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Abstract : We characterize cooperative and non-cooperative solutions of a dynamic game played
over event tree when the transition probability are not given. We assume that the players implement
feedback strategies that are adapted to the nodes of the event tree and to the state variable. A robust
control is adopted, that is, an approach where the players consider that nature will choose the worst
probability distribution with respect to their payoffs. We illustrate our results with an environmental
management example.

Keywords : Stochastic games; event tree; S-adapted strategies; robust optimization

Résumé : Nous caractérisons les solutions coopératives et non coopératives d’un jeu dynamique joué
sur un arbre d’événements lorsque la probabilité de transition n’est pas donnée. Nous supposons que les
joueurs mettent en ceuvre des stratégies de rétroaction adaptées aux nceuds de ’arbre d’événements et
a la variable d’état. Un controle robuste est adopté, c’est-a-dire une approche ou les joueurs considerent
que la nature choisira la pire distribution de probabilités par rapport a leurs gains. Nous illustrons
nos résultats par un exemple de gestion environnementale.

Mots clés: Jeux stochastiques; arbre d’événements; stratégies S-adaptées; optimisation robuste
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1 Introduction

Many problems in economics, engineering, and management involve (i) a small number of agents who
compete, or cooperate, repeatedly over time; (ii) an accumulation process, e.g., production capacity,
pollution stock, brand reputation, that affects the players’ current and future payoffs; and (iii) an
uncertainty about the model’s parameter values. These features point out toward stochastic dynamic
games as a natural methodological framework to determine the outcomes. When the game is in discrete
time and the players’ actions do not affect the transition probabilities of the stochastic process, then
an event tree becomes an attractive tool to model the uncertainty. A game that encompasses these
features is called a dynamic game played over event tree (DGPET).

The class of DGPETSs was initially developed in Zaccour (1987) and Haurie et al. (1990) to model
long-term competition among the few exporters of natural gas to some European markets represented
by stochastic demands. Pineau and Murto (2003) and Pineau eta 1. (2011) adopted a DGPET model to
analyze strategic investments in the electricity industry in Finland, and Genc et al. (2007) in Ontario,
Canada. The information structure, that is, the piece of information used by the players to make
their decisions, was termed S-adapted information structure, where S stands for sample value of the
stochastic process. The resulting equilibrium was referred to as S-adapted open-loop equilibrium to
highlight that the strategies are adapted to the nodes, but do not depend on the state variables.
Haurie and Moresino (2001, 2002) dealt with the computation of S-adapted open-loop equilibria in
oligopolistic markets.

Some more recent developments focused on cooperative DGPETs. Reddy et al. (2013) proposed
a node-consistent Shapley value and Parilina and Zaccour (2015a) a node-consistent core to sustain
cooperation over the whole duration of the game. Parilina and Zaccour (2015b) constructed an e-
cooperative equilibrium and Parilina et al. (2017) determined the price of anarchy in linear-state
DGPETSs. Parilina and Zaccour (2017) extended the framework to a case where the terminal time is
random, and Parilina and Zaccour (2022) to a scenario where the players have asymmetric beliefs.!

In all contributions to DGPETS, the authors assumed (i) that the transition probabilities in the
event tree are given and adopted, and (ii) that the players implement S-adapted open-loop strategies
with the exception of Reddy and Zaccour (2019) who considered S-adapted feedback strategies. The
objective of this paper is to determine noncooperative (Nash equilibrium) and cooperative (joint opti-
mization) solutions in S-adpated feedback strategies in DGPETSs when the set of possible values of the
stochastic parameters is given at each node of the event tree, but not the transition probabilities from
one node to its successors. Ellsberg (1961) refers to such uncertainty by ambiguity, which is defined
explicitly in Arend (2020) as follows: “Ambiguity exists when the set of future possible outcomes is
known, as is the set of actions possible to take, as are the payoffs for each action in each outcome, but
the (absolute) probabilities of those outcomes are all unknowable prior to having to make the decision.”
Further, as they lead to subgame-perfect equilibria, S-adpated feedback strategies are conceptually
more appealing than S-adpated open-loop strategies.

One way to deal with ambiguity is to consider all possible scenarios (a finite set), keep their
probabilities unknown, and use a robust-control approach to solve the problem assuming that Nature
“plays” against the decision maker by minimizing her payoff (Basar and Bernhard (2008)). In this
framework, a certain measure of robustness is sought against uncertainty that can be represented as
deterministic variability in the value of the parameters in the state dynamics or cost functions. Bauso
et al. (2016) implement this idea of robustness in a mean-field game with identical players, and Bauso
and Timmer (2012) apply the robust optimization technique to coalitional games.

An alternative approach to deal with uncertainty is “scenario analysis”, which aims at reducing the
number of possible values of the unknown variable up to a finite number and assume the probabilities
of these scenarios (Hgyland and Wallace (2001); Kaut (2021)). This approach requires statistical data

1See the textbook by Parilina et al. (2022) for a general introduction to cooperative and noncooperative DGPETs.
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and involves experts in the modeling, which may render its implementation complicated in situations
where the aggregation of subjective information is an issue, as in, e.g., a noncooperative game. Parilina
and Zaccour (2022) considered three procedures for aggregating players’ beliefs (subjective probabili-
ties) in a cooperative DGPET, namely, average weighting of beliefs, geometric average of beliefs, and
multiplicative belief aggregation rule, and obtained that the aggregation rule has a significant impact
on the results. For a comparison of scenarios analysis and robust-control design in a single player
context, see Calafiore and Campi (2006).

The closest contributions to ours are Jank and Kun (2002), and Engwerda (2017, 2022). Jank
and Kun (2002) provided a definition of a robust (or worst-case) Nash equilibrium in linear-quadratic
differential games (LQDGs), and Engwerda (2017) stated the necessary and sufficient conditions for
open-loop Nash equilibria for this class of games. Further, Engwerda (2022) designed equilibrium
control policies in a LQDG where the uncertainty is affected by the players who are assumed to be
risk-averse. Our contribution with respect to these references is twofold. First, in Engwerda (2017,
2022) and Jank and Kun (2002), the uncertainty appears additively in the cost function and in the
right-hand side of the state dynamics. In our paper, the uncertainty is not additive and is embedded
directly in the objective functional and in the function governing the evolution of the state. Second, and
more importantly, we consider feedback and not open-loop strategies. Feedback strategies are state-
dependent and, as recalled above, lead to subgame-perfect equilibria. To the best of our knowledge,
this is the first attempt to determine robust Nash equilibrium in feedback strategies in nonzero-sum
games.

The rest of the paper is organized as follows: In Section 2, we introduce a DGPET with ambiguity.
In Sections 3.1 and 3.2, we derive a robust cooperative and noncooperative solution, respectively. We
provide an illustrative example in Section 4, and briefly conclude in Section 5.

2 A DGPET with ambiguity

In this section, we introduce a DGPET in a setup where the structure of the event tree is known but
not the transition probabilities of passing through nodes.

Let T ={0,1,...,T} be the set of time periods. The event tree is represented by a finite set of nodes
n; in period ¢t € T with a root node ng in period 0. Any node n; € n; represents a possible realization
of the history of the game process up to time t. We denote by n; € n;_; the unique predecessor of
node n; € n;. The set of all possible direct successors of node n; is denoted by nj C ny41, and the
set of all nodes of the event tree having n; as their root node by n;"". Consequently, the entire event
tree is denoted by ng ™. When node n; is reached at time ¢, the subtree n/* emanating from node
ns represents the residual uncertainty. A scenario is a path [ng,nr] from the root node to node nr,
at which the game terminates. We denote by [ng,n] the set of all nodes encountered along the unique
sample path starting from ny and ending at n. Let the set of all scenarios in the event tree be denoted
by S, that is, S = {[ng, nr| : nr € nr}, and the set of scenarios in the event subtree emanating from
node n € ng* be denoted by S(n), that is, S(n) = {[n,nr] : nr € ny}.

Passing through node n;, the stochastic process transits to one of the successor nodes from the
set n;". The process certainly starts from node ng and terminates in one of the nodes from the set
ny. The transition from node n; € ny, t € T\ {T} to one of its successors belonging to the set n;"
is stochastic and defined by a discrete probability measure p,, = (pn.™" : nsy1 € n;7). (It is discrete
because the set of successors is a finite set of nodes.) Let the set of such probability measures be
denoted by P,,. The transition probabilities for different nodes are independent, and are independent
of players’ actions. Therefore, the probability of a scenario, say, s = [ng,ns] = [ng,n1, n2, n3), where
ny € nf, n2 € nf, ng € nj, is P(s) = Db - pp2 - ppd. Using transition probability measures we
can compute the probability of passing through a node n;, that is, the probability of the unique path
[n0, 711, ..., n¢—1,n¢), which is equal to 7, = ppl-...-ppt .
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When the transition probabilities are known, the game can be classified as a game with uncertainty,
where uncertainty is given by known probability measure P, for any n € na' T\nr. When the transition
probability measure P, is unknown for any n € na' *\ nr, then the uncertainty is referred to as
ambiguity in the stochastic programming literature (Epstein and Schneider (2007), Iyengar (2005),
Nilim and El Ghaoui (2005)). Adopting this terminology, we can refer to our game as DGPET with
ambiguity.

Denote by M = {1,2,...,m} the set of players. Now, we introduce the remaining elements of a
DGPET with ambiguity:

Control variables. Denote by ufzt € Uflt C R™: the vector of control variables of Player i at node
ny € ny, t € T\{T'}, where U}, is the set of control values of Player i of dimension m;. Denote

; .. . . Ul — i
by U* the product of decision variable sets of Player 1, i.e., VEHOH\HT v and by Une=1II Us, the
joint decision set for all players at node ny;
State variables. Denote by x,,, € X C R? the state vector at node n; € n, t € T, where X is the set
of states of dimension q. The evolution of the state over nodes is given by the transition function

fr () : X x Uy, — X defined for any node n;. The state equations are given by

Tn, = fn; (x”t_’u"t_)7 Tny = 20, (1)

where u,— € U, -, ny € ny, t €T \ {0}, and ¢ is the initial state given for the root node ny.

n
Note that the dynamics in (1) imply that all successor nodes of n; € ny, that is, ns41 € n;", have
the same state values;

Rewards. At any nonterminal node ny € ny, t =0, ..., T —1, the reward to Player i is ¢;(n¢, Tp, , un,)
and it is ®;(nr, x,,.) for any terminal node ny € ny. If the players choose the control

u={u, €U :nenf" \nr,ic M},
then the state trajectory x is defined as a unique solution of (1), i.e.,
x={x, :nendt}

and Player ¢ € M obtains in a particular scenario s = [ng,nr] € S the payoft

T-1

J; (no, x,u) = P’ Z Gi(nts Ty s Un, ) + pT(I)i(nTvan), (2)
t=0 ni€EngNs

where ny € nr is a node at which scenario s terminates, and p € (0, 1) is the discount factor.
Player i’s payoff in the subgame starting from node n; € ng, t € T\ {T}, in scenario s’ =
[ne, np] € S(ny) is given by

=

1

Jrfl (nt7x(nt)7u(nt)) = pT_t Z ¢i(n77xn77unf) +pT_t®i(nTaan)7 (3)
t nr €

T

’
n-Ns

where the state and control trajectories x(n;) and u(n;) are defined as

x(ny) = {zn :n €nf T}, (4)
u(ng) = {u’, €U :nen "\ np, i € M}, (5)

and x(n;) satisfies state dynamics equation (1) with initial state z,, = Zp,.
Information structure. An S-adapted feedback (or Markovian) information structure. That means

that the players use the position of the game (n¢, ., ) as information basis to make their decisions
at node n;.
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Strategies. Let ¥, be the set of strategies of Player i. An S-adapted feedback strategy v;(ns, x,,) €
¥; is a decision rule that defines Player 4’s control u},, € U}, for any node n,, t € T\ {T'}, and
any state x,, € X. Denote by ¥(ny, x,,) = (¢¥i(ne, x,,) : i € M) the strategy profile at node n;
and by u(n:) = (u;(ne) : i € M) the corresponding control profile.

Remark 1. We are dealing with ambiguity /uncertainty about probability measures defining the tran-
sitions from one node to another in the event tree by using a robust approach and finding the solution
with Bellman equation. To use it, we must satisfy the rectangularity assumption, which can be for-
mulated for our event tree problem as follows: For any scenario s € S in the game starting from node
ng, the set of probability measures defining the probability of the scenario s realization satisfies the
condition 7’:”1;IS Pn . This condition is clearly satisfied in our case since the transition probabilities are
independent along any scenario.

We notice that the players choose their strategies at any node from set nar+ \ ny while facing
an ambiguity about a forthcoming node. We use a worst-case or robust approach frequently applied
in optimization, control, and game-theoretical problems (Basar and Bernhard (2008); Iyengar (2005);
Engwerda (2017); Jank and Kun (2002)). In this approach, the players choose their strategies assuming
the “worst” realization of the stochastic process, i.e., at any intermediate node, the players consider
all probability measures defining probabilities of realization of all possible scenarios emanating from
this node and choose their strategies to maximize the payoff functional along the worst scenario or
under the worst probability measure. When the players follow a robust approach to solve the game,
their behavior can be called “pessimistic” as they assume that Nature defining transitions along the
tree always choose the worst ones that minimize their payoffs.

3 Solutions

In this section, we determine cooperative and noncooperative solutions in DGPETs with ambiguity.

3.1 Cooperative solution

We assume that the players agree to form a grand coalition and choose their strategies ¥; (n¢, z,,) € ¥,
foralli € M, n; € ng,and t = 1,...,T — 1 that maximize their joint payoff in a robust-optimization
sense. Taking into account that the scenario in the subgame starting from any node n; is stochastic
and defined by the probability measure P(n:) € P(n;), the total payoff of the grand coalition in the
subgame starting from node n; in time ¢ with state z,, under strategy profile ¥ (n, z,,) is given by

W(ntaxnﬁw(nh mnt)) = P(nglei%(nt) EP(nt) |:Z Ji(nt’x(nt)’ u(nt)) (6)
i€EM

T—1
:P( 1?61%( )EP(TH) |:§ pT—t 2 : z ¢i(n77xn77un7)+pT_t§ :(Pi(nT7an) ,
t nt’ T=t

nr€ny i€M ieM

s. t. dynamics equation (1), where EX(™) denotes the expectation over stochastic scenario [ng, nr], that
is, a collection of nodes [ny, n¢11, ..., nr_1, ny] under probability measure P(n;) € P(n;). Equation (6)
defines the payoff of grand coalition M in the subgame starting from node n; under profile of decision
rules ¢(ns, z,,) as a minimum expected payoff over all probability measures from set P(n;), while in
equation (3) the payoff of M in a particular scenario s’ is defined. The first term in the square brackets
of the last equality in (6) is Player i’s payoff along a particular scenario starting from time ¢ to 7' — 1,
and the second term is the terminal payoff of Player i. We should mention that the scenario [n:, nr]
is stochastic and it is realised under the probability measure P(n;). The robust optimization problem
of coalition M in the subgame starting from node n; € ng, t € T\ {T'}, with state z,, is

W*(nt’x"t) :111( :naX>EqIW(nt7$nuw(ntvwnt)) (7)
g, Ty

T—1
_ a . EP(nt) T—t . 7 , T—t P, , ,
w(nunin)t()G\P P(nglég(m,) Z p Z Z ¢1(n7— nr un,—) te Z Z(nT an)

=t nr€Eny icM ieM
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s. t. dynamics equation (1), and an optimal strategy profile is ¢*(n¢, x,,) at which the maximum
in (7) is achieved. This is a cooperative robust strategy profile for subgame staring at node n;. Let
the strategy profile ¥*(ny, z,,) generate in this subgame the collection of cooperative robust controls
u*(ny) = (ul(ny) : i € M), where u}(n;) = {u’,(ns) : n € nf" \ nr} and corresponding states
x*(ng) = {x}(n¢) : n € nj 7} found as a unique solution of equations (1) with initial state z,, (n¢) = ,
substituting cooperative robust controls.

Assuming that the probability measure solving the minimization problem (6) defines a deterministic
scenario, say scenario s’ = [ng,nr| € S(ny), Player i’s payoff in the game starting at node ng with
state zo under strategy profile ¢*(n¢, ©,,) when scenario s’ appears is defined by

T? (ne, %" (ng), u ZPT LY il (), (n) + pT Ri(ng, @, (n0).

n-€En,Ns’

We make the following assumption about the existence and uniqueness of solutions of the optimiza-
tion problem in (7):

A1: There exist a unique solution of maximization problem maxyn, z, )ew(n,) W (e Tn,, P (ne, Tn,))
for the subgame staring from any intermediate node n; with state x,,.

This assumption guarantees that there is a unique cooperative strategy profile and that players’ strate-
gies are known and well defined along each scenario of the game. If there are many solutions of the
maximization problem in (7), we need to consider one that the players have agreed to realize to avoid
nonuniqueness in the choice of cooperative control.

The following theorem characterizes the profile of robust strategies that solves (7) for any subgame
starting at node n; with state x,,.

Theorem 1. The collection of functions {W*(n, z,,) : nt € ng, ¢t € T} satisfies the following Bellman
equation:

W*(nr, @n,) = Z ®;(nr, Tny), nr € N7,
ieM

W*(nhxnt = mEa()J( [Z ¢Z ntamnﬁunt) + Pp Hlelg EPW* (nt+17xnt+1) , M € nt,t € T\ {T}7
Uny nt ieM ng ng

+1

s.t. state equation (1), where p,, € P,, is a discrete probability measure p,, = (pn.*' : n441 € n)")

defining transition probabilities from n; to its successors belonging to set n; .

Proof. Consider any node n; € ny,t € T\ {T'}. Since transition probabilities are independent for
different stages, from (7) it follows that

T—1
W*(ng, xn,) = min EF®) Tt Ny, Tn U =t ®;(nr,x
( ty nf) w(nt,zwt)E‘I’P(nt)EP(nf) 2/) n;} ZGZM¢1 Ty Ny nw p Z»EZ]\J 1( ) nT)
T—1
= max min E(p”f’P(m“)) ZPT_t Z Z¢i(n77xn77un7)
zb(m,znt)ew (Pny P(re41))EPny xP(nes1) p—’ neeny icM

+pT7t Z O;(nr, Tny ):| .

ieM

As > ¢i(ne, T, , un,) does not depend on probability measure (py,, P(n:11)), we have:
ieM

p(ne,xn, )EV

W*(ny,xn,) =  max [Z@(nt,xm,unt)
ieM
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T-1
+ min E(pan(ntJrl)){ Z ot

(pnt7P(”lt+1))€7>nt XP(ni41) —t

YD bilnr i un,) " Z@(nT,an>H

n-eEny i€ M €M
= § ¢z ntazn”unt)
¢(nt,l’nt)€‘ll ey
T-1
+ min EP™ min EP (1) E pTt
Py €Pny P(nit1)€P(niq1) =t 1
T—t
: E E ¢i(n77xn1—aun7)+p § ®z(nTaan)}>]
n-€n, €M ieM
= g di(ng, Tp,,u
(’ﬂt,ﬂ?nt)e‘l/ 3 9 Tt nt)

+p min EP W(nt+1a xnf+1 ’ w(nt—i-h 37m+1 )):| )
Pny €Pny

where the last equality follows from (6). We proceed equalities using the independence of transition
probabilities on strategy profiles:

W*(ng, x,,) = max [Z di(ng, T,y Un, )

Uny eUnf
+p min EPm™ max W(nis1, Tnyyy Oy, Ty )
Pny €EPny P(neq1 Ty yq )ew

T un el [Z ¢i(nt7znt7unt)+p min EPm W (nt+17xnt+1)‘|’

Un, €EUn, it Prn; €Pn,y

subject to state dynamics equation (1).

The boundary condition for the Bellman equation is

W nT,an g q) nTﬂ‘rNT
ieM

for any terminal node nr € np. O

Remark 2. The proof of Theorem 1 is based on solving the Bellman equation taking into account
the stochastic nature of the game process. The reason why we can use the Bellman equation is an
assumption made in Remark 1, i.e., that the discrete probability measures defining the transitions are
independent along each scenario. This allows us to use the Bellman equation to solve the problem.
The robust approach is implemented in the Bellman equation when we consider the worst case over
all probability measures defining a particular scenario in the subgame starting from any node n;.

Remark 3. We use the worst-case scenario, but one can assume the best-case scenario (optimistic
approach) to define the solution. In this case, the grand coalition solves the following optimization
problem:

EP|: 7 n n r (bv' n ] 8
b0 u o) P Z D2 > dilnmnsun) + 0" Y @il ) )

ny€ng 1€ M €M

s. t. dynamics equation (1).
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3.2 Robust Nash equilibrium

In this section, we consider a noncooperative mode of play and seek a Nash equilibrium. In our robust-
optimization setup, the total payoff of Player i € M in the game starting from node ng with state xg
under feedback strategy profile ¥ (ng, xo) is given by
Wi(no, zo, $(no, z0)) = min_ B Ji(ng, x,u) (9)
P;(n)eP
T—1
= min EPi(“)[Zpt Z bi(n, Ty s, ) + 07 Oi(np, Ty )|

P;(u)eP — neen,
s. t. dynamics equation (1). Equation (9) defines the worst-case payoff to Player ¢ under the profile
of strategies 1(ng, o) as the minimum expected payoff over all probability measures from the set P.
The worst-case probability measure, under which the minimum in (9) is reached, defines the worst-case
scenario for Player i, and it may be different from the worst-case scenario for other players. Therefore,
the definition of the Nash/worst-case equilibrium in DGPETS is given in two steps: (i) we define the
worst-case probability measure for each player, and consequently the worst-case scenario; and (ii) we
find the Nash equilibrium assuming that each player chooses her strategies to maximize her total payoff
under her worst-case scenario. This definition is inspired from Engwerda (2017) and Jank and Kun
(2002).

Definition 1. Consider a DGPET starting at node ny with state xo. Let u € U:

1. The worst-case scenario for Player ¢ € M under control profile u is given by probability distri-
bution P;(u) € P such that

Epi(u)Ji(nO7X7u) < EPJi(nO,X, u), (10)

for any P € P. The worst-case payoff Epi(“)Ji(nO,x,u) is denoted by W;(ng, 2o, ¥ (no, zo)) in
equation (9).
2. Assume for any u € U, there exists a worst-case scenario P;(u) for Player i. The control profile
u™® = (uP°:i € M) € U is a Nash/worst-case equilibrium if for any ¢ € M it holds that
EP"(“M)Ji(nmXaune) > EPi(Uiyuﬁci)Ji(novx, (u;, ")), (11)
for any control u; € U? and corresponding worst-case probability measure Pi(ui, u”?) for control
profile (u;, u™%).

In Definition 1, we assume that the players choose their strategies knowing the payoff functions of
other players, and consequently, the worst-case probability measures of any other player. According
to Definition 1 every player wants to secure against worst-case scenario or probability measure with
respect to her interests.

Remark 4. The definitions of the Nash /worst-case equilibrium given for differential games by Engwerda
(2017) and Jank and Kun (2002) differ in one assumption. In Jank and Kun (2002), the existence of
the worst-case scenario P;(u) for Player i is assumed for any (u;,u”¢) € U, while in Engwerda (2017)
it is assumed for any u € U. Therefore, in Engwerda (2017) such a Nash equilibrium is called global.
We keep the latter assumption but omit “global” in Definition 1 for simplicity.

Definition 2. The S-adapted feedback strategy profile ¢"(ng, xo) = (YI¢(ng,x¢) : i € M) € ¥ is a
Nash /worst-case equilibrium if for any ¢ € M it holds that

Wi(no, xo, " (no, z0)) = Wi(no, zo, (vi(n0, o), Y75 (no, 0))) (12)

for any admissible S-adapted strategy ;(no,zo) € ¥;, where 9"¢(no, zo) = (¥7(no, o) : j € M, j #

i) denotes the collection of S-adapted feedback strategies of all players except Player i, and the worst-
case payoff W;(ng, zo, ¥(ng, z¢)) under strategy profile 1(ng, z¢) is defined by (9).
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In a robust Nash equilibrium, each player’s pessimistic strategy is a best response to other players’
pessimistic strategies.

For any intermediate node, we define the Nash/worst-case equilibrium in the subgame starting in
time t = 1,...,7 — 1 from node n; € n;. Player i’s feedback strategy in this subgame is denoted by
Vi(nt, ,,) € ¥(ny) defining controls in any node n, € n, in time 7 = t¢,...,T — 1 such that n, € n; .
We define the worst-case payoff for Player ¢ in the subgame starting from node n; in time ¢ with state

x, under strategy profile ¢¥(ns, z,,) as
Wine, T, (0, n,)) = min ET 0O [ (ng, x (), u(ne)] (13)
Pi(nt,u(nt))€P(nt)
= min (ne,u(ne)) Tt (e, Tn,Uun. )+ p° ' ®i(nr, Tn ,
Pi(nta‘-l(nt))ep(nt> ZP nze; ¢ " T) r ( T T)

s. t. dynamics equation (1), where EFi(neu(n)) denotes the expectation over realization of scenario
[ns, nr], that is, a collection of nodes [n¢, n¢41, ..., nr—1, ny] under probability measure P;(n:, u(n:)) €
P(ny). Equation (13) defines the worst-case payoff of Player 4 in the subgame starting from node n;
with state x,, under profile of decision rules v (n,z,,) as her minimum expected payoff over all
probability measures from the set P(n;).

Definition 3. The S-adapted feedback strategy profile ¥"¢(ns, x,,) = (VP (ne, @, ) 1 € M) € U(ny)
is a Nash/worst-case equilibrium in S-adapted feedback strategies in the subgame of DGPET starting
from node n; with state x,, if for any ¢« € M it holds that

Wi(nta mntawne(ntaxnt)) Z Wi(nhxnt; (,(/Ji(ntvxnt)7wﬁ§(nt7xnt))) (14)

for any admissible S-adapted strategy ;(n¢, x,,) € V;(n:), where the worst-case payoff
Wi(ng, Tn,, Y (ne, Ty, )) under strategy profile 1(ng, ., ) is defined by (13).

Let (¥1(ng, xn,), ¥ (n, Tn,)) be a feedback worst-case Nash equilibrium in the subgame starting
from node n; with state z,,,, and 2™°(n;) = (27° : v € n; ") is the associated state trajectory in this

subgame emanating from (ng, ., ). The value function for Player ¢ € M is defined as

Wine(nT7 an) :(bi(nTa x’I’LT)7 (15)
T-1
Wine N, Tp,) = min EP (n¢,u(ny)) |: T—t i nT, ne nr, xne , nr, xne
(uszn) =, min 0 B e 00 0 )
+ o7 i, 2y ) (16)

s. t. dynamics equation (1). The value function W/*¢(ny, x,,) is the payoff to Player ¢ if the worst-case
Nash equilibrium in S-adapted feedback strategies is played from initial node n; with initial state z,, .
The following theorem defines the equilibrium conditions over time (Bellman equations).

Theorem 2. The collection of value functions {W¢(n, zp,) : ny € ng,t € T}, i € M, defined in (15)
and (16) satisfies the following recurrent backward in time (Bellman) equations:

Wi (np, 237) =®i(nr, 27,7), (17)
W (e s) = mage (610 7 075 s 7)) (18)
=+ pPIn(lIl) EP (nt)Wne (nt-i-l fnt( Zf? (U'Z;Lt’ ¢ﬁ§(nt’x25)))):|7nt € ntat eT \ {T}’
nt
EPn,

s.t. state equation (1), where EP' (") denotes the expectation of realization of scenario [ng, nr], that
is, a collection of nodes [n¢, n¢11,...,nr_1,ny] under probability measure P¢(n;) € P,,.
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Proof. We claim that for any player ¢ € M the following equality holds true:

{slnesas, (w025 (e, 30)) (19)

¥i(ng, ") =arg max
ut eU?

ng ng

B )
This means that the control assigned by a S-adapted feedback worst-case equilibrium strategy of
Player i at node n; with the state z;¢ must be the best reply to the S-adapted feedback equilibrium
strategies of other players at node n; with the state x3;?. The proof of the theorem can be easily
done by recurrence. Given the boundary conditions (17), we consider all nodes np_q € ny with state
variable x,,_,. At any such node, the S-adapted feedback equilibrium strategies (7 : i € M) cannot
be improved by unilateral deviation by Player j € M, which follows from equation (19). Therefore, the
strategy profile (¢0¢ : i € M) is the worst-case/Nash equilibrium in S-adapted feedback strategies at
any node ny_; € n, with state variable z,,._,. We proceed in the same way from nodes ny_s € ny_s
to the root node ng. O

Theorem 2 establishes necessary conditions for a worst-case/Nash equilibrium in S-adapted feed-
back strategies.

4 lllustrative example

We illustrate our theoretical results with an example of transboundary pollution control.?

Denote by M = {1,...,m} the set of players representing countries and by T ={0,...,T} the
set of periods. Economic activities in each country generate revenues and, as a by-product, pollutant
emissions, e.g., COs. Denote by ﬁlt Player i’s production of goods and services at node n; € ny,
t € T\ {T}, and by u, the resulting emissions, with u}, = h'(Q%,) and h’(0) = 0. Assuming a
monotone increasing relationship between production and revenues, we can express the revenues R; as
function of emissions. To keep it simple, we adopt the following specification:

. . NG
R (i) = oud, — 2 (u3,)" 20)
where « is a positive parameter. We constrain the revenues to be nonnegative for any n; € nar + \ nr
and any player 3.

Denote by up, = (uy,,, ..., up) the vector of countries’ emissions at node n; € ny, t € T\ {T'}, and
by x,, the stock of pollution at this node. The evolution of this stock is governed by the following
difference equation:

Tp, = (1 - 5n: )xn: + Z u;;, ny € ng T\{no}, (21)
ieM

Tny = Z0, (22)

where the initial state xq is given for the root node ng, and &,, (0 < d,, < 1) is a stochastic rate of

pollution absorption by Mother Nature at node n;. We suppose that d,,, can take two possible values,

that is, 0,, € {6,d}, with § < 4.

Each country suffers an environmental damage cost due to pollution accumulation. We assume
that this cost is an increasing convex function in the pollution stock and retain the quadratic form
Di(zn,) = c;x? , i € M, where ¢; is a strictly positive parameter.

ne?

2This example is considered in Chapter 7 in Parilina et al. (2022) with given transition probabilities.
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Denote by p € (0,1) the discount factor. Player ¢’s payoff along scenario s = [ng, ny] is given by

T-1

Jiew) = p" Y (Ri(un,) = Dilwa,) + p" ilnr, z0y),

t=0 n{€ENLNSs

subject to (21), (22), and ufn >0forallie M and any ny € ng, t =0,...,7 — 1. Suppose that the
payoff function ®;(nr,x,.,.) of Player i at a terminal node ny is given by

Q;(nr, Tnp) = —GiTny-

Substituting for ®;(nr, Tn, ), Ri (Un,) , and D;(x,,) by their values along scenario s, we get

T-1
JP(x,u) = Z o' Z (aufn - % (uf%)2 - cixit) —plgizn,.

t=0 nyEngMs

We use the following parameter values in the numerical illustration:

M = {17273}7 T= {07 17273}7 xg =0, pP= 097
¢1 = 0.15, ¢3 = 0.10, ¢35 = 0.05, § = 0.10, § = 0.45,
g1 = 0.15, go =0.10, g3 = 0.05, o = 35.

Note that the players are symmetric in terms of revenues, but face different damage costs.

The event tree is depicted in Figure 1, where nodes n?, n2, nj correspond to the high level of

pollution reduction § = 0.45, and nodes ng, ni, nl, n3 correspond to the low level of pollution

reduction § = 0.10.

We apply Theorem 1 to find the solution of the joint optimization problem in robust feedback
S-adapted strategies, i.e., (¥;(n¢, zy,) : 4 € M). To obtain this solution, we solve the problem starting
from the terminal nodes backward until we reach the root node ng. Similarly, we use Theorem 2 to
obtain the worst-case Nash equilibrium. The emissions profiles in both modes of play are given in
Figure 1, and the corresponding state values are provided in Table 1.

Table 1: Pollution stocks in NE and cooperative solution in robust feedback strategies.

Time period t=20 t=1 t=2

Node no n} n% n% n% ng n%

Coop 0.0000 15.886 15.886 41.052 41.052 39.185 39.185

NE 0.0000 46.803 46.803 95.392 95.392 84.755 84.755
t=3

Node né ng ng n% ng ng ng ng

Coop  141.137  141.137 126.769 126.769 139.406 139.406 125.711 125.711
NE 190.583  190.583  157.196  157.196  181.010 181.010 151.345 151.345

Figure 2 gives the individual profits at each node in both modes of play and the total discounted
payoff for each scenario. These results call for the following comments:

1. The total emissions in the noncooperative game exceed their counterparts in the cooperative
game. This result is fully expected as each country internalizes the impact of own emissions on
the other countries in the cooperative case, whereas it behaves selfishly in the worst-case Nash

equilibrium. As a consequence, the cumulative pollution is lower in the cooperative case (see
Table 1).
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NE coop
34.865 34.730
34.910 34.730
34.955 34.730
NE coop

12.007 10.130

19.671 10.130

27.336 10.130

NE coop
34.865 34.730
34.910 34.730
34.955 34.730

NE coop

5.085 5.295
15.873 5.295
25.845 5.295

NE coop

34.865 34.730
34.910 34.730

34.955 34.730

NE coop

9.135 8.918
17.757 8.918
26.378 8.918

NE coop
34.865 34.730
34.910 34.730
34.955 34.730

Figure 1: Emissions in NE and cooperative solution in robust feedback strategies.

2. In both solutions, the controls are the same for ¢ = 2 because they are independent of the state
and the parameter values are the same. This result is a by-product of the linear salvage value,
which implies that the marginal value of the terminal stock of pollution is constant.

3. The total discounted profits of the three players is (as expected) higher when they jointly opti-
mize their profits than when they act noncooperatively. Player 3 realizes a lower profit under
cooperation, which requires the implementation of a side-payment mechanism to reach a Pareto-
optimal solution, that is, an arrangement in which all players are better off under a cooperative
mode of play. The total discounted payoffs along the eight scenarios are as follows:
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Scenarios Total coop payoffs Total NE payoffs
[no,n%] and [ng, nf] 2,353.341 1,567.134
[no,n3] and [ng, nf) 2,350.346 1,560.638
[ng,n3] and [ng, n3] 2,232.252 1,000.977
[no, ni] and [ng, n3] 2,229.110 995.892

Highest payoff 2,353.341 _ 1,567.134 _

Lowest payofl 2220110 — 1056 “5orgey = 1.574

Whereas there is a relatively small variation in the sum of payoffs along the different scenarios
in the cooperative case, there is a notable difference in the noncooperative case between the best
and worst scenarios in terms of absorption of pollution.

Total along scenario

NE coop NE coop
[—22.702] [—18.857] [—210.549] [706.501]
NE coop —15.135 —12.571| — 581.173 784.447
—465.028 382.808 | —7.567 | | —6.256 | | 1196.510 | 1862.393 |
—105.850 459.360
253.326 535.912
NE coop NE coop
[—22.702] [-18.857] [—210.549]  [706.501]
—15.135 —12.571| —» 581.173 784.447
NE coop | —7.567 | | —6.256 | 11196.510 |  |862.393
19.572 265.396
257.958 278.014
473.601 290.632 NE coop NE coop
[—27.152] [—20.911] [—213.793] [705.004]
—18.101 —13.941| —» 579.011 783.449
| —9.050 | | —6.970 | |1195.430 |  [861.893
NE coop
—465.028 382.808
—105.850 459.360 NE coop NE coop
253.326 535.912 [—27.152] [—20.911] [—213.793]  [705.004]
—18.101 —13.941| —» 579.011 783.449
NE coop | —9.050 | | —6.970 | |1195.430 |  [861.893 |
165.059 171.317
429.583 171.317
570.591 171.317 NE coop NE coop
[—23.579] [—19.015] [—507.159] [659.852]
NE coop —15.720 —12.677| — 397.466 744.084
—752.466 359.669 | —7.860 | | —6.338 | | 1111.670 | | 828.316 |
—297.475 443.934
157.513 528.199
NE coop NE coop
[—23.579] [-19.015] [—507.159]  [659.852]
—15.720 —12.677| — 397.466 744.084
NE coop | —7.860 | | —6.338 | |1111.670 |  [828.316
—50.590 234.518
244.775 247.136
465.805 259.754 NE coop NE coop
[—28.588] [—21.171] [—510.810] [658.281]
—19.058 —14.114| —» 395.032 743.037
| —9.529 | | —7.057 | | 1110.450 |  [827.792]
NE coop
—752.466 359.669
—297.475 443.934 NE coop NE coop
157.513 528.199 [—28.588] [—21.171] [—510.810] [658.281]
—19.058 —14.114| — 395.032 743.037
| —9.529 | | —7.057 | | 1110.450 |  |827.792]

Figure 2: Profits in NE and cooperative solution in robust feedback strategies.

5 Conclusion

In this paper, we introduced the class of DGPETs with ambiguity and characterized cooperative and
noncooperative robust solutions in which the players’ strategies are adapted to the node and depend
on the state variable. The following extensions are worth considering:
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1. Under what circumstances, if any, it is in the best interest of a player to deviate from a ro-
bust strategy when all others implement such strategy? Simulation of the values of stochastic
parameters could help in addressing this question.

2. Our numerical example shows that the cooperative solution is not Pareto optimal with respect to
the noncooperative equilibrium. A relevant research question is then what type of side-payments
could be implemented to remedy to this problem and lead to durable cooperation?

3. Alternatively to our solution approach, one could consider a minimax regret optimization method-
ology to solve a DGPET with ambiguity. The aim would be to obtain a solution (cooperative
or noncooperative) that minimizes the maximum deviation, over all possible scenarios, between
the payoff at the solution and the maximal payoff for the corresponding scenario.
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