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Abstract : We investigate a T-stage dynamic network formation game with linear-quadratic payoffs.
Players interact through network which they create as a result of their actions. We study two versions
of the dynamic game and provide the equilibrium analysis. First, we assume that players sequentially
propose links to others with whom they want to connect and choose the levels of contribution for
their links. The players have limited total contributions or capacities for forming links at every stage
which can differ among players and over time. They cannot delete links, but the principle of natural
elimination of links with no contribution is adopted. Next, we assume that the players simultaneously
and independently propose links to other players and have overall limited capacities for the whole
game, and not for each stage. This means that every player can redistribute the capacity not only
over links, but also over time. The equilibrium concept for the first version of the dynamic game is
subgame perfect equilibrium, while it is the Nash equilibrium in open-loop strategies for the second
version. Both models are illustrated with numerical examples.

Keywords : Network formation game; dynamic linear-quadratic game; farsighted players; limited
capacities; Nash equilibrium

Résumé : Nous étudions un jeu de formation de réseau dynamique & T-étapes avec des gains linéaires-
quadratiques. Les joueurs interagissent via le réseau qu’ils créent par suite de leurs actions. Nous
étudions deux versions du jeu dynamique et analysons I’équilibre résultant. Premierement, nous sup-
posons que les joueurs proposent séquentiellement des liens aux autres joueurs avec lesquels ils souhait-
ent se connecter et choisissent le niveau de contribution de leurs liens. Les joueurs ont des contributions
totales ou des capacités limitées pour former des liens & chaque étape, qui peuvent varier d’un joueur
a lautre et au fil du temps. Ils ne peuvent pas supprimer de liens, mais le principe d’élimination
naturelle des liens sans contribution est adopté. Ensuite, nous supposons que les joueurs proposent
simultanément et indépendamment des liens aux autres joueurs et ont des capacités globales limitées
pour 'ensemble du jeu, et non pour chaque étape. Cela signifie que chaque joueur peut redistribuer
sa capacité non seulement entre les liens, mais aussi au fil du temps. Le concept d’équilibre pour
la premiére version du jeu dynamique est ’équilibre parfait en sous-jeu, tandis que pour la seconde
version, il s’agit de 1’équilibre de Nash en stratégies en boucle ouverte. Les deux modeles sont illustrés
par des exemples numériques.

Mots clés: Jeu de formation de réseau; jeu dynamique linéaire-quadratique; joueurs prévoyants;
capacités limitées; équilibre de Nash
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1 Introduction

In this paper, we propose a dynamic network formation model, where players are farsighted and
have limited capacities for forming links. We propose and analyze two T-stage dynamic network
formation games that differ in the mode of play, the constraints on the contributions to links, and in
the equilibrium concept.

In the first version, each stage is divided into two steps. In the network-building step, the players
sequentially propose links to others with whom they want to connect. In the second step, the players
simultaneously decide how to allocate their limited budget (or capacity) to their links. To fix ideas,
suppose that the set of players is formed of researchers working in the same area. In the first step,
each researcher proposes to others to work on a research project and once their collaborative group
is established, each must decide how much time to devote to the project. The available budget (the
disposable time in this example) is not necessarily the same for all players at each stage, nor over
stages. We adopt the principle of natural elimination of links, which states that a link will be deleted
if both players decide not to contribute to it. We assume that each player’s stage payoff is given
by a linear-quadratic function that depends on the player’s and partners contributions to her links.
Each player aims at maximizing the sum of her stage payoffs. We show that there exists at least
one subgame-perfect equilibrium for our network formation game. We illustrate the model and the
computational procedure with a numerical example of 3-stage network formation game with 3 players.
We report and discuss the network formation process, that is, which networks are formed in equilibrium
and whether players reconsider the links they formed over time.

As above, our second model involves two steps at each stage, namely, a network building step
followed by a step in which the players decide their contributions to the different links. Here, however,
the players act simultaneously in the first step. A second difference with the first model is that the
budget available to each player is for the whole game without replenishment. This makes the model
truly dynamic in the sense of state-space games, that is, we have a state variable (the budget) that
evolves over stages. As in a nonrenewable resource problem where the rate at which the resource is
extracted has an implication on the stream of discounted revenues, here the rate at which the budget
is exhausted is also profit relevant. Back to our example, in this second model a researcher has a total
number of hours that she can devote to all her projects during the whole game, e.g., an academic year.
We adopt an open-loop information structure, that is, the players’ strategies depend on the stage, but
not on the state variable (remaining budget), although each player must account at each stage for the
budget constraint. Consequently, we will determine a constrained open-loop Nash equilibrium. We
will provide a maximum principle giving the necessary conditions for such an equilibrium to exist. On
the top of having a global constraint for the whole game, the fact that the decision of creating a link
is a binary variable renders the problem more complicated. We illustrate with a numerical example
our second model and the procedure for computing an equilibrium.

Related literature

The present paper relates to several streams of the vast literature on network formation, which has
been first initiated by models in static settings (e.g., Jackson and Wolinsky (1996)) and the analysis of
different basic types of equilibria (e.g., Bloch and Jackson (2006)), and then followed by works including
dynamic considerations (e.g., Bala and Goyal (2000); Watts (2001); Jackson and Watts (2002)).

First of all, our paper is related to the significant literature on farsighted network formation that
has been mainly developed during the last twenty years or so, see, e.g., Mauleon and Vannetelbosch
(2016) for a survey. Some frameworks focus on populations consisting of only farsighted players,
while other models assume the presence of both myopic and farsighted players or consider limited
farsightedness. The farsightedness of players is captured by the notion of farsighted improving paths
(Jackson (2008); Herings et al. (2009)). For taking a decision, there is a fundamental difference in
reasoning by these two types of players. While myopic players compare their current network’s payoff
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with the resulting network’s payoff after one stage, farsighted players compare their current network’s
payoff with their end network’s payoff after the process stops. Jackson (2008) defines the concept of
farsightedly pairwise stability, being a modification of pairwise stability when all players are farsighted.
Herings et al. (2009) introduce the notion of a pairwise farsightedly stable set. The idea of limited
farsightedness is investigated in Herings et al. (2019), where farsighted players compare the current
payoff with their payoff in K stages, where K is given. Luo et al. (2021) study network formation with
the player set partitioned into myopic and farsighted players. The players can create and delete links
that results in a myopic-farsighted improving path. de Callatay et al. (2023) discuss the notion of
myopic-farsighted absorbing set, which determines the networks emerging in the long run when the set
of players is partitioned into myopic and farsighted subsets of players. Song and van der Schaar (2020)
present a dynamic model of network formation with agents being farsighted and having a (possibly
partial) information about the history, and characterize efficient networks.

While in de Callatay et al. (2023); Herings et al. (2009, 2019); Jackson (2008); Luo et al. (2021) the
farsighted players compare their current and end payoffs to take decisions, in Teteryatnikova (2021)
the discounted stream of payoffs is considered as a player’s utility function. The author examines
properties of improving and surely improving paths with specific per-stage payoff functions (co-author
model, equal value networks, criminal networks). The discounted stream of payoffs is also considered
as a payoff function in Dutta et al. (2005) who model an equilibrium process of network formation,
i.e., a strategy profile such that no pair of players can benefit by deviation. Players take the ongoing
process as given and evaluate the entire stream of consequences arising from a single action. Myopic
players can be imitated in the model by taking zero discount factor. Navarro (2014) considers a
similar framework of dynamic network formation with farsighted players, but with the possibility of
side payments between players. Also a number of other earlier works on network formation propose
various farsighted concepts, see, e.g., Page et al. (2005); Page and Wooders (2009). More recently,
Zhao et al. (2024) investigate a dynamic network formation with a social planner who builds a link
to connect unlinked pairs of agents. The authors show that with the forward-looking social planner,
forming a nested split graph at each period is optimal for any discount function. Moreover, when the
social planner is sufficiently myopic, it is optimal to form a quasi-complete graph at each period.

Another stream of related literature follows the model of Ballester et al. (2006), where players are
connected within a social network and choose their contributions to the network. A number of works
propose some modifications of the Ballester’s model, see, e.g., Jadbabaie and Kakhbod (2019); Zhou
and Chen (2015). Some studies consider (dynamic) network formation in the setting of Ballester et al.
(2006). Konig et al. (2009) develop a two-stage game based on Ballester et al. (2006), where in the first
stage, agents play the equilibrium contributions proportional to their Bonacich centrality (Bonacich
(1987)). In the second stage, a randomly chosen agent best responds and updates her linking strategy
by forming a new link. The authors adopt a myopic approach, i.e., they assume that agents creating
a link only look at the second-order neighbor that gives them the current highest utility. Konig et
al. (2010) extend Konig et al. (2009) and consider a network formation model where agents with
capacity constraints in the number of links that they can maintain, form and sever links based on the
centrality of their potential partners. The authors show that the existence of capacity constrains leads
to networks characterized by positive degree correlations and therefore assortativity. Also Konig et al.
(2014) develop a two-stage game, where the game of Ballester et al. (2006) played in the first stage is
followed by a linking-formation process in the second stage. The authors use stochastic stability and
show that this network formation process converges to nested split graphs. As in their previous cited
works, Konig et al. (2014) assume that the agents create links myopically, i.e., they only look at the
agents giving them the current highest payoff.

An economic network formation model, where players pairwisely Cournot compete with their neigh-
bors in dynamics (discrete time) is proposed by Kochevadov and Sedakov (2023). The authors also
use linear-quadratic utility functions in their investment and production strategies. Liu et al. (2012)
develop a network formation model to determine key criminals, i.e., those who once removed generate
the highest possible reduction in aggregate crime level in a network. Network formation is also con-
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sidered by Lee et al. (2021) who empirically identify the key player defined in Ballester et al. (2006).
Colombo et al. (2025) begin from the model of Ballester et al. (2006) and investigate an infinite-horizon
linear-quadratic differential game to study criminal networks. More precisely, the authors extend the
static crime network game of Ballester et al. (2006, 2010) to a dynamic setting, where criminal activ-
ities negatively impact the accumulation of total wealth in the economy. Apart from conducting the
equilibrium analysis and a comparative dynamic analysis, they study the problem of identifying the
key criminals in the dynamic framework.

Bolletta (2021) investigates a model of strategic network formation, where the players first form the
network by suggesting links to others and next choose their efforts for the whole constructed network.
A Nash equilibrium is determined for linear-quadratic utility function in efforts; see also Golub et al.
(2024) for a related work. At the first stage, pairwise stability equilibrium concept and best response
dynamics are used. Another model of network formation with linear-quadratic utility function is
proposed by Sandler and Golub (2024) who focus on positive/negative effects of the partners and find
stable networks as a result of the Nash equilibrium in the game.

Other general settings are considered in Baetz (2015) and Hiller (2017) who model the network
formation problem as a simultaneous game with players deciding jointly on actions and links; see
also Vega-Redondo (2016) for a survey of the literature combining network formation with games on
networks and focusing on co-evolution of links and actions. Lageras and Seim (2016) investigate the
role of strategic complementarities in the context of network games and network formation models.
The authors extend their study to a dynamic setting, comprising a game stage and a formation stage,
and provide the convergence analysis. The paper by Bayer et al. (2021) is based on the model presented
in Ballester et al. (2006), but it considers a game of local public goods where all players, except one,
are myopic. The farsighted player can manipulate the other players’ behaviors. Depending on the
network formed at any stage, the players can be partitioned into two groups: leaders and followers
who choose their contributions sequentially. The partition can be defined based on centrality measures
of players in the network formed at the previous stage and/or their capacities. The idea of leaders is
also examined in, e.g., Belhaj and Deroian (2018); Jadbabaie and Kakhbod (2019).

There exist numerous other works on network formation with strategic formulation that study
various aspects of network formation, e.g., limited capacity for forming links, the role of intermediation,
ambiguity of network formation, among others. Baumann (2021) investigates a model of weighted
network formation in which every agent has a limited resource to form links of possibly different
intensities with other agents and to use for private purposes. The author studies Nash equilibria of the
game in which all agents simultaneously choose their investment strategies, and shows that equilibria
are not pairwise stable and not efficient. Goyal and Vega-Redondo (2007) study intermediate players
in strategic network formation. They analyze the case when capacity constraints on links are absent,
as well as the implications of capacity constraints in the ability of agents to form links. in t’Veld
et al. (2020) build on the framework of Goyal and Vega-Redondo (2007) and examine the role of
intermediation in a network formation model of a financial market. Zhang et al. (2014) investigate
network formation game among countries concerning a free trade agreement and characterize pairwise
stable networks in this setting. First, they provide a static analysis and then develop a dynamic model.
Bayer and Guerdjikova (2024) study a model of endogenous two-sided network formation where players
face uncertainty about decisions of other players. The authors analyze the impact of ambiguity and
optimism on equilibrium networks.

Summary of our main contributions

Our paper contributes to all the related literature mentioned above, and more specifically, to dynamic
models and farsightedness in network formation, and extensions of a noncooperative game with linear-
quadratic utilities of Ballester et al. (2006). To the best of our knowledge, this is the first paper
that combines these different approaches, proposing a dynamic network formation game applied to the
static framework of Ballester et al. (2006) and assuming that players are farsighted and have limited



Les Cahiers du GERAD G-2025-64 4

capacities. The farsightedness in our models means that players make their decisions maximizing the
sum of the stage payoffs, but not the stage payoff, as it is called being myopic in most literature of
network formation.

Several new results are shown. First of all, we find the equilibrium network (which exists but
can be non-unique) in a T-stage network formation game with two steps when players first choose
their strategies and second decide on their contributions or efforts into the links they possess in the
formed network. In comparison with the existing literature, we propose a novel approach of modeling
network by assuming that players choose the redistribution of their capacities under the per-stage
capacity constraint among the links but not to the whole network. In the original model of Ballester
et al. (2006) and a number of its extensions mentioned above, the player’s payoff function is also
linear-quadratic in players’ contributions but players choose the contribution to the whole network
and, moreover, they have unlimited capacities.

Second, we find the Nash equilibrium (and corresponding network) in the dynamic game of network
formation when players still choose their contributions to the links they possess but in the case when
the player’s overall capacity (for the entire time horizon) is limited. We use the Pontryagin maximum
principle to determine the network formation and the equilibrium contribution strategies. This prin-
ciple is of common use in optimal control and in state-space dynamic games, but it is the first time
it is applied in the context of network formation. This methodological contribution is all the more
innovative that is done in the presence of dichotomous variables, which is far from being a standard
case.

Also, we would like to highlight the two features of the network formation games introduced in the
paper: (i) the principle of natural elimination of the links according to which players can create a link
but in case of zero contributions from both sides of the link it will be eliminated from the network,
(ii) the capacity constraints on players’ efforts (on stage contribution in the first model and on overall
contribution in the second model) that players realize to have gains from the links. The farsightedness
in addition to all above mentioned features makes the models of network formation original. While
there exist some works that consider limited capacities in link formation, they assume that players are
myopic.

The remaining parts of the paper are organized as follows. Section 2 presents our dynamic network
formation game played sequentially by players having limited capacities of forming links at every stage
of the game. We focus on the equilibrium analysis in Section 3. We show the existence of subgame
perfect equilibrium in Subsection 3.1 and provide a numerical example in Subsection 3.2. Section 4
concerns a modified version of the model, where the game is played simultaneously and players have
overall limited capacities for the whole game that can be redistributed over links and time. We present
the modified model in Subsection 4.1, determine the necessary conditions for the open-loop Nash
equilibrium in Subsection 4.2 and provide a second numerical example in Subsection 4.3. In Section 5
we mention some further steps for research on the investigated framework. Appendix A presents tables
with Nash equilibria for the numerical example of Subsection 3.2.

2 Model with stage capacity constraint

Denote by N = {1,...,n}, n > 3, the set of players and consider a T-stage network formation game.
A communication structure on N is represented by an undirected network (N, g), where g C G = {ij |
i,j € N,i # j} is a collection of unordered pairs of players. To keep the notation simple, and if no
ambiguity arises, we write g when we refer to a network (N, g). The initial network ¢° is given, and
at the beginning of stage t, the players are connected by network g*~!.

Each stage t = 1,...,T is divided into two steps:

Step 1: In this step, the players sequentially choose the set of links they want to establish with the
other players, with the sequence being defined by w : N — N. The set of actions of player i € N
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in stage t is
={aj:af; €{0,1},ij ¢ g" " jeN,j#i},

where aﬁj = 1, if player i wants to create a link with player j, and 0 otherwise. Denote by a’
the profile of players’ actions (a! : i € N), at € Al. In this first step, the information is perfect,
i.e., the players know the order and actions that players previously chose. The link connecting
players 7 and j is formed at stage t if both players choose actions atj = aj = 1 and each pays
a cost ¢ > 0 to create the link. We assume that this cost is the same for all links and does not
vary over stages. The resulting formed network is denoted by g¢. If a link connecting players 4
and j exists in network g*, we write ij € gt.

Step 2: In this step, any player ¢ chooses her contribution :c . to each link ij € g%, thus forming a
vector x! of contributions for existing links connecting thlS player with her neighbors. The total
contribution of player i at stage t is constrained. Consequently, the action set of player i € N in

stage t is defined by

X! = mﬁ:mszo,jeN,j#i,ingt such that Zxﬁjgff ,
ijEgt

where Z! is the upper bound for player i’s contribution at stage t. The players choose their
contributions z!, i € N, simultaneously, i.e., the information is imperfect in this step. Denote
by ! the profile of players’ actions (z! :i € N), 2t € X!, at the second step.!

A strategy of player i at stage ¢ is a pair (af, z!), where af € Af, 2! € X!. Once the two steps are

completed, player ¢ € N obtains her stage payoff defined by

toot ot t

m;(a',x") = Z (aijxij )—1—52% Ty — Z ¢, (1)

ijegr ijegt ijeg’,

ijgg" ™!
where a;; > 0 for any 4,5 € N and ij € ¢*, 6 > 0, al € A, and 2! € X!. In (1), the term
QijTl; — %(%)2 represents the revenue that player i gets from establishing a link with player j. The
(concave) linear-quadratic specification is adopted to account for the decreasing marginal returns in
the contribution to a link. The term § ZZ] gt xwle corresponds to the synergetic benefit of players i
and j contributions. The last term represents the cost of link formation, which is paid only for new

links that are formed at stage t. Payoff function (1) can be rewritten equivalently as

te t oty § oot E E
T (a’ ) L ) - <a1]mij ) + 4 $z] j’L —-c azg j’L’ (2)
ijegt ijeg? ijeg

where a’ Jaj is equal to 1 if both players ¢ and j choose to create link ij; otherwise, it is equal to zero.

If t = T, then the game stops; otherwise, stage ¢ + 1 starts with an initial network g given by

9" =9 U{ijij ¢ g el =al =13\ {ij 1 ij € g 2l = 2, = 0}, (3)

where {ij : ij ¢ gt~ tal, = = 1} represents the set of links created at stage ¢ and {ij : ij €

s g
gt 1, x% = ;v = 0} is the set of hnks eliminated by virtue of the principle of

Natural elimination of links: Link ij € g¢' is deleted at the end of stage ¢t = 2,...,T if ij € g'~!

to ot
and z;; = 27, = 0.

!The action set X} obviously depends on network g* but we omit the argument of network g* in notation X! for
simplicity.
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The players use behavior strategies in the game, represented by a mapping o; defined on the
set of histories. Specifically, H is the history of play, that is, ((a',2'),..., (a®,2")). The se-
quence of networks formed along the game process is uniquely defined for any history H by (3)
with given initial network ¢°. At stage t for any reduced history H?, that is, the sequence of ac-

tions ((al7 xl), ..., (at7L, xt_l)) chosen by the players at stages 1,...,¢ — 1, respectively, the behavior

strategy o;(H') determines a pair of actions to player i. Therefore, o;(H') = (a!,z!), where a} € Al
and z! € X!. We denote the profile of behavior strategies by o = (01, ...,0,), and the set of behavior

strategies of player i by ;.
Definition 1. A T-stage network formation game is defined by the set of players IV, the set of behavior

strategies 3;, i € N, with the game process as described above, and the payoff to player ¢ in the game
defined by

T
(o) =Y _mi(a’,a"). (4)

We denote by I'(¢°) the T-stage network formation game with initial network ¢° and by I'*(g*~1)
the subgame starting at stage ¢ with initial network g*~!. A behavior strategy of any player i € N in
subgame I'*(g'~1) is a restriction of the behavior strategy o on this subgame denoted by o;|;. Denote
by X! the set of behavior strategies of player i. The profile of behavior strategies in subgame I't(g¢~!)
is oy = (01]¢, - - -, onlt), where o;]; € Xt. The payoff to player i in subgame I''(g°~!) is determined by

T
I(o]e) = Y i (a”,a7), (5)

where a pair of action profiles (a”,27) is chosen at stage 7 > t as a realization of behavior strategy
profile o|;.

3 Equilibrium analysis
3.1 Subgame perfect Nash equilibrium

A subgame perfect Nash equilibrium is a strategy profile o* in the T-stage network formation game
such that for every subgame, the restriction of strategy profile o* to the subgame I'!(g'~1) denoted by
o*|; is a Nash equilibrium in that subgame, i.e., for any player ¢ € N, any strategy o; € ¥;, and any
subgame starting at stage ¢ with initial network g‘~! it holds that

I (0"[¢) > (05, 07 ]2)- (6)

Proposition 1. A T-stage network formation game admits at least one subgame perfect equilibrium.

Proof. For any i € N and ¢t = 1,...,T, the set of actions A! is finite and the set of actions X} is
compact. The payoff function 7!(a’, ') is concave in player i’s actions. Moreover, the set of networks,
that is, the set of states in the dynamic network formation game, is finite. Therefore, there always
exists at least one subgame perfect equilibrium in 7T-stage network formation game. O

3.2 Numerical example

We illustrate our network formation game with an example with 3 players (N = {1,2,3}) and 3 stages.
We suppose that ¢ = 0.8, ¢ = 0.5. The values of «;j, i, € N and the upper bounds on the capacities
T, i€ N, t=1,2,3 are given in Table 1 and Table 2, respectively.

Let the players choose their actions a! at any stage ¢ with the order w(1,2,3) = (1,2, 3). To find a
subgame perfect equilibrium we proceed backward. We start with ¢ = 3 and consider all possible initial
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Table 1: Values of «o;;, i,5 € N

i\j| 1 2
1 -~ 08 1
2 05 — 09
3 05 05 -

Table 2: Upper bound for players’ contribution

I
51
o
I
oo

I IS
= w |8
=W
—_ 0

states for this subgame, i.e., all possible networks represented in Figure 1 and denoted as ¢4, ..., /s,
respectively. We describe finding the Nash equilibrium in subgame I'®(g?) for any possible network
g% € {ty,..., 3} in detail. The calculations for other subgames will be omitted, but the Nash equilibria
for all subgames will be presented in the tables in Appendix A.

NN N

(@) 41 (b) £2 (c) ¢ (d) £
O——® @\@ ® © ﬁ W ®
® ®)

(e) &5 (f) Lo () £7 (h) s

Figure 1: All possible networks formed by the players from set N = {1, 2,3}

We first solve the game played at the second step for all possible networks formed by the players

from N. At the second step, the network is defined after the players choose their actions a! at the

first step of stage t. Then, at the second step of stage t player i € N solves the following optimization
problem:

1
t t\2 t ot
max g iy — — (X ) E €To.T
rteXx? ( g 2( ”) + W
=% | jegt ijegt

We should notice that the last term in expression (1), that is, the cost of establishing links, is omitted
as this term is independent of actions zf, i € N.

The Lagrangian of player i is given by
1
Li(g', " X)) = Z <Oéij$§j - 2@5]‘)2) +0 Z T+ A Z x =@ |
ijegt ijegt ijegt
which is maximized subject to constraints:
xi; >0, Vij € ¢',
A <0,

X(S al—at) =0,

ijegt
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A Nash equilibrium is obtained by solving the system:

oL
oz},
xi; >0, Vij € g',

A <0, VieN,

Af( 3 xgj_fg) =0, Vi€ N.

ijeg?

= qij — al; + 0xl, + M =0, Vij e g', Vie N,

To illustrate the computational procedure, we consider first Table 3, which gives the players’ Nash
equilibrium contributions for all possible networks, that is, for any g € {¢1,...,/¢s}.

We make the following observations: (i) The most efficient network that maximizes total profit
is not the complete network, but network ¢5, with only players 1 and 2 being linked. (ii) The most
profitable network is ¢s for player 1 with links 12 and 13, /5 for player 2 with the single link 12,
and (g for player 3 with the single link 13. (iii) The players use their total capacities only when the
network is complete. In all other possible networks, there always exists at least one player whose total
contribution is less than her capacity z!. (iv) All networks in the set {{1,...,¢s} are Pareto optimal
except the empty network /g.

Once we find the Nash equilibrium contributions in the simultaneous game played in the second
step for any network g, we can draw the extensive form tree for a given sequence of players. In
this example, we retain w(1,2,3) = (1,2,3). The subgame starting at stage 3 can be represented in
extensive-form game for any given initial state g> € {/1,...,¢s}. The Nash equilibria for this subgame
are given in Table 4.

There exist many equilibria for any given initial network g2, but for all equilibria the final network
that is formed after the players choose their strategies is unique for each given network g2, and the
players’ payoffs are also the same. Therefore, to save on space, we represent only one equilibrium in
Table 4. The Nash equilibria in the subgame I'?(g') starting at stage ¢t = 2 are given in Table 7 in
Appendix A, and for the whole game I''(¢") in Table 8 in Appendix A. In all tables we present the
initial network, players strategies (actions for each stage of the game or subgame), players’ payoffs,
and final network formed under equilibrium strategies.

We make the following observations:

1. For any given initial network, the final network depends on the number of remaining stages. For
example, if we start with the empty network and have only one stage left (see Table 4), then
only link 12 appears in the final network, but if the number of stages is two or three (Tables 7
and 8), then the final network is ¢ with two links 12 and 13. As investing in a link is costly, a
sufficiently remaining planning horizon is needed to amortize this cost.

2. For all initial networks, we end up with either the complete network ¢; (for 4 different initial
networks) or the two-link network ¢ (for the other 4 initial networks). The order of play is given
in the example by w(1,2,3) = (1,2,3). Clearly, the results may change if another order were
considered.

3. In all cases, the network formed in the first stage is the final network, that is, the players invest
in the links they want to establish as early as possible and do not eliminate a link later on. This
result is related to the cost argument given above. Once a link is established, a player is better
off contributing any positive number rather than zero. In our setting, the link is eliminated if
both players make zero contribution in at least one stage. If we allow elimination of a link when
at least one player contributes at a zero level, then the result may change.
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Table 3: Nash equilibrium for the game at the second step

Network NE strategies Payoffs Total payoff
(39 T1a = 2.46, 213 = 1.54, w01 = 2.20,
223 = 0.80, 231 = 0.80, 732 — 0.20 (4.61,3.54,1.27) 9.42
r12 = 2.5,x91 = 2.5,
213 = 1.5, w31 = 1.00 (5.45,3.13,1.20) 9.78
@\f z13 = 1.49, 231 = 0.61,
23 = 1.21, 733 = 0.39 (1.11,0.73,1.34) 3.18
T12 = 2.24, 2291 = 1.79,
o3 = 1.21, 235 — 1.00 (2.50, 3.82,0.96) 7.28
@ x12 = 3.20, 21 = 3.00 (5.12,4.68,0.00) 9.80
z13 = 1.80, x31 = 1.00 (1.62,0.00, 1.44) 3.06
x23 = 1.70, 32 = 1.00 (0.00,1.45,1.36) 2.81

O,
O,

@ — (0,0,0) 0

As an extension, once the equilibrium is determined, we could construct a corresponding weighted
graph to the formed network, with the weight of a link being given by the product of the two players’
contributions. Such a weighted graph reflects the strategic interactions between the players, which are
the results of their choices of connections and contributions to the created links.
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Table 4: Nash equilibrium for subgame T'3(g2)

Initial network g2 Strategies

Payoffs

Final network g3

z3, = 246,235 = 1.54, 23, = 2.20,
x35 = 0.80,23, = 0.80,z3, = 0.20

3 _ 3 _
a33 = 0,a3, =0,
3351"2 = 2.5,x5, = 2.5,
x‘f3 = 1.5,:1:§1 = 1.00

0?2 = 17“%1 =1,
af, = 2.46,z%5 = 1.54, 23, = 2.20,
w3, = 0.80,z3; = 0.80,23, = 0.20

3 _ 43 —
ajz = a3 =0,
z3, = 2.24, x5, = 1.79,
x5, = 1.21,23, = 1.00

3 _ .3 _ 3 _ 3 _
ajs 5 aszp = ‘7'233* agy =0,
z3, = 3.20,23, = 3.00

RN

3 _— .3 _ 3 _— .3 _
ayy = a3 = 1l,ay3 = a3 =0,
z3, = 2.24, 735, = 1.79,
r3; = 1.21, 73, = 1.00

O,
O,

(4.61,3.54,1.27)

(5.45,3.13,1.20)

(4.11,3.04,1.27)

(2.50,3.82,0.96)

(5.12,4.68,0.00)

(4.95,2.63,1.20)

(2.00, 3.32,0.96)

(4.62,4.18, 0.00)

- [ 7] [ <]
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4 Dynamic network formation with overall limited capacities of the
players

4.1 Model with overall capacity constraint

We modify the dynamic game of network formation presented in Section 2 in two respects. First, the
players simultaneously and independently propose links to other players, and as a result, the network
is formed. Recall that in the previous model, this step in any stage was played sequentially. Second,
the capacity endowment for each player is defined for the whole game and not for each stage, which
adds one more dynamic feature to our model. Indeed, the players now face an intertemporal arbitrage
when allocating their contributions to their links. We denote by y! the remaining available capacity
to player i in stage t and by v the total capacity. In the parlance of dynamic optimization, y! is a
stock of a nonrenewable resource (state variable) that is depleted over stages.

We briefly describe the T'-stage dynamic network formation game with overall limited capacities,
with initial given network g°. The game proceeds as follows:

1. Each stage t is divided into two steps. First, given the network g'~! formed in stage ¢ — 1, the
players propose links to other players. Second, they choose their contributions to the links in the
network considering remaining available capacity. More specifically, we have:

Step 1. The players simultaneously and independently choose their actions a! € A!, where A! =

{a} :al; €{0,1},ij ¢ g'',j € N,j #i}, and al; = 1 if player i is willing to create a link
with player j, and 0 otherwise. Denote by a' the profile of players’ actions (a} : i € N),
at € Al at the first step. For any player i € N, the cost of creating a link is ¢ > 0, and it
will be paid by players ¢ and j if aﬁj = aéi = 1. The network formed at stage t after players

choose their actions is denoted by g¢¢ and defined by
9" =9¢""tU{ijij ¢ g aly = af; = 1} (7)

The network g* is known to the players.

Step 2. The players simultaneously and independently choose their contributions to the existing
links 2} = («f; : j € N,ij € g') € X}' in network ¢*, and the set of actions of player
denoted by X!’ is defined by

X' =<l al;>0,j€N,j#i,ij €g' suchthat Y al; <yls,

3
ijEgt

where y! is the capacity of player i at stage t. The evolution of this state variable is governed
by the following difference equation:

e X e = ®

subject to the nonnegativity constraint

yf>0, t=1,...,T. (9)

2. After the players make their choices, the network g* is updated using the principle of natural
elimination, that is,
g i=g"\{ij:ije gt_lal’zt'j = x;z =0} (10)
3. The payoff of player i € N in stage t is given by

_ 1
wt(at,at, gt 1) = Z (aijxgj - 2<x§j)2> +6 Z xiah; —c Z ag;a%;, (11)

ijegt ijEgt ijEgt
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where ' = (z! : i € N). The payoff function is similar to what we had in the previous model,
therefore there is no need to repeat the same comment.
4. If t < T, then the game moves to stage t + 1; otherwise, the game stops.
Remark 1. The rule of natural elimination of links is equivalent to the model of network formation
described above when players can delete a link at zero cost. Contrary to most known models of network
formation, here a link z'j € g'~1 is severed at stage t if both players choose action a! az.i = 0, which

ij
is equivalent to !, = x%, = 0. Then, the set of player i’s actions can be rewritten as

ij J
z{af:afje{o,l},jeN,j;&i},

where
1, ifij ¢ ¢! and i is willing to create a link with j,

ai; =140, ifij¢g'~! and i is not willing to create a link with 7,
0, ifij € g'~! and i is willing to sever a link with j.

If we describe the rule of elimination of links in such a way, then the network dynamics can be defined

by
g =g ulijij ¢ g al; = ab, =13\ {ij s ij € g af; = af; = 0} (12)

Considering the network dynamics (12), the stage payoff function (11) can be rewritten as follows:

wt(at,zt, gt = Z (041']' t )+5 Z ziah; (13)

ije€gt—1 ijegt—1
t 1 (S
+ E: a” Jl Qi Ty § + 2: aljaﬂxljxﬂ_ 2: ca” Jz
ijggt—t mEgt ! ijggt—t
- (1—at)(1—al) (ayzt, — = -9 (1 —aj;)(1 — aly)xal,
ij ji )i ij i
ijegh—t ijegt—t

where ! = (2! : i € N). The first row in (13) represents the payoff of the player over existing links

in the network g'=1, i.e., before creating/deleting links. The second row is the payoff of the player
over the links created at stage t, and, finally, the third row represents the loss over the links deleted
at stage t.

To wrap up, we define a T-stage network formation game with overall limited capacities of the
players by the set of players IV, the state dynamics (8) subject to constraints (9), and payoff functions
given by

i(a,z,¢%) Zw (at, 2, g"h). (14)
for any ¢« € N. We denote the T-stage network formation game with overall limited capacities of the

players with initial network g° by IV(g°). We note that this game belongs to the class of linear-quadratic
games.

4.2 Open-loop Nash equilibrium

We seek a Nash equilibrium in open loop strategies. Let o} be the open-loop strategy of player i € N
defining the strategies (a!,z!), af € Al, 2l € X! at any stage t. Then, the payoff function of player
i € N in open-loop strategy proﬁle o = (o;:1 € N) is defined by

(0, ¢°) = I;(a, z, ¢°) ZT( (at,zt, " 1), (15)

Denote the set of open-loop strategies of Player ¢ by 3;.
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*

Definition 2. The profile of strategies o* = (¢} : i € N) is an open-loop Nash equilibrium in I'(g°) if
Hi((ajvaii) ) > 1I; ((027 )790)7
for any o; € ¥; such that of = (af, zl), al € AL, 2l € XV

The following proposition gives the necessary conditions for the open-loop Nash equilibrium in
dynamic game I(¢g°) with initially given network ¢°.

*

Proposition 2. If the profile of open-loop strategies o* = (o} : i € N), with the components ¢/* =
(at*,2%*), i € N, t = 1,...,T, is an open-loop Nash equilibrium generating the state trajectory
y™* = (yt* : i € N) from initial state y? in the game I"(g°) defined by payoff functions (15) and (13),
and conditions (12) and (8), then there exist functions of time !, i € N, with values in R and 6},
1 € N, with values in R, such that the following relations hold:

ij € gt 1, aijx';j — %( ) + &meﬂ + )\tH t fofj > 0,
1, if or

ij ¢ gt aijal; — (! )2+ ot — )\t“xt +0ix; > ¢,
¢
a/ij —
y _ 1
ij € gt iy — (at ) + 0xf;al; + Nty =0zl <0,
0, if or
Z.] ¢ gt_la O‘ij'rgj - %( ) + 6‘1:1]‘1:]2 - At+1 t "‘95935; < G
ifij e gt al; =1oral; =1,
aij + ot — N 4 6L, or
if ij ¢ g, af; = aj; =1,
¢
T =
if ij € g*~1, af; = af; = 0,
0, or
ifij ¢ g'~', al; =0 or af; =0,

and
Za
0—9t<2x”—yl ), t=1,...,T,

ijEgt
0>6!, t=1,...,T,
A =0,

Proof. First, we assume that player ¢ € N chooses strategies qu € [0,1] instead of choosing binary
variables a;‘fj € {0,1} at time ¢t # T. (As we will see, the equilibrium problem of player i € N is linear
in qu, so choosing an interior value qu € (0,1) has no impact on the equilibrium outcome.) Therefore,
variable qu characterizes the willingness of player i to form a link with player j at time ¢. If qu =1,
then player ¢ proposes a link to player j, and if qu = 0, then player ¢ does not propose a link to
player j. Denote by ¢' the vector of strategies (¢f : i € N) at time ¢. Then, the open-loop strategy of
player i is modified and let denote it by &;, where & = (¢!, z?).

Following Pontryagin’s maximum principle, we write the Lagrangian function taking into account
inequality (9), conditions (8), and dynamics (12):

ci(t7yf7qtaxtv)‘§+l70§) = Z (aijx;?]' - ZE” ) + 5 Z xl]xﬂ

ijegt—1 ijegt—1
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1
+ Z i (aij$§j—§(mfj)2>+5 Z Q515050 — Z cqijji

ijggt—1t ijggt—1t ijggt—1t

1
= 3 - (s - 36@?) =5 X G- da- et

ijegt—1t ijegt—1

+A [yf = > (-0 -agp-g))l; - Y qwqﬂ“””]

ijegt—1 ijggt—1

+ 92 [ Z (1 - (1 - ij)(l - q;z))a::] + Z QEjQ§¢$§j - yf] s

ijegt—! ijggt—?!

where X, t = 1,...,T, is the costate variable and 6! is a Lagrange multiplier. If the Karush-Kuhn-
Tucker conditions are satisfied, if the profile of open-loop strategies &* = (§; : ¢ € N) is the Nash
equilibrium, then there exist nonzero functions of time A! and 6!, t = 1,...,T, i € N, satisfying the
following conditions:

tx __ t t+1 pt
& —arnge[oﬁé}gﬁexf,ﬁ( U (a6, (2, 22), N7 0)), (16)
B
A= o Lt y™, (af,q), (), 25), AT, 67),
( f;fyf), t=1,...,T,
ijEgt
0>6, t=1,...,T,
M=o,

where y7 = (yi*,t =1,...,T) is a state (capacity) trajectory of player i with initial state y* = y?.

The last four lines of system (16) can be rewritten as follows:

T
-0

Since the Lagrangian is a linear function with respect to strategies q;?j, then the solution of the maxi-
mization problem in (16) w.r.t. ¢f; is as follows:

1, ifij € gt agiat; — 3(al;)? + oatjah, + AT el — 6lat; >0,
¢ = 0, ?f zg € ng, Oliszj - %(9&%) + ol ah; + X:i z 6{3:% <0,
1, ifij¢ g™, aigay — 5(1'”) + 5%]1]1 A i >
0, ifijé g™t agyal; — 5(al)? + dalial, — )\Hlxt +0jzl; <c.

Taking the derivative of £; w.r.t. xf; and that ¢f; = 0 or 1, we write the first-order conditions for z};:

Qi + 51‘;1 — )\$+1 + eztw if ij € gt_17 Cﬁj =1lor Q§i =1,
t 0, if Z] € gtilv q;,;j = q;’i = 07
Y Yy 4 oat, = N 0! itij gt gl =dh =1,

0, ifij ¢ g'=', qf; =0or ¢}, = 0.
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Since qu takes the values from the set {0,1}, we can write down the equilibrium strategies using

notations aﬁj, which is initially assumed to be binary.

This finishes the proof. O

4.3 Second numerical example

The set of players is N = {1, 2,3}, and we consider 3-stage network formation game as in Section 3.2.
We keep the parameters 6 = 0.8, ¢ = 0.5 at the same values.

The values of a;;, 3,5 € N are presented in Table 1.

The upper bound of the overall capacities y!, i € N, are given in Table 5.

Table 5: Players’ overall capacities

We find the open-loop Nash equilibria using Proposition 2. Assuming that the initial network ¢ is
the empty network, we find all Nash equilibria solving the system of equations given in Proposition 2.
There are ten Nash equilibria and they are presented in Table 6. We divide them into three groups
relative to the final network formed in the equilibrium.

We make several conclusions on this numerical example:

1. The open-loop Nash equilibrium is not unique. The multiple equilibria are implied by the finite-
ness of the set of strategies A; for any player 4, i.e., players choose their strategies a;; from a
binary set {0, 1} and make their choices simultaneously.

2. There are only three networks that can be formed in the equilibria: empty network, /5 when
only players 1 and 2 are linked, and ¢z when only players 1 and 3 are linked.

3. In the equilibria (2.7)-(2.vi), player 1’s overall capacity is not used, So_ %, = 8.8 < 10 = 49,
while player 2 uses her overall capacity in the game, Zle xh =2.67x3~8=1y9.

4. In the equilibria (3.7)—(3.i¢), player 1’s overall capacity is not used, Zle zly =4.6 <10 =9,
while player 3 uses her overall capacity in the game, Zle xhy =2 =14.

5. Once the players choose the strategies a;; to create the links in the network, they are never
willing to remove them, i.e., the links are created for all the stages.

5 Conclusion

In this paper, we investigate two versions of a finite dynamic network formation game in which play-
ers’ actions concern the choice of links that they wish to form with other players and the levels of
contribution to their links. While in the first version of the game players choose sequentially their
strategies and then decide about their limitations on contributions for each period, in the second ver-
sion the game is played simultaneously and players have constraints on overall capacities that they can
redistribute over links and time. In our models, players make their decisions by maximizing the sum
of the stage payoffs, but not the stage payoff. This farsightedness feature complicates computation of
the equilibria. As a consequence, a limitation of our settings is that they cannot be applied to model
network formation with very large number of asymmetric players.

We can think of several future research directions. In a possible extension of the model, the benefit
from not using the whole capacity of a player can be added. More precisely, if player ¢ chooses strategy
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,

ot = (xt.j :ij € g*) such that

then she can benefit from zf — 3, jegt a};. This can be interpreted as a benefit from “not working” or
from “having a free time”.

In another follow-up research direction, we can compare the subgame perfect equilibrium that we
find in the paper with myopic equilibrium, when players choose their strategies myopically without
taking into account the influence of their actions on future state represented by network. This would
lead to repeated games, where myopic equilibrium (or the sequence of best replies) can be computed.

Furthermore, we are also interested in the issue of social welfare and the investigation of efficient
networks. If the network is formed under cooperative approach to maximize the total utility, an
interesting question would be whether the cooperative strategies represent the equilibrium. If this is
not the case, it would be worth of exploring whether the payment scheme to sustain cooperation over
time can be constructed; see Parilina and Zaccour (2022) for payment schemes in dynamic games with
finite duration.

Table 6: Nash equilibria for example in Section 4.3

Strategies Payoffs Final network g3

@ ®

t=1,2,3:
(1.i)al, = o,taf13 = o,ta’;1 =0,ab, =0,
1 = 0,5 =0 (0,0,0) ®

Nt t t t
(Lii)aly = 07; ajz = 0,a5; =0,a55 =1,
az; =0,a55, =0

t=1,2,3:
(2.4)a}y = 1thLt13 =0,a5 =1,a5; =0,
az; =0,a55, =0

N S I
(2.4i) aly =1,ab5 =0,0d, = 1,0k, =0,

t t

(2.ii1) al, = 1,a§30: o,agloz l,ab, =1,
a3p = U, a3y =0,
(12.41,11.61,0) @

N ot — t t o1 ot —
(2.v) aly =1,al3 =0,a}; = 1,055 =0,

- t =
az, = 1l,a5, =0,

t t o t t
(2w)aly =1,al3 =0,a}; =1,a5; =1,
t - t
az, = 1,a5, =0,

(2.vi)afy = 1757 ajz = 27 asy = 1,055 =0,
az; =1,az =1,
and
at, =293,z =2.67,t=1,2,3

t=1,2,3: @

(3.i)al, =0,at; =1,af; =0,al; =0,
ag; =1,a5, =0
(34i)aly, =0,al; =1,a8; =0,al, =1, (3.03,0,2.29)
az; = 1,a3, =0,
and
at, = 153,28, = 0.67,t=1,2,3
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A Nash equilibria for the numerical example in subsection 3.2

Table 7: Nash equilibrium for subgame T'2(g!)

Initial network g! Strategies Payoffs Final network g3

<

Z 5 t=2,3:
xl, =246,z = 1.54,zh; = 2.20, (9.22,7.08,2.54)

why = 0.80, 2%, = 0.80, 2%, = 0.20

t t
9 23 = 0,03, =0, (10.90, 6.26, 2.40)

:r’i3 = 1.5,1:51 =1.0

1=1

[N}

2
afy = 1,a

2?

w

©
O,
®

@\J@ »
oty = 246,00, — 1542, — 220,  (3726.58,2:54)

=1.
by = 0.80,2%, = 0.80, 2%, = 0.20

af; =a3, =1,

t=2,3:

aly = 246,z = 1.54, 2%, = 2.20,
by = 0.80, 2%, = 0.80,z5, = 0.20

(8.72,7.08,2.04)

(10.40,6.26,1.90)

afy = agg{ = 115;%3 =a3, =0,
azg = azy =0,
t=123: (10.40, 5.76, 2.40)
zl, = 25,25, = 2.5,
1:33 = 1‘5,10(%1 = 1.00

2 _ .2 _ 2 _ 2 _
ajy =az = l,a13 = a3 =1,
t=2,3:
xiz = 2.46,1‘53 = 1.54,1‘51 = 2.20,
by = 0.80, %, = 0.80, 2%, = 0.20

(8.22,6.58,2.04)

a2, = a3, = 1,02, = a2, =1,
a%2:a%1 =0 a§3:a§1 =0
@ 32 23 ’ 32 23 ’
t=2,3: (9.00,5.76,1.90)
xzl, = 25,28, = 2.5,
x’ig = 145,1051 = 1.00
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Table 8: Nash equilibrium for subgame I'!(¢°)
Final network g3

Strategies Payoffs

Initial network g°

t=1,2,3:
(13.83,10.62, 3.81)

xl, =246,z = 1.54,xf, = 2.20,
x5g = 0.80, 2%, = 0.80,z5, = 0.20

t=1,2,3:
t t
agq = 0,a3, =0,
oty = 2.5, ah, — 25, (16.35,9.39,3.60)
zty =15z =10

afy = 1£ 0'2313: 1,
t=1,2,3:
aty = 2.46,at, = 1.54, 21, = 2.20, (13.33,10.12,3.81)

by = 0.80, 2%, = 0.80,z5, = 0.20

ajy = ag; = 1,
t=12 (13.33,10.62, 3.31)

5’352 = 2.46, :(;53 =1

54,k = 2.20,
aby = 0.80,z, = 0.80, 25, = 0.20

ajs = %%1 = 11:7
t=1,2,3:a53 =az, =0,
t=2,3: (15.85,9.39, 3.10)

zl, = 2.5,z =25,
zly =1.5,x5 =1.00

RGN

1.1
a1z = ";21 = 1157
t=1,2,3:a53 =azy, =0,
t=1,2,3: (15.85,8.89, 3.60)
zl, =25,z =2.5,
:ct13 = 1.5, acgl =1.00
ajp = ay = lajy = agy =1,
(12.83,10.12,3.31)

t=1,2,3:
zl, = 2.46, 2%, = 1.54, 2%, = 2.20,
zb, = 0.80,z%; = 0.80, %, = 0.20

RN EICIRNEIRIEN

©
®

1.1 _ 11 _

A1 = A9 = 1vta13 *t‘lm =1

t=1,2,3:a3, = ay3 =0,
t=1,2,3:

xb = 2.5,1:51 = 2.5,
zly =15,z =1.0

(15.35,8.89,3.10)
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