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Abstract : As the need for interpretable machine learning continues to grow, we propose a novel
post-clustering method to generate counterfactual explanations for clustering results. Specifically,
our method answers the question: What is the smallest change to a data point that would make it
the medoid of its cluster? These explanations offer valuable insights in domains like healthcare and
marketing, where identifying minimal adjustments to align individuals or customers with desirable
cluster representative profiles can inform personalized interventions and strategic decision-making. By
formulating the problem as a convex optimization model, specifically a second-order cone program,
our method guarantees global optimality requiring readily available and effective solvers for practical
implementation.

Keywords : Counterfactual explanations; clustering interpretability; convex optimization
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1 Introduction

As machine learning models are increasingly implemented across various applications, the demand for
interpretability of the predicted classes or values has been rising significantly. The scientific literature
has made a significant effort in increasing the explainability of machine learning models, both in
supervised or unsupervised modes (e.g. Ribeiro et al. (2016); Carrizosa et al. (2017, 2022); Rudin et al.
(2022); Carrizosa et al. (2025); Randel et al. (2021)).

Explainability models can be based on global and/or local explanation strategies (Ribeiro et al.,
2016). While global approaches seek to offer understanding of a model’s behaviour over the entire
dataset, frequently employing techniques like decision trees (Bertsimas et al., 2021) or rule-based
systems (Carrizosa et al., 2023), local explanation methods concentrate on specific predictions or
decisions, providing insights into particular outcomes. Counterfactual explanations are a common
example of these local methods (Wachter et al., 2017; Contardo et al., 2024; Parmentier and Vidal,
2021), identifying minimal changes needed to alter a specific decision made by the model.

Particularly in cluster analysis, numerous methods have been developed to tackle clustering prob-
lems across various applications, with emphasis on the accuracy in identifying hidden cluster struc-
tures (Kettenring, 2006). However, less attention is generally given to the ability of these methods
in interpreting the resulting clusters. In (Hu et al., 2024), the authors categorize interpretable clus-
tering methods based on when interpretability is introduced in the clustering pipeline. Pre-clustering
methods focus on selecting or extracting meaningful and human-understandable features before the
clustering process begins, ensuring that the input data itself is interpretable. In-clustering methods
integrate interpretability directly into the clustering algorithm, often by optimizing for both cluster
quality and explainability. These methods ensure that the clustering process remains transparent from
the start. Finally, post-clustering methods are centered on interpreting the outcomes of pre-existing
clustering models. This stage is crucial for making results understandable, particularly when work-
ing with complex, high-dimensional data where traditional clustering methods lack transparency. By
structuring methods across these three stages, researchers can systematically analyze and enhance
interpretability in clustering applications.

The use of cluster medoids, also called medians or prototypes, is known to facilitate the interpreta-
tion of clustering results (K6hn et al., 2010). A medoid is a data object that serves as the representative
of its cluster, being characterized e.g. by its minimal dissimilarity sum to the other data objects within
its cluster. There are many advantages on the use of medoids for clustering (e.g. outlier robustness,
dissimilarity generalization, etc.). In fact, research on perception indicates that individuals frequently
use actual data objects to represent larger subsets of objects (Blanchard et al., 2012).

The literature on interpretable clustering methods based on medoids is scarce. Carrizosa et al.
(2022) proposed an post-clustering optimization model to identify medoids from a given clustering
solution. The objective of their model is to maximize the count of true positive cases, i.e., data objects
which are closer to the identified medoids of their clusters than to other medoids, while minimizing the
number of false positive cases, i.e. data objects which are closer to the medoids from other clusters.

In this work, we propose a novel post-clustering interpretable method that provides counterfactual
explanations for medoids in clustering solutions. Given the output produced by any clustering algo-
rithm, our method computes minimal numerical feature modifications required to transform a data
point into the medoid of its assigned cluster.

The potential applications for our method are numerous. It can explain what can turn data points
representative of their cluster — even if they are currently at their peripheries. For example, in health-
care, patients can be clustered based on their medical history, symptoms, or responses to treatments.
The medoid of a cluster may represent the ideal patient profile for a specific condition or treatment
response. Using our method, healthcare providers could identify minimal changes in a patient’s fea-
tures (e.g., lifestyle modifications, medication adjustments, or exercise routines) that would bring them
closer to the prototype of the healthiest or most stable patient in the group. This could enable person-
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alized treatment plans aimed at improving patient outcomes, guiding interventions that align patients
more closely with the optimal treatment profile for their condition. Likewise, for marketing strate-
gies, businesses can identify small changes in customer behaviors (e.g., purchase frequency, product
preferences, or engagement with campaigns) that could make a customer more representative of the
prototype costumer of a given segment. This can be used to fine-tune customer retention strategies
or to design personalized offers, aiming to move customers toward the core behaviors that drive value
for the company. Moreover, the counterfactual path to the medoid highlights which features matter
most in defining cluster identity, helping analysts better interpret the structure of the data, possibly
refining their clustering approach.

The rest of this article is organized as follows. Section 2 introduces our problem and describes how it
is modelled as a convex optimization problem, allowing the use of readily available convex optimization
solvers to efficiently compute globally optimal solutions. Section 3 discusses computational experiments
for an illustrative example that demonstrates the applicability of the proposed method we developed.
Concluding remarks are drawn in the last section.

2 Model

Given a set of numerical data points x; € R? for i = 1,...,n, and an additional point zq € R?, the
objective is to minimally modify z( so that it becomes the medoid of the set {zg, x1,...,2,}, i.e., the
data point whose sum of distances to the other points is minimal. The set {z¢, 21, ..., 2z} is supposed
to represent a cluster provided by any clustering algorithm executed in a larger dataset. The problem
can be mathematically expressed as:

min  ||A]
n
s.t. ZHxO—i—A—xngDj, Vi=1,...,n, (1)
=
A e R%
where || - || refers to the Euclidean norm, and D; = Y"1 | ||#; — 2;|| is a non-negative constant repre-
senting the sum of the distance between x; and all other points. Thus, the constraints in (1) enforce
that, for each j = 1,...,n, the sum of the distances from all points x; € {z1,...,z,}, with x; # z;,
to the updated coordinates zg + A is less than or equal to ﬁj. This condition ensures that xg + A
corresponds to the medoid of the set {xg,x1,...,x,}. To guarantee that xo+ A is the unique medoid,

a small € can be added to the constraints.

We note that problem (1) is convex given that: (i) the objective function is a norm, and therefore,
a convex function, and (ii) the left-hand side of its constraints correspond to the sum of norms of affine
functions of A, i.e., a sum of convex functions. Consequently, the constraints are also convex.

By introducing auxiliary variables ¢ € R and sg; € Ry for each ¢ = 1,...,n, problem (1) can be
reformulated as a second-order cone program (SOCP), for which many powerful solvers exist. The
resulting SOCP problem is given by:

min ¢
st A <t
lzo + A — || <sos Vi=1,....n
n
Z.Soigﬁj Vjil,...,ﬂ, (2)
i=1
17
tZO, 801‘20 Vizl,...ﬂ’L,
A € R

Since (1) is a convex problem, any local minimum is also a global optimizer for the problem.
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3 Practical illustration

We illustrate our model in the dogs size dataset available at https://data.world/len/dog-size-
intelligence-linked.! The data contain lower and upper values for the weights (in pounds) and
heights (in inches) of 150 dog breeds. To showcase our method in two dimensions, we processed the
data by computing average values from the associated lower and upper limits. A few duplicate records
were generated during this process and subsequently removed, resulting in a final dataset of 134 distinct
dog breeds.

Our baseline clustering solution is taken from the American Kennel Club (AKC) American Kennel
Club (2024) that classifies dog breeds into 5 distinct groups according to their sizes: XLarge, Large,
Medium, Small and XSmall. Figure 1 presents the scatter plot of the dogs data, with the provided
data clustering.
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Figure 1: Scatter plot of dog breeds clustered by height and weight into five groups.

Our approach considers the underlying clustering to provide counterfactual explanations for
medoids in each cluster. We will illustrate our method in the cluster of XSmall dog breeds presented
in Figure 2, for which the current medoid is the Manchester Terrier. The standardized coordinates
(z-scores) for the data points in the XSmall cluster are presented in Table 1.

Our model enables the identification of the minimal modifications required for a given dog breed to
transform into the medoid of the analyzed cluster. For the presented experiments, model (2) is solved
by the Clarabel solver (Goulart and Chen, 2024) called from the Python library CVXPY. To illustrate
its utilization, let us consider the Maltese dog breed. By solving the model for zy = (—0.744, —0.873)
corresponding to the standardized measures of the Maltese dog breed, we are able to compute the value
of A = (Apeight, Aweight) = (0.509,0.616) so that zo + A = (—0.235, —0.257) becomes a prototype for
the cluster of XSmall dog breeds. Figure 3 illustrates the computed modification in the underlying
2D space. Projected back to the original space, this would correspond to increasing the height of the
Maltese breed in 0.871 inches while increasing the weight in 1.283 pounds.

Figure 4 shows the computed modifications A obtained by solving model (2) for z( representing
each dog breed in the XSmall cluster. Our model reveals that the Japanese Chin requires the least
modification to serve as the medoid of the cluster, while the Chihuahua requires the most substantial
transformation. Table 2 reports the computed A values for each dog breed. The computational time
required to solve model (2) ranged from 2.66 to 8.25 milliseconds.

Hogin is required
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Figure 2: Standardized height and weight (z-scores) for XSmall dog breeds.

Table 1: Normalized coordinates of the dog breeds in cluster XSmall. The coordinates of the cluster medoid (Manchester
Terrier) are indicated in red.

Breed height  weight
Affenpinscher 0.133 1.529
Chihuahua -1.621 -1.594
Chinese Crested 1.001 0.808
Italian Greyhound 1.887 0.568
Japanese Chin -0.452 0.328
Maltese -0.744 -0.873
Manchester Terrier 0.425 0.087
Pomeranian 1.010 -0.874
Poodle Toy -0.159 1.529
Toy Fox Terrier -0.159  -0.633
Yorkshire Terrier -1.328  -0.874

Reference: Maltese
¥ Counterfactual medoid
8 Medoid

Weight

-1 0 1 2

Height

Figure 3: A modifications required to transform the Maltese dog breed into the medoid of the XSmall cluster (indicated
in green).
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Figure 4: Required transformations for each dog breed in the XSmall cluster to become the medoid.

Table 2: A modifications computed by our model to make each dog breed the medoid of cluster XSmall.

Breed Apeight  Auweight |A]
Affenpinscher -0.172 -1.119  1.132
Chihuahua 1.379 1.352 1.931
Chinese Crested -0.700 -0.472  0.844
Italian Greyhound -1.482 -0.368  1.528
Japanese Chin 0.175 -0.175  0.247
Maltese 0.509 0.617  0.800
Pomeranian -0.782 0.531 0.945
Poodle Toy 0.030 -1.149  1.149
Toy Fox Terrier -0.013 0.274  0.275
Yorkshire Terrier 1.076 0.673 1.269

We observe that our model can be readily extended to handle cases where the A modifications are
weighted differently across dimensions. For instance, in the context of dog breeds, increasing a breeds’s
weight over time is more feasible than altering its height. To account for such differences, a weighted
norm ||A, || can also be optimized in model (2). Figure 5 shows the A values computed by (2) for each
dog breed, considering wpeight = 0.75 and Wyeight = 0.25.

05

Weight

-1 0 1 2

Height

Figure 5: Required transformations for each dog breed in the XSmall cluster to become the medoid for a weighted norm
with Wheight = 0.75 and Wyweight = 0.25.
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We observe in the figure that vertical Ayeign: transformations are now preferred, as they incur
a lower cost in the model’s objective function due to the smaller weight assigned to that dimension.
With weights set to Wheight = 0.75 and wyeight = 0.25, the Toy Fox Terrier requires the least costly
transformation to become the medoid of cluster XSmall, while the Italian Greyhound incurs the highest
cost transformation. The computed A transformations for the illustrated weighted case are shown in
Table 3.

Table 3: A modifications and weighted norm ||A,, || computed by our model to make each dog breed the medoid of cluster
XSmall.

Breed Aneight  Aweight  [Awll
Affenpinscher -0.044 -1.150 0.289
Chihuahua 1.226 1.702 1.013
Chinese Crested -0.561 -0.825  0.469
Italian Greyhound -1.454 -0.565 1.100
Japanese Chin 0.054 -0.323  0.090
Maltese 0.331 0.906 0.336
Pomeranian -0.575 1.007 0.499
Poodle Toy 0.007 -1.149  0.287
Toy Fox Terrier -0.002 0.275  0.069
Yorkshire Terrier 0.977 0.981 0.773

4 Concluding remarks

In this work, we presented an optimization model that provides counterfactual explanations to the
following question: What is the smallest change to a data point that would make it the medoid of its
cluster?

One important characteristic of our model is that it is convex, and thus solved to global optimality
once a local minimum is found. Through its reformulation as a second-order cone program, the model
can be solved by powerful existing optimization solvers.

We illustrate our model by generating counterfactual explanations for dog breeds data, using it as a
post-clustering interpretability method that computes minimal transformations required to make each
breed the medoid of its cluster. The example is presented in two dimensions for illustrative purposes,
but the approach naturally extends to higher-dimensional settings.

Finally, it is important to note that if any dimension of the data points is binary or discretely
ordered, the problem becomes non-convex, as the transformation vector A must then be constrained
to a discrete set of values. Addressing this setting is left for future work, as it requires alternative
solution techniques beyond convex optimization.
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