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Abstract : Two families of directional direct search methods have emerged in derivative-free and
blackbox optimization (DFO and BBO), each based on distinct principles: Mesh Adaptive Direct
Search (MADS) and Sufficient Decrease Direct Search (SDDS). MADS restricts trial points to a mesh
and accepts any improvement, ensuring none are missed, but at the cost of restraining the placement
of trial points. SDDS allows greater freedom by evaluating points anywhere in the space, but accepts
only those yielding a sufficient decrease in the objective function value, which may lead to discarding
improving points.

This work introduces a new class of methods, Adaptive Direct Search (ADS), which uses a novel
acceptance rule based on the so-called punctured space, avoiding both meshes and sufficient decrease
conditions. ADS enables flexible search while addressing the limitations of MADS and SDDS, and
retains the theoretical foundations of directional direct search. Computational results in constrained
and unconstrained settings highlight its performance compared to both MADS and SDDS.

Keywords : Derivative-Free Optimization; Blackbox optimization; Mesh Adaptive Direct Search;
Sufficient Decrease Direct Search; Adaptive Direct Search

Résumé : Deux familles de méthodes de recherche directe directionnelle se sont imposées en optimi-
sation sans dérivées et optimisation “ boite noire ” (DFO et BBO), chacune fondée sur des principes
distincts : la recherche directe par maillages adaptatifs (MADS) et la recherche directe par décroissance
suffisante (SDDS). MADS restreint les points d’essai & un maillage et accepte toute amélioration,
garantissant qu’aucune n’est ignorée, mais au prix d’une contrainte sur le placement des points d’essai.
SDDS offre une plus grande liberté en évaluant des points n’importe ou dans I’espace, mais n’accepte
que ceux qui procurent une décroissance suffisante de la valeur de la fonction objectif, ce qui peut

conduire a écarter des points pourtant améliorants.

Ce travail présente une nouvelle classe de méthodes, appelée recherche directe adaptative (ADS),
qui introduit une reégle d’acceptation inédite fondée sur le concept d’espace percé (punctured space),
évitant ainsi a la fois les maillages et les conditions de décroissance suffisante. ADS permet une
recherche flexible tout en corrigeant les limitations de MADS et de SDDS, tout en conservant les
fondements théoriques de la recherche directe directionnelle. Des résultats numériques, en contextes
contraint et non contraint, soulignent ses performances comparées a celles de MADS et de SDDS.

Mots clés: Optimisation sans dérivées ; Optimisation de boite noire ; Recherche directe adaptative
sur maillage ; Recherche directe avec diminution suffisante ; Recherche directe adaptative
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1 Introduction

Constrained optimization problems are essential in many areas of science, engineering, and industry.
These problems involve minimizing an objective function f : @ — R U {oco} over a set of feasible
solutions (2 C R”, i.e.,

min f(x). (1)

zeQ

Blackbox optimization problems arise when the objective and/or the constraints are not known
analytically and can only be evaluated through a computer simulation. Such simulations are often
computationally expensive and may yield noisy or nonsmooth estimates. In this context, Derivative-
Free Optimization (DFO) methods have been developed to address these challenges. Comprehensive
treatments of DFO methods and their applications can be found in textbooks [10, 21], as well as
in surveys [6, 23, 27, 36, 37]. Over the last two decades, numerous engineering applications have
demonstrated the efficiency of DFO methods [3, 42, 45].

Direct Search (DS) methods are a class of DFO algorithms designed specifically for blackbox op-
timization problems. These iterative methods propose trial points to evaluate the objective func-
tion based on previously gathered information. A small sampling of such methods can be found
in [8, 33, 35, 50]. Unlike gradient-based methods, direct search methods do not require derivative in-
formation, making them suitable for nonsmooth or discontinuous problems. Directional Direct Search
(DDS) methods form a prominent class of direct search algorithms specifically designed for derivative-
free optimization (DFO) in blackbox settings. These iterative methods evaluating the objective func-
tion at trial points along selected directions around a current iterate. Comprehensive overviews and
numerous applications of such methods are extensively discussed in [3, 6, 10, 21, 23, 36, 37]. DDS
methods traditionally fall into two major categories: mesh-based methods, and methods based on the
sufficient decrease condition.

Mesh-based algorithms, such as Generalized Pattern Search (GPS) [46] and Mesh Adaptive Direct
Search (MADS) [8], discretize the search space into a structured mesh. All trial points are restricted
to this mesh, and progress is determined by a simple decrease, wherein a point is accepted if it pro-
vides any improvement over the current best solution. This structured approach simplifies theoretical
convergence proofs but limits flexibility in choosing trial points, potentially hindering the exploitation
of promising search directions.

Conversely, sufficient decrease methods, exemplified by CS-DFN [28], TREGO [26], line search
algorithms [25] or more generally the GSS methods [36] do not restrict points to a mesh but impose
a stricter acceptance criterion. A trial point is only accepted if it yields a significant reduction of the
objective function value, quantified by a strictly positive threshold that gradually decreases throughout
the optimization process. Although offering greater freedom in trial point selection, this criterion may
lead to many evaluations being rejected if they do not sufficiently improve the objective, thus potentially
slowing convergence.

This paper introduces the Adaptive Direct Search (ADS) algorithm, a new DDS approach de-
signed to bridge the gap between these two families. ADS combines the flexibility of sufficient decrease
methods with the simplicity and effectiveness of the simple decrease criterion used in mesh-based ap-
proaches. Rather than relying on a fixed mesh, ADS introduces a dynamically adaptive structure to
validate trial points, removing the stringent requirement of sufficient decrease yet maintaining rigor-
ous convergence guarantees. This approach facilitates a more effective exploration of the search space,
efficiently exploiting even modest improvements and reducing the number of wasted evaluations. Ad-
ditionally, ADS provides a practical mechanism allowing the acceptance of a search point without
imposing a sufficient decrease if this point is the best-known solution, significantly enhancing algorith-
mic efficiency in real-world scenarios. The resulting flexibility and efficiency make ADS particularly
well-suited for challenging optimization problems. Furthermore, ADS efficiently addresses nonlinear
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constraints through the extreme barrier approach previously utilized by MADS [8]. This strategy sys-
tematically excludes infeasible points by introducing a barrier function fq, which equals the original
objective within the feasible region and is infinite elsewhere. This approach ensures convergence results
under mild assumptions about the structure of the feasible domain.

The manuscript is structured as follows: Section 2 illustrates limitations of mesh and sufficient
decrease based methods, then Section 3 presents the ADS algorithm, Section 4 provides a theoretical
analysis of ADS, and Section 5 demonstrates that the proposed method performs well in practice,
outperforming or matching the effectiveness of mesh-based and sufficient decrease-based methods.

2 DDS methods

In the context of DDS methods, the simplest strategy to handle constraints uses the extreme barrier [8].
It consists in solving the unconstrained minimization problem

flz) ifzeQ
00 otherwise.

min fo(z) where fa(x) :{

e

DDS methods generally fall into two main categories: mesh-based methods and sufficient decrease-
based methods.

2.1 Mesh-based direct search

The first mesh-based approach may be traced to the coordinate search algorithm [29] from 1952 for
unconstrained optimization. One of its descendant is the MADS [8] algorithm, introduced in 2006 to
solve (1). No assumption is made on f or on €2, as f and the functions defining ) are typically evaluated
by launching a computer simulation. MADS using the extreme barrier is an iterative algorithm,
initialized with a starting point 2° € Q for which fo(z) is finite. The goal of each iteration (indexed
by k) is to identify a trial point ¢ whose objective function value fq(t) is strictly less than that of
the current incumbent solution z*.! With MADS, the trial points are required to be chosen from a
discretized subset of R"™.

Definition 2.1. At each iteration k& of MADS, the mesh MF is defined by
M* = {zF +6*GZy : y € NP}

where G € R"™"™ is a non-singular matrix, Z € Z"*? (such that the columns of D = GZ form a
positive spanning set of directions [24]), z* is the incumbent solution and §* is the current mesh size
parameter.

All points at which fq are evaluated need to be located on the mesh MF whose coarseness is dictated
by the mesh size parameter 6%. Each iteration of MADS is composed of two main steps.

e The search step produces a finite set of points denoted by S*. In practice, this first step is crucial
for the practical efficiency of the algorithm.

e The poll step is mandatory and produces a finite number of trial points in a region defined by
the frame size parameter A* and the incumbent solution Z*. The set of poll points is denoted
by PF. This second step ensures the theoretical convergence of the method.

In the situation where no feasible point z° is known, a two-phase approach [10] may be applied
through a nonnegative constraint violation function h satisfying h(x) = 0 < = € Q [30]. The first
phase consists in minimizing h from z" ¢ Q to generate a feasible point in Q to be used as the

IThe notation without a bar (e.g., z¥) is reserved for the description of the ADS algorithm — a distinction that
becomes relevant in Section 4.
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starting point for the second phase of minimizing fq. In [2], the poll directions are positive spanning
and deterministically obtained using an orthogonal Householder matrix. In [48], these directions are
generated using a QR decomposition. The requirement that all trial points are generated on the mesh
MPF ensures that trial points are not generated arbitrarily close to each other.

2.2 Sufficient decrease based direct search

Imposing trial points to be located on the mesh is not the only way to ensure that trial points are not
arbitrarily close to each other. Lucidi and Sciandrone [40] introduce a forcing function in the context
of pattern search and line search methods. In a detailed survey, Kolda et al. [36] describe forcing
functions in the context of generating set search methods.

The forcing function p : Ry — R is continuous, strictly positive, non-decreasing and satisfies

lim @ = 0.
t\ot T

The function p(t) = vt2, where v = 1072, is frequently used.

Definition 2.2. For any algorithm using a sufficient decrease criterion, a trial point y € Q is said to
satisfy a sufficient decrease condition with o € R at iteration k if

faly) < f@*) = pla)
where f(z*) is the current best-known objective function value and p is a forcing function.

In sufficient decrease methods, a trial point y € € is accepted as the next incumbent solution
at iteration k provided that it satisfies the sufficient decrease condition for some stepwise parameter
o € R,. This condition ensures that successive best objective function values are not arbitrarily
close to each other. It reflects the same underlying idea as in MADS, where points are kept sufficiently
separated in the space of variables, however, in sufficient decrease methods, the separation is enforced
in the space of objective function values instead. The use of a sufficient decrease condition also allows
worst-case complexity analyses of direct search methods [18, 31, 39, 49]. In the present work, a basic
framework of the Sufficient Decrease Direct Search (SDDS) method is considered, consisting of a search
step and a poll step, as defined for MADS. The main distinction is that, instead of imposing that trial

points belong to a mesh, a sufficient decrease condition is enforced.

2.3 Limitations of existing DDS methods

To highlight the differences between sufficient decrease based and mesh-based direct search approaches,
this subsection applies MADS and SDDS on two simple one-dimensional examples. These cases demon-
strate scenarios where either sufficient decrease or mesh-based mechanisms can hinder convergence
efficiency, whereas ADS avoids such limitations.

Consider the polynomial quasi-convex function

fi(z) = vz +2)2°,

with a saddle point at x = 0 and unique global minimum at = = —% and v > 0. Both algorithms are

initialized at z° = 1 with initial step/frame size parameter A = 0.5, and with no search step. In this
setting, a SDDS with p(t) = yt? fails to escape the saddle point at 0 (the parameter + in the objective
function is identical to the sufficient decrease constant). Indeed, small steps near = 0 may produce
decreases too small to satisfy the forcing function condition. In contrast, MADS accepts any point that
strictly improves the objective function, regardless of the magnitude of the decrease. Consequently,

MADS successfully navigates through the plateau and converges to the global minimizer at x = —%.
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More generally, MADS cannot converge to a saddle point when the objective function is twice strictly
differentiable and the domain is convex [1].

The two first plots of Figure 1 show all function evaluations (with v = 1072). The crosses correspond
to points that were not accepted as best points, and the circles are the successful points. The plot on
the right gives the incumbent function value in terms of function evaluations.

010 SDDS 010 MADS . . Convergence plot
#  Unsuccessful %  Unsuccessful % 0.02 —8— SDDS
0.051 @  Successful 0.051 o  Successful i ’ o— MADS
2
/g T 0.001 R £3—£393 853 5363 $93 003 S0 630988
— 0.001 0.001 g
= =
£ —0.021
—0.051 —0.051 45
2
8*0'04 Q0000000000000
—0.10 ‘ ; —0.10 w w : ‘ ‘
—2 -1 0 1 —2 -1 0 1 0 20 40
T x Number of evaluations

Figure 1: Representation of evaluations for each algorithm and the associated convergence plot.

Next, consider the convex quadratic function
1 2
fola) = (x—35)",

with initial point z° = 1, initial step/frame size parameter A’ = 1, and a quadratic model search
step. After exactly three evaluations, the quadratic model accurately predicts the global minimum at
T = % SDDS, which allows trial points to be placed anywhere in the domain, immediately accepts
this prediction and finds the global minimizer at the fourth evaluation. However, MADS constrains
all trial points to lie on a mesh. The predicted point is projected onto the mesh before evaluation,
delaying convergence. The projection depends on the value of the mesh size parameter. This results

in several wasted evaluations as the algorithm gradually refines the mesh to reach the optimal region.

Once again, the two first plots of Figure 2 show all function evaluations (with v = 1072) for both
algorithms. These two plots are difficult to distinguish. However, the plot on the right shows that
SDDS produces the global optimal solution at the fourth evaluation, but MADS requires much more
evaluations to approach it (notice the logarithmic scale on the y-axis).

SDDS MADS Convergence plot
g o)
1.004 #  Unsuccessful 1.001 ®  Unsuccessful % 1071 e —%— SDDS
®  Successful o  Successful - * o— MADS
0.754 0.75 =] -4 @
2 10 .
= g o
:50.00 0.501 E 10-7 o
o o
0.251 0.251 2 °
T 10710
0.004 | 0.00+ | 5 L | |
—1 0 1 —1 0 1 0 10 20 30
T T Number of evaluations

Figure 2: Representation of evaluations for each algorithm and the associated convergence plot.

These two examples highlight the motivation for ADS: to retain the benefits of both sufficient
decrease and mesh-based strategies while avoiding their drawbacks.
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3 ADS for constrained optimization

This section describes the ADS framework. ADS is a family of algorithms, as numerous distinct
instances can be constructed through specific choices of parameters and strategies during either the
search or the poll steps. In this work, a general formulation of the framework is presented, encompassing
the essential structure and components common to all such instances. The algorithm follows the
structure of a DDS method and is composed of two main steps: the search and the poll, which are
described in detail below. At iteration k of ADS, the algorithm evaluates the objective function at
trial points and updates the current solution based on the gathered information.

The set V¥ denotes the set of all trial points at which fo was evaluated, i.e., the set of all visited
points, up to the start of iteration k. The point 2¥, known as the incumbent solution, is the point of V¥
with the lowest objective function value. The incumbent solution x* is not updated during iteration k.

The search constitutes the first step of each iteration, where trial points are generated to explore
the search space. At iteration k, the search set SF is a finite set of search points of R™, which may be
empty. The location of these points is completely flexible as they can be generated anywhere in R™,
for example, by minimizing interpolation models over the previously evaluated points [20], or by using
heuristic strategies [11, 12]. Once that SF is constructed, the process of evaluating the barrier function
fa at the search points is initiated. The search step can be opportunistic, meaning that it terminates
as soon as a new best point (in terms of fq) is found.

The poll step consists of evaluating fo in a finite poll set P*, centered around the poll center p*,
defined as the best point identified thus far in terms of the objective function fqo. The poll center may
differ from the incumbent solution z*, which was fixed at the end of the previous iteration.

3.1 The punctured space

With ADS, a trial point is said to be improving if it satisfies a simple decrease condition, meaning that
its objective function value is strictly less than f(z*). In the search step, an improving point leads to a
successful search unless it is too close to previously evaluated points. The proximity is measured using
an exclusion size parameter, denoted by §* € R% . The parameter 6% determines how close to existing
visited points a new trial point can be and can trigger the transition to another step and further
evaluations. The exclusion size parameter 6* tends to decrease with the iteration number k. The
parameter 6% also serves to measure the optimization progress and can be used to set a termination
criterion. Definition 3.1 formally defines the region that excludes balls of radius §* around all the
points in V¥,

Definition 3.1. At iteration k of Algorithm 1, the punctured space ]Io%z is defined as the set of all points
in R™ that are not within the exclusion region of size §* around the points in V¥, i.e.,

HO%Z = {2 eR": |z —y|| > 6" for all y € V¥}.

The shaded regions of Figure 3 illustrate for three different values of 6% the punctured spaces in R?
using the f3-norm. The black points represent the visited points of V¥. The punctured space grows as
8% decreases, allowing for greater exploration of the variable space.

The punctured space replaces the mesh used by the MADS algorithm. Both the punctured space
and the mesh ensure that trial points are not to close to the visited points of V¥. The small symbols
® in Figure 3 represent the mesh points of the MADS algorithm, and will be discussed in Section 4.2.
In the Figure, all mesh points are contained in the punctured space or in the set of visited points.
A similar set is introduced in the demonstration of Theorem 3.3 of [22], but was used for another
purpose. The idea that points should not be close to each other was used in [15] with the notion of
revealing poll.
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Figure 3: lllustration in R? of the punctured space H%Z with ¢2-norm (see the region in gray) for three different values of
5% but with the same set V¥ of four points.

3.2 The ADS framework

The pseudo-code of ADS with opportunistic setting is presented in Algorithm 1. In addition of this
pseudo-code, a schematic version is presented in Figure 4.

k=0

"UPDATE]
k Ak sk vk
SEARrcH|__ |72V
if Success Failure
faly®) < fa(zF) YES if | YES \ h T 48 or yP ko
for some y® € R} ‘ AFFL kL« yncrease (A%, 6F) ARFL 5k decrease (AF, %)
Yy €Sk Improving Successfull
|
NO INO YES NO
POLL
if
pF ¢ argmin fo(z) fayP) < falp®)
TeVkUSE for some_
yP € PPARY

Figure 4: An overview of the ADS framework.

With MADS, the dotted line in the figure is never follcg)wed because the search points always lie
on the mesh, and therefore belong to the punctured space R}. Another difference between the MADS
and ADS algorithms lies in the separation of the roles of the incumbent solution and of the poll center.
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Algorithm 1: The Adaptive Direct Search (ADS) framework with opportunistic setting.

1 Initialization:

2 29eQ, A0 cR: 0 ¢ R?% such that A initial parameters
VO + {29} initial set of visited points
H%g —{zeR": ||z —2°) > 4%} initial punctured space
s for k=0,1,2,... do
a
5 1. Search step: Define the search set S¥ and set S]gva] =0
6 for y* € S* do
7 SI;val = S]ecval u {ys}
8 if fo(y®) < f(«*) then
0 if y* € R? then
10 ‘ Declare the search step successful at y° and go to the update step
11 end
12 else
13 ‘ Declare the search step improving at y® and go to the poll step
14 end
15 end
16 end
17 Declare the search step unsuccessful and go to the poll step

18
S

if th h step is i i
19 2. Poll step: Define the poll set P* around pF «+ yk 1 . (,9 SCATCH SIEp 1S UHPToving
z® if it is unsuccessful
20 and set Plgval =
21 for y? € Pk N ﬂiz do
22 Plgval = Plgval u {yp}
23 if fo(y?) < f(p*) then
24 \ Declare the poll step successful at yP and go to the update step
25 end
26
27 end
28 Declare the poll step unsuccessful and go to the update step

29
30 3. Update step:

31 if the search step is successful at y*® then

32 | Set zFt! < y5 and (AF+! §8+1) « increase (A*,6F)
33 end

34 if the poll step is successful at y? then

35 Set Ft1 <~ yP and (AF+1 §8+1) « increase (A*, %)
36 end

37 else

38 | Set £Ft1 « pF and (AFF! §%H1) « decrease (AF,5%)
39 end

a0 VAL VR USE  UPE and R, | {2 € R™ ¢ ||z — y|| > 68F1,y € VAHI)
a1 end

With MADS the poll center always coincides with the incumbent solution. With ADS the mechanism
is more elaborate as there are three possible outcomes of the search step.

1. The search step successfully produces a trial point y° € HOQZ with fo(y°) < f(z*), where 2* denotes
the incumbent solution with respect to V*. As soon as this happens, the search is interrupted and
declared successful, the poll step is skipped, and the next incumbent is determined: z**1 « ¢*.

2. After evaluating all points of S¥, the search step fails to produce a trial point ¢t with fo(t) < f(aF).
In this situation, the search is declared unsuccessful and polling at iteration & is performed around
the incumbent solution p¥ < 2¥. The next incumbent will be 2! «— z* in the case that the
poll step is also unsuccessful.

3. The search step produces a trial point y® outside of the punctured space ]10%2 satisfying fo(y®) <
f(x*). As soon as this happens,the search is interrupted and declared improving, and polling at
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k+1

iteration k is performed around p* < y°. The next incumbent will be + 95 if the poll step

is also unsuccessful.

The two first items are similar to MADS, however the third situation cannot occur with MADS. The
search step of ADS can produce a search point y® near a previously generated one (by optimizing a
surrogate model for example). The poll step will then be conducted around that promising point, and
the next incumbent solution will be equal to 3° if the poll step of the iteration fails to improve it.

Algorithm 1 can be modified to be executed in a non-opportunistic setting. A non-opportuinistic
search will evaluate all points of S¥ and will consider the one with the least value of fq in order to
to declare the step as successful, unsuccesful or improving. It follows that the status of an iteration
is no longer dependent on the order in which the trial points are evaluated, as it is the case for the
opportunistic setting. A non-opportunistic poll will behave in a similar way with the poll set P¥.

3.3 Polling in a subset of the poll set

The poll step is invoked following an unsuccessful or an improving search step. The poll center p* is
the incumbent solution z* in the former case, and the improved point 3° in the latter, i.e., p* is the
best solution found so far. The poll set P* is generated using a set D¥ of normalized poll directions,
under a given norm. The poll directions are typically chosen to form a positive spanning set [24] to
ensure adequate coverage of the local region around p*. The poll points are then generated along these
directions using the frame size parameter A* € R% — this name comes from [8] as this parameter plays
the same role as in MADS. The poll set is

P* = {p* + AFv:v € DF}.

The frame size parameter A* controls how close the generated trial points in P* are from the poll
center p*. The distance from any poll point to the poll center is exactly A* since the poll directions
are normalized. As AF gets smaller, the poll points are gettirgg closer to p* which allows for finer local
improvement. All poll points of P* that do not belong to R are rejected without being evaluated.
Such a rejected point is within 6 of a previously visited points. Figure 5 illustrates a situation with
four poll points in R? (®) located on the sphere of radius A*. The five evaluated points of V¥ (-) are
represented by black dots at the center of the white balls of radius 6. The complement of these balls,
the space is in gray, represents the punctured space Rj. The poll point in red will not be evaluated as

it does not belong to R}.

o= T T TSy 5k
-7 N
. N =
®
° // \
A\

/ ° \
4 \
! \
! . AF
1 k.k """"" g
\ !
\ p /
\ /
\ /
\ ° /
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®. ®

S - .

; . ; k. ; B
Figure 5: lllustration of a poll set around a poll center p”: only three poll points belong to R}.

When a poll point yP belongs to the punctured space and improves on the incumbent solution, i.e.,
fa(yP) < fa(z*), then yP is set to be the next incumbent solution, and the poll step ends successfully.
If y? does not improve the incumbent solution, i.e., fo(yP) > fo(x*), it is rejected. Evaluation of poll
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points continues until all points in P* N I(E)EZ are processed (or when a successful poll point is found
when the poll is opportunistic). If no success occurs, the next incumbent solution is set as the poll
center, i.e., 2F Tt = pF.

Unlike the search step, the poll step cannot be simply improving, as no poll points outside of the
punctured space are considered.

3.4 The update step of ADS
Once that the next incumbent solution z*+! is defined, the parameters A* and §* are also updated
based on the success or failure of the search and poll steps. In Algorithm 1, this update mechanism is
carried out using the two procedures: increase and decrease. When either the search or the poll step
is declared successful, the increase procedure is applied to enlarge the values of the parameters AF+!
and 6*1, thereby enabling a broader exploration of the search space at the next iteration. Otherwise,
the decrease procedure is used to enforce smaller values for A+ and §*+1.

Different possibilities can be considered to define such update procedures. For instance, for some
fixed parameter 7 €]0,1[, one can set A**! = 771AF if a successful search or poll step occurs;
otherwise, A**! = 7A* [8]. Note that in the ADS setting, the update rule is less restrictive than in
MADS since the parameter 7 is not required to be rational (the rationality requirement is shown to
be necessary in [5]). The update rule for the exclusion radius is 6 = min{A* (A*)2/A%}. Such a
choice implies, in particular, that liminfy_,., 6*/AF = 0 as long as liminf;_,, 0¥ = 0. In this case,
the procedures increase and decrease will be, respectively, set in Algorithm 1, as follows:

Ak 2
decrease(AF, %) = (TA’“, min{TAkv(TAo) }) @
—1AK)2
and increase(A*, §%) = (T‘lAk, min {T_lAk’W}>' 3)

A second set of update rules is presented in [13] to handle granular and integer variables.

4 Theoretical analysis of ADS

This section presents the theoretical foundations of the ADS framework. Although ADS operates over
a punctured space R} rather than using a mesh or a sufficient decrease criterion, its structure permits
a convergence analysis analogous to that of mesh-based and sufficient decrease based methods. It is
shown that, under standard assumptions, the algorithm generates a refining subsequence converging
to a Clarke-stationary point. The analysis relies on the asymptotic behavior of the exclusion radius,
the definition of refining directions, and the properties of the Clarke generalized derivative adapted to
constrained settings. Moreover, it is shown that, with appropriate parameter choices, ADS generalizes
certain instances of MADS.

4.1 Convergence analysis of ADS

The convergence analysis of Algorithm 1 follows the same structure as the one for MADS [8, 10]. One
first shows that the algorithm produces a convergent subsequence to a point & € (). Then one proves
that z is Clarke-stationary. For the purpose of our convergence analysis, the following assumption
needs to be verified.

Assumption 1. The set L, defined as the closure of {z € Q: f(z) < f(z°)} where 2° € Q1 is the initial
point, is compact.
Theorem 4.1. Let Assumption 1 hold. The exclusion radius parameter sequence {6*}1eny produced

by an instance of ADS satisfies
lim & = 0.

k—o0
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Proof. Let ¢ € RY and A. := {k € N: " >¢}. To prove that klim 8% = 0, it suffices to show that
—00
the set A is finite.

By contradiction, assume that |.A.| is infinite. Consider S. C A, the set of successful iterations k
such that 6¥ > . Two scenarios can occur: |S.| is finite, in which case there exists kg € N such that for
all k > ko, the iteration k is unsuccessful, thus klirjll 8% = 0 which contradicts the fact that 6* > ¢, for

all k € A.. If |S.| is infinite, then 2* € HO%Z for all k € S.. But since {27 € R": j € S. and j < k} C VK,
it follows that ‘
e {zeR": |z -2/ >6" j€S. and j <k} and & >e.

Hence, for any (k1,ke) € Sc X S. such that ki # ko,
¥ — z*2 | > e. (4)

However, since {z¥}1es. belongs to the compact set L (from Assumption 1), the Bolzano-Weierstrass
theorem ensures the existence of a convergent subsequence, contradicting (4). Hence, the set A, is
finite. O

As the exclusion size parameter 6* goes to 0, Theorem 4.1 guarantees that an infinite number
of unsuccessful iterations will occur. It also ensures that ADS will terminate whenever a minimal
precision on 6% is imposed. Note that, Theorem 4.1 presents a stronger result compared to mesh-based
approaches where, under the same assumption, one can only guarantee that liminf;_,., 0¥ = 0 [46,
Theorem 3.3]. In this perspective, the asymptotic behavior of ADS is closer to that of sufficient
decrease based methods, e.g., [26, Theorem 4.1] and [17, Lemma 3.2 |.

The following definition recalls the notions of refining directions and refined points.

Definition 4.1. [7, Definition 3.5] Let K be an infinite subset of indices of unsuccessful iterations. If the
subsequence of incumbent solutions {x*}cx is convergent, then it is said to be a refining subsequence
and its limit & is called a refined point.

Corollary 4.2. Let Assumption 1 hold. Then, there exists a refining subsequence {z*}cx produced
by an instance of ADS with refined point & € L.

Proof. Theorem 4.1 ensures that limj_,o, 0¥ = 0 and therefore, there are infinitely many unsuccessful
iterations since §* is reduced only at unsuccessful iterations. Furthermore, all incumbent solutions
belong to the compact set L. It follows that an accumulation point exists. O

The hypertangent cone [44] provides a local approximation of a set @ C R™ at a point « € 2 by
identifying directions that remain within 2 under small perturbations.

Definition 4.2. [8, Definition 3.3] The hypertangent set to Q at x consists of all vectors v € R™ for
which there exists a scalar € > 0 such that

y+tweQ forall we B:(v), y€ QN B.(x) and 0 <t <e.
The hypertangent cone to Q at z, denoted by TE (), is the set of hypertangent vectors to Q at z.

The next definition introduces refining directions as accumulation points of the polling directions,
which are normalized by definition.

Definition 4.3. A normalized direction v € Tg(fc) is said to be a refining direction if and only if there
exists an infinite subset £ C K such that for each k € £, there is a poll direction v¥ € D* for which

p* + AFv* € Q) is generated (but not necessarily evaluated), and Ilflr% v* = 0.
€
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Note that in this definition, £ is necessarily a set of unsuccessful iterations, thus, even if the poll is
opportunistic, the only reason why the tentative poll point p* + A*v* may not be evaluated is when it
does not belong to HOQZ Now that ADS produces a refining subsequence {z*}1ecx with a refined point
Z € L, the next steps prove that this refined point Z is Clark-Jahn stationary. Moreover, it allows to
express the Clarke generalized derivative as defined in [19] and extended in [34] for v € R™:

fo(’i‘,’f)) — limsup f(l' + t’ﬁ) — f(ZL') '

=&, N0, t
z+toeEQ, TzEN

This definition accounts for cases where the evaluations of f are limited to the feasible domain 2.
Instead of the classical Clarke derivative, Jahn’s approach considers directional limits restricted to
points within €2, ensuring a consistent extension to the constrained optimization settings. The Clarke
generalized derivative from [19] and [34] are identical for points in the interior of the constraints set (2.

Theorem 4.4. Let Assumption 1 hold, & € 2 be a feasible refined point produced by an instance of
ADS, and © € TE(#) be a refined direction for &. If the objective function f is Lipschitz continuous
near the refined point &, then

NCOER)

Proof. Let £ be such that {2¥} e, is a refining subsequence with refined point & and refining direction
. Consider the subsequence of poll directions {v*}rc, that satisfy limge, vF = ¢ and p* + AFv* € Q
for all k € £. Notice that limye,s A* = 0, and since £ is a subset of unsuccessful iteration indices, then
Pt = pF for all k € £, thus, limye, p* = 2.

Let t* = p* + AFvF be the tentative poll point. If t* does not belongs to the punctured space HO%Z,
then there exists a previously visited point y* € V¥ C V*+1 called the corrected poll point, such that
[p* + AFoP — y#|| < 6% Introducing wi = 35 (y* — t*) allows writing

b o= tF 4ok wk = pF o ARVE 4 5RwF = pF AP (vk—l—%wk) e VFl  and ||wk|| < 1. ()

If t* belongs to the punctured space ]IOQZ, then define y* = t* and w* = 0 so that (5) remains valid.

5k tk + Skwk c Vk C Vlﬁ-l

th ¢ Ry

Figure 6: lllustration of the corrected poll point y* = t¥ + 6*w* when the tentative poll point t* = p* + AFv* does not
belong to the punctured space. The ¢3-norm is used for the punctured space.

Figure 6 shows the corrected poll point y* in the case where the tentative poll point t¥ = p* + AFy*
k
does not belong to the punctured space. Using the requirement that limge, % = 0 and the fact that
limge v* = 9, it follows that
5/{:
lim v + —w* = 0.
kel + Ak
Furthermore, since ¢ is an hypertangent direction, there exists a subset W C L, such that for all
EeWw,

yFoph e and  fo(yF) = F(UF) = FOON).
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Since f is Lipschitz continuous near &, and by applying [8, Proposition 3.9], it follows that

[z +t0) = f(x) [z +tv) = f(x)

fo(2;0) = limsup = limsup
T—E, N0, t T—E, N0, t
THtoER, TEQ rz+tveQ, x€Q
V=D

f (p’“ + AF (v’“ + iw’“)) — f(p*)

\%

lim sup

T kew Ak
kY _ £(k
= 1imsup7f(y ) kf(p ) > 0. O
keEW A

4.2 OrthoMADS and QRMADS are instances of ADS

This section first describes OrthoMADS [2, 10] and then constructs a specific instance of ADS that is
shown to generate the same sequence of trial points, when applied to the same optimization problem.
Variables and parameters associated with OrthoMADS are denoted with a bar (e.g., z°), while those
of ADS are written without (e.g., 2°).

With OrthoMADS, the poll points belong to the frame set:
F* .= {x e M. |z — kaHoo = Ak}v

where M* is the mesh (see Definition 2.1). The poll step involves a positive spanning set D" such that
the poll set

P* = {:Ek +6FdF . dF e ]]j)k}

is a subset of F* of extent D*. The poll step uses the matrix D = GZ = [I,, — I,,], and the set D is
generated using a Householder transformation, as detailed in [10]. The update rule for the parameters
0% and A* is

decrease(AF, §F) = (max{\/ﬁ, Tgk} , 75k> ©)
and increase(A*, §%) = (max{\/rTf’ﬂ T—lgﬁc}7 7_15’“), )
with 7 = £ € (0,1) and p,¢ € N. This rule satisfies lim inf; o 6" /A¥F = 0 whenever lim infy o 6% = 0.

An important property of OrthoMADS is that the union of meshes with different sizes can be
embedded into a finer mesh. This result is established in the following lemma.

Lemma 4.3. Let Assumption 1 hold and consider OrthoMADS with 7 = g € Q. Then, at each
iteration k, there exists a pair of integers %, 2 € Z such that

Um ¢ {af%q%i&oezy;yew} .

J<k
Proof. Let Z € Z be a finite integer such that
{zeQ: fla) < fa")} C {zeQ:|z—2" <7%°}.
The integer Z exists and is finite using Assumption 1 (which states that L is bounded).

For a given iteration k of OrthoMADS, let 2* € Z be the integer satisfying

7250 = min{5* : i € {0,1,...,k}}.
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The integer ¥ exists because 7 € (0,1) and it changes at iterations where the smallest mesh size
parameter encountered so far is decreased.

With this notation, the mesh size parameter at iteration ¢ can be rewritten as 5t = 50(7')” =
0 (p/q)N with ¢ € {2, 2+1,..., 2"}, moreover since x'™1 = 2? +§*Dz? for some integer vector z* € NP
it follows that for all kK > 1

k-1 e s k=l
" = 2+ D = 450D () = 550+;;k 3°D> (p)" —E(q)F A
=0 1=0 =0

Since Ei:ol (p)”"i_i(q)ik_’"izi is integer, all evaluations belong to the mesh generated by the directions
of the columns of the matrix (%506') 7, thus

Ujngj c {EO + %SOGZy ty € Np} . 0
qZ

All evaluated points up to the start of iteration k belong to the mesh generated by the columns
of the matrix q’%goGZ . The next proposition provides a lower bound on the distance between two
points visited by OrthoMADS.

Proposition 4.4. Let Assumption 1 hold and consider OrthoMADS with 7 = % € Q. Then, there
exists a scalar > 0 such that for all iteration of index k:

1 - .
|z —y| > ,uq?(Sk for all z,y € UMJ such that = # y.
J<k

where for any k, 2¥ € Z denotes the integer satisfying 7% 6° = min{5* : i € {0,1,...,k}}.

Proof. Lemma 4.3 ensures that the set Ujng[j is included in a mesh centered at z° generated by the

columns of ;)?iSOGZ that only depend on k. Replacing G by (1”72506‘ in [7, Lemma 3.2] guarantees
that any distinct pair of points x,y € Ujngj satisfies
5k 1. p?0°

||.’£7y|| > H(ﬁ = Iu,q?(sk where nw=
z506) |
="

1G] ®)

O

Let us now construct a specific instance of ADS that generates the same sequence of trial points
as OrthoMADS. The starting point, the exclusion parameter, and the decrease/increase rules are
presented in the top part of Table 1. The final theorem of this section confirms the bottom part of
the table; that is, the frame size parameters coincide, the ADS rules allow the use of the exact same
search and poll sets as OrthoMADS, and the sequence of poll centers is identical.

The key to this construction is that the ADS exclusion size parameter §* is aggressively reduced;
it is multiplied by 7/¢, rather than by 7 as in OrthoMADS. This ensures that all points evaluated
by OrthoMADS also belong to the punctured space ]10%2 parameterized by the exclusion radius 6 of
the corresponding ADS instance. The parameter n%, introduced in Table 1, represents the number of
unsuccessful iterations up to the start of iteration k. It ensures that AF remains equal to AF, even
though 6% decreases faster than 6%, as shown in the next lemma. This alignment guarantees that the
poll sets of ADS can be chosen to be the same as those of OrthoMADS.

The following lemma is needed to prove, by induction, that the instance of ADS described in
Table 1 generates the sequence of trial points as OrthoMADS.
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| OrthoMADS ADS
Starting point 79 = 20
Initial mesh/exclusion 59 69 = 169 where p is from (8)
Decrease rule Equation (6) (max {\/I q"% &k, zq"% Sk} R Zék)
1 2 q
1k 1
Increase rule Equation (7) max —— Uk, ——qnusk b 18k
1 p
Frame size Ak = Ak
Search set Sk = SF € M* (with the same ordering)
Poll center Tk = pk = ok
Poll set P* = P* (with the same ordering and using the £so-norm)

Table 1: The parameters of OrthoMADS (with the bars) and those of an instance of ADS that define identical algorithms.
For both OrthoMADS and ADS, the increase and decrease update rules use 7 = % € (0,1) with p € N and ¢ € N*. The

integer nﬁ € N represents the number of unsuccessful iterations up to iteration k.

Lemma 4.5. Assume that Assumption 1 holds and consider OrthoMADS with 7 = % € Q and the

instance of ADS defined in Table 1. If 6% = %q"fL(Sk and A* = AF at some iteration k € N, and if
ADS and OrthoMADS produce the same outcome at iteration k + 1, then it follows that

1

— k+1 _
6k+1 _ 7an 6k+1 and Ak-‘rl _ Ak+1.

Proof. Consider a given iteration k € N of ADS and OrthoMADS using 7 = 57 such that 6F = %q"ﬁ oF
and A* = A*¥. Assume also that ADS and OrthoMADS produce the same outcome at iteration k + 1
(i.e., iteration k + 1 is either successful for both methods or unsuccessful for both).

Then two scenarios may occur at iteration k& + 1. The first one is where the iteration k£ + 1 is

successful for both methods. In this case, it follows that n{“jﬂ = n%, §k+1 = 7=15% and o5t = 165,

Hence, by using the fact that 6F = iq”ﬁ 5%, we get

—1 —1 —1
Sk+1 _ _—15k _ T ke T ko T S P TR
1) =7 0"=—¢q¢"W6" = —¢q"v §"=—q"v 776" = —¢"v §",

and
AR = max{\/ 16k T_lgk} = max{\/ gt ok qungﬁk} =AML
’ Iz o
k41 _

The second scenario is when the iteration k£ + 1 of both methods is unsuccessful. In this case, n;
T — — — .

nk +1, 081 = —6% and §¥*! = r§*. Hence, by by using the fact that 6F = iq”ﬁrék, we get
q

skl _ 5k _ qun{“jék _ Zlq(n{gﬂ)ék _ lqnﬁ“ Z(S’“ _ lqngﬂ(sku
Iz qp jz q p

AR = max{\/ Tk, 7'5’“} = max {1/Tiq"%6k, T}angék} =AML O

The next theorem shows that the instances of ADS and OrthoMADS defined in Table 1 produce
the same sequence of trial points at every iteration. The proof demonstrates that the rules of ADS are
flexible enough to generate the same search and poll sets as OrthoMADS:; that is, it establishes that
the equalities S* = S* and P* = P* can be enforced.

and
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Theorem 4.6. Assume that Assumption 1 holds and consider OrthoMADS with 7 = 17; € Q and the
instance of ADS defined in Table 1. Then, this ADS instance and OrthoMADS produce the same
sequence of trial points. Namely, for any iteration k € N,

1

ke _ vk, 5k = —q”{cJ 5 and AF = AF 9)
I

\%
where n% is the number of unsuccessful iterations up to the start of iteration k.

Proof. The proof of (9) proceeds by induction on the iteration index k. The initialization in Table 1
and the fact that VO = {z°} and V° = {2°} ensure that (9) holds for the initial iteration k& = 0.

By induction, suppose that (9) holds for an iteration k € N. Proposition 4.4 ensures that any pair
satisfying 7 6° = min{&' : i € {0,1,...,k}}. Since 2* is incremented only when an unsuccessful
iteration leads to the smallest mesh size parameter encountered so far, and since n'{} is incremented at
every unsuccessful iteration before iteration k, it follows that n’fj > 2k Therefore, the pair of points

of ¥FH! satisfy

of distinct points z,y € v ¢ Uj<xMV satisfy ||z — y|| > u—1:0%, where 2% € Z denotes the integer

1 -
— ok = o

q"v

1 -
le =yl 2 p oz & > p

The last equality follows from the induction hypothesis. This implies that

v = vPusk, JUPF. c VFURY, (10)

mk _ k Qk
1 U HDeval = VU Seva eval

i.e., all points visited by OrthoMADS during iteration & belong to HO%Z or were previously visited by
ADS by the start of the iteration.

The search points in ADS may be chosen to match those of OrthoMADS, i.e., one may set S¥+1 =
Sk+1 . and thus S¥F = §¥*1 BEquation (10) implies that every search point at iteration k + 1 either

eval eval *
k

belongs to I@Z or V¥, or that the poll center of the ADS instance is p* = ¥ = z* and no additional

poll are conducted for ADS.

ADS permits the poll points to coincide with those of OrthoMADS, that is, it allows setting
Pkt+l = PF+1 In fact, the OrthoMADS poll points lie on the boundary of the frame: any direction
d € R" with z¥F + d € P* satisfies ||d| o = A*. Since A¥ = A*_ the same direction is admissible for
the ADS poll because z¥ 4 d is at distance AF from z* and p* = z*. Moreover, (10) shows that every
point in V¥ either belongs to ]IOQZ or was evaluated earlier, hence as

Pk+1 C ]pk:+1 cC Vk+1_

eval —= eval —
All poll points from ADS will either be evaluated (because they belong to I?K};) or have already been
evaluated (because they belong to V¥). Consequently, the equality Psvtj = Ps\ﬁ holds. Since all search
and poll points are identical for both algorithms, it follows that T — YA+ and the iteration outcome
(successful or unsuccessful) is identical. Lemma 4.5 ensures that §**1 = %q”g Skt and AR = AFHL

This completes the induction as it shows that (9) holds for k + 1. O

Theorem 4.6 shows that OrthoMADS is a particular instance of ADS. The same result holds for
QRMADS, as the only difference lies in the way the set of directions D* is generated using a QR
decomposition rather than a Householder transformation. The remainder of the proof is identical to
the one above.
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5 Computational results

This section compares the performance of ADS with a mesh-based (MADS) and a sufficient decrease
based (SDDS) method over four sets of computational experiments. The first experiment consists of
the Moré and Wild [41] (M&W) set of unconstrained optimization problems on its smooth and nonsmooth
versions. These problems are characterized by their fast evaluation times, making them suitable for
extensive benchmarking. However, they are primarily synthetic in nature and less representative of
the complexities encountered in real-world industrial applications. The second experiment studies the
effect of the search step on a subset of the CUTEst [32] collection of constrained problems, which are
also fast to evaluate but still not representative of real-world problems. The third experiment focuses
on the effect of the search step on the tenth instance of the SOLAR [4] collection, noted SOLAR10. It
is representative of a real-world application with its complexities, and has no constraints other than
bounds. The fourth and last problem is the constrained optimization of a Multidisciplinary Design
Optimization (MDQ) problem for the design of a simplified wing [47]. This application is similar to
real-world problems, it includes constraints, and is denoted as Simplified-Wing.

5.1 Implementation details

The implementations of ADS, MADS, and SDDS are all carried out in a common Python framework
to ensure that all algorithms share the same code base and rely on identical tools, allowing for a fair
and consistent comparison. Each algorithm begins with the initial parameters set as 6° = A? =1 (the
MADS parameters are identical to their counterpart, e.g., 5o = dp and Ay = Ag). The update rules
for the frame and exclusion size parameters at iteration k are given by Equations (2) and (3). SDDS
operates similarly to ADS, but replaces the punctured space criterion with a sufficient decrease criterion
to accept new trial points, with the associated forcing function set to p(6%) = 1072(6%)2. Moreover,
SDDS does not poll around a search point that has not satisfied a sufficient decrease criterion during
the search step.

Two variants of each algorithm are tested: one without a search step and one employing a rudi-
mentary quadratic search, inspired by the one developed in [20] and implemented into the NOMAD
solver [14].? In the latter, a quadratic interpolation model is constructed using previously evaluated
points around the current best known solution. Points are selected first at a distance of 2A*. If
fewer than (n + 1)(n + 2)/2 visited points are found to construct the quadratic model, the selection is
repeated at a distance of 4A*, and finally at 8A* if still insufficient. If not enough points are available
to build the model, the search step returns no candidate.

In the unconstrained case, the quadratic model is optimized with the COBYLA algorithm [43] over
the region {z € R" : [|pF — 2| < max,ccn [[p* — ylloo} with a budget of 5000 evaluations. For the
constrained case, quadratic models of each constraint are constructed alongside that of the objective
function. A trust region algorithm named trust-constr from the python library SciPy with a budget
of 5000 evaluations is applied to minimize the quadratic model of the objective subject to the quadratic
models of the constraints.

For each algorithm, in both the unconstrained and constrained cases, the search set S¥ contains at
most one point. Poll directions are generated using a Householder decomposition to form a positive
basis as in [10, Theorem 8.5]. In the case of MADS, we employ the OrthoMADS 2n variant, where
poll points are generated strictly on the boundary of a frame also using Householder, and the mesh
points are defined using cardinal directions. One strength of ADS lies in its low number of tunable
parameters. In this work, the same parameter choices as in MADS and SDDS are retained, with the
exception of the forcing function, which is not used in ADS. Experiments with different norm choices
for defining the punctured space R} indicate that the performance is not sensitive to this choice. As
a result, the f5-norm is adopted throughout.

2https://github.com/bbopt/nomad
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On the simple one-dimensional examples from Section 2.3, the performance of ADS matches that of
MADS on f; and that of SDDS on f5. In each case, ADS coincides with the best-performing method.

5.2 Unconstrained optimization without a search step

The M&W test set [41] contains 53 unconstrained analytical problems with dimensions ranging from 2
to 12. The objective function value involves the norm of a real vector of dimension 2 to 65. Our
experiments use the ¢p-norm (yielding smooth problems) and the ¢;-norm (producing nonsmooth
ones). These synthetic, inexpensive problems provide a diverse and controlled testbed for comparing
algorithms performance across smooth and nonsmooth settings.

Figure 7 shows data profiles [41] to compare the three algorithms with empty search steps, on both
smooth and nonsmooth versions of the M&W problems. All tests are repeated using 20 random seeds. In
this context, a problem refers to a specific optimization problem, whereas an instance denotes a single
run of the algorithm on a given problem with a specific random seed. Each of the 53 problems in the
M&W test set is solved using 20 distinct seeds, yielding a total of 53 x 20 instances in the data profiles.
The profiles are constructed using the accuracy value %, where f(z) is objective function
value of the best feasible trial point generated up to the N-th evaluation, and f* is determined with
the instance-based choice [16, Definition 2.1]. This means that for each instance, f* is defined as the
lowest objective function value found by the three algorithms. It follows that f* can differ for instances

of the same problem.
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Figure 7: Data profiles on the 53 M&W unconstrained problems for algorithms without a search step with 20 random seeds.

On the smooth problems, all algorithms generally solve more instances than on the nonsmooth
ones. Their performance is overall comparable on this set; however, in the smooth case and in the
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nonsmooth case with a tolerance of 7 = 1072, ADS converges faster. This is mainly due to the fact
that some poll points are not evaluated in ADS when they are close to previously evaluated points,
leading to a reduction in the number of function evaluations. Such savings rarely occurs in SDDS and
MADS, as they solely rely on the cache. On the nonsmooth problems, the poll steps of MADS become
more effective as the tolerance decreases.

5.3 Constrained optimization with a quadratic search step

Recall the example presented in Figure 2, where ADS and SDDS had a similar behavior, and projecting
on the mesh caused MADS to behave poorly. The present section studies the effect of a quadratic
search step on constrained problems. The CUTEst benchmark [32] comprises a diverse set of constrained
analytical optimization problems. The computational experiments involve 16 constrained problems
with feasible starting points on 20 different seeds, as described in Table 2. These problems vary in
dimensionality and in the number of constraints, and include cases with and without bounds on the
variables. Table 2 details the characteristics of each problem, specifying the problem name, dimension
(n), number of constraints (m), and the number of bounded variables. These problems provide a small
testbed for evaluating the performance of ADS in constrained scenarios. As for the M&W problems, the
experiences are quick to compute.

Problem n m Lower bounds Upper bounds Problem n m Lower bounds Upper bounds
hs12 2 0 0 hs36 3 1 3 3
hs24 2 3 2 0 hs43 4 3 0 0
hs29 3 1 0 0 hsb57 2 1 2 0
hs30 3 1 3 3 hs76 4 3 4 0
hs31 3 1 3 3 hs84 5 6 5 5
hs33 3 2 3 1 hs86 5 10 5 0
hs34 3 2 3 3 hs100 7 4 0 0
hs35 3 1 3 0 spiral 3 2 0 0

Table 2: A list of 16 constrained CUTEst problems with a feasible starting point.

Figure 8 presents data profiles on 16 constrained problems from the CUTEst collection, comparing
ADS and MADS performance with the use of a quadratic search. These problems are generally more
challenging due to the presence of nonlinear constraints. However, the benchmark set exhibits a certain
bias: for three of the sixteen problems, the solution lies at trivial symmetric values (e.g., (2,3) for hs12
which is a global optimum), which favors MADS. In such cases, the initial mesh aligns well with the
solution structure and offers a consistent advantage across all tolerance levels.

Figure 8 also shows that both ADS and SDDS outperform MADS when quadratic models of the
objective and constraints are used. For all values of the precision 7, the gain generated by the quadratic
search is superior for ADS and SDDS than for MADS. This improvement is mostly due to the fact
that optimal solutions often lie on the boundary of the feasible region, where MADS may suffer from
the projection on the mesh. Specifically, when a quadratic model suggests a candidate point near the
boundary of the feasible domain, this point is generally not aligned with the mesh. To enforce the mesh
constraint, MADS projects the candidate onto the mesh using the current mesh size parameter 6. This
projection introduces a displacement that may not decrease as fast as the accuracy of the model. As
a consequence, the projected point can fall outside the feasible region € if it overshoots the boundary,
or it may be placed too far from the boundary to capture the model’s predicted improvement. This
limits MADS’s ability to exploit high-quality candidates near the boundary. In contrast, ADS and
SDDS do not require such projection to a fixed mesh, allowing them to more accurately follow the
model’s suggestions and better explore near-boundary regions.

Additionally, ADS may benefits from a reduction in the number of evaluations during the poll step,
as illustrated in Figure 5. Table 3 presents statistics for the CUTEst problems. The first two columns
are self explanatory. The third columns indicates that the condition imposed by the punctured space is
not restrictive, as on average a single search point out of 532 is discarded. The fourth column gives the
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Figure 8: Data profiles on 16 constrained problems from CUTEst of ADS, MADS and SDDS with a quadratic search (QS)
and without any search (NS) with 20 random seeds.

objective function value decrease attributed to the search step, as a percentage. The value for MADS,
23%, is much lower than those of ADS and SDDS. The second to last column indicates the number of

poll evaluations that were saved, due to points being outside of the punctured space, or in the cache.

On average, ADS saves % ~ 5% of the evaluations. Finally, the last column lists the number of

infeasible evaluations. The largest value is for MADS, and this is due to the fact that projecting the
points that were carefully proposed by the models, will often be infeasible.

Algorithm Total Search points Search Poll evaluations Infeasible
evaluations not in Ry efficiency saved evaluations
ADS 532 1 38% 27 49%
MADS 625 - 23% 0 53%
SDDS 560 - 43% 0 51%

Table 3: Evaluation statistics for the CUTEst problems. The search efficiency corresponds to the objective function value
decreases (as a percentage) resulting of the search step.

5.4 Blackbox optimization problems

Following the assessment of ADS on analytical benchmark functions, the focus now shifts to a set
of realistic blackbox optimization problems. These applications, drawn from energy and engineer-
ing systems, serve to evaluate the practical efficiency of the method in settings where the objective
function and the constraints are only accessible through costly simulations. Two types of problems
are considered: unconstrained and constrained, allowing to assess the algorithm’s behavior in both
settings.

The solar collection [4] is a suite of ten blackbox optimization problems designed to model various
subsystems of a concentrated solar power plant, including the heliostat field, central receiver, thermal
storage, and power generation blocks. These problems span a range of complexities, encompassing
continuous and discrete variables, varying dimensions, constraints (including hidden constraints [38]),
and even multiple fidelities. Among them, SOLAR10 is the only instance without constraints except
bounds on the variables. This problem features a five-dimensional continuous decision space and
represents a realistic blackbox model with a higher computational cost (one evaluation takes from 0.1
to 400 seconds). In our experiments, we assess algorithmic performance on SOLAR10 using a set of 30
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different initial points generated by a Latin hypercube sampling (LHS) scheme, which is provided with
the solar package on GitHub.?

Figure 9 shows data profiles for the SOLAR10 problem. Unlike the other test sets, each optimization
run of SOLAR10 is costly. For this reason, only a single seed was used to generate the data profiles.
Furthermore, only variants of the algorithms incorporating a quadratic search were considered and with
a small budget of 40(n + 1) = 240 evaluations. These computational experiments required 23 hours
with this configuration. ADS demonstrates strong performance from the very beginning, efficiently
leveraging the full potential of the quadratic search model and saving blackbox evaluations during the
poll steps. This early advantage highlights the ability of ADS to rapidly exploit the search information,
even in blackbox settings where evaluations are limited and expensive, SDDS is penalized as the budget
is really restricted so the sufficient decrease criterion may reject more points.
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Figure 9: Data profiles on the SOLAR10 unconstrained problem with 30 different starting points with a quadratic search.

The second blackbox is Simplified-Wing, a MDO problem for the design of a simplified wing.
It is a constrained blackbox optimization problem of dimension n = 7, subject to three inequality
constraints and bounds on all variables. Evaluation of the objective and constraints involves an un-
derlying multidisciplinary simulation, representative of a coupled engineering process such as those
found in aero-structural design. Each evaluation reflects the outcome of several disciplinary analyses
sharing common design variables, which makes the blackbox inherently coupled and non-transparent.
To reflect the typical structure of such problems, the feasible domain includes design trade-offs across
multiple components or subsystems. Due to the presence of incompatible disciplinary objectives and
constraints, feasible solutions are not guaranteed for arbitrary inputs, and the initial sampling must
ensure feasibility. We generated 30 feasible initial points using a LHS strategy restricted to the fea-
sible region. These points are available on the GitHub page of Simplified-Wing.? The evaluation
budget for this problem was fixed to 150(n + 1) = 1200. Each evaluation takes between 0.01 and 3
seconds, which makes Simplified-Wing a relatively fast blackbox compared to SOLAR10. This shorter
evaluation time justifies the higher budget allowed.

Figure 10 shows the data profiles for the Simplified-Wing problem. Among the tested methods,
ADS clearly outperforms both MADS and SDDS across all accuracy levels. This performance is largely
due to the efficiency of the quadratic search step, which leverages models of both the objective and
constraints. In the context of constrained optimization, where optimal solutions frequently lie on the
boundary of the feasible set, exploiting as much information as possible from the models is crucial.

Shttps://github.com/bbopt/solar
4https://github.com/bbopt/simplified_wing
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Figure 10: Data profiles for Simplified-Wing with 30 different starting points with a quadratic search.

6 Discussion

This work introduces the ADS class of derivative-free DDS algorithms. The main motivation is to
propose an algorithm that inherits the simple decrease acceptance criteria of mesh-based methods,
while retaining the flexibility in the placement of trial points of sufficient decrease methods. ADS
achieves this by replacing the mesh by a much larger set called the punctured space, which excludes
points that are close to previously evaluated ones. This approach allows exploring the space of variable
efficiently while maintaining convergence properties. ADS generalizes established direct search methods
such as OrthoMADS and QRMADS, positioning them as specific cases within its broader algorithmic
structure. Comprehensive computational experiments conducted on the M&W and CUTEst collections,
and on the SOLAR10 and Simplified-Wing real-world problems, highlight the strengths of ADS. These
tests show that quadratic models within the search step significantly improve the optimization process,
and that ADS outperforms MADS and SDDS on the two real engineering blackbox problems.

Future work includes integrating ADS with the progressive barrier approach [9] to enhance its
ability to manage relaxable constraints [38]. Another research avenue is the adaptation of existing
search strategies [11, 12] within ADS, and examining the impact on convergence speed and robustness.
Finally, ADS will be integrated into the NOMAD solver [14], inheriting the advanced tools, constraint
handling mechanisms, variable types, and user interfaces already available for MADS.
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