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Abstract : This paper presents a perturbation analysis for linear quadratic Gaussian graphon mean
field games (LQG-GMFGs) with Q-noise. The perturbation response function is derived under both
initial-state and Q-noise perturbations within a finite horizon framework. The theoretical results
show that the alignment of eigenfunctions between the graphon in the dynamics and the perturbation
graphon determines the bounds of the perturbation response function. Numerical simulations validate
these findings, demonstrating the impact of eigenfunction alignment on the system’s behavior.

Keywords: Graphon Mean Field Games (GMFGs), perturbation analysis, Q-noise

Résumé : Cet article présente une analyse de perturbation pour les jeux a champ moyen sur graphon
linéaires-quadratiques-gaussiens (LQG-GMFG) avec bruit-Q. La fonction de réponse aux perturbations
est dérivée sous des perturbations de I’état initial et du bruit-Q dans un cadre a horizon fini. Les
résultats théoriques montrent que ’alignement des fonctions propres entre le graphon de la dynamique
et le graphon de perturbation détermine les bornes de la fonction de réponse aux perturbations. Des
simulations numériques valident ces résultats, démontrant 'impact de I’alignement des fonctions propres
sur le comportement du systeéme.

Mots clés: Jeux a champ moyen sur graphon (GMFG); analyse de perturbation; bruit-Q

Acknowledgements: The authors would like to thank Alex Dunyak for valuable suggestions concerning
this work.
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1 Introduction

1.1 Background

Mean field game (MFG) theory provides a mathematical framework for modeling and analyzing the
behavior of large populations of interacting agents, where individual decisions are influenced by the
collective state of the system [9,11]. Originally developed to address stochastic dynamic games in
large-scale systems, MFGs have found applications across diverse domains, including economics [6],
autonomous vehicle coordination [8], and reinforcement learning [3,12]. The introduction of network
structures into MFG models has further enriched this framework, giving rise to graphon mean field
games (GMFGs), which capture the effects of heterogeneous interactions among agents embedded in
a network [1,2,7,11]. In particular, the linear quadratic Gaussian (LQG) variant of GMFGs (LQG-
GMFGs) offers a tractable setting to study the interplay between agent dynamics, network topology,
and control strategies [7].

Real-world network systems are often subject to sources of uncertainty such as spatially correlated
noise affecting the dynamics of all agents. Q-noise, as introduced into graphon mean field games
and control in [4,5], generalizes traditional Wiener processes by allowing spatial correlations defined
by a covariance graphon, making it particularly suited to network systems where noise impacts are
not independent across agents. While the sensitivity to initial state perturbations has recently been
investigated for LQG-GMFGs, establishing a foundational framework for such analysis [17], the impact
of Q-noise has not been considered in that context.

1.2 Contribution

In this paper, we integrate Q-noise into the LQG-GMFG framework and analyze the system’s response
to both local initial state perturbations and global noise disturbances. By employing a graphon spectral
decomposition approach, explicit solutions are derived for the perturbation response function, capturing
the combined effects of deterministic initial state shifts and stochastic Q-noise perturbations. The
analysis introduces a perturbed Q-noise covariance structure to reflect practical scenarios, such as
environmental fluctuations, and quantifies how these disturbances interact with the underlying network
topology. The results give insight into the roles of network structure, noise correlation, and dynamic
parameters in determining system perturbation.

1.3 Notation and definitions

Throughout this paper, scalars and finite-dimensional vectors are denoted by standard non-bold letters
(e.g., a, A). Infinite dimensional variables and operator kernels on Hilbert spaces are denoted by bold
letters (e.g., z, M).

Let X £ [0,T] x [0,1] x ©2, where € is a sample space associated with the Q-noise process. We equip
X with the probability space (X, B(X),P), where B(X) is the Borel o-algebra on [0,7] x [0, 1] x €,
and P is a probability measure. Consider a Hilbert space L2([0,T] x [0,1] x Q) equipped with the norm
|z||r2 £ [E fOT fol z%(t, a)dadt]1/2 < oo for any measurable random variable z € L*([0,T] x [0,1] x Q).
Let £(L?[0,1]) denote the Banach algebra of bounded operators from L?[0, 1] to itself, with I as the
identity operator such that [lu](a) = u() and [Allu)(a) = Au(a) for u € L2[0,1], A € R. Iy is the
N x N identity matrix and 1(«) =1 for any « € [0,1].

Let {W,.(t)}X£, be a Brownian motion sequence over (X, B(X),P). Let
Fio ({W:(s) K 0<s< t)

and L7 (€2, [0,7];R) denote the set of all {F} }o<i<r-adapted and measurable processes X (¢) € R such
that E[fOT X2dt] < oo. In what follows, we use Lo to represent £xo(€2,[0,T];R) for simplicity. Let H
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be a Hilbert space. Denote by M°(#H) the space of F-measurable random variables X such that
X(w) € H for w € Q almost surely.

Following [16], we denote by L} the set of functions f € L2([0,T] x Q;R) such that

e [ € Lxo for almost every a € [0,1],
e f(-,w) is continuous in [0, 7], almost surely w € €;

denote by Ly, the set of functions f € L([0,T] x [0,1] x ©;R) such that

o f(t,-,w) € L'0,1] for t € [0,7] and w € Q almost surely
e f(-,a, ) € Lro for almost every «a € [0, 1],

and denote by L. C Ly, the set of functions f € £y such that f(-,-,w) is continuous in [0,7] and
measurable in [0, 1].

2 Preliminaries

2.1 Graphs and graphons

A finite undirected graph G = (V, E)) contains a vertex set V = {1,..., N} and an edge set E C V x V.
Its weighted adjacency matrix MV = (Ml[JN]) satisfies Mi[jv] = 0if (¢,7) ¢ E and nonzero otherwise.
A graphon is a bounded symmetric Lebesgue measurable function M : [0,1]?> — R. The cut metric
topology [13] makes the space W of graphons compact and hence all graph sequences necessarily contain
a convergent subsequence. Let a graph sequence {Gn }n=1,2... converge to a graphon M as the number
of vertices N — oco. When M : [0,1]2 — [0, 1], the element of MM and the corresponding limit M
may be interpreted as the connection probabilities among nodes. The 2-norm of a graphon is defined
as (see [13])

||M|2—[/ M(z, y) dwdy] [ZV] 1)

where {\;} are eigenvalues of M. The linear operator associated with M is defined as follows: for any
u € L2[0,1],

[Mu](-) £ [ ]M(',ﬂ)u(ﬁ)dﬂ- (2)
0,1
Let {P;}Y, denote a finite uniform partition of [0, 1], where P; £ (2, £] for i > 1 and P, £ [0, &].
For the adjacency matrix of any undirected graph denoted by M, we can identify a corresponding
step-function graphon MM € W such that

M[N](a,ﬁ)éMij, a€ P, pBeP; (3)

similarly we can associate a piece-wise-constant function z!N! € L2 [0, 1] with a vector z € RY such that
zV(a) 2 2% a € P; (see [7]).

Definition 1 (Step-Wise Convergence of Graphons [2]). For the step-graphon sequence {M™1} on W),
we say that MV converges step-wise to M € W if

lim max
N—o0 1Si<N £~
=

/P‘ MM (a;, B) = M(a;, B)dB| = 0, (4)

where o is the midpoint of P; = (54, 4]
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2.2 Q-noise processes

Define Q; C W as the set of bounded, non-negative, symmetric functions Q with ||QJ|2 = 1 and hence,
for any f € L?[0,1], such a Q satisfies

o< [ 1 / Q) (@) () derdy < oo,

Definition 2 ([4,5]). Q-noise processes are L?[0, 1]-valued random processes that satisfy the following
axioms.

1. Let Q € Qy, and let w(a,t,w) : X — R be a measurable random variable over (X, B(X)) for all
te [0, 7], €0,1],w € Q.

2. For all a € [0,1], w(w,t) — w(a, s) is a Wiener process increment in time for all ¢, s € [0, T, with
w(a,t) —w(a,s) ~ N(0, [t — s|Q(«, @), where w(e,0) = 0 for all « € [0,1].

3. Let wi—p(a) = w(a, t) — w(a,t’). Then,

E[w;—v (@)ws—y (B)] = [[t. '] N[5, '] - Q(ev, B). (5)

4. For almost all s,t € [0,T],«, 8 € [0,1], and w € Q, w(a, t,w) —w(S, s,w) is Bochner-integrable as
a function taking values in the Banach space of almost surely piece-wise continuous functions of
[s,] € [0,T).

For a covariance matrix Q € RV*Y with eigen-pairs {(v,, h,,)}_; with v, > 0 (resp. h, € RY)
denoting the eigenvalue (resp. eigenvector), let

N
v 2DV hW(1) (6)

where h'. represents the i-th entry of h,..

To ensure that the spatial correlation of the noise is consistently modeled in the transition from
finite dimension to its mean-field limit, it is assumed that the step-graphon Q! associated with Q
converges step-wise to Q, then the step-function VLN] associated with v; £ [v}, -+, vN]T

v; € L?[0,1], where

converges to

vi() = D Ve (YW (D) (7)

is a Q-noise process defined over X with v, € L?[0,1].
Assumption 1. The operators Q and M are assumed to be finite-rank in the sense that

K
Q(a, B) =Y wetbe(c) ()
=1

d
M(a, ) = Y Aefe(a)fe(B),
=1

for some integers 0 < K < oo and 0 < d < 0o, where {(v, 1)} | and {(\,f)}¢_, are the correspond-
ing non-zero eigen-pairs.

Remark 1. The finite-rank assumption on Q and M is made for analytical tractability. This is because
any general Hilbert-Schmidt operator S € W can be arbitrarily well-approximated in the L? norm by a
finite-rank operator. Such an approximation is obtained by truncating its infinite spectral decomposition
series after a sufficiently large number of terms (see [13, Chapter 7.5]).
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2.3 Adapted solutions to FBSDEs

We first present some generic results that support our main analysis. Consider the scalar forward-
backward stochastic differential equation (FBSDE) with 0 < K < oo independent Brownian motions:

i2] = a0 ] s [ o ©
20 =%, sr=Qzr € M°(R)

where 0%, Q € R, and A(t) £ Elg ; gig

Definition 3 (Adapted Solution [14]). An adapted solution to the FBSDE (8) is a triplet of processes
(z,8,{q"}E_|) defined on [0, T satisfying the following conditions:

] € R?*2 is continuous in time.

1. z; and s; are continuous, {F?}OStST—adapted processes such that

E[ sup zt|2] < oo and E{ sup |st|2] < 0.
0<t<T 0<t<T

2. For each k € {1,...,K}, ¢F is an {F{}o<i<7-adapted and measurable process such that
E [fOT |qf|2dt] < 0.
3. The following hold almost surely for all ¢ € [0,T):

t K
zt = zp + /0 (A1(7)zr + Bi(7)s,) dT + Z ok dWy, (1),
k=1
(9)
K

T
St = S — / (A2(T)zr 4+ Ba2(T)s,) dT — qude(T).
¢ k=1
Lemma 1. Let (2,5, {¢"} ) be {F?}o<i<r-adapted and measurable processes over (X, B(X)) taking

values in R, and let £y € R be a deterministic value. If the following scalar Riccati ODE has a unique
solution P : [0,T] — R:

P P+ (0 Ba0)P — Asl) (0
P(T) = Q,

then the FBSDE (8) has a unique adapted solution (z,s, {¢"}/ ) where z; is the unique solution to
the forward SDE:

K
dzy = (Ay(t) + Bi(O)P(t))zedt + ) 0" dWi(t), 20 = &, (11)
k=1

s = P(t)z and ¢F = P(t)o*

Proof. We first verify that the proposed (z, s, {¢*}_,) to (11) is an adapted solution to (8). Let 2
be the solution of (11). We define s; = P(t)z; and qf = P(t)o*. The forward part of the FBSDE is
satisfied by construction.

Apply Ito’s product rule to sy = P(t)z:

ds; = [P(t) + P(#)(A1(t) + Bi(t)P(2))] zdt

+ ZP ok dWi(t)
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Clearly, (10) is specifically the condition that makes the drift term equal to (A2(t)z: + Ba(t)st)dt. The
diffusion term is Zszl qFdWy.(t) by definition. The boundary condition sy = P(T)zr = Qzr is also
met. Thus, (z,s,{¢"}) is a solution.

We proceed to prove uniqueness. Let (Z, 5, {G"}) be any adapted solution. Define the difference
process Ay = §; — P(t)Z; with Ar = QZr — Q2Zr = 0. Applying It6’s formula and (10) leads to:

K
dA, = (By(t) — P(t)B1(t) At + > _(GF — P(t)o*)dWi(t).
k=1

One can easily verify that A; = 0,GF = P(t)o* is the trivial and unique solution to the above
backward SDE for all ¢ € [0,T] (see [14, Thm 4.2]). Furthermore, 2, follows the same forward SDE as
n (11). Hence, z; = Z; since (11) has unique solutions and §; = P(¢)Z; = s;. Therefore, the solution is
unique. O

2.4 Stochastic games on finite networks with Q-noise

Consider a network of NV nodes, with each node associated with a cluster C,, 1 < ¢ < N, and of total
population L = Zflvzl |Cq|, where |C,| represents the number of agents within cluster C,. Let {wi}t1<i<r,
be standard i.i.d. Wiener processes independent of {W,.(s)}X . Define the admissible control set /[V]
as the set of {]—'}N]}OStST—adapted measurable processes u; with E[fOT |ug|2dt] < oo and

FN 2 o ({W () Yy {wi ey {2} 50 < s <)

where x) is the initial state of A; and E[|x}|?] < .

For a generic agent A; € C; with 1 <4 < L and 1 < g < N, with the state xf;, control ui S U[N],
and network weighted empirical mean field z{ € £1, the dynamics are given by

dal = (Asxh + Byul + Dyzl)dt + odw) + kdv] (12)

where Ay, By, Dy : [0,T] — R are assumed to be continuous, o,k > 0, v; = [v},--- ,v]N]T € RV is the

cluster-wise common noise vector introduced in (6) associated with {W,.(t)}X, and the network mean

field (perceived at cluster C4) is defined cluster-wise as

N
1 _
Zf £ N ZMql]E [1’“]:1?] ) (13)
=1
with o
1
& =N a) (14)
Cql =

Let the subpopulation of each cluster C, go to infinity, i.e., |Cy| = co. Then Z{ — [, zuf(dx) by
the Law of Large Numbers where pf denotes the state probability distribution function for cluster C,
at time .

The cost functional of a generic agent A; in cluster C; is defined as
T
, n . ,
7w B[ [ et = 581, + il )
% q 1|2
+ Nzt — yh 13, |

where yf £ Hz{ +n, Q;,Qr > 0,Ry > 0 for t € [0,T], H,n € R.
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_ _ _N1T T T .
Letmté[x%,~~,xév] ,zté[ztl,~-,th] ,sté[s%,~~,s£\’] € RY. Then taking averages over

the nodal populations of both sides of (12) as |C4| — oo for all 1 < ¢ < N, and assuming the limits are
well-defined and exist, we obtain

dﬂ_ﬂ't = (AtIth + BtINth + DtINZt)dt + I{d?}t (16)
where u; =[G}, -+ ,u)]" with components defined by

ICql

ad = Zu
¢ \c |—>oo |C | &=~

Remark 2. The idiosyncratic noise w® disappears due to the Law of Large Numbers, given that the
individual Wiener processes {w’} are assumed to be i.i.d. for each agent.

Remark 3. The global perturbation v; characterized by (7) reflects the inherent influence of stochastic
noise on every node. This noise exhibits spatial correlation across nodes, capturing the interconnected
nature of the network.

Definition 4 (Best Response and Nash Equilibrium in Finite Networks with Finite Populations). For an
agent Aj;, given the controls u=* £ (u',--- ,u*~ 1 w1l ... ul) of all other agents, the best response of
agent A; is defined by arginf, ;v J*(u, u™?).

A control tuple (u',--- ,u*) € U x .. x UM is said to be a Nash equilibrium if

Jiu'um) < inf Ji(v,uTY), Vi=1,2,--- L
veEUN]

that is, for all agents A;, u’ is a best response to u~% [10].

3 Perturbation analysis with Q-noise

3.1 Initial state perturbation on finite networks

In addition to the global Q-noise perturbation v; in (12), we further consider a local initial state
perturbation ‘
z(()e’q)’l Lz)+eeR (17)

of a generic agent A; in cluster Cy,1 < ¢ < N where € > 0, that is, the same € perturbation on initial
conditions applies to all agents in the cluster C,, then the averaged initial state vector is

ff((;ﬂ) L "f(] —+ €19 S RN (18)
where 19 € R¥ is an all-zero vector except at index q. Let x(E D ‘(F D (E 9 (& denote the perturbed
variables from %, %, 2, s;. The perturbed dynamics of A; are glven by

d:cﬁe"”’i = (Atxge’q“ + Btuf"”’i + tht(e’q))dt + odw; + redv] (19)

and the averaged state vector i‘,(f’q) € RY with perturbed dynamics from (16) are

Az = (A TNz + BInal"? + D, Inz")dt + kedv, (20)

with averaged cluster initial condition 277 € RY.
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3.2 |Initial state perturbation in LQG-GMFGs

In the graph limit problem, i.e., N — oo, a representative agent is no longer identified by a discrete
index ¢, but by a continuous label o € [0,1] if & € P, = (%, ).

Assumption 2. The graphon M is continuous in its arguments. In addition, MV converges step-wise
to M.

We now follow the GMFG procedure [2] to construct the system dynamics of infinite populations on
a graph sequence limit, namely, on a graphon. Let the number of clusters N — oo and let Assumption 2
hold. These assumptions are needed for the so-called e-Nash properties of the GMFG solutions
(see [2,16]).

For a generic agent A,, define the admissible control set U* as the set of {F{*}o<i<r-adapted
measurable processes u; with E[ fOT lu¢|2dt] < oo and

FrE o ({We(s)H w zf;0 < s < t) (21)
where x§ is the initial state of A, and E[|z§|?] < occ.

In the limit problem (with both the local population limits and the graph limit), consider a local

initial state perturbation

%% 2 %0+ by (22)

at a specific network location 6 € [0, 1] and a global Q-noise perturbation where Jp is the Delta function

centered at 6. Denote the perturbed variables from X, z;,s; by )‘(EE’Q), z§5’6)7 sge’e)

graphon mean field zf"’) is given by

where the perturbed

1
€,0 —(e,0
A0 = [ M 8)B( ) (5 (23)
Define the infinite dimensional stochastic processes:
ige,Q) 2 Xie,@) %, ige,e) 2 ZEG,G) — 7, gge,e) 2 Sgeﬂ) _s, (24)

with initial conditions f(((f’e) = €edp.

Remark 4. The presence of dy makes )‘(ée’e) into a non-L?[0, 1] function, even if x(0) € L?[0, 1]. However,

this does not affect the subsequent analysis, as we only require de’e) € L?[0,1] for any ¢t € [0,T] in (34).

The dynamics of a representative agent A, in cluster C, with « € [0, 1] are given by

dx“? (@) =(Ax? (@) + Boul*? () + Dzl (a))dt

+ odwi (@) + kedvi (o) (25)

where ugé’g)(a) € U, wy(a) is a standard Brownian motion and v; is a Q-noise process. Agent A,

aims to minimize the cost functional

T
I (a) 2 E| / (I (@) = ¥E " @)1, + i (@)%, )dt + I (@) = yi* (@)1,
’ (26)
where y\“? (o) £ Hz!“? (o) + 1.
Definition 5 (Best Response and Nash Equilibrium in Infinite Networks with Infinite Populations). For an
agent A, given the controls u=* £ UBE[O,I]/{a} uP of all other agents, the best response of agent A, is
defined by arginf,cyya J(u, u™).

A control tuple (u®)sejo,1] € Uae[o,l] U is said to be a Nash equilibrium if

J(uumY) < 16111;& J¥(v,u”%),Va € [0, 1],

that is, for all agents A, u® is a best response to u™.
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Define the transformed noise term ny(-) £ Mvy(:). Recall that v; is a Q-noise process and
{(vy, )} are eigen pairs associated with Q. Then n; can be written as

K
=) VMY (YW (1), (27)

Let A.(t) & A, — R;'B?TI, € R with (It )te[0,r) determined by the scalar Riccati equation
—1II, = 2A,11, — B’II?R; ' + Q;, Iy =Qr cR.

Define A(t) £ [A.(t)]] € L(L?[0,1]).
Lemma 2. Given a process z(©?) € L., if there exists (s(©?, {q*} 5 |) € L. x (LL)¥ that satisfies the
following backward SDE (BSDE):

K

asi ™ = (~[AWIs” + [(QH ~ LD + QL) dt + Y af dWi (1), (28)
k=1
then the optimal control is given by
uf“” () = =Ry ' By (Ix{"" (a) +5{°" (o) (29)

where x( ’ )( ) satisfies (25).

Moreover, let A’(t) £ A(t) + D;M € L(L?[0,1]), then the LQG-GMFG has a Nash equilibrium if
and only if z(5?) satisfies

. . t B2 t
zg ) = zé 9 +/0 ([A’(T)]z(f’g) - [RTM]S(:"Q)> dr +/O ke dn, (30)
where z{"% = [Mx{"?).

Proof. The proof is a direct extension of the methodology in [16] for the single common noise case.
This logic extends directly to the Q-noise setting, as the Q-noise process is assumed to be a finite linear
combination of independent Wiener processes hence preserving the proof in [16]. O

Theorem 1 (Infinite Network FBSDE with Q-Noise). Assume that there exists a unique solution
(249 s LqFIE ) € L. x L. x (L) for any t € [0,T] that are given by

0 0) K B? k
zge’ ) = (E —|—/ <[A'(7)]z§’9) — [RTM]S(T€’0)> dT+/0 ke dn,,

2 = / M(-, /)= (8)dB,
0.1 (31)

T

S =+ [ (IS~ [(QuH — T, D T — [Qul) dt ~ Z/ AWl
t

s = [QrI(HIzy” +n1) € MO(Z2[0, 1),

and (s(¢9) {qF}E ) satisfies (28), then the limit game problem defined by (25) and (26) has a Nash
equilibrium and the best response in the equilibrium is given as follows: for any agent A, € C, for
almost every « € [0,1] is given by

ugéﬁ)(a) = —Rlet(HtXEC’e)(a) + Sge,a)(a))_ (32)
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Proof. Given z(&% if (s(¢9 {qF}K ) satisfies (28), then it follows from Lemma 2 that the best
response is given by (29). In addition, since (z(¢?),s(¢9) {¢* K ) satisfies (31), the LQG-GMFG has
a Nash equilibrium by Lemma 2. O

The limiting dynamics in (20) under the best response in (29) are
(e0) (c0) _ By (o) (0)
dx;"" = ([At]l]it = [F]I]St 7+ [Del)z,” ) dt + kedvy. (33)
t

We derive the infinite dimensional perturbation FBSDE from (31) and (24):

~(€ € B2
dzy"" = ([A() + DMIZ™" — [

0 = [ M. 9% 7 (8)09 = M0, )

M5 dt + kedn,,

(34)
K
as(” = (~[A@J” + [(QuH — LD)Z " ) dt + Y afdWi(®),
k=1
5590 — (QrHTZSY € MO(L?[0,1]).

3.3 Spectral decomposition of the perturbation FBSDE

Consider the orthonormal eigenfunctions {f, € L?[0,1]}22, associated with non-zero eigenvalues {\¢}2,
of M such that [Mf,] = A\, and ||f||z> = 1 for any a € [0,1].! Let S = span({f,}) C L?[0,1] and
denote its orthogonal complement by S+.

Uniqueness of the solution to (36) is guaranteed by the following monotonicity assumption.
Assumption 3 ([15,16]). For all 2,y € R, there exist constants 5{ > 0, % > 0 (or B{ < 0, uf < 0) such
that

Diezy + (2Q:H — D,I1;) 23 Aey —pBix (35)
QrH < —uf.
Theorem 2. Let Assumptions 1 and 3 be in force. Then for any 1 < ¢ < d, there exists a unique
adapted solution (2(¢:9)-£ 56006 Ltk K Y e L0 x Lro x (Lr0)K to the following scalar FBSDE
system:
dzle*t = {(Ac(t) +AD)EEE_y, Rt e ] dt + reXg Za" AWy (t)
k=1

K 36
dgfﬂ)’f:[ (Q.H — T1,D,)50 Ac(t)ggfﬂ)"’} dt+ 3" gt awi(t) (36)

2 = Nfi(0)e, B0 = QrHZ € MOR),
where o®* £ /iy (4, ;). Furthermore, the solution to (34) is given by:

d
Het) 300 ) _ Zf SO o =Y g (37)
(=1 £=1

and therefore the LQG-GMFG problem has a Nash equilibrium.

IM is a compact operator and has a spectral decomposition M(z,y) = Soooy Aefr(a)fe(B) for all z,y € [0,1],
see [13, Chapter 7.5].
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Proof. It follows from [7,16] that z ~(6 % can be decomposed as

d
2" = 2} @ 8) + 550 (1= flfe, 1))
{=1

<(e,0) 5(6,0) _

where Z;7"/ = 0 for the whole time interval since z; Mx(6 fes. Projecting z(6 % onto the eigen

space associated with f, yields

ét(eﬂ),@ 2 <Z§5,9) f[>

then for o € [0,1], z (6 % is given by

72" (a / Z Aefo(0)Ee(8)%(“" (8)dp
—Zn DAe(f, %(7) (39)
= ng « zt(ﬁ’e)’é.
7

The dynamics of /-component are given by

€ € B2 ~(e
A = [(Aclt) + ADOE = N5t + reldn, £)
t

with
B0 = /\mm<mMﬂ AE(0)e. (40)
The noise term can be decomposed as n; = Z@ 1 fe(ny, £) + 1y where

ng £ (g, ) = ((Mve], £2) = Ae(ve, £2)

K 41
= e > vk (ks £0) Wi (t) “
k=1
with covariance
~ [ [ @@t (6)dads
—(tAs) / / Q(a, B)fo(a)fs(B)dads
K
= (EAS)AT Y vl (Whn, £2) .
k=1
Thus, we have
B? al
Az = [(Ae(t) + \eDy) 2" Agﬁgge’%dt +ReAe D Vi (Wi, Eo) AW (2). (42)

k=1



Les Cahiers du GERAD G-2025-76 11

Similarly,
d
=1
where (§ {qt 1) is the solution to
K
5" = — A5 at + Y qrawk, 550 =0 (44)
k=1

which has a unique solution s(E D=0 ,GF =0 for all t € [0,T], and there exists {¢g"*} | € (L)X
such that

T K
§§6,9),f _ / (AC(T)g(Te,G),E _ (QTH _ HTDT) 25_6,9),@) dr — Z/ de( ) (6 0), Z
k=171t

t

For a fixed ¢, we can identify its components with the notation used in the Lemma 1:

82

AL(t) £ A(t) + Dy, Bi(t) & -\,
t

A5(t) & —(Q:H —T1,Dy), BL(t) 2 — A1),

with terminal condition Q¢ = QrH.

By Lemma 1, the unique solvability of (36) is guaranteed by the existence of a unique solution P*
to the associated Riccati ODE on the interval [0, T1:

AP B0 + (A1) — BY)P — A0 )
PYT) = QrH.
and therefore (36) admits a unique adapted solution (2(0)¢ 5(0).¢ L46k1) which is given by
GO = Pz gk = Pt kenotT. (46)
with o®% £ /U (g, £0), and (49 is the solution to (42). O

Definition 6. The perturbation response function e : [0,1] x Q; — RT for the GMFG perturbation
problem is defined as

o(6, Q) = sup 12,
e>0 €

(47)

Let AY(t) 2 A(t) + N Dy — )\l%‘jP[(t) and U¥(t,s) be the state transition function for this linear

time-varying system, i.e.,
t
Th(t,s) & exp (/ AZ(T)dT> . (48)

Theorem 3. For the LQG-GMFG system, let the graphons M € W and Q € Q; satisfy Assumption 1
with the eigenvalues {\,}¢_, and {v;}X , arranged in descending order. Furthermore, assume the

dynamic weighting terms {y,}¢_, are in descending order where v, = \? fOT fot [Wh(t, 5))2dsdt.
The supremum of the perturbation response function e(6, -) is attained when ¢, = f; and 11 =1,

yielding

sup e(6,Q) = {Z NE2 (0 / ‘Ile(t,O))th+/f271} (49)

QeQy

Conversely, the infimum of its stochastic component is attained when v, = f; and vy = 1.
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Proof.

By Lemma 1, we can explicitly obtain the solutions to (Z; 3(e0).t 7§§€’0)’2) where 2§6"’>’5 is given by

5(,0),6 _
Z =

K t
V(002" + kene D / Lt 8) ot FdWi(s). (50)
k=170

We split z(6 04— t(dez + t(sto)ch as follows:

e Deterministic part zi dei = WL, 0) N\, f1(0)e;

e Stochastic part
B = Kee Z / e(t, s)o R AWy (s).

This leads to E[(Z; 3(e0). e) | = (Z(E’GM) +E[(2 3(e0).L )] where

t,det 2 ,stoch

~(€,0),4 €,0),0
E[(Zig,s:tczch)Q] = V&I‘(Zﬁ stczch)

=K 62)\22 bky2 /\I/Z(t s))2ds

=K 62)\22%\ Ui, f1) |2/ (W(t, 5))?ds,

then the L2-norm of z(&9) satisfies

N

) {/ /o S 26 (2 + EIGL4)) dﬂdt}

=1
where
[ [ (0 asw
0 p=1
T
— & Z A2£2(9) / (W (1, 0))2dt
=1 0
and
T (€,0),£
Z f@ 2, stoch) }dﬁ dt
0 ¢=1
=K 622)\@/ / \I/Z t,s) dsdthH U, £o) |2 (51)
=K GQZWZ%\ Ur, )%,
=1 k=1
then (51) reaches its supremum subject to the constraint that ||Q|2 = 1 if and only if ¢ = f1,14n =1
and (51) is reduced to k2e2~;.
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The results for the infimum of (51) for some k > 1 can be obtained analogously. Hence, the
worst-case e(0, ) is explicitly given by (49) as required. O

4 Simulation results

Consider the following parameters: A = 05, B =1, D =1, H =1, Q; = Qr = 2, R = 1,
T =1, k =1, and the discretized time-step dt = 0.01, with a spectral decomposition A\, = ﬁ and

f,(z) = V2 cos (Z£2) of M (see Fig. 1) where £ is an odd integer [7]. In our experiment, ¢ < d = 11.

By Theorem 3, the function e(d,-) reaches its maximum when the dominant eigenfunction of
the perturbation graphon Q aligns with the dominant eigenfunction of M, i.e., f;. Conversely,
e(f,-) is minimized when the M-eigenfunctions corresponding to large eigenvalues align with the
Q-eigenfunctions corresponding to small eigenvalues. To illustrate our findings on the worst-case
and best-case Q-perturbations and initial state perturbations, we compare the response functions
for different Q € Q;. The comparison is shown in Fig. 2, which illustrates that the alignment of
eigenfunctions between the network graphon M and the perturbation graphon Q determines the upper
and lower bounds of the perturbation response. Additionally, our analysis identifies nodes 0 and 1 as
critical nodes, with node 0 being the most significant and node 1 the least significant. This aligns with
node 0’s central position in the network, as indicated by interpreting M(«, /3) as the connection density
between nodes.

0

—
o 02 04

06
Node label

T T/ 05
o8 10 Node label

Figure 1: Graphon M(z,y) = 1 — max(z,y),z,y € [0,1].

with Different Q-Noise Bases

. L L L L L L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Perturbation response with the Uniform Attachment graphon and different Q-noise bases.
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5 Conclusion

This work studies LQG-GMFGs by integrating initial state perturbation and Q-noise perturbations
for large-scale network systems. Employing spectral decomposition methods, explicit expressions are
obtained for the perturbation response, revealing how network topology and noise covariance interplay
with system dynamics. The results show that the perturbation response depends on the alignment of
eigenfunctions between the network and noise structures, specifically, the initial state perturbation
component of (49) is closely related to the eigenfunction f of the network graphon M, while the Q-noise
perturbation part depends on the alignment of the maximum/minimum eigenfunctions of M and Q.
This is analogous to findings in the context of long-range average optimal control for Q-noise graphon
systems, where the maximum performance loss is also achieved when the QQ-noise covariance operator
aligns with the dominant eigenmode of the system’s dynamics operator [5]. Future work shall explore
dynamic topologies and nonlinear dynamics to extend its applicability to complex scenarios.
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