {x1, . . . , xp} be a finite set of p points in Rk. The convex hull of S, denoted

conv(S), is the set of all convex combinations of the points in S; explicitly,

conv(S) =

{
p∑

i=1

λixi

∣∣∣∣∣ λi ≥ 0,

p∑
i=1

λi = 1

}
.

An extreme point of a polyhedron is a point that cannot be expressed as the inner point of any

line segment within the polyhedron. Since S is finite, its convex hull forms a polytope P which can be

expressed in the following two equivalent ways:

1. The V-representation of P is the subset S′ ⊆ S consisting of its extreme points, meaning that P

is the convex hull of S′; that is, conv(S) = P = conv(S′).

2. The H-representation of P is the set of linear inequalities corresponding to the intersection of

halfspaces. Explicitely, conv(S) = P = {x ∈ Rk | Ax ≤ b} for some matrix A and vector b. This

system is minimal in the sense that removing any inequality strictly enlarges the corresponding

region in Rk.

Thus, the polytope P = conv(S) can be seen either as the smallest convex set containing its points

or as the intersection of all half-spaces that include S. A facet-defining inequality specifies a facet of P ,

i.e., a face of maximal dimension k−1. Some valid inequalities, however, may be redundant: they hold

for all points of P without defining new facets. Facet-defining inequalities thus provide a minimal and

exact description of the polytope via its bounding hyperplanes

Example 1. Let S = {(0, 0), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (3, 0), (3, 1)} be a set of points in R2. The

gray polytope in Figure 2 corresponds to conv(S), its V-representation is {(0, 0), (1, 2), (3, 0), (3, 1)}
and its H-representation consists of the following four inequalities:

x1 ≤ 3, (9)

−x2 ≤ 0, (10)

x1 + 2x2 ≤ 5, (11)

x1 − 2x2 ≤ 0. (12)

The inequality −x1 + 2x2 ≤ 4 is valid for all points of S but is redundant (the inequality defines a

half-plane lying below the dotted line in Figure 2).
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x1

x2

0 1 2 3
0

1

2

x2 ≥ 0

x1 ≤ 3

x
1 + 2x

2 ≤ 5

x 1
≤
2x

2

−x1
+ 2x2

≤ 4

Figure 2: A 2D polytope illustrating facet-defining inequalities and a valid (but redundant) inequality (dashed line).

Let S denote the set of all feasible solutions of an integer optimization problem. A point is an

interior point of the polyhedron conv(S) if it strictly satisfies every inequality in the H-representation of

conv(S). Standard results from integer programming (see, for example [61]) show that a linear objective

function never attains its optimum over S at an interior point of conv(S). Instead, its optimum over S

is achieved at least at one extreme point of conv(S). Hence, knowing the V-representation of conv(S)

is sufficient to identify at least one optimal solution.

As an illustration, in Example 1, if f(x1, x2) = x2, the maximum occurs only at (1, 2), while the

minimum is reached at all points on the facet x2 ≥ 0 , namely {(0, 0), (1, 0), (2, 0), (3, 0)} with (0, 0)

and (3, 0) being extreme points. The points (1, 1) and (2, 1) are interior to conv(S) and do not yield

an optimum over S for any linear objective function.

2.3 Polytopes of chemical graphs

Definition 2 maps each chemical graph in G3(n,m) to a point in R3. We now define the polytope
induced by all points in R3 that are realizable for a given pair (n,m).

Definition 4. Let n and m be two integers satisfying (1). The associated polytope Pn,m is the convex

hull of all points (m12,m13,m33) that are realizable for (n,m).

According to this definition, we consider a full-dimensional polytope Pn,m to have dimension 3.

Note that a single point in Pn,m may correspond to multiple chemical graphs. For instance, the point

(0, 4, 4) in P8,8 corresponds, by Definitions 2 and 4 and Equations (7) and (8), to all chemical graphs

of order n = 8, size m = 8, and with m12 = 0, m13 = 4, m22 = m23 = 0 and m33 = 4. There are

two non-isomorphic chemical graphs1 corresponding to these values, shown in Figure 3. As another

example, for any even n, the point (0, 0,m = 3n
2 ) corresponds to all cubic graphs of order n.

Figure 3: Two non-isomorphic chemical graphs with coordinates (0, 4, 4) in P8,8.

1The list of non-isomorphic graphs with these values is exhaustive, as computed with the help of the discovery system
PHOEG [25].
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Although a given point may correspond to more than one chemical graph, the knowledge of Pn,m

is sufficient to bound the invariants that can be expressed as linear functions of m12, m13 and m33.

As noted earlier, it is enough to focus on the vertices or the facets of the polytope. This applies in

particular to degree-based topological indices. Indeed, for a degree-based topological index I defined

by coefficients cij , we have, by Definition 1 and Equations (7) and (8):

I(G) =c12m12 + c13m13 + c22m22 + c23m23 + c33m33

=c12m12 + c13m13 + c22(6n− 5m− 4m12 − 3m13 +m33)

+ c23(6m− 6n+ 3m12 + 2m13 − 2m33) + c33m33

=(c12 − 4c22 + 3c23)m12 + (c13 − 3c22 + 2c23)m13 + (c22 − 2c23 + c33)m33

+ (6n− 5m)c22 + (6m− 6n)c23.

Definition 5. Let I be a degree-based topological index defined by cij values. We define

• Î(m12,m13,m33) = c′12m12 + c′13m13 + c′33m33, where

◦ c′12 = c12 − 4c22 + 3c23,

◦ c′13 = c13 − 3c22 + 2c23,

◦ c′33 = c22 − 2c23 + c33,

• CI(n,m) = (6n− 5m)c22 + (6m− 6n)c23.

Note that for a chemical graph G of order n, size m, and with mij ij-edges, we have I(G) =

Î(m12,m13,m33) + CI(n,m). Hence, maximizing or minimizing I(G) over all graphs of order n and

size m is equivalent to maximizing or minimizing the linear function Î(m12,m13,m33). The optimal

value of I(G) is then obtained by adding CI(n,m) to the previously determined optimum.

Example 2. Maximizing or minimizing the Randić index R for chemical graphs of order n and size m

reduces to optimizing the linear function

R̂(m12,m13,m33) =

√
2 +

√
6− 4

2
m12 +

2
√
3 + 2

√
6− 9

6
m13 +

5− 2
√
6

6
m33

≃ −0.068m12 − 0.106m13 + 0.016m33.

Once the optimal values m∗
12,m

∗
13 and m∗

33 are determined, one can simply add

CR(n,m) =
6n− 5m

2
+

6m− 6n√
6

,

= (3−
√
6)n+

(√
6− 5

2

)
m,

≃ 0.55n− 0.05m,

to R̂(m∗
12,m

∗
13,m

∗
33) to get the maximum (resp. minimum) value of R.

By abuse of notation, we denote by I(p) the value of I(G) for any graph G associated with a

realizable point p = (m12,m13,m33).

As indicated in Section 2, since Î is linear, it is sufficient to know the V-representation of Pn,m in

order to maximize or minimize Î. That is what is done in the following section.

3 Extreme points

Our recent paper [26] provides a complete description of all possible polytopes Pn,m for any pair (n,m)

satisfying (1). In this section, we present the principal results of that study from the viewpoint of their

applicability to chemistry, particularly for researchers interested in determining the chemical graphs
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that maximize or minimize a given degree-based topological index. Accordingly, we concentrate on the

identification of the extreme points of these polytopes for a fixed pair (n,m). Remarkably, the number

of such points remains very small, even when n and m are arbitrarily large, never exceeding 16.

Let’s first focus on the polytopes Pn,m corresponding to the pairs (n,m) that satisfy the following

condition:

max{12, n− 1} ≤ m ≤
⌊
3n− 3

2

⌋
. (13)

As proved in [26], for any such polytope Pn,m, its set of extreme points is a subset of the 21 points

whose coordinates are given in Table 1. Table 2 lists the extreme points of these polytopes all of which

are full-dimensional. Note that, in all cases shown in Table 2, the extreme points are identical for both

even and odd values of n; the only exception is the point V9, which appears exclusively when n is odd.

The extreme points of the remaining polytopes that do not satisfy condition (13) (i.e., the polytopes

for chemical graphs with at least two but fewer than twelve edges, or with more than
⌊
3n−3

2

⌋
edges)

are given in Table 3.

Table 1: Twenty-one points (m12,m13,m33)

Id m12 m13 m33

V1 0 0 0

V2 2 0 0

V3 0 0 1

V4 0 0 5m− 6n

V5
6n−5m−3((m−2n) mod 4)

4
(m− 2n) mod 4 0

V6
6n−5m+(m−2n) mod 4

4
0 (m− 2n) mod 4

V7
6n−5m−(2n−m) mod 4

4
0 0

V8 0 3n−2m−n mod 2
2

4m−3n−3(n mod 2)
2

V9 1 3n−2m−3
2

4m−3n−1
2

V10 3m− 3n− 2 3m− 3n− 2 6m− 6n− 1

V11 3m− 3n− 1 0 6m− 6n− 1

V12 0 3m− 3n− 2 6m− 6n− 3

V13 0 6n−5m−m mod 3
3

0

V14 m mod 3
6n−5m−4(m mod 3)

3
0

V15 0
6n−5m+(2m) mod 3

3
(2m) mod 3

V16 3n−2m−m mod 3
3

0
7m−6n−4(m mod 3)

3

V17
3n−2m−2((2m) mod 3)

3
(2m) mod 3

7m−6n+(2m) mod 3
3

V18 3n−2m−m mod 3
3

0 7m−6n−m mod 3
3

V19 0 3n− 3m+ 1 0

V20 0 0 3m− 3n− 1

V21 1 0 3m− 3n+ 1



Les Cahiers du GERAD G–2025–79 7

Table 2: Extreme points for Pn,m when the pair (n,m) satisfies condition (13)

m = n− 1
V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 n mod 2

x x x x x x x x x x x x 0
x x x x x x x x x x x x x 1

m = n
V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 n mod 2
x x x x x x x x x x x 0
x x x x x x x x x x x x 1

m = n+ 1
V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 n mod 2
x x x x x x x x x x x x x x x 0
x x x x x x x x x x x x x x x x 1

n+ 1 < m < 6n
5

V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 n mod 2 6n−5m∈{1, 2, 5}

x x x x x x x x x x x x x 0
x x x x x x x x x x x 0 ✓
x x x x x x x x x x x x x x 1
x x x x x x x x x x x x 1 ✓

6n
5

≤ m ≤
⌊
3n−3

2

⌋
V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16 V17 V18 V19 V20 V21 n mod 2

x x x x x x x 0
x x x x x x x x 1

Table 3: Extreme points for Pn,m when the pair (n,m) does not satisfy condition (13)

n m extreme points

3 2 (2,0,0)
3 3 (0,0,0)
4 3 (0,3,0), (2,0,0)
4 4 (0,0,0), (0,1,0)
4 5 (0,0,1)
5 4 (1,2,0), (2,0,0)
5 5 (0,0,0), (0,1,0), (0,2,1), (1,0,0)
5 6 (0,0,0), (0,0,1), (0,1,3)
6 5 (0,4,1), (1,2,0), (2,0,0), (2,1,0)
6 6 (0,0,0), (0,2,0), (0,3,3), (1,0,0), (1,1,1)
6 7 (0,0,0), (0,0,1), (0,1,2), (0,2,5), (1,0,3)
7 6 (0,4,0), (1,3,1), (2,0,0), (3,0,0)
7 7 (0,0,0), (0,2,0), (0,3,2), (1,0,0), (1,1,0), (1,2,3), (2,0,1)
7 8 (0,0,0), (0,0,1), (0,1,1), (0,1,3), (0,2,4), (1,0,2), (1,0,3), (1,1,5)
7 9 (0,0,3), (0,0,5), (0,1,6), (1,0,7)
8 7 (0,4,0), (0,5,2), (1,3,0), (2,0,0), (2,2,1), (3,0,0)
8 8 (0,0,0), (0,2,0), (0,3,1), (0,4,4), (2,0,0), (2,0,1), (2,1,3)
8 9 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,3,6), (1,0,1), (1,1,5), (2,0,5)
8 10 (0,0,2), (0,0,5), (0,2,8), (1,0,6), (1,0,7)
9 8 (0,4,0), (0,5,1), (1,4,2), (2,0,0), (2,2,0), (3,0,0), (3,1,1)
9 9 (0,0,0), (0,3,0), (0,4,3), (1,3,4), (2,0,0), (3,0,3)
9 10 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,2,2), (0,3,5), (1,0,0), (1,1,5), (1,2,6), (2,0,4), (2,0,5)
9 11 (0,0,1), (0,0,5), (0,2,7), (1,0,5), (1,0,7), (1,1,8)
10 9 (0,4,0), (0,5,0), (0,6,3), (2,0,0), (3,0,0), (3,1,0), (4,0,1)
10 10 (0,0,0), (0,3,0), (0,4,2), (0,5,5), (1,2,0), (2,0,0), (2,2,4), (3,0,2), (3,0,3)
10 11 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,2,1), (0,4,7), (1,0,0), (1,1,5), (2,0,3), (2,0,5), (2,1,6)
11 10 (0,4,0), (0,5,0), (0,6,2), (1,4,0), (1,5,3), (2,0,0), (3,2,2), (4,0,0), (4,0,1)
11 11 (0,0,0), (0,3,0), (0,4,1), (0,5,4), (1,4,5), (2,0,0), (2,1,0), (3,0,1), (3,0,3), (3,1,4)
12 11 (0,4,0), (0,5,0), (0,6,1), (0,7,4), (2,0,0), (2,3,0), (4,0,0), (4,0,1), (4,1,2)

even ≥ 4 3n
2

(0,0,m)

odd ≥ 5 3n−1
2

(0,0,m−2)

even ≥ 6 3n−2
2

(0,0,m−4), (0,0,m−3), (0,1,m−1)
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Example 3. Suppose we are interested in determining the optimal values of a degree-based topological

index I for chemical graphs with 8 vertices and 8 edges. As indicated in Table 3, the polytope

P8,8 contains only seven extreme points, namely, (0, 0, 0), (0, 2, 0), (0, 3, 1), (0, 4, 4), (2, 0, 0), (2, 0, 1),

and (2, 1, 3). To determine the optimal values of the index I, it is sufficient to evaluate Î(p) for

these seven points p. For example, if I is the Randić index R, the formula in Example 2 gives

R̂(0, 0, 0) = 0, R̂(0, 2, 0) ≃ −0.2123, R̂(0, 3, 1) ≃ −0.3016, R̂(0, 4, 4) ≃ −0.3573, R̂(2, 0, 0) ≃ −0.1362,

R̂(2, 0, 1) ≃ −0.1194, and R̂(2, 1, 3) ≃ −0.1919.

These observations show that the chemical graphs maximizing the Randić index all correspond to

the point (0, 0, 0), while those minimizing it correspond to the point (0, 4, 4). One can readily verify

that the unique graph with 8 vertices and 8 edges associated with (0, 0, 0) is the cycle C8. Likewise, the

two graphs depicted in Figure 3 are precisely those that achieve the minimum Randić index among all

chemical graphs on 8 vertices with 8 edges. In contrast, the graph shown in Figure 4 corresponds to

the point (1, 1, 1), which neither maximizes nor minimizes the Randić index. Note that this point lies

in the interior of P8,8, since it strictly satisfies all inequalities in its H-representation (see Figure 5).

Consequently, the graph in Figure 4 is not extremal in G3(8, 8), not only for the Randić index, but for

any degree-based topological index.

Figure 4: A graph in G3(8, 8) that is not extremal with respect to any degree-based topological index.

Example 4 (Chemical trees, unicyclic and bicyclic chemical graphs). Table 2 shows that, for any even

number n ≥ 13, no matter how large, the polytope Pn,n−1 corresponding to chemical trees of order n

has only 12 extreme points. A thirteenth extreme point V9 =
(
1, n−1

2 , n−5
2

)
must be included when n

is odd. Similarly, the polytopes corresponding to chemical unicyclic (m = n) and bicyclic (m = n+1)

graphs of even order n and size m at least 12 have 11 and 15 extreme points, respectively, with V9

added in each case if n is odd. Thus, as illustrated in Section 5, it is sufficient to evaluate only a small

number of points to determine a chemical tree, unicyclic, or bicyclic chemical graph that optimizes a

degree-based topological index.

4 The online tool ChemicHull

As indicated in Section 2.2, a polytope can be represented either by its extreme points (V-representation)

or by its facets (H-representation). It is worth noting that, although two polytopes may share the same

set of extreme points, their facets can differ. For instance, as observed in Section 3, all chemical trees

with an even number n ≥ 13 of vertices share the same set of extreme points. However, depending on

the value of n mod 12, their facets may vary. For instance, when n mod 12 = 2, the polytope Pn,n−1

has ten facets, whereas when n mod 12 = 4, it has only seven. This difference arises because several

extreme points coincide in the latter case; indeed, when n mod 12 = 4, we have V13 = V14 = V15 and

V16 = V17 = V18. The two polytopes (with n mod 12 = 2 or 4) share six facets, namely,

m12 ≥ 0,

m13 ≥ 0,

m33 ≥ 0,

−4m12 − 4m13 +m33 ≥ −n− 5,

(n− 4)m12 +
(n
2
− 2

)
m13 +

(
3− n

2

)
m33 ≥ 2n− 8,

(n− 7)m12 + (n− 6)m13 + (4− n)m33 ≥ 2n− 14.
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Moreover, when n mod 12 = 2, Pn,n−1 possesses the following four additional facets.

−2m12 −m13 ≥ −2(n+ 1)

3
,

−m12 +m33 ≥ −n− 2

4
,

−2m12 − 2m13 +m33 ≥ −2(n+ 4)

3
,

(2n− 16)m12 + (2n− 13)m13 + (10− 2n)m33 ≥ 4n− 32,

whereas for n mod 12 = 4, Pn,n−1 possesses the following additional facet:

−3m12 − 2m13 +m33 ≥ −3(n+ 4)

4
.

As reported in [26], a total of 96 polytopes exist, each characterized by its own distinct set of

facets. An online tool, called ChemicHull [8] has been developed, that allows the visualization of

these 96 polytopes. When neither n nor m is specified, ChemicHull returns the complete set of the 96

polytopes. It is possible to filter these polytopes by assigning specific values to n and/or m, or by using

formulas involving these parameters. For example, leaving n free while specifying m = n−1 yields the

twelve polytopes corresponding to chemical trees. Once n and m are specified, ChemicHull provides

the V-Representation and the H-representation of the corresponding polytope. As an illustration,

Figure 5 shows the 7 extreme points and the 8 facets of P8,8. It should be noted that, unlike in this

Figure 5: V-Representation and H-representation of P8,8 in ChemicHull.
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paper, the coordinates are provided directly in terms of the five values m12, m13, m22, m23, and m33

(in this order), eliminating the need for the user to calculate m22 and m23.

In addition to listing the extreme points and facets, the interface provides a three-dimensional

graphical representation of the polytopes (see Figure 6).

Figure 6: A three-dimensional graphical representation of the polytope P8,8

The interface also allows users to specify a degree-based topological index with ease. For example,

Figure 7 demonstrates how to define the Randić index.

Figure 7: Definition of a degree-based topological index (in this case, the Randić index).

Once a degree-based topological index is defined, ChemicHull can display the coordinates of the

chemical graphs that maximize or minimize this index (see Figure 8).

Furthermore, users can visualize any graph corresponding to a selected point by simply clicking on

it (see Figure 9). The construction of a graph from the coordinates mij follows the algorithm described

in [37].

5 Examples illustrating the applications of ChemicHull

In this section, we reproduce established results from the literature to demonstrate the effectiveness of

the approach based on the extreme points of the polytopes Pn,m. We focus on the following degree-

based topological indices:

• the generalized Randić index Rα is defined by cij = (ij)α [47]. When α = − 1
2 , this is the

standard Randić index introduced in 1975 [53];
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• as mentioned in [32], the Sombor index, denoted SO, is defined by cij =
√
i2 + j2, while the

reduced Sombor index, denoted SOred, is defined by cij =
√
(i− 1)2 + (j − 1)2;

• the atom-bond sum-connectivity index, denoted ABS and introduced in [6] is defined by cij =√
i+j−2
i+j .

Figure 8: Extreme point (P84-V4) that minimizes the Randić index in P8,8.

Figure 9: A graph corresponding to the extreme point P84-V4=(0, 4, 0, 0, 4) in P8,8.

Recall that for a degree-based topological index I, we have Î(m12,m13,m33) = c′12m12 + c′13m13 +

c′33m33, where

• c′12 = c12 − 4c22 + 3c23,

• c′13 = c13 − 3c22 + 2c23,

• c′33 = c22 − 2c23 + c33.

The c′ij values for the above topological indices are given in Table 4. The examples presented in the

following subsections cover a broad spectrum of cases, as the optimal graphs in G3(n,m) correspond

to V1, V2, V3, V18 or V20, depending on the chosen topological index and the condition relating m

to n. The reader interested in more examples is invited to consult [7], in which the extremal graphs

in G3(n,m) for 33 topological indices are described.
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Table 4: Some values associated with five topological indices

R− 1
2

R−1 SO SOred ABS

cij
1√
ij

1
ij

√
i2 + j2

√
(i− 1)2 + (j − 1)2

√
i+j−2
i+j

c′12 ≃ −0.068 0 ≃ 1.739 ≃ 2.051 ≃ 0.073

c′13 ≃ −0.106 − 1
12

≃ 1.888 ≃ 2.229 ≃ 0.135

c′33 ≃ 0.017 1
36

≃ −0.140 ≃ −0.229 ≃ −0.026

5.1 Conditions for paths to be optimal chemical trees

The following results provide sufficient conditions on a degree-based topological index for Pn to be an

optimal graph in G3(n, n− 1).

Theorem 1. If I is a degree-based topological index such that c′13 < c′12 < −c′33 < 0, then Pn is the

only tree in G3(n, n− 1) that maximizes I.

Proof. Let I be a degree-based topological index such that c′13 < c′12 < −c′33 < 0. We have to prove

that V2 = (2, 0, 0) is the unique point that maximizes Î. We know from Table 2 that the candidate

points to maximize Î over all chemical trees in G3(n, n − 1) of order at least 13 are V2, V5, V6, V7,

V8, V13, V14, V15, V16, V17, V18 and V19 as well as V9 if n is odd. Note that

• Î(V5) and Î(V7) are at most ⌈n−4
4 ⌉c′12 < 2c′12;

• Î(V6) ≤ ⌈n+5
4 ⌉c′12 + 3c′33 ≤ 5c′12 + 3c′33 < 2c′12;

• Î(V8) and Î(V9) are at most ⌈n−1
2 ⌉c′13 + ⌊n−4

2 ⌋c′33 ≤ (⌈n−1
2 ⌉ − ⌊n−4

2 ⌋)c′13 = 2c′13 < 2c′12;

• Î(V13), Î(V14) and Î(V15) are at most ⌈n−3
3 ⌉c′13 + 2c′33 ≤ 4c′13 + 2c′33 < 2c′13 < 2c′12;

• Î(V16), Î(V17) and Î(V18) are at most ⌈n+2
3 ⌉c′12+⌊n−5

3 ⌋c′33 < (⌈n+2
3 ⌉−⌊n−5

3 ⌋)c′12 = 3c′12 < 2c′12;

Since Î(V2) = 2c′12, we conclude that for n ≥ 13, the path is the only chemical tree in G3(n, n − 1)

that maximizes the I index. For 3 ≤ n ≤ 12, it is easy to verify from Table 3 that (2,0,0) (that is, the

path) maximizes Î.

Given that minimizing Î is equivalent to maximizing −Î, we can derive the following corollary.

Corollary 2. If I is a degree-based topological index such that c′13 > c′12 > −c′33 > 0, then Pn is the

only tree in G3(n, n− 1) that minimizes I.

It is shown in [9] and [35] that Pn maximizes R− 1
2
in G4(n, n − 1). Hence, this is also true for

chemical trees of maximum degree at most 3. This is a direct corollary of Theorem 1. Indeed, as

shown in Table 4, for this index, we have

c′13 ≃ −0.106 < c′12 ≃ −0.068 < −c′33 = −0.017 < 0.

As another example, the authors of [49] have characterized the 14 trees in G4(n, n−1) with smallest

Sombor and reduced Sombor indices. In particular, they have shown that Pn has minimum value.

Hence, this is also true for chemical trees of maximum degree at most 3, and this is a direct consequence

of Corollary 2. Indeed, as shown in Table 4, for the SO index, we have

c′13 ≃ 1.888 > c′12 ≃ 1.739 > −c′33 ≃ 0.140 > 0,

while for SOred, we have

c′13 ≃ 2.229 > c′12 ≃ 2.051 > −c′33 ≃ 0.229 > 0.
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As a further example, consider the ABS index. The authors of [65] show, among other results,

that Pn minimizes this index among all chemical trees in G4(n, n−1). Hence, this is also true for trees

of maximum degree at most 3, and this follows directly from Corollary 2. Indeed, as shown in Table

4, for the ABS index, we have

c′13 ≃ 0.135 > c′12 ≃ 0.073 > −c′33 ≃ 0.026 > 0.

5.2 Conditions for cycles to be optimal unicyclic chemical graphs

The following results provide sufficient conditions on a degree-based topological index for Cn to be an

optimal graph in G3(n, n).

Theorem 3. If I is a degree-based topological index such that max{0,−c′33} < min{c′12, c′13}, then Cn

is the only graph in G3(n, n) that minimizes I.

Proof. Let I be a degree-based topological index such that max{0,−c′33} < min{c′12, c′13}. We have

to prove that V1 = (0, 0, 0) is the unique point that minimizes Î. We know from Table 2 that the

candidate points to minimize Î over all graphs in G3(n, n) of order at least 12 are V1, V5, V6, V7,

V8, V13, V14, V15, V16, V17 and V18 as well as V9 if n is odd. It is easy to observe that Î(Vi) is

strictly positive for all these points, except for V1 for which Î(V1) = 0. For smaller values of n, one

can check from Table 3 that (0, 0, 0) is always the point with minimum I index value. We therefore

conclude that for n ≥ 3, Cn is the only graph in G3(n, n) that minimizes the I index.

Given that maximizing Î is equivalent to minimizing −Î, this leads to the following corollary.

Corollary 4. If I is a degree-based topological index such that max{c′12, c′13} < min{0,−c′33}, then Cn

is the only chemical graph in G3(n, n) that maximizes I.

It is shown in [10] that Cn maximizes R− 1
2
over all graphs in G4(n, n). Hence, this is also true for

the graphs in G3(n, n). This follows from Corollary 4. Indeed, as shown in Table 4, for the R− 1
2
index,

we have

max{c′12, c′13} = c′12 ≃ −0.068 < −c′33 ≃ −0.017 < 0.

As a second example, it is shown in [65] that Cn minimizes the ABS index in G4(n, n). Hence,

this is also true for graphs in G3(n, n), and this is a direct consequence of Theorem 3. Indeed, for this

index, we have

min{c′12, c′13} = c′12 ≃ 0.073 > −c′33 ≃ 0.026 > 0.

5.3 Trees that maximize R−1 in G3(n, n− 1)

The problem of maximizing R−1 over all graphs in G3(n, n− 1) is solved in [54]. We can easily prove

the same result with our polyhedral approach. Indeed, assuming m = n− 1, we get from Table 3 that

the points that maximize R̂−1 for 3 ≤ n ≤ 12 are

• (2, 0, 0) = V2 if n ∈ {3, 4, 5, 6},
• (2, 0, 0) = V2 and (3, 0, 0) = V18 if n ∈ {7, 8, 9}, and
• (4, 0, 1) = V18 if n ∈ {10, 11, 12}.

For n ≥ 13, we know from Table 2 that the only candidate points to maximize R̂−1 for graphs in

G3(n, n − 1) are V2, V5, V6, V7, V8, V13, V14, V15, V16, V17, V18 and V19 as well as V9 if n is

odd. Clearly, the only candidates Vi for which R̂−1(Vi) can be strictly positive are V6, V16, V17 and

V18, and it is easy to observe that

• R̂−1(V16) = R̂−1(V17) = R̂−1(V18) when n mod 3 = 1 and both R̂−1(V16) and R̂−1(V17) are

strictly smaller than R̂−1(V18) otherwise;
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• R̂−1(V6) = R̂−1(V18) if n = 13 or 16, and R̂−1(V6) < R̂−1(V18) otherwise.

Hence, in all cases, R̂−1(Vi) is maximized with V18 when n ≥ 13. In summary, V2 maximizes R̂−1

if n < 7 while V18 maximizes R̂−1 if n ≥ 7.

The value R−1(V ) of the R−1 index of a point V corresponding to a chemical tree of order n is

R−1(V ) = R̂−1(V ) + CR−1(n,m) where

CR−1(n,m) = (6n− 5m)c22 + (6m− 6n)c23 =
n+ 5

4
− 1 =

n+ 1

4
.

Since R−1(V2) = n+1
4 and

R−1(V18) =
1

36

⌊
n− 7

3

⌋
+

n+ 1

4
=

7n

27
+

20− (n+ 2) mod 3

108
,

we can conclude that given any chemical tree T in G3(n, n− 1), as shown in [54], we have

R−1(T ) ≤


n+1
4 if n ∈ {3, 4, 5, 6},

7n
27 + 1

6 if n ≥ 7 and n ≡ 0 mod 3,
7n
27 + 5

27 if n ≥ 7 and n ≡ 1 mod 3,
7n
27 + 19

108 if n ≥ 7 and n ≡ 2 mod 3.

5.4 More optimal values for the R− 1
2
and ABS indices

Let’s consider bicyclic graphs. It is proved in [10] that over all graphs in G4(n, n + 1), V3 maximizes

R− 1
2
, and in [65] that the same point minimizes the ABS index. Hence, this is also true when the

maximum degree is at most 3, and this can be proved with our polyhedral approach. Indeed, for

bicyclic chemical graphs with at least 11 vertices, Table 2 shows that the candidate points to achieve

an optimal value are V1, V3, V5, V6, V7, V8, V10, V11, V12, V13, V14, V15, V16, V17 and V18 as

well as V9 if n is odd.

• It is easy to observe that R̂− 1
2
(Vi) is less than or equal to zero for all these points, except for

V3 for which R̂− 1
2
(V3) ≃ 0.017. For smaller values of n, it is easy to check from Table 3 that

(0, 0, 1) is always the point with maximum R− 1
2
index.

• It is easy to observe that ÂBS(Vi) is non-negative for all these points, except for V3 for which

ÂBS(V3) ≃ −0.026. For smaller values of n, it is easy to check from Table 3 that (0, 0, 1) is

always the point with minimum ABS index.

Let’s now consider tricyclic graphs. It is argued in [10] (without proof) that the graph that

maximizes R− 1
2
over all graphs in G4(n, n + 2) has 4 edges with both endpoints of degree 3 and no

vertex of degree 1 or 4. This corresponds to the point (0, 0, 4) in G3(n, n+ 2). This is however wrong.

Indeed, we prove here below that the tricyclic graph Tn (i.e., V20 = (0, 0, 5)) is the unique graph in

G3(n, n+ 2) that maximizes R− 1
2
in G3(n, n+ 2):

• For graphs in G3(n, n+ 2) with at least 11 vertices, Table 2 shows that the candidate points to

achieve the maximum value are V1, V6, V7, V8, V13, V15, V16, V17, V18, V20 and V21, as

well as V5 and V14 if n /∈ {11, 12, 15} and V9 if n is odd (since n+ 1 < n+ 2 < 6n
5 ). It is easy

to observe that R̂− 1
2
(Vi) is non-positive for all these points, except R̂− 1

2
(V21) = R̂− 1

2
(1, 0, 7) =

c′12 + 7c′33 ≃ 0.05 and R̂− 1
2
(V20) = R̂− 1

2
(0, 0, 5) ≃ 0.08.

• For n = 10, we have m = n+ 2 = 6n
5 , and Table 2 shows that the candidate points are V4,V8,

V16, V17, V18, V20 and V21, as well as V9 if n is odd. Since V4 = V1 = (0, 0, 0), we have

observed in the previous case that V20 = (0, 0, 5) maximizes R− 1
2
.
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• For 5 ≤ n ≤ 9, it is easy to check from Table 3 that (0, 0, 5) is also always the point with

maximum R− 1
2
index.

We therefore conclude that for n ≥ 5, V20 maximizes the R− 1
2
index over all tricyclic chemical graphs.

Let’s conclude this section with the graphs in G3(n, n+2) that minimize the ABS index. It is proved

in [65] that for a maximum degree at most 4, the optimal tricyclic graph is V20. Hence this is also true

when the maximum degree is at most 3 which we now prove with our polyhedral approach. Recall that

the candidate points to achieve the minimum value are V1, V6, V7, V8, V13, V15, V16, V17, V18, V20

and V21, as well as V5 and V14 if n /∈ {11, 12, 15} and V9 if n is odd. Note that ÂBS(V20) ≃ −0.128

and ÂBS(V21) ≃ −0.106, and it is easy to observe that ÂBS(Vi) is non-negative for all the other

points, except in the following cases:

• if n = 10, ÂBS(V17)=ÂBS(V18)=ÂBS(2, 0, 8) = 2c′12 + 8c′33 > 5c′33;

• if n = 11, ÂBS(V6) = ÂBS(1, 0, 3) = c′12 + 3c′33 > 5c′33, ÂBS(V16) = ÂBS(2, 0, 7) = 2c′12 +

7c′33 > 5c′33, and ÂBS(V18) = ÂBS(2, 0, 8) = 2c′12 + 8c′33 > 5c′33;

• if n = 12, ÂBS(V16)=ÂBS(2, 0, 6) = 2c′12 + 6c′33 > 5c′33, and ÂBS(V18)=ÂBS(2, 0, 8) =

2c′12 + 8c′33 > 5c′33;

• if n = 13, ÂBS(V16)=ÂBS(V17)=ÂBS(V18)=ÂBS(3, 0, 9) = 3c′12 + 9c′33 > 5c′33;

• if n = 14 or 15, ÂBS(V18)=ÂBS(3, 0, 9) = 3c′12 + 9c′33 > 5c′33.

We deduce that for n ≥ 10, V20 minimizes the ABS index over all graphs in G3(n, n + 2). For

5 ≤ n ≤ 9, it is easy to check from Table 3 that (0, 0, 5) is also always the point with minimum ABS

index.

6 Concluding remarks and future work

In this study, we have shown that the polyhedral approach offers a powerful and systematic framework

for identifying families of chemical graphs that are extremal with respect to degree-based topological

indices. Beyond reproducing many established results from the literature, this method also allows for

their verification and, when required, correction, as exemplified by our discovery of a counterexample

to a previously reported extremal result involving the Randić index.

We have also introduced ChemicHull, an online tool that enables researchers to easily explore and

apply the results presented in this work. The tool offers an intuitive interface for visualizing extremal

chemical graphs and analyzing optimal values of degree-based topological indices.

Moreover, our findings indicate that some graphs can never serve as extreme points under any

degree-based topological index. Therefore, if a molecule of interest in extremal chemistry is not repre-

sented among the extremal points identified in this study, it must instead be described by a topological

index beyond the degree-based class.

An important direction for future work is to extend these results to chemical graphs with a maxi-

mum degree of at most 4. Preliminary investigations, however, suggest that such an extension will be

considerably more complex, both combinatorially and computationally.
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[35] Gutman, I., Miljković, O., Caporossi, G., and Hansen, P. Alkanes with small and large randić
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[39] Hansen, P., and Vukicević, D. Variable neighborhood search for extremal graphs. 23. on the randić
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[53] Randić, M. Characterization of molecular branching. Journal of the American Chemical Society 97, 23
(1975), 6609–6615.

[54] Rautenbach, D. A note on trees of maximum weight and restricted degrees. Discrete mathematics 271,
1-3 (2003), 335–342.

[55] Raza, Z., and Ali, A. Bounds on the zagreb indices for molecular (n, m)-graphs. International Journal
of Quantum Chemistry 120, 18 (2020), e26333.
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