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Abstract : This paper investigates a class of linear-quadratic-Gaussian risk-sensitive graphon mean-
field games, involving an asymptotically infinite population of heterogeneous agents distributed across
an asymptotically infinite network, where each agent aims to minimize an exponential cost functional
reflecting its risk sensitivity. Following the Nash certainty equivalence methodology, an auxiliary
risk-sensitive optimal control problem is constructed and further combined with a consistency condi-
tion to determine decentralized strategies of the agents. The well-posedness of the resulting graphon
mean-field game equation system, consisting of a family of fully coupled forward-backward differential
equations, is established by a fixed point approach under a contraction condition, and by the method
of continuity under an operator monotonicity condition, respectively. To prove the e-Nash equilibrium
property of the obtained decentralized strategies, one faces significant challenge since the usual L? error
estimates on mean-field approximations are no longer adequate due to unboundedness of the integrand
in the exponentiated cost. The proof will be accomplished by establishing certain exponentiated error
estimates instead of L? error estimates. Finally, a numerical example is provided to illustrate our
results.

Keywords: Mean-field game, graphon, risk-sensitive, e-Nash equilibrium
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1 Introduction

Mean-field game (MFG) theory has rapidly developed into a robust framework for addressing non-
cooperative dynamic decision-making in large populations of comparably small agents [26, 27, 31].
Most existing analyses are based on two approaches: the direct approach and the fixed point approach.
The direct approach solves an N-player game, resulting in a large-scale coupled equation system. As
the number of agents N — oo, this system reduces to a Hamilton—Jacobi-Bellman (HJB) equation
coupled with a Fokker—Planck—Kolmogorov (FPK) equation [11, 30, 31]. Alternatively, the fixed point
approach starts by assuming a known mean-field effect and derives the best response control law of a
representative agent. Subsequently, the above mean-field is required to be regenerated by the closed-
loop dynamics of an infinite population. This solution procedure is formalized as a fixed point problem
[7, 13, 26], and is designated as the Nash certainty equivalence methodology in [27]. Recently, [28]
analyzed the exact relationship between these two approaches in the setup of linear-quadratic-Gaussian
(LQG) MFGs. MFG theory has found wide applications in areas such as economics and finance [18, 22],
production output adjustment [44], and traffic management [4], among others.

Graphon mean-field games (GMFGs) as introduced in [10] significantly extend the classical MFG
framework by incorporating agents distributed across large networks. As networks increase in size and
complexity, graphon theory becomes a powerful tool to study their limits, enabling analysis of dense
networks [8, 9, 34, 35]. Graphons, as measurable functions representing the limit of increasingly large
graphs, provide a rigorous mathematical framework for studying the behavior of large-scale networks.
This framework is particularly studied for fields such as economics, control theory, social networks,
and large-scale interacting particle systems, where agents demonstrate heterogeneous and complex
interactions [2, 5, 12, 16, 21, 23]. GMFGs enable researchers to study the limiting behavior of systems
with increasing populations of agents, capturing both local and global network interaction effects.

The aforementioned literature on MFGs or GMFGs has primarily focused on risk-neutral cost
functionals, often neglecting agents’ attitudes towards risk. However, in many practical scenarios,
risk sensitivity plays a crucial role in decision-making, as recognized very early in [24]. Jacobson
[29] introduced a finite horizon risk-sensitive optimal control problem in an LQG setting, where the
agent’s cost is specified as an exponential function of the accumulated cost over time. Since the
early work in [24, 29], this class of control problems has been extensively studied in the literature;
see [6, 17, 19, 20, 32, 38, 46]. Within the framework of MFGs, risk-sensitive costs were adopted
in [43], which specified the mean-field equilibrium strategies using a corresponding pair of HJB and
FPK equations. Subsequently, Moon and Basar [37] extended this line of research by employing the
maximum principle to analyze nonlinear risk-sensitive MFG models. risk-sensitive MFGs with major-
minor agents were studied in [14, 33], addressing the interaction structure between the major and
minor agents. In the setting of discrete-time Markov decision processes, related results can be found
in [41]. Recently, Wang and Huang [45] considered LQG risk-sensitive MFGs and proved an O(1/N)-
Nash equilibrium theorem by applying a re-scaling technique to a family of coupled-Riccati equation
systems with increasing dimensions.

In this paper, we formulate a class of linear-quadratic-Gaussian GMFGs with risk-sensitive cost
functionals. Using the Nash certainty equivalence methodology [26, 27], we solve the risk-sensitive best
response control problem of a representative agent after approximating its graphon coupling term by
a deterministic function, and subsequently impose a consistency condition on the proposed limiting
function. This solution procedure leads to the GMFG equation system, as a family of fully coupled
forward-backward equations, whose well-posedness is established via a fixed point approach under a
contraction condition, and by the method of continuity under an operator monotonicity condition,
respectively. In contrast to similar conditions in the literature (see [25, 40]), our monotonicity con-
dition involves operators acting on an infinite dimensional space. Furthermore, by a novel method
of exponentiated error estimate, we prove that the set of decentralized strategies computed via the
GMFG equation system constitutes an e-Nash equilibrium for the finite population of agents. When
the running cost is unbounded as in the LQG case, one encounters significant difficulty proving that
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the set of decentralized strategies obtained from the risk-sensitive MFG is an e-Nash equilibrium. In
this case, the usual L? error estimates for mean-field approximations is inadequate for handling expo-
nentiated cost functionals; see Remark 5.7 later on. Moreover, the method of performance estimates
in [45] is not applicable to the GMFGs due to lack of symmetry of the agents. To establish the e-Nash
equilibrium theorem, we take a different route by deriving new approximation error estimates of ex-
ponential type without imposing any additional restrictions as used in the literature (see discussions
in [33, Section 4.4]).

The main contributions of this paper are summarized as follows:

e We introduce a novel risk-sensitive GMFG model, where the large population of agents is dis-
tributed over dense networks.

e The solution of GMFG is characterized by a fully coupled forward-backward equation system
parameterized by the nodal index. The unique solvability of the GMFG equation system is
analyzed by two methods: (i) the fixed point method under a contraction condition, (ii) the
method of continuity under a new operator monotonicity condition.

e Based on the GMFG equation system, we construct decentralized feedback strategies in the N-
player model. A novel method via exponentiated error estimates is applied to prove that the set
of decentralized strategies constitutes an e-Nash equilibrium.

The paper is organized as follows. Section 2 formulates the risk-sensitive GMFG. Section 3 solves
the best response control problem in a graphon mean-field limit model. By imposing a consistency
condition, Section 4 derives the GMFG equation system and investigates its solvability by two ap-
proaches: the fixed point method and the method of continuity. In Section 5, we prove an e-Nash
equilibrium theorem for the obtained decentralized strategies. Section 6 presents a numerical example.
Section 7 concludes the paper.

2 Problem formulation and preliminary

We use R™ to denote the m-dimensional Euclidean space, consisting of column vectors, with norm | - |
and inner product (-,-). Let DT (resp., D™!) stand for the transpose (resp., inverse) of a matrix D,
and S™ for the set of symmetric real m x m matrices. If D € S™ is positive definite (resp., positive
semi-definite), we write D > 0 (resp., D > 0). Moreover, if an S™-valued deterministic function D
defined on [0, T is uniformly positive definite, we write D >> 0. For two sequences of number {ay, }r>1
and {bg}r>1 with by > 0, if limy_, o Z—: =0, we write ax = o(bg).

Let (Q,F,F,P) be a complete filtered probability space with filtration F := {F;}o<i<7. Given
Hilbert space H and interval [0,7T], let L>°([0,T];H) stand for the space of all H-valued essentially
bounded functions defined on [0,7], C(]0,T]; H) for the space of all H-valued continuous functions,
L2([0, T); H) for the space of all H-valued, F;-adapted, square-integrable processes, and SZ([0,77]; H)
for the space of all H-valued, F;-adapted continuous processes ¢ such that E[supg<,< |6#(t)|?] < co.

2.1 Preliminary

The basic idea of the theory of graphons is that the edge structure of each finite cardinality network
is represented by a step function density on the unit square in R? on which the cut norm and cut
metric (see [34]) are introduced. The set of finite graphs endowed with the cut metric then gives rise
to a metric space, and the completion is the space of graphons. Let GgP be the linear space of bound
symmetric Lebesgue measurable functions W : [0,1]? — R, which are called kernels. The space GSP
of graphons is a subset of Ggf and consists of kernels W : [0,1]2 — [0, 1], which can be interpreted as
weighted graphs on the vertex set [0, 1].

In this paper, we start the modeling of the game of a finite population based on a finite graph.
Specifically, the population resides on a weighted finite graph G ; with a set of nodes Viy = {1,2,--- , N}
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and weights g/ € [0,1] for (i,7) € Vv x Vi, where a value g}} is still assigned in the case i = j. We
call gV = (g, g5, ,gﬁ\,) a section of gV at i. Moreover, each node [ is occupied by exactly one
agent, denoted by A;. In fact, it brings about no essential difficulty to consider the case where each
node [ is occupied by a subpopulation. Our further analysis is based on the convergence of gV to a
graphon limit g. We may naturally identify (gf}])lgi,jgN with a graphon g™ (a, B) as a step function
defined on [0,1] x [0,1] (see [34]). We define the section of g at « by g4 : 8 — g(, ), 8 € [0,1].
We partition [0, 1] into N subintervals of equal length. Here IV = [0,1/N], IN = ((I - 1)/N,1/N] for
2 <[ < N. When it is clear from the context, we omit the superscript N and write I;. To relate the
agents to the graphon vertex set [0, 1], we let the i-th agent correspond to I;.

2.2 Graphon MFG

For the risk-sensitive GMFG, consider a population of N agents {A;}1<;<n. The dynamics of agent
A; residing at node i are governed by the following SDE:

dz;(t) = [A(D)ai(t) + Bui(t) + D)2 ())dt + o (£)dws (¢), 2:(0) = &, (1)

where z;(t) € R™ is the state, u;(t) € R™ is the control, and w;,1 < ¢ < N, are independent
d-dimensional standard Brownian motions. Here, N = L Zjvzl gf}[ x; represents the weighted state-

i N
average of all agents with respect to node 1.

Now we introduce two types of state feedback strategies. Let the functions ¢(t,x1, -+ ,2n) :
[0,T7] x R™ x -+ x R" — R™ and ¢(¢t,z) : [0,7] x R® — R™ be continuous in ¢, and Lipschitz
continuous in (z1,--- ,zxn) and x, respectively. For agent A;, we introduce

UZ = {ui ‘ Ui = (p(t71'1,- T ﬂxN)}7 uczl = {uz ‘ u; = w(tvxz)} (2)

as the set of centralized (state) feedback strategies and the set of decentralized (state) feedback strate-
gies, respectively. For simplicity, let u = (u1,---,un) be the set of strategies of N agents and
w—y = (ug,-++ ,Ui—1,Uiy1, -+ ,un) be the set of strategies of all agents other than 4;. Note that while
the coefficients are dependent on the time variable ¢, in further analysis, the variable ¢ will usually be
suppressed if no confusion occurs.

The risk-sensitive cost functional of agent A; takes the form

Tiluiyu—s) = E|exp (+{ / " s = T + ] + () — Tyl M3, 1) ®

where we denote ||x||2Q = (Qz,z), and both @ and R are matrix functions of ¢. Here v > 0 is a given
constant representing the risk sensitivity parameter.

For convenience of describing the asymptotic behavior of the agents and the networks, we need to
relate the node of each agent to the continuum nodal set [0, 1]. Without loss of generality, we associate
agent A;, 1 < ¢ < N, with the subinterval I; in the partition of [0,1], which in turn determines the
corresponding step function gV (-,-). We introduce the following assumptions.

(H1) The initial states &;,1 < i < N, are independent random variables taking values in a compact
set S§ C R™, and are independent of {w;,1 < i < N}. There exists a continuous function mZ
defined on [0,1] 3 a, such that limy_, e SUpg<,<; [EEY —mE| = 0, where 5 = Zf\il 17, ()&;.
A, D € L*([0, T);R"*"), B € L*®([0, T];R"*™), ¢ € L>([0, T]; R"*4).

Q € L>([0,T];S™), R e L>([0,T];S™), Q; € S, I',\T; e R™*™ and Q@ > 0, R> 0, Q5 > 0.
BR™'BT —2y00T >0 for all t € [0,T).

For any bounded, measurable function h(S3), the function fol g(a, B)h(B)dB is continuous in
a€[0,1].
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Under (H1)-(H3), one can easily check that SDE (1) admits a unique solution x; € SZ([0,T]; R™)
for any control u; € LZ([0,T]; R™) and the cost functional (3) is well-defined.

A basic solution notion for (1)—(3) is a Nash equilibrium (uf,---,u}), where each u} belongs
to U?, corresponding to closed-loop perfect state (CLPS) information [3]. However, such a solution
with its associated information pattern is impractical when the system consists of a large number of
heterogeneous agents.

3 The design of decentralized strategies

To design decentralized strategies, we need to study an auxiliary best response control problem with an
infinite population and a graphon limit g as an approximation of g" (the nature of the approximation
will be made exact by (H7) in Section 5). For an a-agent A, situated at vertex «, denote the graphon
weighted mean state by z, € C([0,7];R™), which is intended to approximate xEN)
location of A; is approximated by «. Let w, be the standard Brownian motion associated with the

a-agent. Then the a-agent has dynamics

when the nodal

dzo = (Azo + Bug + Dz )dt + odw,, 2a(0) =&, a€]0,1], 4)

and cost functional

Ja(ua) = B[ exp (+{ [ " lle Tl + ualla + oo Tz, )] ©)

The Brownian motion w, and the initial state &, are independent. The auxiliary best response (BR)
control problem is formulated as follows.

Problem (BR). For the a-agent A, in (4)—(5), find a feedback control law @, such that

Joli1a) = inf Jo (ua).

For any given ¢ € [0,T] and a deterministic initial condition z,(t) = x € R™, define

T
Jalt, X 1e) = E | exp (7{/ [l = Dzall? + llualk)ds + lza(T) = Tr2a (7)1, })].
t
and write the value function in the form
inf Jo (t, X5 uq) = eV tx)

where the function V¢ is to be determined. We write the gradient of a function as a row vector.
Applying dynamic programming (see [6, Eqn. (1.4)]), we have

_ovet,x) wf {8V"‘(t,x)

ot a ueR™ ox

1 T OV (t,x) Y| OV, x)\ T
+ §Tr<aa 0x? ) + 5‘0 ( ox )
VAT, x) = |lx = Trza(D3,, (t,x) €0, T]xR", «ae€l0,1],

[A + Bu + Dza(8)] + x = Tza (1) 3 + llull?}
? (6)

)

and the optimal control law is given by

8V°‘(t,x))7'

fa(t) = 3 R 0BT () (2
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We write V(t,x) = x TI(£)x + 2x ' S, (t) + 74(t). Then by (6), we derive the following Riccati
equation

M+ A+ AT -T(BR'BT —2y00 I+ Q =0, I(T)=Qy. (7)

Under (H2)—(H4), Riccati equation (7) admits a unique solution IT € C([0, T]; S™); see [1, pp. 186-190].
By (6), we further derive the following ordinary differential equations (ODEs):

Sa+ (AT —TIBR™'BT + 29160 ") S, — (QT — IID)z, = 0, (8)
where So(T) = —Q T 24(T), and
o —Sa (BRT'BT —2y00")Ss + 22, D" So + 2,7 QTzo + Tr(oo 'II) = 0, 9)

where 7 (T) = 2z, (T)T} Q¢ sz, (T). Under (H2)-(H4), the ODE system (8)~(9) admits a unique
solution (Sy,74) € C([0, T]; R™) x C([0,T]; R). Then we obtain the candidate optimal control

o = —R'B'lz, — R 'B'S,.

Now, we show that @, is indeed the optimal control of Problem (BR). Applying It6’s formula to
(Mg, o) + 2(Sa, zo) and using the completion of squares technique, we have

Jo(ug) =E [67{£IH(0)€a+2€ISa(O)+Ta(0)+IOT ||ua+RleT(Hza+sa)|\;dt}] .

Since v > 0, J, attains its minimum when wu, = 4., which implies that %, is indeed the optimal
control. We summarize the above results into the following theorem.

Theorem 3.1. Under (H1)-(H4), the optimal control law of Problem (BR) is given by
o (t) = =RV ()BT ()[I(t)za(t) — R71(t)BT (t)Sa(1), a € 0,1], (10)
for which the closed-loop state process z, satisfies
dzq = [(A— BR'B'I)x, — BR™'B"S, + Dz,]dt + odw,, 24 (0) = &,. (11)
Moreover, the optimal cost is given by

Ja(tia) = E[exp (y{€4TI(0)€a + 267 Sa(0) +7a(0)})]. (12)

4 Consistency condition

The best response control problem of Section 3 has been solved by assuming each z,(-) to be a known
function defined on [0, T]. Following [10, 21], we specify z, by imposing a consistency condition such
that z4(t) is regenerated by the graphon weighted average of the individual means:

= | gl B)Ez5(1)d5. (13)
Combining (1 1), (8) with (13), we derive the following GMFG equation system:
to=(A—=BR'B'I)z, + D /1 g(a, B)23d3 — BR™'BT /1 g, B)Spds,
Sa=—(AT —~IIBR'BT + 2'71_(I)JUT)SQ + (QT —1ID)z,, 0 (14)
za(0) = /O 1 g, BymidB,  So(T) = —QfL'yza(T), «€[0,1],

which is a family of fully coupled forward-backward equations. In the remaining part of this section,
we employ two methods—the fixed point method and the method of continuity—to investigate the
well-posedness of the equation system (14).
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4.1 Fixed point method

In this subsection, we use a fixed point method to investigate the solvability of (14). Let ¥, (¢, s) and
Ugs(t,s) be the fundamental solution matrices of

1 =(A—BR'BTI)y;, and gy = —(AT —TIBR™'BT + 2yIloc ")y, (15)

with y1 (¢),y2(t) € R™ and U, (s,s) = Ug(s,s) = I,. We transform the solvability problem of (14) to a
fixed point problem. We write z4(t) = z(«, t) as a function of («,t) and will derive an equation for z,
by eliminating S,. Let C([0,1] x [0,T]; R™) be the function space consisting of continuous R"-valued
functions defined on [0, 1] x [0, T] with norm ||z|| = sup,, , |z(a,t)|. Define the linear operator = acting
on zZ € C([0,1] x [0, T]; R™):

(Eé)(a,t):/o \I’z(t78)D/0 g(mﬁ)é(ﬁ,s)dﬁds—i—/o \I/Z(t,s)BR_lBT/O g(o, B)
T

<{ [ sl (@U = ID)2(8.r)dr  Ws(s, TIQST (5. 7) b5,

It is straightforward to show that = is from C(]0, 1] x [0,T];R™) to itself and is continuous. Then the
solvability of the GMFG equation system (14) reduces to finding a solution Z € C([0,1] x [0, T]; R™)
to the following fixed point equation:

o t) = (E3)(a,t) + Vo (t,0) /O gla, Bym3dp.

Denote the constants ¢, = maxqeo, fol g(o, B)dB, ¢, = maxo<is<r |\I/Z(t,s)‘ and
cs = maxo<y o<t |Us(t, s)|. Let ||| denote the norm of Z. We obtain

IZ]| < C= = cyez|DIT + cye.cs|BR™BT| - (|QT — IID|T + |Q T4 |)T.

We have the following solvability result.

Theorem 4.1. Suppose (H1)-(H5) hold. If Cz < 1, then the equation system (14) admits a unique
solution (z.(+), S.(-)) € C([0,1] x [0, T]; R™) x C([0,1] x [0, T]; R™). Furthermore, ODE (9) also admits
a unique solution r.(-) € C([0,1] x [0,T]; R).

Proof. Under the contraction condition, we obtain a unique solution z from (4.1), which in turns
determines a unique solution S, for (8), and next r, for (9). O

Remark 4.2. The contraction condition in the fixed point method may be conservative and typically
holds on small time intervals [0, T').

4.2 The method of continuity

This part analyzes solvability by the continuity method under a dominance-monotonicity condition.
We need to formulate such a condition for operators acting on an infinite dimensional space. We
follow [23] to introduce some notation. Define L?[0,1] as the space of all square integrable functions
from the vertex set [0, 1] to R. Let (L?[0,1])" := L2[0,1] x --- x L?[0,1] with inner product (a,b) :=
S fol a;(a)b;(a)da = f01<a(a),b(a)>da, for a,b € (L%[0,1])", where a; € L?[0,1] is the i-th
component of a, and a(a) = (ai(a), - ,a,(a))’ € R for a fixed index o € [0,1]. The space
(L?[0,1])™ with the above inner produce is a Hilbert space with norm ||a|lz = (fol la(@)[2da)2. Let
L((L?[0,1])") represent the space of bounded linear operators from (L2[0,1])" to (L2[0,1])" with
operator norm || - [|op. Let L2([0,T7]; (L?[0,1])") stand for the Hilbert space of equivalent classes of
strongly measurable (in the Béchner sense [42, p. 103]) mappings from [0,7] to (L2[0,1])" with
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norm ||d||z2(jo,77;(L2[0,1))r) = (fOT |d(t)]|2dt)z, and C(]0,T); (L2]0,1])") for the Banach space of all
continuous mappings from [0, 7] to (L?[0,1])" with norm

[dlc = sup [|d(t)]l2. (16)
0<t<T

A graphon G € G{? defines a self-adjoint bounded linear operator in £(L?[0,1]) as follows (we use
the notation G rather than g to emphasize that it is an operator):

(Gay)(a) = /0 G(a, B)as(B)d, Va € [0, 1], (17)

where Ga; € L?[0,1]. Moreover, graphons can be associated with operators from (L2[0,1])" to
(L2[0,1])™. We use the square bracket [-] to indicate that the operator is in L£((L?[0,1])"). For any
F € R™™ and G € G{?, the operator [F'G] is defined as ([FGJa)(a) := F((Gaj)(a), -, (Ga,)(a)) T,
which lies in R™ for a given a. Since [F'G] € L£((L*[0,1])"), it generates a uniformly continuous
(hence strongly continuous) semigroup given by Sirgj(t) = exp(t[FG]) := >332, %tj [FGJi, t >0
[39, pp. 1-2]. Additionally, T € £((L?[0,1])") denotes the identity operator satisfying ([Fl]a)(a) :=
F(ai(a), -+ ,a,(a))" = Fa(a) € R™.

Now, we rewrite the equation system (14) in the following operator form:

4= (A +[DGl)z— [BRBTGS, 2(0) :/O G (-, BymtdB, -

S=—(AT + 29100 'T])S + [(QT — IID)[]z, S(T) = —[Q;T';1z(T),

where A = [(A — BR™'BTII)I]. In order to investigate the well-posedness of the forward-backward
equation system (18), we introduce the dominance-monotonicity condition:

(H6) (Dominance-monotonicity condition). There exist two constants g > 0, v > 0, a matrix M €
R™*" and two given matrix value functions F, H € L*([0,T]; R"*") (for some 71,7 € N) such that
the following conditions are fulfilled:

(i) One of these two cases holds: Case (A) 1> 0 and v = 0; Case (B) u =0 and v > 0.
(ii) (Dominance condition). For all ¢ € [0,T] appearing in B(t), R(t), D(t), Q(¢),I1(t), H(t), F(t) and
all z, S € (L?[0,1))",

[[BRBTGIS|l> < —|[HTS]>, [[(@F ~ TD)TJalz < - [Tl

1
—||
I
1
QsTslzllz < —|[[MT]z2.

(iii) (Monotonicity condition). For all ¢ € [0,7T] appearing in B(t), R(t), D(t), Q(t), I1(¢), H(t), F(t)
and all z, S € (L?[0,1])",

([DG]z,S) — ((BR'BTG]S,S) — ([241loc 1], 2) + ([(QT — I1D)I]z, z)
< —v||[FI| - ul[HLS]]3,

—([QsT 4Nz, 2) > v||[MT]z|3.
We adopt the following convention for condition (ii). When y = 0 (resp., v = 0), i (resp., 1) means
oo. That is, if 4 = 0 or v = 0, then the corresponding dominance condition becomes superfluous and
is dropped.

Remark 4.3. In fact, the case with 1 > 0 and v > 0 is covered by both Case (A) and Case (B).
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For any m,m € L?([0,T);(L?[0,1]))") and n € (L?[0,1])", we introduce a family of forward-
backward equation systems parameterized by « € [0, 1]:

z" = k{(A+[DG])z" — [BR'BTG]S"} — (1 — r)u[H " HI]S" + m,

SK _ H{ _ (AT + [27H0’0’TH])SK + [(QF _ HD)H]ZK} _ (1 — ﬁ)I/[FTF]I]zK +m, (19)

z“(O):/O G(-Bym3dB, S(T) = —w[Q,TMe"(T) + (1 — r)w[M T MIZ*(T) + 1.

We will show that for each xk € [0, 1], the equation system (19) admits a unique solution (z",S") €
C([0,T]; (L2[0,1))™) x C([0, T]; (L2[0, 1])™). Tt is easy to see that when £ = 1 and (m,m,n) = (0,0, 0),
equation system (19) reduces to (18). Moreover, when x = 0, (19) becomes

1
2 = —p[H"HI)S? +m, 2°(0) :/0 G(, B)midB, (20)

S"= y[FTFNz’ +m, S%T) =M " MIz°(T) +n.

Now, we investigate the existence and uniqueness of a solution to the forward-backward equation (20)
in two cases. For Case (A) (i.e., p > 0 and v = 0), (20) is in a decoupled form, for which we can
solve the backward equation first to get SY, and next obtain z°. For Case (B) (i.e., # = 0 and v > 0),
(20) is also in a decoupled form and easily solved. Thus, under (H6), (20) admits a unique solution
(2°,8°%) € C([0,T]; (£2[0,1])") x C ([0, T]; (L2[0, 1])™).

The method of continuity works by showing that whenever (19) admits a unique solution for some
ko € [0,1), then unique solvability still holds for all x slightly large than g, allowing to cover up to
k = 1. To develop the continuity arguments, we first give the following a priori estimate of the solution
to (19).

Lemma 4.4. Under (H1)-(H6), suppose that (zf§,S8%) € C([0,T]; (L?[0,1])") x C([0,T]; (L*[0,1])"),
Jj = 1,2, are solutions of (19) corresponding to (m;, m;,n;), respectively. Then one has the following
estimate

T T
o+ 16571 < & [lonl3 + | o) Bae+ [ lmo)ar].

where the norm || - || is defined in (16). Here, 0z" = 2§ — z§ and other terms are similarly defined.
K is a positive constant depending on T', i, v and the upper bounds of all coefficients in (1) and (3),
I, the norm of H F and M, and ||G||op-

Proof. We present the proofs for Case (A) and Case (B) separately. For Case (A) (i.e., p > 0 and
v = 0), according to (19) and (H6)—(ii), it holds that

T T
o < 8 ([ fomio)iFae+ [ mmes ar),
T
o872 < Ko ([ 1m0 + 16 + 1],
where K7 > 0 is a constant. Eliminating ||6z*||% in the second inequality, we obtain
T
1012, + 10871 < Kal6ml + [ {16m)15 + om0 + Ilemsss @l }ae] 1

where Ko > 01is a constant. Recalling (19), we derive the equation of (62", 6S"). Taking the differential
of (6z",5S") and integrating both sides over [0, T], we then use the monotonicity condition (H6)—(iii)



Les Cahiers du GERAD G-2025-57

to obtain
(02"(T), 6S™(T)) — (§2"(0), 6S"(0))

E/T{K6iﬂm}{AT%—PyHGUTMﬁS”%—KQF—-DTHﬂMzﬂ—%&ﬁ>
+ (k[(A+[DG])dz" — [BR™'BTG]0S"| — (1 — k)u[H " HI§S" + om, 5S*’~>}dt (22)
T
< [ (= (IS + (m(e). 08" (1) + 52 (0) 5m(v) ) .
0
and

(52 (T), 08" (T)) = (52" (T), ~w[QT 16" (T') + o) > (32" (T). m). (23)

Then we have

p / |[HI3S™ (1)]3d¢ < / ((om(e), 38" (1)) + (92" (1), (1)) ) dt — (32" (T), om),

which implies

T
/O LSS (1) | 2at

1
< =

T
< | (tomee). 5% o) + a0 5m(0) )t - - (62T, 6m)
. 0 . . (24)
< (18" e - [ lomio)ladt+ 1627 - [ om0 ot + 52 - Joml)

1
<

T
_ 26, " "
(loml+ 7 [ {Jom(ol3 + lom(o)3 ar) + 2 (158712 + 6°]2),
4161 0 1%
where 01 > 0 is arbitrary. We now select 61 = 3%, where K» is from (21). Combining (21) with (24),
we obtain the desired result.

For Case (B) (i.e., p =0 and v > 0), according to (19) and (H6)—(ii), we have

T
92512 < K / Jom(e)|3at + 65",

T T
o871 < sa [ lom(olBdr+ [ IFmoz*(lat + [pmea" (DI + 6l
where K3 > 0 is a constant. Eliminating |[6S*[|Z in the first inequality, then

162" 12 + (168" |2

2 4 2 = 2 K 2 K 2 (25)
< Kallonl + | {Iom(e) I + 16m(e) 3 + (F16a" (1) pae + [M1Joa (D)),
where K4 > 0 is a constant. Similar to (22)—(23), and using the monotonicity condition (H6)—(iii), we
have
(02"(T),08"(T)) — (62"(0),8"(0))

= / : {<5z”, K[—(AT + [29Ilo0 TT))3S" + [(QT — DTINN6z"] — (1 — k) [F | F1)oz" + 6mm)
0

+ (k[(A+ [DG])dz" — [BR™' BT G]3S"] + om, 65") hat

T
< /0 (= VPO @3 + (om(1), 38" (8)) + (62" (1), o () ) at,
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nd
! (62"(T),08"(T)) = (62"(T), —&[QT 162" (T) + (1 — k)v[M " MT|6z"(T) + dn)

> v|[[MT]6z"(T)||5 + (62" (T), om).
Then we have

T
v [MI)sz"(T)]3 + V/o I[FT]6z" (£)]3d¢

< /0 ((om(), 88" (1)) + (92"(1), (1)) ) dt — (32" (T), om),

which implies

T
[M1]62" (T)13 + /O I[FT]62" (£)]3d¢

1 /7 " . - 1 "
< */0 (<5m(t)758 () + (62" (t), ¢ (t)>)dt z/<6 (T),6m)

14
T

1 r _ .
< f(nasnnc- | 1smoladt + 5 [ oo e+ 1527 - ol )
o (T / " {lom(e + Jom(e) bar) + 222 (s + 102 2
> 4 9 MNll2 2 2 c c )

where 05 > 0 is arbitrary. We now select 0 = 34—, where Ky is from (25). Combining (25) with (26),
we obtain the desired result. O

With the aid of Lemma 4.4, we obtain the following lemma.

Lemma 4.5. Under (H1)-(H6), there exists a constant dp > 0 such that if the equation system (19)
is uniquely solvable for some kg € [0,1) whenever n € (L?[0,1])" and m, m € L?([0, T]; (L?[0, 1])"),
then the same conclusion holds for all k € [kq, (ko +d0) A 1], where g does not depend on kg.

Proof. Take any & € (0, dp], where Jy > 0 will be selected later. For any (z,S) € C([0, T]; (L?[0,1])") x
C([0,TY); (L?[0,1])™), consider the following forward-backward equation system

Ko [(A + DG])z —[BRT'BTGIS] — (1 — ko)u[H " HI|S + n,

S-— Ko — + [29Iloo TT))S + [(QT — IID))Z] — (1 — ro)v[F " FI)Z + &, (27)
/ Bym%ds,  (T) = —rolQTAET) + (1 — ko) [MT MIE(T) + 7,
where n=m+6[(A+[DG])z— [BR'B'G]S] + éu[H " HIS,
A=m+6[— (AT + [29Iloo '1))S + [(QT — IID)I)z] + ov[F ' FIIS,
=1 — 0[QTfI]z(T) — bv[M " MI)z(T).

Here m, m and n take the same form as in (19). We can easily check that 7 € (L?[0,1])" and
n, i e L%([0,7]; (L2[0,1])"). Then by our assumption, (27) admits a unique solution (z,S) €
C([0,T); (L2[0,1))) x C([0,T]; (L?[0,1])") for some ko € [0,1) whenever n € (L2[0,1])" and m,
m € L%([0,T); (L?[0,1])™). Thus we have a well-defined mapping from (z,S) to (2,§), which is de-
noted by _
(2’ S) = Ino+g(za S)

Next, we will show that, if & is sufficiently small, the operator I, 5 from C([0,T]; (L*[0,1])") x
C([0,T]; (L2[0,1))™) to itself is a contraction. Let (zl,Sl) be another solution of (27), when (z,S)
is replaced by (z1,S1). Denote 0z = Zz; — z and 58S =S, —8S. Following the proving method of
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Lemma 4.4, we can show ||(6Z, 39)|I2, < K562|(02,69)|2, where K is a positive constant independent
of kg and . Thus we can choose §y = ﬁ, so that for any ¢ € (0, o] satisfying ko + 0 < 1, we have

1(62,89)(1% < 11/(6z, 6S)||Z, which implies that the operator I, |5 is a contraction. Therefore, it has
a unique fixed point, which is the unique solution of (19) with k = kg + 9. O

We have the following existence result.

Theorem 4.6. Under (H1)—(H6), the forward-backward equation system (18) admits a unique solution
(z,8) € C([0,T]; (L2[0, 1)) x C([0, TT; (L2[0, 1])").

Proof. From (20), we know that (19) admits a unique solution when x = kg = 0. It then follows from
Lemma 4.5 that there exists a positive constant dp such that for each k € [k, (ko+00) A1], (19) admits
a unique solution. Thus, we can repeat this process ¢ times with 1 < 1dg < 1+ dg. It then follows that,
in particular, the forward-backward equation system (19) admits a unique solution when x = 1 and
(m,m,7) = (0,0,0). O

4.3 Example

For illustration of the monotonicity condition (H6)—(iii), we give the following example.

Example 4.7. Each graphon G gives a self-adjoint compact operator from L2[0,1] to L?[0,1] [34,
Section 7.5], and hence has the following discrete spectral decomposition

G(a,B) = Y Mfu(a)fe(B), (28)

LET

where £,(-) € L?[0,1], {\¢}e>1 C R is the set of eigenvalues, and the convergence is in the (L?[0,1])"
sense. Here, {f;}secz, represents the corresponding set of orthonormal eigenfunctions, and Z is the
index multiset for all the nonzero eigenvalues of G. Since the graphon operator G defined in (17)
is a Hilbert-Schmidt integral operator and hence a compact operator in £(L?[0,1]), the number of
elements in 7, is either finite or countably infinite; see [34, Section 7.5]. In particular, if {1, Ao, -}
is a countable multiset of nonzero eigenvalues, then limy_, ., Ay = 0, and every nonzero eigenvalue has
finite multiplicity.

Now we consider a graphon with spectral decomposition (28) and denote the index set of all
strictly positive eigenvalues Ay by Ij\“. We further assume that I;\r is finite. Without loss of generality,

we assume I;' = {1, -+, Aq} and Amin = minj<y<qgA¢. Let H be the subspace generated by the
orthonormal basis functions {fy,--- ,f;} and H* be the complement subspace in L2[0,1]. Assume
m’eH" :=H x--- xH. (29)

In view of the proof of Lemma 4.5, the existence and uniqueness analysis can be carried out with the
solution lying in H™ subject to (29). Then we only need to establish the monotonicity condition for
z,S € H™. Moreover, we assume that for every ¢ € [0, T}, the following inequalities hold:

_Qr+T'Q-ID-D'M DDT
2

— oo "o oIl — >0

’ (30)

where II is determined by (7). Let v = info<;<r |5\*Q(t) Y 5\51| and p = infocpcr [ N5 ()], where szg(t)
QUIT+TTQ(H)=DT (IO D() .
2

(resp., N&(t), S\*Qf) is the largest eigenvalue of the symmetric matrix

Voo (o (o) + 2OPTO (resp. 21, ~BER (1) BT ())Amin, L5190 By (30),
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we obtain g > 0, then

([DG]z,S) — <[BR*BTG]S S) — ([27oc TS, z) + ([(QT — IID)]|z, z)
= ([(QT —IID)I]z,z) — ((BR"'B'G]S,S)

— 2Iloo " /s da+D/ / G(a, B)z(8)dBS(a)da

< iz’:gof)nzn% + Amusn%
< —vljz|3 — u|S3,

for all z,S € H", and moreover,

~([QsT Nz, 2) > =5, |l23 > vllal3.

Thus the desired monotonicity condition is verified.

Remark 4.8. i) Example 4.7 shows how to construct concrete models to verify the monotonicity con-
dition. In fact, even if d := |Z}"| = oo, as long as m® remains in a fixed finite dimensional subspace of
the space spanned by {f;, ¢ € Ii}, the monotonicity condition can be verified provided that inequali-
ties (30) hold.

ii) In the risk-neutral case (i.e., the limiting case of (14) with v — 0), the constraints on the
initial mean m?® imposed in Example 4.7 are no longer required. For example, we consider the uniform
attachment graphs, which converge to the limit graphon G(«, ) = 1 — max(a, ), a, 8 € [0, 1], under
the cut metric with probability one (see [34, Proposition 11.40]). The spectral decomposition of G is

given by ref
G(a, 8) = Z e 2\fco ( )X\/icos (T)

k=1,3,5,-

Here, the eigenvalues of G are given by A\ = ﬁ for positive odd integers k, and A\ = 0 for positive
even integers k. Then for every t € [0,7],if D =0, —(QL +T'TQ) > 0, —(Q;T's + F;Qf) >0, we
can easily check that equation system (18) satisfies Case (A) for the monotonicity condition. To show
this, let Apin be the smallest eigenvalue of graphon G (here Apin = 0), v = info<i<r |)\Z? (t) Vv )‘22,"’
= infoce<r [NR(2)], where Ap(f) (resp., AR(f), AG, ) is the largest eigenvalue of the symmetric matrix

QW4T T Q(#) (
2

ol
resp., —R1(t), 7erfzrf Qf)

. Subsequently, we can verify p > 0,

QT Mz, 2) > =Xy, |1z]13 = vzl

and
([DG]z,8) — ((BR"'BTG]S,S) — ([24Iloc '1]S, z) + ([(QT — I1D)I]z, z)

<{[QTT|z,2) — (R [/ Amin BI]S, [/ Amin BI]S)
< AH®)lz[l5 + A% () IV Amin BIS|[3
< —vllzl|3 — pll[v/ Amin BIS|[3.

Hence the monotonicity condition is verified.

5 e-Nash equilibrium

Suppose that (z,S) has been determined by Theorem 4.6. Taking the resulting function S, (¢) for the
best response control law (10), we construct the decentralized individual strategies in the N-player
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model by appropriately matching the parameter a. Specifically, we construct the set of decentralized
strategies 4 = (41, - ,Uyn) with

4;=—-R'B'Ili; — R7'B' S;e, (31)

where I; is the midpoint of the subinterval I; € {I1,---,In} of length + (see Section 2.1), as the
nodal index of agent A; in the N-player model. The resulting closed-loop dynamics for &; are governed
by

d#; = [(A— BR™'BTI)i; + D™ — BR™'BT S;:]dt + odw;, #0)=¢&, (32

~(N) _ 1 <~N _Na
where &; —szzlgijxj.

To analyze the performance of @ in terms of an e-Nash equilibrium, we introduce the following
definition.

Definition 5.1. The set of strategies 4 = (41, - ,4y) is called an e-Nash equilibrium with respect to
costs J;, 1 <1 < N, if for € > 0, the N inequalities hold:

\71(’&1,’&_1) < ing_ Z(ui,ﬁ_i) + e, for all 1 <i <N,
u, €U

where U! is defined by (2) as the centralized strategy set for agent A;.

We need to introduce the following assumption, which specifies the nature of the approximation
error between gV for the finite graph and the graphon function g.

(H7) The sequence {g", N > 2} and the graphon limit g satisfy

i Y * _
Jj=1 J

For further estimate of (32), we need to introduce an auxiliary process. By taking the nodal
parameter in (10) as o = I} € [0, 1], we denote the best response control law

u; =R 'B'Ilz; — R™'B' Sy, (33)

and accordingly introduce the mean-field limit dynamics
dz; = [(A— BR™'B'I)Z; + Dz; — BR™'B' S;+]dt + odw;, z;(0) = &. (34)
(N)

Here, z; = zr+ is intended to approximate the weighted state-average ;" at node 1.

Let us introduce the following notation:

N N
Gij

i _ 17, 8)d
N, o

za (t) = Za(t)

9

€1.N = ImaXx
’ 1<i<N 4
Jj=1

€o,N = Sup sup
0<a<10<t<T

sup ’Eféy —-mZ
0<a<1

)

€3,N

)
)

where z¥ = Zivzl 17, (a)z and &Y = Zf;l 17, (). Based on (H1), (H7) and the uniform continuity

of z,(t) with respect to « € [0, 1], it follows that impy_,o0 (61,5 + €25 + €3,5) = 0. Then we have the
following estimates.
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Lemma 5.2. Under (H1)-(H7), there exists a constant Cj independent of N such that
sup  sup \x( ) — z] (35)
1<i<N 0<t<T
<q"i(§,_1}35)’ — sup / Zodw ‘—I—COaN
- N =~ / ’ N 0<t<T ! 7
sup sup |%; — T (36)
1<i<N 0<t<T
<CO‘§:(§ — E¢; ' — sup ‘/ Zadw‘—i—CO&N
- N = ’ N 0<t<T ! ,
where Z; is given by (32) and Z; is given by (34). Here, ey =1, v + 2,8 +€3,N-
Proof. According to (14) and (32), it holds that
N
A - 2) =[A<fc§N> SAS IR B [ otz st
D N
+ N D/ Zﬁdﬁ} dt + — Z ggadwj, (37)
Jj= j:l
(N
M (0) ~ (0 = Zgijfj / . Bymsds.

In the following estimates, we use C' to denote a generic constant that does not depend on N and may

vary from line to line. Recalling the control laws 4; in (31), @; in (33) and @, in (10), at time ¢, we
have

B & !
EOWILTE | otz pEaas

BR™'BT _ L _
\*Zgw (W, + S15) ~ BROBT [ g7, )11z + 85)a)
0

< Clg;" —zz|+0‘z(g”—/ g(I;. B)d8) Si;

BEI,;

1
| [tz By - s
0
< Cﬂzi — 2| + Cen,

where SN = Z;Vd 17,(a)S Ir- Here, the last inequality is due to the uniform boundedness of .S Ir and

Supg<t<r 1SY —Sal < SUPg<i<T C|zY — z,| resulting from (14). Moreover, we also have
1 & 1
‘Nzgggj_/o mﬁd5‘<*‘z - E¢;) ‘+CEN,
j=1
D oy " C ()
‘Nzgijmj -D ) Q(Iiaﬁ)zﬂdﬁlﬁﬁz:}xj —zj|—|—C€N.
Jj=1 j=1

Hence, by (37), for all s € [0,T], we obtain

gEEN)( ) — zi(s <C/ |gc(N)—zl|+ Z|x - )dt—i—CaN

+§1E w0+ §1 S
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Adding up the above N equations and using Gronwall’s inequality, we derive

1 Ol Ol [P
= 301N (s) - zits)| < 2| Do - B + N’/o > oduy| + Cey. (39)
i=1 j=1 j=1
Combining (38) with (39), we get (35). Similarly, (36) can be proved. O

For the risk-sensitive cost functionals (3) and (5), we need some exponentiated estimates of the
difference between the processes in (32) and (34). For all the remaining part of this section, we take
a sufficiently large N and consider N > N.

Lemma 5.3. Under (H1)-(H7), for any given deterministic positive function ® = f(N), N € N,

satisfying
i) =o(1/(5 +2%)): (40)
where €y is given by Lemma 5.2, we have
sup E[e® Je ‘ii*ii‘{zdt} =1+o0(1), sup E[e® Je ‘jENLZi‘th} =1+o0(1). (41)
1<i<N 1<i<N

Proof. By virtue of Lemma 5.2, for all ¢ € [0, T], it holds that

12:(t) — 2 (12 < ?}\67’20 ‘ Z —E¢)) ‘ sup / Zo’dwj +3C’05N

0<t<T

In the following estimates, we use C' to denote a generic constant that does not depend on N and may
vary from line to line. Thus, it follows from Holder’s inequality that

E [exp for( sup 1210 - a0 }}
< (e [exp{Nz!Z —ug)[ J])7 (oo’ (12)

< (E[exp {52 sup\/zadw] IR

0<t<T

For the first term of the right-hand side of (42), using the independence of ¢; as stated in (H1), we
get

N N
E{C@’ Z(fj - Efj)ﬂ — % Z]Eléj —E¢? < C@(% + gfv) Nooo, 0,
j=1
which implies

]\}gnoo pa ‘Z — E¢;) ‘ —0  in probability. (43)
Notice that &;,1 < j < N, are 1ndependent random variables taking values in a compact set S§.
Letting Yy = Zévzl(fj —E¢;), then by the integration by parts formula and Hoeffding’s inequality, for
all K > 1, we have

E{e%—)lymzl

{e%(gy“zk}}

o o N2Iny
< P(e~2 NI >ydy:/ P([Yy]| > dy 44
| o= [ (vl >/ TegY) (44)

o0 N2Iny oo N 2K~ s
< 2exp<— )dyZ/ 2y cedy = ———,
A? CNO Q] VS
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which tends to 0 as K — oo, uniformly with respect to N, implying that the sequence {e%IYle}]\DN
is uniformly integrable. Combining (44) with (43), it follows from Vitali convergence theorem (see [15,
pp. 62-63]) that

o 3l {52326 - 560 . o

For the second term of the right-hand side of (42), we have

lim POk < Jim OO +eR) = 1. (46)
—00 —00

For the last term of the right-hand side of (42), Since w;, 1 < ¢ < N, are independent standard
Brownian motions, fg Zf;l odw; has its distribution equal to that of \/Nfg odw, where w is a
standard Brownian motion. Then, recalling condition (40), it follows from the monotonicity of e”
and Doob’s maximal inequality for submartingales that, for sufficiently large N > N,

#low (52 | [ Sovel) N ==lon {357, | ol
<4E exp ‘/ de’
:4[det(ln—$ aaTdt)T%
0
=4+o(1),

N
E]‘:1 odw;

which implies that the sequence {e%(supogtg I fo |)2} ~>x is uniformly integrable. Moreover,

by Burkholder-Davis-Gundy inequality, we have

[ sup_| / Zodwj

0<t<T

T
}SCG o2dt X2, ¢
N 0

which implies that

co ' 2
lim —( su ’/ adurD =0 in probability.
N-—oo N2 ogth 0 ; ! P Y

Then, using Vitali convergence theorem again, we have

lim E|
i exp sup /Zadw]

O<t<T

} =1 (47)

Combining (42) with (45)—(47), it holds that

E[eefOT Iii—iilzdt] < E[exp {@T( sup |&; — @|2) }} =14 o(1),

0<t<T

uniformly with respect to i. Then we obtain the first equation in (41). The proof of the second one is
similar and omitted here. O

For the processes (x,y,u) on [0,7T], define

T
Ar(z,y,u) = /O (llz(t) = Ty@)IIG + lu(®)F)dt + [l=(T) = Try(T)II5, (48)

and we further obtain the following estimate.
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Lemma 5.4. Under (H1)—(HT), for all deterministic positive function ® = f(N), N € N, satisfying

10 =o(1/(y) 5 +2)): (49)
we have

sup E[exp {@|AT(9§¢,§:§N),@1-) — Ar(z4, zz,ﬂiﬂ}] =1+o0(1). (50)
1<i<N

Proof. Recalling (48), we have

T
< lall% — [|a:%| ba
I R ]}
N ~(N _
+ [[|#:(T) = Tpa™ ()3, — 17:(T) = Tyzi(D)|3, |-

V) — Ap(F4, 25, 1) |

~ ~(N _
I12; — T2 2 — |z — T3] +

Using Holder’s inequality, we get
E[GXP {@|AT(5017 fEN), ;) — A (T4, 2;, ﬂz)|H
1 1
< (E [63@ I |chi—rd”)uéf||a-cfrziné}dt]) ; (E {63@ I ||mi||%fuain§|dtD g (51)

X (E[63®||\9Ei(T)—FfiEN)(T)\|2Qf—Ha’ci(T)_r‘fzi(T)Hfoq)%.

Noticing (Qz, z) — (Qu,y) = (Q(z — y),z — y) + 2(Q(x — y),y) and using Holder’s inequality, we have
E[e*® s |na:’ifm§“uzfnfifrziuzldt]
/EN)_ZiH

Tiia = 12 1|4 2
< E[€6® Jo llzs=zillo+2 rTor

1
S {E[eC@ fOT ‘:i,‘,*ii‘th} }4 {E {eC@ fOT |<217L,@7F21)

1
X {E[ece fOT ‘;ﬁgN)_zi‘zdt} }4 {E [ec@ f(;r |<i§N)—zi,§:i—in)

+\<Q[fci—ii—r<fc5”—zi)],z,:—rz»ndt]

a1 (52)
N
dt}}‘l7

where C' > 0 is a generic constant that does not depend on N and may vary from line to line. By
virtue of Lemma 5.3, we know that

1 1

{E[ece I m—m?dt} }Z{E{eceff wﬁ”)—mzdt} }Z = 1+ 0(1). (53)

Next, we analyze the other two factors in (52). Recalling the fundamental solution matrices U, (¢, s),
we get

t t
7i(t) = W, (t,0)& — / (1, s)(BRBTS;: — Dz))ds + / U, (¢, s)odw;.
0 0

By the GMFG equation system (14) and Theorem 4.1, we know that (z;,Sr-) € C([0,T];R") x
C([0,T];R™), which implies that (2;, Sr-) is uniformly bounded with respect to all i. Since the initial
state &; takes value in a compact set S§ and W, (¢,s) = U,(¢,0)¥,(0, s), we have

t
sup |Z; —Tz;| < C+ sup C"/ U, (0, s)odw;
0<t<T 0<t<T 0

Using Holder’s inequality and a method similar to the proof of Lemma 5.3, taking € = 4/ % + €%, then
we obtain

E|exp (C@T- sup [(&; — Ti, Ty — in>|)
0<t<T
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0T cCOT
§E[exp( 2= sup |50¢—£|2+€ - sup |ii7in|2)]
2¢  o<i<T 2 0<t<T

< {&[exp (2 s Joi— i) V B exp (ccor sup |oi—rs]")]}
I
)

SIS

<[1 +0(1)]{E{exp{€C@T[C2 sup C’/ (0, s)odw;

0<t<T

<[1+ 0(1)]@€C@T{E[exp {éC@T OiltlET ‘/ (0, s)odw;

= 1+0(1),

where the second to last line is due to Vitali convergence theorem and

2
) =0, in probability,

VY] <4+ oty

lim €C@T sup ‘/ 2(0, s)odw;
N—oo 0<t<T

sup E[exp{QéC’@T sup ‘/ 2(0, s)odw;
N>N 0<t<T

Similarly, we also have

E[exp (C@T- sup |<:%EN) — 2, T — Fz»)] =1+o0(1).

0<t<T

Making use of the above estimates, we further obtain
{]E {ece 1T |(5ci—a’c,i,£,-—1“zi)|dt} }% {IE [ece 5T \(ﬁgm—zi,@—rzi)\dt] }%

< {E|exp {COT( sup |<f’3i—fi’fi‘rzi>|)m%

0<t<T (54)
X {E{exp {C’@T( sup |<§:§N) — 2, Ty — le>|) H }Z
0<t<T
=1+o0(1).
Combining (53) with (54), we have
E[e?0 o \uiifmﬁ”)Héfufrrzinzldt] =1+ o0(1). (55)
Applying a similar method as used in the proof of (55), we also obtain
E[e?’@ Jo Hmiu?%_ﬂﬁiu?ﬂdt] =1+o0(1),
36|12 (1)~ ;™ (D)%), ~I|2:(T)~T 2 (D)%, | (56)
]E[e ll#:(T)=Tsa; " (TG, — 2 (T) =T 52T, } —1+0(1).
Combining (51) with (55)—(56), we obtain (50). O

Suppose that agent A; chooses an alternative feedback control law u; € U2, while the other agents
A;, j #1, still adopt the strategies @; in (31). The resulting closed-loop state processes are given by

dz; = (Az; + Bu; + Dx(N))dt + odw;, z;(0) = &;, (57)
dz; = [Az; — BR™'BT (Ilz; + Sp-) + Da{™)dt + odw;,  2;(0) =&, j#1,
where z{) = L SN gNa. Th functi ;
i =N 2u1=19i T e cost functional of agent A; is

Tiluisii—i) = E[ exp (+{ /OT [l = D™ + sl + [l (7) = Dyal™ (1)1, })] -
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Let ug!(t,w), as a stochastic process adapted to J;, be the closed-loop control inputs generated by
the above control law ;. Based on (4), we introduce the auxiliary mean-field limit dynamics for each
agent:

{dzf" = (Az° + Bu§' + Dz;)dt + odw;, z°(0) = &, (58)

de® = [Az5® — BR™'B (Ia° + Sp:) + Dzj)dt + odw;, a3°(0) =&, j#1,

where z; = 2+ is specified by (14) and u$ is the closed-loop control inputs generated by the control
law u; in (57). The use of the form wu¢! is for convenience of further performance estimate (see the
subsequent proof of Theorem 5.6). Then, by the method of proving Lemma 5.2, we obtain the following
estimates.

Lemma 5.5. Under (H1)-(H7), for (57) and (58), there exists a constant C such that

(N)
su sup |z, — 2z <C +e ‘ —E 59
1<z£NO<t£T| | ( N) N Z %) (59)
t N
d
— dt—l—f su ‘/ adw-’7
o, e g | 15
~ N
/1 C
sup sup |z; —z°| <C(— +¢ +—‘ 'f]E-‘ 60
. sup | |<C(% +ev) + & ;@J &) (60)
e[t G | [ o)
Proof. By (14) and (57), it holds that
(V) (V) B n o BR'B' <~ y D~ o)
d(z; —Zi):[A(% = 2i) + 7 9 Ui —72913‘(1_[333‘4‘51%) 7Zgjxj
N N 7 J N o
L
N
_B/ 17, B)Easdf — D/ B)zpdB|dt + Nz_:gjadw], (61)
(V) 1o N '
o) = 5(0) =5 a6 — [ alir pmzas.
j=1

In the following estimates, we again use C to denote a generic constant that does not depend on N
and may vary from line to line. Recalling the control laws @; in (33) and 4, in (10), we have

lgf% 1f3 !
d 2 : *
Gii U; g’L II{L’ + SI* - / g _Z,L ,/3 Eu (1/3‘(1t
/ ‘N IN J J ) 0 ( ) A

J?ﬁz
BR'B
< —ghuf' + 79” N (Mx; 4+ Sp)|dt
) IN N i
BR'BT & !
¥ TZ% (ts; + S3) ~ BR™BT [ (17, 8)(11Ez, + 85)ds] e
0 0
< [T1B nve BRlBTNH SdCS(N) dt + O
=/ Ngu ; +T9n( x; + Sr)|dt + lz; " — zi|dt + Cey

C S S
< —/ |u§l|dt+C/ |1’£N —zz\dt—f—f sup
N Jo 0

O<t<s

/ Zadwj‘ +C< +5N)
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where the last inequality is due to |z;(s)| < C + C [ |[ué'|dt + C| [ Zj\;l odw;|. Moreover, we also
have

N 1
1
\NZgij-&j—/o I, mﬁd5\<—\2 ~ )| + Cen,
. C
‘NZgg’ EN) D/ g(Ii,ﬂ)zBdﬂ’SNZ}xEN)fz”wLC’eN.
0 =

Thus, by (61), for all s € [0,T], we have

12 (5) — 2i(s)| <o/s (o™ - =] + iEN: () _z.|)dt+c(i +en)
i 7 = 0 7 1 Nj:I J J N

(62)
1< l
+—’ —E +—/ uy dt+ su / de}
SPICRES il + 3 s Z :
Adding up the above N equations and using Gronwall’s inequality, we have
1 X
N
NZM () = %(9)|
N (63)
<C( +e ) ’ —E / Cldt—l—fbu / odw;
N N 2:: &) fuf’ O<t£s Z g
Combining (62) with (63), we get (59). Similarly, (60) can be proved. O

Based on the above analysis, we now present the key result on performance analysis.

Theorem 5.6. Suppose (H1)-(H7) hold. The set of strategies & = (4y,--- ,4y) given by (31) is an
e-Nash equilibrium, where € = o(1) as N — oo.

According to Definition 5.1 of the e-Nash equilibrium, it suffices to show
Z(ﬂi,ﬂ,i) < ll’lf \ZI(U“ ) +e.

Since the classical method of proving the e-Nash equilibrium via L? error estimates alone is inadequate,
a new method is applied subsequently. We will identify sufficiently close upper and lower bounds of
infy, ey Ji(u;, G—;). Subsequently, we can show that the set of decentralized strategies @ is an e-Nash
equilibrium.

Proof of Theorem 5.6. Step 1. Provided that we can show J;(;,t—;) < C for some fixed constant
C independent of N > N, then it is sufficient to consider all alternative control laws u; € Z/lci that
satisfy B
Recalling the definition of Ap(z,y,u) in (48) and using Holder’s inequality, we obtain

Tiliis, i) = E[erhr @i )]

< (E [67(1+6)AT(fi72i,’l—H)} ) e=1 (E [67”“;’5) [AT(a”:i,:iEN),ﬁi)fAT(ii,zi’ﬁi)]] ) o

where (Z;, u;) is specified by (33)—(34) and z; = z;- is specified by (14). Selecting oy = Py
; It

we see that dy — 0 as N — oo. We will use the fact that (]E|X|1+5)ﬁ approaches E|X| as 6 — 0, if
there exists a positive dp such that E|X|'*% < co. By Theorem 3.1, we have

]E[exp{’yAT(:Zi,zi,ﬂi)}] E[exp('y{fTH §1+2£TSI*()+7"1;(0)})]
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In conjunction with (H1) and the uniform boundedness of (II,S;-,7;+), it follows that
E[e7(1H00)AT(Zi:2:.%)] < o0 for some positive constant §y. Thus

1
J\;i_1>noo (E[exp {’y(l + on) A7 (T4, 2i, ﬂl)}D TN _ R {eXp (’yAT(i‘i, Zi ﬂz))} ) (65)
Now we take © = 7(1%51\’) = L and we can verify that condition (49) holds. By Lemma 5.4,

4/1 2 )
V N tEN

we get

e {ZLE 0 51,6, ) - Ar @, 20

Then combining (65) with (66), it holds that

}] =1+o0(1). (66)

Z(ﬁi,ﬁ_i) < Jl(’ljl)[l + 0(1)], (67)

where @; is given by (33), and o(1) — 0 as N — co. Hence, there exists a fixed constant C such that

supy <;<n Ji(ts, ;) < C indeed holds for all N > N. In view of (H3) and (64), we have
E[e o I4il%34] < 7, (u;,0-;) < C, (68)

which implies that, for all sufficiently large N, there exists a constant Cy (depending on C and the
uniform upper bound of R),

. _
IE/ g2t < €L (69)
0 Y

Step 2. For u; € U! satisfying J; (u;, 1_;) < 6’, we aim to find a lower bound of J; (u$!, 4_;), where
u¢ appears in (58) and now additionally satisfies (68)—(69).

Let X and Y be two random variables. For any given positive constant ¢, using Holder’s inequality,

we have E[e¢Y] < (E[ec(l;é ! (Y*X)])lié’ (]E[ec(1+5')X])Tlé’ for every ¢ > 0. Taking ¢ = =, it holds
that E[eX] > (E[eﬁy])l‘*“;/ (E[e” Y =%)])=%". Based on this inequality, we have
A xfo,zi,ufl 4
E[e"/AT(HCi,ng),ufl)} S (E[e1+5 7( )])1+6 7 (70)

T (E[ed @zt —Ar (el ughl )

where the control u¢ is the same as in (58). Note that the alternative control law u; satisfies (68)—
(69). Then in view of Lemma 5.5, the estimate in Lemma 5.4 after replacing @; by u$' remains valid
(see (77)), which guarantees that the numerator and the denominator in (70) are not simultaneously 0
or 0.

To estimate the numerator in (70), we introduce a new auxiliary control problem (ACP), which
considers the further optimization of ugl appearing in the numerator of (70).

Problem (ACP). Find @ € U to minimize

%

T
I () = E[exp (2 { [ D=y + st + ) - rfsz)nzg,})],
for &’ > 0, subject to
dz; = (Ax; + Bu; + Dz;)dt 4+ odw;, x;(0) =&,
where z; = zr+ is specified by (14).
By the method of Section 3, we obtain the optimal control law

! ! ! !
@ =-R'BTII°z —R'BTS?,
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where z0 satisfies
dz? = [(A— BR'B™II")zY — BR™'BT 8 + Dz]dt + oduw;, z2(0) =&

Here, I is given by the following Riccati equation

. ! ! ! ! 2 ! ’
% 419 A+ AT — 10 (BR—lBT - _g(s/aaT)H‘s +Q=0, %' (T) = Q, (71)
and S¢' satisfies the ODE
<X T 5’ -1pT 2y 6 T oo s’
S +<A ~IUBRBT 4 T 00 )Si —(QT — 11 D)2 = 0, (72)

with §9(T) = —Q;T;z(T). By (H4), we have BR™'BT — iva, oo > 0 for each t € [0,T]. Then

Riccati equation (71) admits a unique solution II* e C([0,7];S") under (H2)-(H4). Furthermore,
ODE (72) also admits a unique solution S € C([0, T]; R™).

The optimal cost is given by

I @) =B exp (5 {6707 006 + 267870+ 0})] (73)

’ .
where ¢ satisfies

2y
1+ ¢

— (85T (BR*IBT - aT)S;" +2:7 D78 4T TT QI + Te(oo I ) =0,  (74)

with r0(T) = z:(T)F}'—QfFfzi(T). Under (H2)-(H4), ODE (74) admits a unique solution 0"
C([0, TT; R).

We proceed to estimate the denominator on the right-hand side of (70). For (57)-(58), by
Lemma 5.5 and Holder’s inequality, it holds that

E[GXP{GT( sup xi(t)—f”?o(t)F)H

0<t<T

< (E[exp{m@TCQ’Z —E¢;) ‘ }Di(]E{exp{W;)Vj;Ca/ u 0l|2dt}]>% .
{% /Zadwj })%(616@7‘62(%4»5?\]))%.

Noticing (68)—(69), for all deterministic positive function ® = f(N), N € N, satisfying f(N) =

o(1/4/ % + %), we have

el
t

20 2 ~ 1 @T*Q T R~
sup E[exp{?’ TC | c|2 dtH <C, 166TC” uct2dt in probability 0,
N>N N? Nz ; -

which by Vitali convergence theorem implies that

E{exp{%j;ég /OT |u§l|2dtH =1+o0(1).

By the method of proving Lemma 5.3, we use (75) to obtain

E[e® o Il — 1 4 o(1), and E[e® 157 =) — 1 4 (1), (76)
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By use of (76), we follow the proof of Lemma 5.4 to establish

B[ exp {©]Ar (2, 20,u) — A, 2™ u)| }] =1+ 0(1). (77)
Now, we select 0y = % /% +¢e% and © = % = - %1'*‘5?\/’ and it follows from (77) that
6/
(B exp { - |Ar (e, 2o u?) = A 2™ ) [ M) = 14 0(1). (78)
N

Combining (70), (73) with (78), we have

NP 14 146"
Z(ufl,ﬁfi) — E[e'YAT(-'IJi,wEN)’u?l)} > w

O (0N 1460
1+ o(1) = [ (™)) 0N [1 4 o(1))]. (79)

2 ?

Step 3. We proceed to compare the perturbation of the cost functionals. By the continuous
dependence of solutions on parameters in ODEs, we have

SN 7“%) = (I, 8=, 1),

v Mg 0l

lim (II°~

N —o0

uniformly on [0, 7], which implies (recalling (12), (73))

lim JON (@) = J;(a).

N —o00
Noticing the upper bound (67) and lower bound (79) of J;(u,4_;), for all sufficiently large N, we
have

Ji(u;)[1 4+ o(1)] < ullelg Tiwi, i) < Ji(,0-3) < Ji(;)[1 + o(1)],

where J;(@;) x o(1) — 0 as N — oo, uniformly with respect to ¢. Then we have

lim sup | inf Ji(wi,a-i) — Ji(t,0-;)| =0, (80)
N—oo1<i<N T us €U

which completes the proof of the theorem. O

Remark 5.7. i) The exponentiated cost structure here makes the performance estimate more difficult
than in LQG MFGs with risk-neutral costs for which standard L? error estimates are adequate [10, 26].

ii) If the initial states are independent Gaussian random variables with uniformly bounded second
moments, we can still establish the e-Nash equilibrium theorem. In this case, the compactness condition
in (H1) is not fulfilled, but we can directly estimate (45) using the method in [36, pp. 39-42] instead
of Hoeffding’s inequality.

6 Numerical example

In this section, we provide a numerical example. We first compute the function z,, which is specified
by (14) or equivalently by (18). Here we will use (18) to facilitate the numerical method developed
below. Inspired by [23], we decouple the forward-backward equation (18) by the following asymmetric
operator Riccati equation

{P +P(A+[DG]) + AP + [24Tloo 'T|P — P[BR™'B' G|P — [(QT — IID)I] = 0, (81)

P(T) = —[QTI).
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In analogue to [23, Proposition 8], we can show that the operator Riccati equation (81) admits a unique
mild solution (see [23, Lemma 1]) if Cz < 1, where Cz is defined by (4.1).

Next, we will derive the spectral decomposition of this operator Riccati equation, which allows us
to approximate the operator Riccati equation by use of some finite dimensional matrix valued Riccati
equations. By [23, Proposition 6], we have the following spectral composition of Riccati equation (81):

P(t) = [P0 + Y [(P'(t) — PH(1)fef)]-
LET

where {f;}sez, denotes the orthonormal eigenfunctions of G; A, denotes the eigenvalue of G corre-
sponding to fy; and Z, is the index multiset for all the nonzero eigenvalues of G. For further details
on the eigenvalues, see Example 4.7.

Moreover, P+ and P are respectively given by

{PL +P*(A—-BR'B'N) 4+ (A—- BR™'B'I)" P* 4 24Ilo0 " P+ — (QT —TID) = 0,
PH(T) = —QyTy,

and .
P'+P(A—BR'B'Il+ \D)+ (A= BR'B'II + 241loo ") P*

— MP‘BR™'BTP’ — (QT' —1ID) = 0, (83)
PYT) = —QyTy.

For illustration, we now consider a sinusoidal graphon as follows
G, B) = cos” (F(a = B). a8 € 0.1] (84)

which is illustrated in Figure la. For this sinusoidal graphon G, we can show that the normalized
eigenfunctions are f; = 1, f; = v/2cos(-) and f3 = v/2sin7(-) with eigenvalues \; = %, A2 = A3 =
1. We take parameters T =1, v = 0.3, A = 0.5, B =06, D =2, 0 =05, Q = 03, [ = 2,
R =15, Qs = 0.8, I'; = —0.8. The numerical solutions of (I, P+, Pz, Pi) to Riccati equations (7)
and (82)—(83) are given in Figure 3a. We partition [0, 1] uniformly into 200 subintervals, and take their
left endpoints as the values of @ and . The initial values &, are taken from Gaussian distribution
N(2,0.1). Then the state process T, in (34) with 200 different « values in the infinite population
model and the corresponding control u, are shown in Figures 1b—1c. In addition, to fully capture the
heterogeneity among agents across different nodes, we plot the graphon section g, for various values
of a in Figure 2a, and display the corresponding state and control trajectories in Figures 2b—2c. As
shown in Figure 2a, the curves of graphon sections ¢(0.25, -) and ¢(0.75, -) are symmetric about the line
a = 0.5. Since the initial state means are the same, then the curves of (zg.25,50.25) and (20.75,.50.75)
coincide in Figures 3b—3c.

7 Conclusion

This paper investigates a class of risk-sensitive GMFGs, for which decentralized strategies are de-
termined from the GMFG equation system as a family of fully coupled forward-backward equations
indexed by the nodal parameter. The unique solvability of the GMFG equation system is established
using both the fixed point method and the method of continuity.

For performance analysis of the resulting decentralized strategies, novel exponential type error
estimates are employed to establish an e-Nash equilibrium theorem.

Our model does not include common noise in the agent dynamics since we are primarily interested
in decentralized state feedback strategies while such strategies are generally inadequate for the search
of an asymptotic Nash equilibrium when common noise appears.
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value

< . 4 T — 100
08 T~ 50 08 o g
1 0 node time 1 0

time
(a) Sinusoidal graphon in (84) (b) State Zo (c) Control @q

Figure 1: Graphon limit, the trajectories of state and control for 200 different o values under the graphon limit.

value
°
o

value

B time time

(a) Graphon section go (b) State Zo (c) Control @q

Figure 2: Graphon section, the trajectories of the state and control with 4 different « values.

value
value
value

0 02 0.4 06 08 1 0 0.2 04 06 08 1
time time time

(a) Solutions (II, P+, p3 , Pi) (b) Graphon weighted mean state zq (c) ODE solution Sq

Figure 3: The solutions to (i) Riccati equations, and (ii) the GMFG equation system (18).
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