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Abstract : This paper first introduces a computationally efficient approach for conducting a time-
series impact analysis of electric vehicle (EV) charging on the loading levels of power system equipment.
This study incorporates the stochastic nature of EV owners’ charging behaviours by modelling various
charging profiles as probability distributions. This work then develops new mitigation strategies to
temporally shift EV charging from periods of equipment overloading to alternative time periods to
improve power system equipment lifetime. A reward program and a time-of-use (TOU) tariff are pro-
posed to incentivize EV owners to participate to the mitigation effort. A search algorithm integrating
a convex optimization problem is developed to determine optimal incentive levels and quantify result-
ing changes in EV owner charging behaviours. The proposed mitigation strategies are numerically
evaluated on a modified version of the large-scale IEEE-8500 test feeder with a high EV penetration
to mitigate the overloading of the substation transformer.

Keywords: Electric vehicles, power distribution networks, equipment overload, demand response,
convex program.
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1 Introduction

As the electrification of the transportation sector promotes the adoption of electric vehicles (EVs), the
penetration of EVs is rapidly increasing in distribution systems. While EVs offer the advantage of re-
ducing reliance on fossil fuels and lowering greenhouse gas emissions, charging them can pose significant
challenges to power distribution networks, especially in scenarios with high EV penetration. Abnormal
operating conditions may occur such as equipment overloading, voltage fluctuations, phase imbalances,
harmonic distortions, and more [3, 14]. From the perspective of utilities, stochastic analyses are nec-
essary to study the impact that EV charging may have on the network conditions. These analyses
consider the uncertainties in EV charging-related variables, e.g., locations, start time, duration, and
power levels, and help reveal potential abnormal conditions on power networks [12, 17, 20]. It is im-
portant to address the identified network issues through mitigation plans and network optimization to
ensure safe grid operations and maintain high-quality service.

A conventional approach to mitigate these issues requires substantial infrastructure investments,
including expanding equipment capacity and deploying voltage regulation and reactive power control
technologies [4, 11]. Alternatively, optimal charging schedule for EVs connected to the network can
be derived through coordination to minimize network losses [7, 26], reduce the peak demand [22], and
limit transformers’ loading [21]. However, how incentive plans can be designed to attract customers
to participate in coordinated charging is not discussed in these works. Demand response (DR) pro-
grams, on the other hand, provide a potential solution to the challenges posed by EV charging. These
programs, either incentive-based [24] or price-based [5, 25], are designed to shift EV charging loads
to periods when the grids are lightly loaded. For example, in [24] an incentive-based DR program is
proposed to minimize impacts of controllable loads to distribution networks. A constrained optimiza-
tion problem is formulated to allocate a demand limit for each customer during a time period, and
customers can select charging hours for their EVs as long as the demand limit is respected at all times.
Effectiveness of the DR program is shown at different EV penetration levels; however, the relationship
between the incentive and the demand limit is not clear. In [25], load patterns are studied when a DR
strategy is implemented to non-critical loads (including EV charging) with time-of-use (TOU) rates.
In [5], to reduce EV charging demand at the peak hours, a schedule is developed in response to the
TOU rates to minimize users’ charging costs. In both works, TOU rates are assumed to be pre-defined
but not optimized considering variations of load demands which includes EVs.

A common shortcoming of all the aforementioned works is that the proposed strategies are not
demonstrated on large-scale networks for effectiveness. This could be due to the heavy computation
burden when assessing the network conditions under the strategies for a large number of EVs while
accounting for charging behaviour uncertainties. In our previous works [20], we have proposed a
rapid estimation method to perform a stochastic analysis for impacts of EV charging on distribution
networks. In this work, we focus on the impacts of EV charging to loading levels of key network
equipment, e.g., a substation transformer during a period of time. As severe overloading may shorten
equipment’s service lifetime and cause premature failures [8], we propose an approach to avoid loss of
equipment’s lifetime by mitigating overloading issues identified by the stochastic impact analysis.

Key contributions of the paper include:

e Proposing incentive-based mitigation strategies that aim to shift EV charging from the peak
period when equipment is heavily loaded, to the off-peak period when the equipment is lightly
loaded. T'wo types of incentive programs are considered under the proposed mitigation strategies:
reward for reducing power consumption during the peak period and a TOU tariff.

e Formulating a bi-level optimization problem to design the mitigation strategy. The problem is
then reformulated into a computationally tractable single-level convex program.

e Embedding the convex program into a novel search algorithm to efficiently determine optimal
incentive levels and the corresponding shift in customer charging probabilities. The proof of
convergence is provided and the optimality of the converged value is discussed.
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The inclusion of a TOU tariff, the analysis of the convex reformulation, and the novel search algorithm
along with the convergence proof are major enhancements to [19].

The rest of the paper is organized as follows: Section 2 presents the model for time-series stochastic
impact analysis in terms of EV penetration rate. In Section 3, we derive a bi-level optimization problem
to design the mitigation strategy. Instead of directly solving the non-linear optimization problem, in
Section 4 we reformulate it to a convex problem, and embed it into a search algorithm to determine the
reward level and the TOU tariff. Section 5 illustrates the results of the proposed mitigation strategy
to an overloaded substation transformer due to EV charging on a modified IEEE-8500 test feeder.
Finally, we conclude in Section 6 and point out some future work directions.

2 Time-series stochastic EV impact analysis

In our previous work [20], we developed a rapid estimation method (REM) to analyze the impact of
grid-edge technologies, including EVs to distribution networks at a specific time, e.g., loading levels of
power system equipment during peak hours, under various penetration rates. Due to its computational
efficiency, we extend the method here to perform a time-series impact analysis of EV charging to
distribution networks.

2.1 Assumption on input data

We assume that the following input data for the analysis is given, which can be gathered from either
statistical surveys such as [6, 23, 28] or can be estimated from EV usage and travel data [13].

e A set of L charging profiles Lryv = {ILy (t)}j=1.2.. .1, where I (t) is an EV charging profile in
kW during an entire day discretized over the set T = {1,2,--- ,T}. Here, T is the cardinality
of 7 and depends on the time step, e.g., T = 96 if each time step has a duration of At = 15
minutes. For a profile, if charging is active at ¢, lév(t) >0 and lév(t) = 0 otherwise.

e Adoption probability Pr[£gy] € R attached to customer i € {1,2,--- , N,,,} to adopt a charging
profile type j in Lgy, where NV, is the total number of customers.

Note that we do not presume any type of distribution for Pri(ﬁEV), hence it can be of any arbitrary
probability distribution. In addition, the network model for the impact analysis should also be available
such that equipment data and network topology can be extracted. Finally, we consider only the
residential customers in this paper as they account for up to 80% of charging events with diversified
and stochastic charging patterns [27], but our approach can be extended to other customer types
without limitations as long as corresponding charging profiles and adoption probabilities are provided.

2.2 Equipment loading levels

Denote z;(p) € RT as the loading levels of an equipment (in per-unit or percentage) on the power
distribution network for ¢ € 7 at an EV penetration rate p. The penetration rate is defined as the
ratio of the total number of EVs ngy over the total number of customers on the network N,,, i.e.,
p = ngv/Np,. Due to the stochasticity of EV charging events, x; is no longer deterministic; rather, it
should be characterized by its probability density function (PDF) at p, which is denoted by m(x¢, p).
The evolution of m(x, p) with respect to p can be described by the following Fokker-Planck equation
(FPE):

8m('rt7p) i _ 82m(xtap)
T g el p) | = 45 &)

subject to mg = m(z¢, p°). Without loss of generality, let us assume p° = 0 hereinafter, i.e., the baseline
network does not have any EV. In (1), the diffusion velocity term d is a small positive constant, and
the drift velocity term u(xy, p) specifies the rate of change to equipment loading level z; at a given p
due to EV charging.
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The term wu(x, p) is computed by taking the derivative of equipment loading levels at given p. For
distribution networks, u(z,p) is usually computed by-phase because the equipment loading level is
calculated on each phase. However, for the purpose of this paper the REM is modified to compute the
loading level of the equipment on all connected phases. Let x, .(p) be the loading level of equipment e
at EV penetration p, and x, .(p) can be expressed by:

T o(p) = ,.(0°) + 9,0 (D), (2)

where z, .(p”) is the loading level of e which can be obtained from a power flow analysis to the
baseline network when no EV is connected, and g, .(p) is the increased amount of loading to e. We
can approximate g, .(p) by the following [20]:

guo(p) = LSO, 3

e

where Pr,(p) is the time-invariant probability that EVs are connected to sections downstream of e,
E[Sgy](t) € R is the expected apparent power at time ¢ of an EV being charged at downstream of e
which is independent of p, and S, € R is the rated power of e which is assumed to be known. Readers
are referred to [20] for more details on the calculation of Pr,(p). The drift velocity u(z, ., p) can then
be computed for each ¢ € T by taking the derivative of z; .(p) or equivalently of g, .(p) with respect
to p.

Once u(w, ., p) is computed, (1) is numerically solved by the finite-volume method (FVM) using an
implicit scheme [18] for a given t. Thus, we obtain a sequence of PDFs indexed by p, from which the
mean or any percentile value of z, ,(p) can be computed as well as the probability of e being overloaded
at t. To evaluate equipment loading levels for period 7, the analysis must be repeated for each ¢t € T.
As the result obtained at time ¢ does not depend on that at any other ¢, the process can be parallelized
for improved efficiency. The application of REM for such a time-series analysis is denoted as the
ts-REM hereinafter. If the ts-REM results indicate that the equipment is frequently overloaded or
the overload lasts long at certain EV penetration rate, a higher risk of premature equipment failure is
expected which in turn increases the operating and maintenance costs for utilities. Given the increasing
EV penetration, a mitigation strategy becomes necessary to manage equipment loading levels.

3 Mitigation strategy

The expected charging power E[Sg/] of an EV connected downstream of equipment e in (3) is expressed
by:

[SEV "C ‘ ZZE’C EV )
SEV Z lEV Prz: Jls

where IC, is the set of customers who are downstream of e, and |K_| is its cardinality. If all customers
on the network are downstream of e, then |K.| = . If EV owning customers tend to charge their
vehicles during peak hours (denoted by 7F) when the total demand is already high, these customers
possess high probabilities of adopting charging profiles that are active during 7% (denoted by LEy).
In such a case, it is expected that E[Sgy](t) is large for ¢ € TF. Consequently, the extra loading due
to EV charging will be significant according to (3). The probability of overloading network equipment
is then greatly increased, especially when p is high. Conversely, if a control mechanism is in place to
limit E[Sgy| during TP, the equipment overloading can be mitigated.

(4)

Considering (4), E[Sgy] during TP can be reduced if the probabilities Pri[j € LE,/] of all customers
are decreased while those in Pri[j € Lgy \ EEV] are increased. In other words, we are shifting high
values of E[Sgy] during TP to other time periods. Under such a strategy, we can mitigate potential
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overloading issues to network equipment due to EV charging during 7 by reducing customers’ prob-
abilities of charging their EVs in this period. In the following section, we discuss how modifications to
Pr; are made when customer 4 participates in a mitigation strategy.

3.1 Maodification to charging profile probabilities

We partition the time period T and the set of profile types Lgyv into the following disjoint sets:
7- — TP TOP TMP
Lay = Liy U LRy U LY,
where

TY is the peak period and LEy is the set of profiles where charging starts during 7F. Under a
mitigation strategy, customers’ probabilities Pr E[] € EEV] are to be reduced;

TOF is the off-peak period and LY is the set of profiles where charging starts during 7°F, and
customers’ probabilities Pr’.[j € LOF] are to be increased under a mitigation strategy, and;
TMP is the mid-peak period and LMF is the set of profiles where charging starts during 7™F, and

under a mitigation strategy customers’ probabilities Pr[j € £}¥] remain unchanged.

In general, 7% should include the hours during which the network is heavily-loaded, hence we can
assume that overloading never occurs to equipment during 7°F and 7MP periods, even when a miti-
gation strategy is applied.

Let y* € {0,1}F = [y} j =1,2,- ]T be an indicator vector where yf = 1if j € Lz and y} =0
otherwise. Similarly, let y Pe {O 1} be another mdlcator vector for proﬁleb in Lgy. For a given
Pr’., we have Prl, = Prz +Pr¥ OP—|—P ZMP, where PrL = Prl oy’ PrL = Prl. 0y°F, and ® is

the Hadamard product.

Denote 4P = (PriL)Ty € [0,1] as customer i’s total probability of adopting charging profiles in

EEV Suppose that we would like to reduce ©* by an amount Ap ob = 0, such that the customer’s

i,P
probabilities of adopting charging profiles in LEy, are reduced. Let Prﬁ € [0,1] be the resulting
probabilities, and we have:
5P i,P Alob iP
Pr, =Pry — szP Pr} (6)

We consider (6) as equivalent to scaling down the probabilities in PriE’P such that the sum of reductions
adds up to A? < 2P,
Conversely, we scale up the probabilities in Pr’ .c P such that the total probability is increased by
Az‘

probs 1€

i,P
To ensure that all elements of Pr E are non-negative, we impose 0 < Al

prob* prob —

—~1,0P
) i,OP
r, =Prp

Ai rob i,0P
+5io P (7)
where 40P = (Prl. ) yOF € [0,1]. From (6) and (7), the resulting probability distribution f’vrz
obtained by shifting probabilities of charging during 7T to T°F can be expressed by:

—~i  —~iP  —~i0 i
Pr, = Pr; +Pr, —|—Pr£MP (8)

To acknowledge the fact that not all customers are willing to change their charging habits under

a mitigation program, we let K, C K. be the set of customers who participate, and A, € [0, 1] be the

participation factor, which is defined by A, W K] We have:

Al =0, Vi€ K\ Kp. (9)
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We extend the above process of modifying charging profile probabilities to all customers in a
matrix form. By denoting Pr, € [0, 1]|’CG|XL as the EV charging profile probabilities for all customers
in K., we extract the probabilities of profiles in ﬁgv for all customers by Prz = Pr.y", where
y¥ = diag{y®"} € {0,1}£*L. Similarly, the probabilities of profiles in £ are PrgP =Pr . YOP. We
write (6) in the following matrix form for all customers:

—~P
Pr, = Pr; — (7)) 'A,Pry, (10)

where B¥ = diag{>""} and Apon = diag{A? ,} which are || x |K.| square matrices. Similarly,
the adjusted probabilities for profiles in E%P, after adding Apyop, are:

— OP
Pr, =Pro" 4+ (2°7) 1A, Prov. (11)
From (10) and (11), we obtain the modified probabilities of charging profiles for all customers as,

— ~—~P —~—OP
Pr, =Pr,+Pr, + PI'IZIP

=Prl — (Z¥) 1A, Pr}

+ Pl‘gP + (Eop)flAprobPrgp + PrIZIP
ApobPre Oz

=Pr; — i |2 IKel, , 12

“ O\IC5|7L AprobPr[, Y ( )
.

where i, = [(EP)*l —(EOP)*] € RlKe|x2|Ke| Ok, |,z is a zero-matrix, and y = [YP YOP] IS
{0 1}2LxL_ )

It is remarked that (12) formulates how the probabilities are modified assuming Apob is given.
Recall that for a non-participating customer i ¢'1Cp, A;mb = 0. For each participating customer, we
discuss in the next section how to determine A;mb from an optimization problem. Without loss of
generality, for the rest of the paper we assume that A\, = 1, i.e., all customers are participating into
the mitigation program.

3.2 Optimal values of A,

Recall that the goal of encouraging EV owners to shift their probabilities of charging periods from 7%
to TOF is to avoid overloading the key network equipment, which might shorten equipment lifetime.
Thus, optimal values of Apon should meet the following conditions: (a) no extensive overloading occurs
to the equipment and its nominal lifetime is maintained and; (b) customers are driven by incentives to
adopt charging behaviours according to the adjusted l3vr£ which does not result in unmotivated costs
to utilities.

3.2.1 Impact of overloading on equipment lifetime and cost

As overloading often results in higher operating temperature of the equipment, its expected lifetime
is reduced if the equipment is periodically overheated due to the loading levels [9]. To assess the
reduced lifetime, thermal-aging models are used. For example, IEEE standard C57.91 [2] describes
the thermal-aging model for transformers and IEEE standard 1283-2013 [1] describes the model for
lines and conductors. Details on the thermal-aging model are omitted due to the space limit, but let
us denote TAM : loading — Fjs as the thermal-aging model. Here, loading € RT is the equipment
loading levels over the period T, and Fj is an annualized stress factor indicating the ratio of the
expected over the nominal lifetime of the equipment. If Fjis = 1, the equipment’s expected lifetime
is maintained at its nominal value, whereas the equipment is stressed by the loading levels and the
lifetime is reduced when Fjge > 1.
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Let ¢(Fjfe) denote the increased annual cost of the equipment (depreciation, operating & mainte-
nance, etc.) due to the shortened lifetime, i.e.,

C(Eife) = Cannual(maX{L Eife} - 1)7 (13)

where Cannual > 0 is the total annual cost at the nominal lifetime. We remark that it is possible
to have Fjie < 1. This indicates that the equipment is still in service after its nominal lifetime is
reached. However, in this paper, we assume that no equipment operates beyond its nominal lifetime
for economical and safety reasons. Hence, when Fjse < 1, there is no saving in cost and we have
C(Eife < 1) =0.

3.2.2 Incentives to customers

Recall that incentives are given to customers in exchange for changes in their charging habits, i.e.,
adjusting Pr. to Pr, by reducing Ap.op from their total probabilities of charging EVs during TP,
Let R'(A .,
when all customers are adopting Pr - The total annual incentives given to all customers should not
exceed ¢(Flige) — C(Eife); otherwise, the best option for the utility is to keep operating the equipment
at a reduced lifetime Fjiz, and to pay no incentives to customers. Hence, ¢(Fif.) — C(Eife) is considered
as a “budget” for the total incentives, and we have the following constraint on the total incentives to
be paid:

) denote the annualized incentive given to customer i, and ﬁ]ife the resulting lifetime factor

Z"CE‘ R' < ¢(Fiie) — ¢(Fiite)- "

i=1
Tt is remarked that if ¢(Flife) = 0, it is not necessary to adjust customers’ charging habits hence no
incentive is given to customers and Ao = 0. For the rest of paper, we assume that Fiis. > 1 initially
with EVs connected to the network before any mitigation strategy is adopted, hence ¢(Fjis) > 0.

In this work, two types of incentives are considered: (1) reward for reduced consumption of EV
charging during 77, and (2) time-of-use (TOU) pricing during the entire day. The formulation as well
as the objective function of each type of incentive is detailed in the following sections. It is assumed
here that the reward or TOU pricing applies only to EV consumption, i.e., a separate meter is installed
for the EV charger [10].

Reward for reduced consumption of EV charging during 7P As each customer contributes to reducing
equipment loading during 7, a reward is given based on the expected reduction of consumption for
EV charging. Customer ¢’s daily reward is given by:

i,reward __ i
Ry =y ZteTp AE (15)
AB' =AY (1) (Pri() - Pre(i)) (16)

where At is the time step, and r € R ($/kWh) is the unit reward applicable to all customers which is
another variable in the optimization problem. The annualized reward for customer ¢ is:

R’ = 365R;"". (17)

In addition, the following constraint is imposed which ensures that each customer’s total expected
energy consumed for EV charging remains unchanged with and without the reward.

> AE'=0, Vi=12-|K] (18)
teT

TOU pricing Given that we have partitioned each day into three periods, the electricity rate needs to

be determined for each period. Let pio® ($/kWh) be the nominal rate. Because customers’ charging
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probabilities in the mid-peak period 7MF remain unchanged, the rate remains at po®, i.e., pMP =

nom

proe. For the off-peak period, the rate is decreased by £ > 0, i.e., pgte = pige — & For the peak
period, a surcharge n > 0 is added to the nominal rate, i.e., pb,., = pi%% + 7. Both ¢ and 7 are to
be determined by the optimization problem. Under such a TOU pricing, customer i’s daily savings in
electricity price is:

i, TOU __ i ] ]
RGOV = (i +m) Y AE 4+ (o — &) Y AE'—n Y E'+& Y El+pit Y AFE,
teTP teTOP teTP teTOP teTMP
(19)

where E' = At > l%v(t) Pr’(j) and AE? is defined in (16). The annualized reward for customer i is:

R’ = 365R:TOY. (20)

day

The EV charging energy conservation constraint (18) also applies. Further, because neither the
electricity price during the off-peak period nor each customer’s reward can be negative, the following
constraints are added:

pratc > 0 (21)
R;.CU > 0.

3.2.3 Optimization problem formulation

The optimization problem is formulated to identify optimal levels of Ao, and incentives such that
utilities’ costs are minimized while the equipment is maintained at its nominal lifetime or as close as
possible. This is expressed as:

; IKel
Apror\?vlrr,l(f,n) Zz‘:1 R
subject to  Aprop € argming | Flige — 1]
subject to 0 < Aprop < B
loading = tS—REM(f’VrL)
Fiite = TAM(loading)
(9). (12), (13), (14), (18), and
(15) or (19), (21).

Recall that ts-REM refers to the time-series REM method presented in Section 2 which evaluates
impacts of Pr, to the equipment loading levels loading, and TAM refers to the thermal-aging model
which computes the lifetime factor under the resulting loading. Each customer’s incentive can either
be a reward-based as in (17) or a TOU pricing-based as in (20). If the latter is adopted, the variable r
is replaced by £ and 7 in (22).

4 Convex reformulation

We remark that the optimization problem formulated so far is a bi-level, non-linear, and non-convex
problem, which is difficult to solve and global optimality is not guaranteed. In this section, we aim to
reformulate (22) into a single-level convex optimization problem, which can be efficiently solved.
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4.1 Approximation of total incentives

i,reward
day

The total annualized reward R? used in (14) and (22) is non-convex due to the form of R
and RQ;;OU in (15) and (19), respectively. To approximate the incentives, we use the price elasticity
model [15, 16] to measure a customer’s response to the incentive offered, where

—AFE" = &' Aprate = E— 5 APrate- (23)

rate

In (23), due to the definition of AE® in (16), a negative sign is necessary to model the expected change
in energy consumption for EV charging when an incentive Aprate (€.g., 7 in the reward program or —¢
and 7 in the TOU pricing) is offered under the mitigation program. The individual price elasticity & of
customer i is related to the energy consumed E?, the nominal electricity price pi™®, and an averaged
price elasticity factor € < 0 which applies to all customers independent of the time period. It is
remarked that we ignore the changes of energy consumed in one period due to the price change in
another period, hence cross elasticity factors are not considered [15]. In addition, for given &, pio™,

and Ap,ate, customers with higher consumption E? contribute more in reducing the consumption under
the mitigation strategy.

We apply (23) to the two type of incentives, and obtain:

pt,reward P __ i,P,.2
R,y =rAE"" = —e""r?, (24)
i, TOU __ WP 2 nom ,0P ¢2 nom i, P i,0P nom i, MP
Rday = —€ (77 + nprate) — £ (§ - gprate) - 77E + fE + Prate AE ) (25)
. i, P ; _ pt,OP . .
where ¢ = L. and £/OF = £ The total incentives are now expressed as:
rate rate

Hi,reward .
365Rday , if reward

3651y, 7, if TOU.

R = (26)

We note that for the TOU type of incentives, constraint (21) should apply to RQ;F},OU

4.2 Constraint to loading

In the second level of (22), we aim to maintain the equipment at its nominal lifetime by adjusting
equipment’s loading. The lifetime is likely to be shortened (i.e., Eife > 1) when loading shows severe
or prolonged overloading, mainly due to simultaneous EV charging during the peak hours. While it
is natural to add a constraint to limit the loading levels at all time, it is difficult to find an optimal
constraint as loading is numerically computed by the ts-REM model. Alternatively, as discussed in
Section 3 and by (3), the extra loading to the equipment due to EV charging depends on E[Sgy].
Hence, constraining E[Sgy,] would have an equivalent effect to limiting loading.

Let us assume that there exists some time-varying limit S; for E[gEV] when a mitigation strategy
is applied and ‘ﬁ]ifc — 1] is minimized. Under this assumption, not only can we move the ts-REM
and TAM models out of (22), we can also remove the second level of (22). The optimization problem
becomes:

min Z‘.}CC‘ i
Aprob,m,(&m) i=1
subject to 0 < Apron < »P

E[Sgy](t) <S¢, ¥t e T

Kel o
_, " < c(Fiire)

(9), (12), (18), and
(24) or (25),(21)
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Note that as the TAM model is not embedded in the optimization problem, the ¢(Flig) term appearing
in (14) cannot be evaluated. Hence we relax it by taking the initial cost of ¢(Fj) as the budget. Such
a relaxation is exact if Fjjfe = 1, i.e., the nominal lifetime is achievable under a mitigation strategy.

The reformulated optimization problem (27) is equivalent to (22), is convex, and is readily solvable
to optimality but depends on S;. Next, we discuss how to determine S;.

4.3 Determination of S,
In this subsection, we discuss the calculation of S; which is essential for (27).

4.3.1 Limit for 797 and 7MP

For a given EV penetration p, the loading level z; .(p) for t € T can be computed via (2). As we
assumed that the equipment should never be overloaded during 7°F and 7MP, we have the following
inequality:

xt,e<p0) + gt,e(p) S 1a
gt,e(p) S 1- xt,e(po)’ te 7-01) U TMP' (28)

Substituting (3) into (28) we get,

nEv Pre(p)E[SEV] (t)

S S 1_$t,e<p0>7
‘ (29)
S (1— 0
E[Spy](t) < eﬁEV ]j;e(;l; ))’ + € TOP | TMP

The right-hand side of (29) is the limit for E[Sgy/|(t) during the off-peak and mid-peak periods which
is a sufficient condition to guarantee that the equipment is not overloaded, i.e.,

= S, (1 — Ty e(PO)) OP MP
Si= ————— "~ U . 30
t nEv Pre (p) 9 € T T ( )

Note that the limit expressed in (30) is time-variant and independent of customers’ charging proba-
bilities.

4.3.2 Search for limit during 7°

While we can analytically compute the limit for the peak period by also imposing that the equipment
is not overloaded, the resulting limit may be too restricting to minimize |Fj;g — 1], i.e., Flife < 1, or (27)

may be infeasible hence no solution is possible. Instead, we let S; = S € R be constant V¢t € T,

and we propose Algorithm 1 to search for an optimal value of ?P, such that (a) the optimization
problem (27) is feasible, and (b) |Fiife — 1| is minimized.

4.4 Search algorithm

In general, the search algorithm constructs sequences of upper bounds {u,} and lower bounds {l,}.

Candidate values of §Z are evaluated between {u,} and {l,}, and the search direction depends on the
. . . =P .. . .

solution to (27) and the resulting Fi,, by applying the S, limit at iteration n.

—P .., =P . . —P =P .
To show that the sequence of S,, converges to a limit S, , i.e., lim, ,» 5, = 5., we first discuss

monotonic properties of the sequences {u, } and {l,,} constructed by the algorithm.
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Algorithm 1 Search algorithm for optimal s°

Initialize
n<+ 0
un + maxi{z, . (p°)}
In <0
?S — 0 <K un
while u,, — I, > § do
Construct S; using ?: and (30)
Solve the optimization problem (27)
n+<—n+1
if a feasible solution is obtained then
Compute the resulting loading and Fiise ,, from ts-REM and TAM models, respectively
if F]ife’n > 1 then

gs — max{lnfl,gs,l exp (—1/n)}
if gi has already been tried then

=P
gi . (lnflzsn—l)

end if
Up & Sp_q
ln «— ln,1
else if Fjfe, <1 then

gs +— min{un_1, 55,1 exp (1/n)}
if gz has already been tried then

=P
gi - (un—lérsnfﬂ

end if
ln < Sp_1
Unp < Un—1
end if
elsti})f no feasible solg‘%,ion is obtained then
S,, < min{up—1,5, _;exp(1/n)}
if ?i has already been tried then
55 — 2(un—1+ 5571)
end if
ln < Sp_1
Un < Un—1
end if
end while

Lemma 1. Consider Algorithm 1, the following statements hold for n > 0:

(A) The sequence of upper bounds {u,} is monotonically non-increasing, and the sequence of lower
bounds {l,,} is monotonically non-decreasing.

(B) At any n >0, up, > I,

(C) limp—s00 uy, = inf{uy}, and lim,, oo I, = sup{l,}.

Proof. For n > 0, we have the following two cases:
1. If a solution to (27) has been found at iteration n — 1, we can calculate the resulting Flige,n, and

a) if Fifen, > 1, then gp < ?P_ y Up = ?P_ ,and l,, = [,,_1. Further, as ?P is bounded below
3 n n—1 n—1 n
by l,—1, we also have u,, = 55_1 > ?5 > 1 =lp.

—P
Applying S,, at iteration n, we have the following three cases:

—P _ —P
i. if a solution to (27) is found and Fiieny1 > 1, then upy1 = 5, < 5,1 = up, and

n

ln+1 = ln

ii. if a solution to (27) is found but Flife n+1 < 1, then wp11 = Uy, and l,,41 = SE > 1=
Iy

iii. if no solution to (27) is found, then w,4+1 = uy,, and 1,11 = gz >l =1,.
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Hence in cases a.(i)-(iii), we have u,y1 < u, and l,4+1 > 1,.
. —P _ =P —P —P .
(b) if Flife,n <1, then S, > 5, 4, up = up_1, and I, = 5,,_;. Further, as S, is bounded above
—P _ =P
by un—1, we have u, = up—1 >S5, > 5,1 = ln.
At the next iteration, we have the following three cases:
.. . . —P
i. if a solution to (27) is found and Fifent+1 > 1, then upy1 = S, < up—1 = u, and
lni1 = ln.
ii. if a solution to (27) is found but Fiife n+1 < 1, then up41 = up and lp41 = S,>8, =

ly.
—P _ —P
iii. if no solution to (27) is found, then up41 = uy, and 1,41 =S, > S,,_1 = ln.

Hence in cases b.(i)-(iii), we have up11 < up, and L1 > 1.
. . . . —P _ =P _p
2. If there exists no solution to (27) at iteration n—1, then S,, > S, _1, up, = up—1, and l,, = 5, _;.
The same argument as in 1.b lead to u, > [,.
At the next iteration, by the same argument as in 1.b, we have u,11 < u, and l,11 > [,.

In cases 1) and 2) we show that u,41 < u, and l,,41 > [,, hold, hence Lemma 1-(A) is proved. In
addition, we also show that u,, > [, holds in these cases, hence Lemma 1-(B) is proved.

As {u,} is monotonically non-increasing and is bounded below by {l,}, by the monotone con-
vergence theorem, {u,} converges to its infimum. Similarly, {l,} converges to its supremum. Hence
Lemma 1-(C) also holds. O

. <P . . . .
Next, we argue that the candidate value S,, at iteration n must differ from that at the previous
iteration, except in the following special cases.

Lemma 2. For n > 0, the following statements hold for the ?i computed by Algorithm 1:
(A) If there exists a solution to (27) at iteration n — 1 and Fige,, > 1, then gz = ?ﬁ_l if and only if
S =l
(B) If there exists a solution to (27) at iteration n — 1 and Fig,n < 1 or (27) is infeasible at iteration
n — 1, then ?Z = 3571 if and only if 3571 = Up_1.

Proof. We start with Lemma 2-(A) and prove the statement in both directions.

(=) If 3571 = [,,_1, by the construction of Algorithm 1 we have ?5 > 1,—1 and gz < ?571 =l

=P =P
at the same time. Therefore, S,, = [,,—; = 5,,_; must hold.

(<) If gi = ?E_l, then ?i can only take the following possible values by Algorithm 1:
(a) Fz = lp_1, then ?Z = ?5_1 =lp_1.
(b) ?Z = (l"%m, ie., gi = [,_1 has already been tried in previous iterations, then
25:71 =ln ""_g:fl

—P
= Sn—l = ln—l-

—P

Hence S,_, = l,_; always holds if S = S _,.

Therefore, it is shown that gz = ?:71 if and only if 3571 = l,,—1 when (27) is feasible and Fjjfe,, > 1.

The proof of Lemma 2-(B) follows the same argument as in Lemma 2-(A), and hence it is omitted.
O
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By Lemma 1 we established that the sequences {u,} and {i,,} are monotonic and convergent. We
now show that they converge to the same limit.

Lemma 3. The sequences {u,} and {l,,} constructed by Algorithm 1 converge to the same limit, i.e.,

limy, oo Un = liMy, o by

Proof. Suppose that at n = N, we have uy = uy,In = l,. Let 6y = uy — Iy > 0. If 6y = 0,
then u, = l.. By Lemma 1 {u,} and {l,,} are monotonic and u,, > l,, ¥n > 0, then we must have
Up = lp = ux = l, Yn > N. In this case, {u,} and {l,,} converge to the same limit and the proof is
done.

Now we consider d > 0. At the next iteration n = N + 1, the following cases may occur:

1. If there exists a solution to (27) at iteration N and Flie, n+1 > 1, then we have shown in Lemma 1

that §;+1 < gi, UN41 = ?;, and 41 = Iy = l.. We thus have:

unt1 — v = Sy — L,
= (usx — L) + (?i —u*> ,
:5N+(§g—u*).

In what follows, we argue uy41 — Iy4+1 < 0y for any value of ?iﬂ and ?i,:

(a) When giﬂ = ?i, by Lemma 2-(A) we have gz = Iy = l,. Hence,

_p
UN4+1 — Ing1 = 0N + (SN - U*) ,

:5N+(Z*_U*)7

(b) When ?;H < ?;, unt+1 < uy = u, always holds by the monotonicity of {u,}. As

. —P . —P —P
Flige, n+1 > 1 is assumed, we have uy1 = Sy which leads to Sy < u.. If Sy < us, then
UN41 — ZN+1 < 5]\/ must hold.

—P
We now argue that Sy = w. cannot happen. By the construction of Algorithm 1, uy is

—P . . . <F
updated to u. as 5, reaches this value at some iteration n, < N. When Sy reaches u.

(145 1)
2

again at iteration IV, it would need to be adjusted to ?i, = according to the

algorithm. We show by contradiction that the adjusted §i # u,. Let us assume for now
that the adjusted ?i = U4, we have:
25y =1, + Sy 4
& 2u, =1, +§RA
S Uy + (U — 1) = ?;_1
Sy Oy =Sy (31)

As E;_l is bounded above by u, and x5 > 0, (31) must not hold. Hence, by contradiction,

—P =P
Sy # ux and we must have Sy < u,. In such a case,

unt1 — Iny1 = dny1 < On.
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From cases a) and b), we establish that the sequence {u,, — [,,} is monotonically decreasing and
bounded below by 0. Hence by the monotone convergence theorem,

lim (u, —1,) =0< lim u, = lim [,.

n—oo n—oo n—oo

2. By similar argument, we can arrive at lim,,_, o, 4, = lim,_, [, when there exists a solution to
(27) at iteration N and Fiife n4+1 < 1, or when no solution is found for (27) at iteration N. O

. —P
Now we state the main result for the convergence of the sequence {Sn} constructed by the search
algorithm.

Theorem 1. The sequences {?S}, {un}, and {l,,} generated by Algorithm 1 for n > 0 converge to gf.

Proof. The sequence {?5} is bounded by {u,} and {l,,} for all n. By Lemma 3, we have lim,,_, oc u,, =
—P =P

lim,,_, l,. By the squeeze theorem, it follows that lim, ., S S, =lim, o U, =lim, o l,. O

n

Let S; . be the S; computed in (30) for t € TOF U TMP and the searched ?S for t € TP. The
following corollary can be consequently claimed.

Corollary 1. If Eife = 1 can be achieved, then 51: is an optimal value to achieve ﬁlife = 1. Further,
(27) is a convex restriction of (22).

Proof. When applying S; .., the resulting adjustment A, and incentives are (i) feasible with respect
to the original problem (22), and (ii) globally optimal with respect to the convex problem (27). Given
that Fife = 1, the relaxation of (14) is exact. It therefore follows that (27) is a convex restriction
of (22). O

If there exists no §P to achieve ﬁiife = 1, Theorem 1 still holds and yields some ?tﬁ* that minimizes
|Fiire — 1|. In this case, (27) is a convex approximation to (22). We can still solve for Ay, and
incentives from (27), but the relaxation of (14) is not exact.

5 Numerical study

We use the modified TEEE-8500 test network as in [20] to illustrate the proposed strategies. We
specifically aim to mitigate overloads on the substation transformer. The following information are
assumed:

e Lgy: charging may start at each hour and lasts for 2, 4, or 6 hours, and 4 levels of EV charging
power are considered (1.8kW, 3.6kW, 6.6kW, 7.2kW, with unity power factor).

e Pr,: each customer’s probability of adopting each profile in Lgy is randomly generated without
using any known distribution, but to be more realistic, customers have higher probabilities of
starting charging between noon and midnight.

e The nominal electricity price is p2o™ = 0.35 $§/kWh. According to [16], the averaged elasticity

rate
factor € ranges from —0.21 to —0.61. Hence we assume € = —0.4.

We look at the impact to the substation transformer loading levels at 80% EV penetration for
T = 24 hours with a time step of At = 1 hour. Figure 1 shows the mean and maximum/minimum
(+£2x standard deviation) loading levels which are computed by the ts-REM model.

If we look at the mean loading curve (in orange color), the transformer is overloaded from 3PM
until 10PM with the worst loading at around 125%. If such a loading pattern repeats during the entire
year, it is determined by TAM that the lifetime factor is Fjje = 1.1. Suppose that the annual cost of
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the transformer at the nominal lifetime is cannual = $500,000, then from (13) an extra cost of $50,000
per year is incurred to utilities due to the shortened lifetime, which serves as the budget for customer
incentives.

1.4 A R
—8— No EV charging % 2N
__ 1.2 4 —®— With EV charging (mean)
=] =¥~ With EV charging (min)
g 1.0 1 With EV charging (max)
c
T 0.8 1
o
-
0.6 1
0.4 T T r T
0:00 5:00 10:00 15:00 20:00

Time

Figure 1: Multiple levels of loading curves of the substation transformer with 80% EV penetration

Based on the loading curves in Figure 1, we set 7* and T°% to [14:00, 21:00) and [0:00, 6:00),

respectively, and the remaining hours to 7MF. Figure 2 shows the gz value searched at each iteration
of Algorithm 1 for the reward type of incentives (top left) and for TOU pricing (top right). Figure 2
also shows the corresponding total yearly costs (bottom left) and the incentives levels of ¢ and n

(bottom right) of each iteration. For the reward incentives, ?: converges to ?1: = 0.61, the unit
reward is 7 = 10.82 ¢/kWh, and the total extra cost to utilities reduces from an initial $50,000 to
$18,868 per year (a 62.3% saving). For the TOU pricing, g: converges to §f = 0.66, a discount of
& = 20.25 ¢/kWh is offered during the off-peak time, and a surcharge of n = 11.69 ¢/kWh is added
during the peak time. Under such pricing, the total extra cost to utilities reduces from $50,000 to
$16,973 per year (a 66.1% saving). It is noted that the TOU program is slightly more efficient and the
total cost to implementing the mitigation strategy is less.

Search for Sf (Reward) Search for S? (TOU)

Iterations Iterations
Optimizing total cost Levels of incentives determined
50 1
20 1
@ 40 =
25 S 151
8 c VX
52301 5197
= < —— r (Reward)
51 —— &(TOU)
20 1
— n(TOU)
0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Iterations Iterations

Figure 2: The sequences of gz searched (top), total costs (bottom left), and incentive levels of r, &, (bottom right)
during iterations of Algorithm 1



Les Cahiers du GERAD G-2023-48 15

Figure 3 shows the results when the mitigation strategies based on the converged solutions for the
two types of incentive programs are applied. The bottom chart compares the averaged probabilities of
all customers charging EVs at different hours during the day. With the mitigation strategies applied,
customers decrease their probabilities of charging EVs during the peak period and increase the prob-
abilities during the off-peak period, while the probabilities of the mid-peak period remain unchanged.
As a consequence, the transformer’s overload during the peak period has been reduced to an acceptable
level while the loading during the off-peak period is increased as shown in the top and middle charts of
Figure 3. Although the transformer is still slightly overloaded for a brief period, its lifetime of service
is maintained at the nominal value under either type of incentive programs, i.e., Flife = 1.

1.25 A - .
- —#— No incentives
S5 .
S 1.001 —¢— With rewards
()]
£
© 0.75 A
@©
o
-

0.50 1

0:00 5:00 10:00 15:00 20:00
Time
. . A e A =

~ 1.25 { —#— No incentives ’ §
2 —o— With TOU r04 3
=100+ A== ============ @
g 03 %
'g 0.75 1 s
- -0.2 3

0.50 === '9

0:00 5:00 10:00 15:00 20:00
Time
0.10 -

I No incentives
. With rewards

s With TOU
0.05 A

Probability

D

SNV

Q

P

S

P

S
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NN ISANANIN NI NN PR
Starting hour for charging

Figure 3: Mitigation of the substation transformer overload by offering rewards (top) or by applying TOU (middle) and
the resulting changes to customers’ EV charging habits (probabilities of charging hours, bottom)

While all customers’ averaged probabilities of charging profiles are compared in Figure 3, Figure 4
shows the shifts of individual probabilities of 100 customers under the mitigation strategies. All
customers had higher probabilities of charging their EVs during the peak period which overloads the
transformer, and they increase the probabilities of charging during the off-peak period to receive the
incentives offered under the mitigation strategies.



Les Cahiers du GERAD G-2023-48 16

Probabilities of charging starting hour
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Figure 4: Comparison of 100 customers’ probabilities of charging during the day before adopting a mitigation strategy
(top) versus those by offering rewards (middle) or by applying TOU (bottom)

6 Conclusion

In this paper, we extended the rapid assessment method to perform a time-series impact analysis of
EV charging on power distribution networks. We focus on the case where the analysis result indicates
overloading issues to network equipment. To avoid loss of equipment’s usable lifetime and to minimize
associated costs, a mitigation strategy is designed to shift customers’ probabilities of charging their
EVs from peak hours to off-peak hours. Two types of incentive programs are considered, and a
dedicated search algorithm embedded with a convex optimization problem is proposed to determine
optimal levels of incentives. It is noted that under the proposed mitigation strategy, we do not enforce
a specific charging schedule on a daily basis. Rather, customers are still allowed to charge their EVs
during the peak hours when necessary. However, the probabilities of doing so in the long term should
be consistent with those determined from the mitigation plan.

Although the numerical example presented considers the full participation of customers, our for-
mulation can also account for the uncertainty in customers’ participation through the A, factor. This
offers the opportunity to perform various case studies with different participation rates and sensitivity
analysis including validation studies with real customer data for utilities as a next step.
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