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Abstract : This study addresses the challenge of routing and scheduling care workers for home health
care logistics in a stochastic environment, where consistency in service delivery is crucial. The pri-
mary research question focuses on determining reliable schedules while ensuring timely care despite
the uncertainty of travel and service times (TST). The objective is to maximize the number of new
patients care workers can attend to while ensuring feasible and consistent schedules. To tackle this
challenge, we propose a chance-constrained optimization modeling framework that ensures a likelihood
of on-time arrivals, with arrival time distributions at patients estimated empirically and analytically
via a discrete scenario set and an extreme value theory-based (EVT-based) approach, respectively.
The EVT-based approximation incorporates nonlinear constraints that link patient visit times with
the probability of on-time arrivals. The problem is decomposed into a master problem, which opti-
mizes patient assignments, and subproblems, which generate feasible schedules and routes. To solve
this problem, we propose a branch-and-check (B&Ch) algorithm, where the subproblems are solved ef-
ficiently via constraint programming. Computational results demonstrate that our solution approach,
particularly with the EVT-based approximation, can efficiently handle practical benchmark instances
while producing schedules with significantly higher service levels than the deterministic model in the
literature.

Keywords : Service consistency; home health care routing; time uncertainty; branch-and-check;
constraint programming
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1 Introduction

Due to aging populations and governments’ plans to decrease hospitalization costs (Lanzarone and
Matta, 2014; Restrepo et al., 2020), home health care (HHC) has received significant attention over
the past decade. It has become a highly active area of research (Wang et al., 2022; Xie et al., 2023).
For example, in Canada, Deloitte (2021) estimates that HHC needs will increase by 615,479 patients,
reaching a total of over 1.7 million by 2031. This is a 50% increase in demand compared to 2019. This
surge in demand and an increase in the cost of care will double Canada’s annual elder care costs to
reach $58.5 billion in 2031.

The HHC industry can be classified into three structures: home hospitalization, home services, and
home nursing services (Di Mascolo et al., 2017). These structures include various services, from basic
housekeeping to professional care, such as physical therapy at people’s homes. In HHC logistics, service
quality plays an important role, and service consistency is necessary to ensure proper follow-ups and
patient monitoring (Freeman and Hughes, 2010). AlayaCare, a Canadian company developing HHC
software solutions for over 700 home care agencies worldwide, reported that, increasing care consistency
is one of the most effective ways to improve care management (AlayaCare, 2023). Woodward et al.
(2004) studied the importance of service consistency in HHC logistics by interviewing home care clients
and their care workers. They state that consistency in care is supported by personnel consistency and
time consistency. Supporting this, a survey of over 9,000 home care clients found that two of the
ten most common complaints about home care agencies were the assignment of multiple care workers
and irregularity in arrival times (Redd, 2022). Notwithstanding the prominent role of consistency in
HHC, very few works in HHC scheduling consider it in their studies (Yang et al., 2021). Personnel
consistency refers to assigning the same care worker or a limited number of different care workers
to each client during their presence in the HHC system. This approach builds trust between clients
and their assigned care workers over time and reduces information loss across care workers, thereby
improving both care quality and service efficiency (Eveborn et al., 2006; Hewitt et al., 2016; Matta
et al., 2014). In addition, time consistency means that service delivery to clients occurs at regular
times at each visit. Receiving the service at regular times is essential for particular clients, especially
those who need time-sensitive services, such as insulin injections, or generally those with time-specific
routines (Eveborn et al., 2009). In addition to benefiting clients, time consistency also helps their
families and relatives better plan their daily activities (Cappanera and Scutella, 2022). In practice,
employing care worker and time consistency yields greater patient satisfaction, which in turn fosters
client loyalty and generates recurring revenue (Kovacs et al., 2014a; Nickel et al., 2012).

Many operations research problems are defined around HHC logistics planning issues in each strate-
gic, tactical, and operational decision. One of the central and challenging problems at the operational
level is the home health care routing and scheduling problem (HHCRSP) (Cissé et al., 2017). In
HHCRSP, a health institution must decide the routes and times to provide health services at clients’
homes for their care workers. This problem is a practical variant of the vehicle routing problem (VRP),
which is very challenging in transportation planning and logistics (Di Mascolo et al., 2017). In the
planning phase of HHCRSP, due to its complexity, decision makers often assume deterministic values
for travel and service times (TST). However, during the execution phase, patient service times may
be affected by random factors such as variations in patients’ conditions (Shi et al., 2019; Lanzarone
and Matta, 2014; Yuan et al., 2015), while travel times may fluctuate due to traffic congestion or
weather conditions. Due to the stochastic nature of TST, care workers may arrive earlier or later than
the scheduled appointment time. Ignoring the uncertainty of TST could result in inefficient (or even
infeasible) schedules and service delays. While such delays may be considered trivial in contexts like
grocery delivery, they are often unacceptable in HHC (Liu et al., 2025). In HHCRSP, with time consis-
tency, a delay in service could result in patient dissatisfaction or pose risks to those whose treatments
are time-sensitive. For example, patients who require medication provision at specific times could be
severely affected by late service (Fikar and Hirsch, 2017).
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Figure 1 illustrates the impact of travel time uncertainty on scheduling decisions, focusing on care
worker A within a multi-worker, multi-day home health care scheduling problem. Case (1) represents
the deterministic solution, while cases (2) and (3) show stochastic solutions with increasing travel time
variability, where the coefficient of variation (CoV) is 25% and 50%, respectively. While the set of
assigned patients remains unchanged between cases (1) and (2), the stochastic model adjusts routing
and scheduling in response to uncertainty. In case (3), higher variability further alters assignments,
routes, and schedules. Simulation results indicate that the average probability of delay for the deter-
ministic solution is 23.4% at 25% CoV, rising to 33% at 50% CoV. In contrast, the stochastic model
keeps the average probability of delay below 1% in both cases (2) and (3). These findings highlight
the necessity of incorporating uncertainty into HHCRSP models to ensure robust scheduling, yet this
remains an underexplored research area.
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Figure 1: Robustness of Routes and Schedules Generated by Stochastic Model.
Note: The figure illustrates: (1) deterministic model, (2) stochastic model with lower travel time variation,
and (3) stochastic model with higher travel time variation. Squares represent care worker A, while circles
denote patients. Numbers below patient nodes indicate appointment times. Routes above correspond to
Monday and Thursday, while routes below pertain to Tuesday, Wednesday, and Friday schedules for care
worker A.

This research investigates the implications of uncertainty in TST and consistency in home health
care logistics. While this work is inspired by the HHC industry, the planning problem is pertinent
to the consistent VRP (ConVRP) due to the consideration of service consistency. The ConVRP has
received significant attention in academic literature (Kovacs et al., 2014a). In addition to health care,
the consistency feature is important in many fields such as the inventory routing problem (Diabat et al.,
2021; Coelho et al., 2012), small package delivery (Groér et al., 2009), service network design (Liu et al.,
2023; Yao et al., 2021), and rental-with-driver services (Mancini and Gansterer, 2021). To the best
of our knowledge, no algorithms have been developed for the ConVRP that address hard consistency
under stochastic TST. A recent study by Yang et al. (2021) introduced uncertainty in TST within a
consistent HHCRSP, while assuming soft time windows for patients. In contrast, we impose hard time
windows, meaning that the service cannot start before the beginning of the specified time frame. This
consideration makes the problem more complex (Zhang et al., 2019); however, our approach can be
adapted to handle soft time windows as well. Our problem shares similarities with the one outlined by
Heching et al. (2019), but we expand its scope to incorporate service level constraints under stochastic
TST. The service level requirements are guaranteed through a set of probabilistic constraints where
hard time windows are imposed. In practice, this problem is solved to periodically update existing
schedules of a home hospice care company to accommodate changes in patients’ requests, including their
admission to or discharge from the company. We aim to determine feasible schedules for care workers
that maximize the number of newly accepted patients, or equivalently the total number of patients
served, while respecting consistency. The problem of our interest comprises assignment and scheduling
decisions. More specifically, the planner must simultaneously determine the optimal assignments of
patients, care workers, and visit days, as well as the schedules for each care worker to visit the assigned
patients that meet the service level requirements.
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Our contribution is as follows. First, we present two formulations for the stochastic HHCRSP under
uncertain travel and service times: one based on a discrete set of scenarios that characterize possible trip
and service time realizations, and the other based on an extreme value theory (EVT) approximation.
The first model relies on scenarios generated through a sampling approach but the model can be
intractable when the number of scenarios is large (Gendreau et al., 2016). On the other hand, the
EVT-based model eliminates the need for using a large number of scenarios as it utilizes a parametric
approach to approximate the underlying probabilistic distributions of arrival times. At the same time,
it introduces complexity due to the nonlinear constraints associated with the EVT-based function. In
addition, we extend the EVT-based modeling framework to handle the case of dependent travel times,
which can be influenced by common factors (such as weather or traffic conditions). Next, we propose a
branch-and-check (B&Ch) algorithm to solve these models. In B&Ch, the problem is decomposed into a
master problem (care worker and patient assignments) and subproblems (routing and scheduling of care
workers). The subproblems are modeled using constraint programming (CP), which effectively handles
both scenario-based and EVT-based formulations. Finally, we numerically validate the performance
of our two modeling frameworks and the benefits of considering uncertainty at the planning level by
comparing the service levels and optimal values of our stochastic models with those of the deterministic
model proposed by Heching et al. (2019). Despite the fact that the stochastic and deterministic models
generally accept a similar number of new patients, the deterministic model significantly underperforms
in achieving the minimum service levels, while the stochastic models consistently fulfill this requirement.
Out of the two stochastic models, the EVT-based model outperforms the scenario-based model in
terms of computational efficiency while still producing high-quality solutions that meet service level
requirements. We also present the numerical analyses for the case of dependent travel times.

The remainder of this paper is organized as follows. Section 2 discusses the recent literature on
the consistent HHCRSP. Section 3 outlines mathematical formulations and solution approaches for
the stochastic HHCRSP. Section 4 presents the experimental results, and Section 5 concludes with a
summary of our work and future research directions.

2 Literature review

Although there is no standard version of the HHCRSP, it is closely related to the VRP (Grenouilleau
et al., 2020; Di Mascolo et al., 2017). The service consistency feature in the HHCRSP makes a model
similar to the ConVRP (Kovacs et al., 2014a). Nevertheless, the HHCRSP involves many additional
operational constraints (Cissé et al., 2017). Our primary focus is on integrating consistency and
uncertainty in travel and service times within the home health care context. To maintain a clear
scope, we do not include studies on HHCRSP without consistency requirements in the main review;
however, Table 1 compares our work with selected recent studies that address stochastic travel and
service times but ignore consistency requirements. The table highlights key characteristics, including
the planning horizon (single- vs. multi-period), the number of care workers (single vs. multiple), the
treatment of time windows (patient-specified, care worker-specified, or endogenously determined), as
well as the modeling approach for uncertainty and the solution methodology employed. Hereafter, the
term HHCRSP refers specifically to the problem with consistency requirements.

Our work ensures consistency in personnel and visit times in the presence of uncertainty in travel
and service times, which sets it apart from the existing literature. To our knowledge, no algorithms have
been published for ConVRP with stochastic travel and service times, despite the significant attention
ConVRP has received in academic literature (Kovacs et al., 2014a). In this section, we survey papers
dealing with consistent VRP and HHCRSP. Table 2 summarizes relevant papers reviewed in this
section. For the papers dealing with uncertain parameters, we indicate the stochastic parameters
in the Stochastic Information column where ”-" indicates that the paper considers a deterministic
solution approach with no uncertain parameters. The HHCRSP column indicates whether papers deal
with a home health care routing and scheduling problem.
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Table 1: Recent literature on HHCRSP with stochastic travel and service times

Author(s) Horizon Care Time  Modeling Solution Method
Worker Window Approach
Shi et al. (2018) S M P SPR Simulated Annealing
Shi et al. (2019) S M P RO Simulated Annealing/ Tabu Search
Liu et al. (2019) S M P CCP Branch-and-Price
Zhan et al. (2021) S S E SPR L-Shaped/Modified TSP
Tsang and Shehadeh (2023) S S E/C DRO CPLEX
Naderi et al. (2023) M M C RO Logic-Based Benders Decomposition
Liu et al. (2025) S M P/C DRO Branch-Price-and-Cut
This paper M M P/C/E CCP Branch-and-Check

M, Multiple; S, Single; P, Patient; C, Care Worker; E, Endogenous(Time Window Assignment); SPR, Stochas-
tic Programming with Recourse; RO, Robust; DRO, Distributionaly Robust Optimization; CCP, Chance-
Constrained Programming.

Table 2: Summary of related literature on ConVRP and HHCRSP

Consistency Solution Type Stochastic
Author(s) Time Personnel Exact Heuristic Information HHCRSP
Groér et al. (2009) Hard  Hard - RTR! - No
Sungur et al. (2010) - Soft - TS? Customer and No
Service Time
Bennett and Erera (2011) Hard - - Capacity- - Yes
based
Tarantilis et al. (2012) Hard  Hard - TS - No
Kovacs et al. (2014b) Hard  Hard - ALNS? - No
Kovacs et al. (2015a) Soft Hard - LNS* - No
Spliet and Gabor (2015) Hard - BPC? - Demand No
Kovacs et al. (2015b) Soft Soft €8 MDLNS” - No
Jabali et al. (2015) Soft - - TS/LP® Travel Times No
Subramanyam and Gounaris (2017) Hard - Decomp? - - No
Subramanyam et al. (2018) Hard - Decomp - Demand and No
Travel Times
Goeke et al. (2019) Hard  Hard CG10 LNS - No
Heching et al. (2019) Hard Hard LBBD/B&Ch - - Yes
Yang et al. (2021) Soft Soft - Artificial bee Travel and Yes
colony Service Times
Demirbilek et al. (2021) Hard  Hard - Scenario- Demand Yes
based
Wang et al. (2021) Hard  Hard CcG - - No
Yang et al. (2022) - Soft - LNS-SA! Demand, No
Travel and
Service Times
Cappanera and Scutella (2022) Hard Hard - Pattern-based Demand Yes
Giiven-Kogak et al. (2024) - Soft - Petal-based - Yes
Liu et al. (2024) - Hard BPCS - Travel and Yes
Service Times
Alvarez et al. (2024) - Soft B&C12/BD13 - Customer and No
Demand
Yu et al. (2024) Hard  Hard - ALNS3 - No
This paper Hard Hard B&Ch - Travel and Yes

Service Times

1 Record-To-Record, 2 Tabu Search, 3Adaptive Large Neighborhood Search, * Large Neighborhood Search, °
Branch-Price-and-Cut,% e-constraint,” Multi-Directional LNS,8 Linear Programming, ° Decomposition,'® Column
Generation, 11 Simulated Annealing, 12 Branch-and-Cut, 13 Benders Decomposition

In routing problems in which customers require services periodically over time, consistency in visit
time can play a significant role in improving service quality. Groér et al. (2009) introduced a new
variant of the periodic VRP in which service consistency is incorporated into the problem and called
it ConVRP. In this multiday VRP, in addition to the constraints on vehicle capacity and route length,
there are additional consistency requirements, i.e., each customer must be served by the same driver
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(personnel consistency) at approximately the same time on each day (time consistency) when the
service takes place. Several studies, e.g., Groér et al. (2009); Tarantilis et al. (2012), and Kovacs et al.
(2014b), proposed heuristics to determine a template-based solution with consistency considerations in
which a set of template routes (also called priority routes) including only customers requiring service on
multiple days (frequent customers) is generated. Then, for each day, the daily routes are constructed
by removing the customers who do not ask for service on that day and by inserting customers who
require service on only that day (non-frequent customers). A generalized consistent vehicle routing
problem was introduced by Kovacs et al. (2015a) in which the maximum difference in arrival times
is penalized in the objective function instead of it being considered a hard constraint. To solve their
problem, they proposed a large neighborhood search (LNS) heuristic, which outperforms the template-
based heuristics of Groér et al. (2009); Tarantilis et al. (2012), and Kovacs et al. (2014b) in terms of
both travel cost and time consistency. A multi-objective ConVRP that combines the consistency and
cost objectives was considered by Kovacs et al. (2015b), and they proposed a multi-directional large
neighborhood search heuristic to solve it. Yu et al. (2024) addressed a new ConVRP that, in addition
to time and personnel consistency, incorporates route consistency and driver equity. Goeke et al. (2019)
proposed an exact solution approach based on a column-and-cut generation (CCG) procedure to solve
the ConVRP with driver and time consistencies. They also developed an LNS heuristic to tackle large
instances. Recently, Wang et al. (2021) considered the ConVRP with route consistency and proposed
an exact solution approach based on set partitioning-based models and CCG techniques to solve it.

Most of the studies in the ConVRP consider the deterministic case when all the parameters are
assumed to be perfectly known. In other words, information related to customer demands, customer
presence, service times, and travel times is often considered fully available prior to optimization.
There are, however, a few papers that explore the approaches under stochastic information. For
example, Sungur et al. (2010) studied a variant of VRP with soft time windows, called the courier
delivery problem, in which service times and customer presence are uncertain. They modeled these
uncertainties through robust optimization and scenario-based stochastic programming approaches.
Nevertheless, they did not consider service consistency explicitly, but such consistency is encouraged
by maximizing the similarity of routes across multiple scenarios. A tabu search heuristic was employed
to solve this problem. In their study, Yang et al. (2022) explored a variant of ConVRP that focuses
only on personnel consistency. They introduced a novel metric to quantify driver consistency and
incorporated it into a weighted objective function alongside travel times. To address uncertainties in
demand, travel times, and service times, they applied uncertainty theory, transforming these elements
into a deterministic model. The problem was tackled using a hybrid algorithm combining LNS with
simulated annealing techniques. Similar to Yang et al. (2022), Alvarez et al. (2024) studied soft
personnel consistency under uncertainty. They penalized violations of a consistency target in the
objective function as well as expected routing costs and penalties for unserved visits. The problem
was modeled as a two-stage scenario-based stochastic programming: in the first stage, customers are
assigned to drivers, in then in the second stage, for each scenario, a subset of customers is selected
and routing decisions are made. They solved this problem using both branch-and-cut and Benders
decomposition methods.

A similar VRP variant to ConVRP is the time window assignment vehicle routing problem
(TWAVRP) (Spliet and Gabor, 2015). In this problem, the authors assumed that demands are not
known when the decision-maker assigns time windows (with fixed-size width) to their customers. Once
the demand is realized, they decide on a vehicle routing schedule to satisfy the demand of each customer
at the assigned time window. In TWAVRP, however, personnel consistency is not considered, and only
time consistency is imposed. Later on, Subramanyam et al. (2018) extended the uncertainty vector to
incorporate demand and travel time uncertainties through a set of discrete scenarios. They employed a
two-stage stochastic programming framework in which the first-stage decisions comprise time window
assignments, and the second-stage decisions comprise routes to serve customers based on the assigned
time windows. They adapted the decomposition algorithm of Subramanyam and Gounaris (2017) to
solve their TWAVRP in an exact manner. Jabali et al. (2015) studied a self-imposed TWAVRP in
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which the provider decides the time window for customers. In this case, time windows are considered
endogenous to the routing problem. Their model assumes that travel times are uncertain when time
windows are assigned. They applied a buffer allocation model in order to protect scheduled time
windows against travel time uncertainty. To solve this problem, they applied a tabu search heuristic
to determine routing decisions. Afterward, they used a linear programming model to optimize the
schedules for customers based on the routing decisions previously determined in the first step.

Consistency can be considered as one of the main features affecting HHC quality services (Wood-
ward et al., 2004). However, despite its practical importance, it has not been extensively studied in
the literature, and it only started gaining attention from 2018 (Di Mascolo et al., 2021). Personnel
consistency, which is often referred to as continuity of care (Borsani et al., 2006), has been studied in
the literature more than time consistency (Cappanera and Scutella, 2022). Di Mascolo et al. (2021)
emphasize the lack of approaches concerning consistency in time. In other words, there are only a few
papers that study HHCRSP models with both personnel and time consistency simultaneously.

Bennett and Erera (2011) handled hard time consistency for a single-nurse HHCRSP through a
rolling horizon myopic planning approach. They assumed that patients’ requests are revealed dynam-
ically over time. Their heuristic approach, which considers remaining schedule time when inserting
patient requests, generally outperformed traditional distance-based methods in terms of accepted pa-
tients and visits per day. Similarly, Demirbilek et al. (2021) dealt with hard time consistency with a
dynamic patient set, but for a multiple-nurse case of HHCRSP. Additionally, they considered personnel
consistency for all accepted patients. They developed a scenario-based heuristic approach. This ap-
proach determines the acceptance of new patients and their schedules by generating several scenarios
for future requests, in addition to considering the current schedules of the nurses.

Heching et al. (2019) studied a home health care delivery problem and they proposed an exact
optimization method, called logic-based Benders decomposition (LBBD), to maximize the number
of newly accepted patients while respecting service consistency for existing patients. The problem
they addressed concerned updating a home hospice care company’s weekly schedule in response to
patient population changes to predict their staffing needs. Nevertheless, Heching et al. (2019) assumed
deterministic TST. However, the routes and schedules determined by the deterministic model could lead
to significant delays in services and treatments in the presence of travel and service times uncertainty.
In our work, we aim to extend this context to consider stochastic TST and demonstrate the value
of the stochastic optimization framework, which can improve patient service levels through reduced
risks of service delays. Later on, Giiven-Kogak et al. (2024) addressed a daily HHCRSP with only
soft personnel consistency over a rolling horizon approach. They considered the existing schedule
as a baseline and employed an updating process in response to frequent schedule changes. In their
paper, the degree of consistency in patient-care worker assignments can be set by the cost of changing
assignments.

To our knowledge, no literature on HHCRSP with hard service consistency tackles the challenge
of stochasticity in TST. Cappanera and Scutelld (2022) addressed personnel and time consistency
under demand uncertainty using a pattern-based heuristic that schedules visits based on predefined
visit patterns. Yang et al. (2021) considered a multi-objective consistent home health care routing
and scheduling problem with uncertain travel and service times in which consistencies were enforced
through soft constraints. Three objectives were considered in this work: minimizing routing cost,
increasing service consistency, and improving workload balance. The authors solved this problem
heuristically via a multi-objective artificial bee colony algorithm. In addition to the fact that our
focus is on the exact algorithmic framework, one distinct aspect of the problem considered in our
work versus the problem in Yang et al. (2021) is that we incorporate complex uncertainty of arrival
times that arise from hard time window restrictions in our stochastic framework. Most papers in
HHC routing and scheduling problems assume hard time windows for service start times due to the
time-sensitive nature of many tasks (Fikar and Hirsch, 2017; Di Mascolo et al., 2021). Furthermore,
since the arrival time cannot be calculated by the sum of independent travel times of the arcs, hard
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time windows are more difficult to solve exactly (Hoogeboom et al., 2021). Additionally Yang et al.
(2021) assumed independent uncertain travel times, but we also include dependency.

A recent study by Liu et al. (2024) addressed an HHCRSP that incorporated only personnel con-
sistency, assuming exogenous patient time windows and accounting for stochastic TST. They applied
a chance-constrained approach to model uncertainty using sample average approximation, and they
proposed a branch-price-and-cut algorithm to solve the problem exactly. While our work shares some
similarities with theirs, it differs in several important aspects. First, we determine endogenous consis-
tent time windows for patients, which is inherently different from the classical VRP with time windows
(Jabali et al., 2015). Jointly routing decisions and time window assignments under TST uncertainty
adds complexity to the decision-making process. Second, unlike their model, we treat the visiting
pattern for each patient as a decision variable rather than a fixed input, which expands the solution
space for each accepted patient and improves scheduling flexibility. Most importantly, their chance-
constrained model relied only on a discrete set of scenarios, which required more computational efforts
as the number of scenarios increased. In contrast, we address this scalability issue by introducing an
analytical approximation based on EVT which improves computational efficiency while maintaining
high-quality solutions.

3 HHCRSP formulation and solution framework

This work extends the deterministic problem presented by Heching et al. (2019), which was derived
from a real-world HHCRSP. The notation for sets and parameters is provided in Table 3. In this study,
a set of patients P must be scheduled with a set of care workers C over a week, represented by set D.
While a weekly schedule is common in many HHC problems (Hewitt et al., 2016), our framework
can be generalized to accommodate longer planning horizons. The scheduling operates on a rolling
basis: each ezisting patient has pre-scheduled visits and a pre-assigned care worker, which must remain
unchanged to ensure service consistency. New patients may also be added to the schedule.

Table 3: Description of notation used in HHCRSP model

Set Description
P Set of all patients
Phew Set of new patients
Peyisting Set of existing patients
Set of care workers
D Set of days
Qp Set of required qualifications to serve patient p
Qc Set of qualifications of care worker ¢
Dy Set of pre-assigned days to patient p € Pexisting
Ky Set of vectors a feasible combination of visit days to the patient p
P.q Set of patients assigned to care worker ¢ on day d, determined by master problem
Ze,d Set of nodes in the route of care worker c on day d, including P, 4 and care worker’s nodes
1 Set of all nodes, including care workers and patients

Parameter Description

Wp Number of visits required for patient p

[rp, ep] Time window of patient p

5p Nominal service time of patient p

cp Pre-assigned care worker to patient p € Pexisting
lp Location of patient p

[re, ec] Time window of care worker ¢

le Starting location of care worker ¢

/A Ending location of care worker ¢

he Maximum work time over the week of care worker ¢
(70 Nominal travel time between node ¢ and i’ € T
L Maximum allowable delay

a Minimum acceptable service level

Pr Probability function
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Each patient requires a single care worker with matching qualifications to observe personnel con-
sistency (same care worker for each visit). The assumption that a single care worker is assigned to
each patient over the planning horizon is common in ConVRP literature. This should not hinder the
practical application of our approach in addressing real-world problems. This is because the assign-
ment of care workers to patients is a long-term decision not affected by the time aspect (Cissé et al.,
2017; Song et al., 2020). However, we discuss later how to modify the proposed model when assuming
multiple care workers. Additionally, each patient has a specified number of weekly visits, all of which
are of the same type and have a nominal duration representing the average visit length. To maintain
time consistency, all visits must occur at the same scheduled time within the patient’s fixed time win-
dow across all assigned days. This means that once an appointment time is determined, it remains
unchanged throughout the planning horizon. As a result, the model determines a narrower endoge-
nous time window for each patient, allowing them to better organize their daily routines (Hoogeboom
et al., 2021). The specific visiting pattern for each patient, referring to the selection of visit days, is
also treated as a decision variable. Patients requiring less frequent visits (e.g., two or three times per
week) may have constraints on visit days, specified by K. For example, for patients with two weekly
visits, close visits like Mondays and Tuesdays must be avoided through a separation constraint, which
is incorporated into our mathematical formulation (discussed in Section 4).

Each care worker possesses a defined set of qualifications. Their daily working hours must align with
their fixed time window that remains consistent across all days of the week. Additionally, their total
weekly working hours must not exceed a specified maximum limit. Each care worker’s route starts
at their designated starting location, visits assigned patients, and returns to their ending location.
Therefore, in this context, care workers are considered heterogeneous with respect to their skills and
availabilities, and they may also depart from and return to different depots. The average travel time
between any two locations is given as a nominal travel time.

The time constraint is hard, i.e., service cannot start earlier than the scheduled time, and care
workers must wait if they arrive early (Bertels and Fahle, 2006). On time arrival is ensured through
probabilistic constraints, defined by a service level a set by the decision-maker for all patients. We
assume that an arrival delayed by at most £ time units is still considered on time. This assumption
can be easily relaxed by setting £ = 0. As noted in Fikar and Hirsch (2017); Cissé et al. (2017), in
single-period HHC problems, traditional vehicle routing objectives, such as minimizing travel distance
or travel costs, are a primary concern. However, in multi-period HHC problems, greater emphasis is
placed on staffing and service-related factors, such as maximizing the number of assigned services or
minimizing the number of care workers. In this regard, similar to Bennett and Erera (2011) and Nickel
et al. (2012), our model aims to maximize the number of newly accepted patients, or equivalently,
the total number of patients served, while ensuring consistency and meeting service level constraints.
Additionally, maximizing the number of patients served is a widely used measure of care worker
productivity, which is indirectly influenced by reduced travel time and idle time (Bennett and Erera,
2011; Heching et al., 2019). Taking all of these elements into account, this problem can be classified
as a stochastic heterogeneous home healthcare routing and scheduling problem with multiple depots
and endogenous time window assignment.

In the following section, a mathematical formulation for this problem is presented. The formulation
is described by a master problem (MP) that addresses patient acceptance, care worker assignment, and
visit days scheduling, along with subproblems (SPs) that determine appointment times and routing
for each care worker. An overview of the decision variables used in MP and SPs is provided in Table 4.

3.1 Master Problem (MP)

The master problem defines three sets of decision variables: binary variable d, to determine whether
patient p is accepted, binary variable x., to determine whether patient p is assigned to care worker
¢, and binary variable ., 4 to determine whether patient p is visited by care worker ¢ on day d.
Additionally, y is a vector of variables y.pq that is described by a feasible set K,. The master
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Table 4: Decision variables in master problem and subproblem

Master Problem:

ép 1 if patient p is accepted; and 0 otherwise

Te,p 1 if patient p is assigned to care worker ¢; and 0 otherwise

Ye,p,d 1 if patient p is visited by care worker ¢ on day d; and 0 otherwise
Subprblem:

To.d Interval variable for visit to node z on day d

Vp Integer variable for appointment time of patient p across all visits
Ad Integer variable for amount of work time of the care worker

problem is formulated as follows:

max Z Op (1)

PEPnew
subject to (s.t.) Z Tep = Op Vp € P, (2)
ceClQpCQ.

Yepd < Tep Vee C,Vpe PVd e D, (3)
Z Z Ye,p,d = Wplp Vp € P, (4)
ceC deD

S, =1 Vp € Pexisting, (5)
Tep =1 Vp € Pexisting, ¢ = Cp, (6)
Yepd =1 VD € Pexisting, ¢ = Cp, Vd € D, (7)
ye Kk, Vp € P, (8)
Yo D (a1 Veed, (9)
d€D pe P, 4|p€ Paew

Ops Teps Yep,d € {0,1} Vee C,Vp € P,Yd € D. (10)

The objective (1) maximizes the number of newly accepted patients. Constraints (2) ensure that if a
patient is accepted, one dedicated care worker will be assigned to that patient. Constraints (3) enforce
that patients are only visited by care workers assigned to them. Constraints (4) ensure that the number
of visits required by each accepted patient is satisfied. Constraints (5),(6), and (7) impose the inclusion,
care worker assignment, and visit days assignment, respectively, for existing patients based on existing
consistency requirements. Constraints (8) enforce that visits to patients must respect the feasible visit
days described by set K. Note that this constraint is consistent with what is presented by Heching
et al. (2019), and we explain in Section 4 how it can be described using a set of linear inequalities.
Constraints (9) are no-good cuts, each of which removes at least one of the current assignments that
produced the corresponding infeasible subproblem. These constraints will be generated by solving the
SPs iteratively in the B&Ch procedure. Here, Pc,d includes the set of assigned patients to care worker
c on day d that makes their schedule infeasible.

Indeed, some constraints can be modified to incorporate different requirements. For instance, if we
want to permit each patient to be visited by a limited number of care workers instead of just one, we
can replace constraints (2) with Zcec‘ 0,CQ. Lep < Bop, where B represents the allowed limit. We
can also remove constraints (7) to provide flexibility in visit days scheduling for existing patients.

3.2 Subproblem (SP)

The subproblem generates a feasible schedule of visits that is compatible with time windows, maximum
work time, and service level constraints for each care worker based on the assignment decisions made
in the MP. The SP is modeled as a constraint satisfaction problem (CSP) with (nonlinear) service
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level constraints. To solve this complex scheduling problem, we use constraint programming for its
ability to find feasible schedules quickly. The effectiveness of CP in solving a variety of scheduling
problems has been demonstrated in recent studies (Hashemi Doulabi et al., 2016; Heching et al., 2019;
Roshanaei et al., 2020; Martinez et al., 2022; Elgi and Hooker, 2022). For readers who are less familiar
with constraint programming modeling, Table 5 presents the CP functions and global constraints used
in our SP model, along with their definitions (IBM, 2025).

Table 5: Functions and global constraints used in SP model

Functions:

StartOf It returns the start of an interval variable.

LengthOf It returns the length of an interval variable.

Global Constraints:

NoOverlap It constraints a set of interval variables not to overlap with each other.

FirstOf It constraints an interval variable to be the first in the set of interval variables.

LastOf It constraints an interval variable to be the last in the set of interval variables.

Span It creates an interval variable that starts at the beginning of the earliest interval and

ends at the end of the latest interval in a given set of interval variables.

Given a solution vector y determined by MP, we define a set of patients assigned to a care worker
c on day d as Pc,d = {p|Ye,p.a = 1} and a set of nodes in the route of care worker ¢ on day d
as Zea = {z|z € {l, : p € Poa} U{l.,1.}}. As for scheduling, CP provides a particular variable
type called the interval variable, which represents a time interval during which a task is performed.
The start and end times of each interval variable are decision variables whose domain is a subset of
{In,B)|n, B € Z,n < B}, and their difference determines the length of the interval variable (Naderi
et al., 2023). In this context, n and S represent the earliest possible start and latest possible end of
the interval variable, respectively. While CP represents time points as integers, a sufficiently wide
time horizon makes time effectively continuous (Laborie et al., 2018). We define our interval variable
7.4 to represent the visit to node z € Z~C7d on day d. Throughout this paper, the terms node and
location are used interchangeably. The domain of 7, 4 is determined by the time window associated
with node z. Additionally, the length of each interval variable . 4 is characterized by its nominal
service time §,, which is a predefined parameter indicating the duration of the visit at node z. If node
z corresponds to the care worker’s location, 5, is set to 0. For each patient p, the variable v, represents
the appointment time. If the SP determines that there is no feasible solution, we add no-good cuts (9)
to the master problem to eliminate the current solution from the feasible space of the MP. Note that
the bar signs above parameters s, indicate the expected values of these parameters. We use nominal
values for travel and service times in the constraints and the domain of decision variables to ensure
that our model satisfies the same time window constraints as the deterministic model (Heching et al.,
2019) whereas the service level requirements are guaranteed by incorporating probabilistic constraints.
The SP for care worker ¢ can be defined as follows:

NoOverlap({7. 4|z € Za.a}) Vd € D, (11)
rp <vp <ep—35p Vp € P, 4, (12)
FirstOf({7. 4|z € Zc.q}) = L. Vd € D, (13)
LastOf({m. 4|2 € Zea}) =1, Vd € D, (14)
Startof(m;, 4) = 7., Startof(m 4) = e. Vd € D, (15)
StartOf(m;, 4) = v Vp e P.4,Vd € D, (16)
Aa = Span({m;, alp € Pr.q}) vd e D, (17)
> LengthOf(\a) < he (18)
deD

Pr{StartOf(m, 4) < v, + L} > a Vp € P.4,¥d € D, (19)

vp € Lymoq C [rzyes) Vp € P.g,¥d € DYz € Z, 4. (20)
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Constraints (11) represent global constraints in CSP (Baptiste et al., 2001) and indicate that patient
visits assigned to care worker ¢ do not overlap while accounting for nominal travel time between nodes
(i.e., t;). Constraints (12) impose that the appointment time must fall within the patient’s time
window. Constraints (13) and (14)) state that the care worker always begins at the starting location
l. and returns to the ending location I, at the end of the day. Constraints (15) fix the start of the
care worker’s interval variable at the starting and ending locations, based on the care worker’s time
window. To ensure time consistency, constraints (16) require the start of patient service to align with
their appointment time. Constraints (17) impose span constraints on interval variables (Laborie, 2009)
to define that the care worker’s workday on day d begins with the visit to the first patient in ]50,(1 and
ends with the departure from the last patient in P, 4. Constraint (18) limits the maximum expected
work time of the care worker. Service level constraints are defined in constraints (19) and will be
explained in subsequent sections. Finally, constraints (20) define the domains of the variables.

For an existing patient p with an appointment time ¢, we need to modify the time window [r,, e,]
to [¢,¢ + ). However, we can leave the time window unchanged to allow flexibility. Note that con-
straints (19) take the form of probabilistic chance constraints, which limit the risk of delays at a given
service level based on the decision-maker (Gendreau et al., 2014). More specifically, constraints (19)
guarantee that, for each patient, care worker ¢ will arrive on time with a given probability «. There-
fore, (1 — ) is the maximum risk of arriving late that the decision-maker can accept. The arrival time
at each patient location primarily depends on the travel times along the traversed arcs and the service
durations of previously visited patients. To respect time consistency, care workers cannot start their
service sooner than the appointment time, as patients may not be available before their appointment.
As a result, the arrival time is also influenced by the start-service time at preceding patients. Under
stochastic travel and service times, both arrival and start-service times become inherently random.
Recall that £ represents an acceptable buffer of delay. In other words, an actual arrival after v, 4 L is
considered a delay. We propose to model the chance constraint using scenario-based and EVT-based
models, described in the next subsections.

3.2.1 Scenario-based model

In the scenario-based model, uncertainty is represented by a discrete set of scenarios, N, generated from
travel and service time distributions through a Monte Carlo sampling approach. Since optimization
is agnostic to the scenario generation approach in this model, one can incorporate complex scenario
generation methods that also consider dependencies and correlations among uncertain parameters
(i.e., travel and service times in our case). We substitute constraints (19) with a sample average
approximation based on the samples generated using this method. To do so, we define new variables
for the arrival time and start-service time for patient p in sample n on day d, that is, a, 4 and 7' g,
respectively. These variables introduce new constraints to the problem, expressed as:
Ty > al g, Thg > v, Vp€ Pea,Vde D, V¥neN.

Given the TST realization for each scenario, we can check whether the inequality a, ; < v, + £ is
satisfied. For a given route, we can calculate the arrival time at patient p based on the start-service
time of the previous patient, the service time of the previous patient, and the travel time from the
previous patient p —1 as follows: ay ; = 7' 4 ;+s,_; +t;_; . To keep track of the number of on-time
arrivals for patient p, the binary variable Vp.a 18 set to 1 when we arrive on time; otherwise, it is set to
0. The sample average of Vp.q Must be equal to or greater than «, that is, IT{/I Y oneN Ypa = VpE

Pc7d,Vd € D. Note that, in mixed-integer linear programming (MILP), the binary value of Vp.a 18
typically done through the use of disjunctive (big-M) constraints: aj ; < v, + L+ M(1 — 77 ,). A
large number of big-M constraints in MILP models can lead to weak LP relaxations (Naderi et al.,
2023). However, with CP, we can avoid the need for big-M formulations. By leveraging CP’s logical
constraints and inference algorithms (Hooker, 2002), binary variables (v) can be readily determined
as follows: Vpd == (aZ)d <v,+L) Vpe ]Scwd,Vd € D. That is, Vp.a 18 set to 1 if the condition inside
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parentheses holds; otherwise, it is set to 0. We present the MILP Formulation of the scenario-based
model in Appendix A and compare its computational performance with that of CP-based model.

Despite its generalizability and flexibility, the scenario-based model can face scalability issues as
the numbers of variables and constraints grow with the number of scenarios (Gendreau et al., 2016).
To tackle large-scale instances more efficiently, we propose an alternative modeling framework that
relies on a parametric approximation of the underlying probabilistic distributions of arrival times in
the following subsection.

3.2.2 EVT-based model

In VRPs under stochastic travel and service times with hard time windows, service is not allowed to
start before the beginning of each patient’s time window. Unlike the case of soft time windows (e.g., see
Hoogeboom et al. 2021), since the probability distributions of the arrival times at patients are truncated
with the presence of waiting times, it is not directly possible to derive formulae for the convolution
of the arrival time distributions (Gendreau et al., 2014). Indeed, the distribution of a, (represents a
vector including ap g Vd € D) depends not only on travel times of the arcs traversed and service times
of patients visited before arrival at the patient’s location p but also on waiting times at prior patients.
As a result, to find the mean and variance of a,, applying the convolution of distributions such as
normal or gamma to sum the means and variances of the service times of the nodes and travel times
of the arcs traversed before p is not directly applicable. By leveraging extreme value theory, Ehmke
et al. (2015) proposed a method to approximate each customer’s arrival time and start-service time
distributions when waiting times must be considered under the hard time window constraints. We
adapt this approximation for our modeling framework and integrate it into our stochastic optimization
framework, referring to it as the extreme value theory-based model. The derivation by Ehmke et al.
(2015) is based on the assumption that travel times are stochastic and follow normal distributions
independently. However, the application of their approach may be limited in real situations in which
significant dependencies may occur (Gendreau et al., 2016). In Section 3.2.2, we propose an extension
of the EVT-based model to cases with dependent travel times to address this issue. Despite assuming
normal distributions for travel times, Ehmke et al. (2015) demonstrated that the method also applies
to instances with non-normal travel time distributions. We evaluate the impact of non-normal travel
times in Section 4. In addition to travel times, our model also assumes that service times are random
and follow a normal distribution.

In our problem, each patient is assigned a consistent visit time v, when scheduled with a care
worker. If the care worker arrives at patient p before v,, they must wait until v, to begin service.
Otherwise, if they arrive after v,, service starts immediately. Recall that a, and 7, represent the
arrival time and the start-service time for patient p, respectively.

To ensure that the probability of on-time arrival time at each patient p by v, + £ meets or exceeds
the service level o, we need to derive the probabilistic distribution of a, for each patient. This
distribution depends on the likelihood of a care worker waiting at prior patients. Consequently, the
arrival time at patient p is the sum of random travel times for arcs traversed before reaching p, random
waiting times, and random service times for all prior patients. Figure 2 illustrates different arrival time
distribution scenarios when the visit time window limits the start of service. Case (a) shows a scenario
in which the arrival time is highly likely to fall within the patient’s visit time window, resulting in a
low probability of waiting. Case (b) depicts a situation in which the care worker arrives early and is
likely to wait at the patient’s location. Finally, case (c) represents a scenario when part of the arrival
time distribution falls before the starting time window and the remaining part is within the window.
Correspondingly, the arrival time distribution for the next patient, ap41, can be calculated as the sum
of the random parameters 7y, s, and tp p41.

We first describe how the EVT functions as presented in Ehmke et al. (2015) can be incorporated
into our framework using the following example. To serve the first patient, the care worker requires
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Figure 2: Arrival time distribution possibilities in presence of visit time window (adapted from Ehmke et al. (2015))
Note:(a) Arriving within the time window, (b) Arriving early, and (c) Arriving early or within the time
window

to,1 time to travel from their address to the first patient. The start-service time for patient 1is 7 =
max{to 1,71 }. This max operator complicates the mean and variance calculations of patients’ start of
service time. However, we can find the mean and variance of the maximum of two normally distributed
variables using extreme value theory ( see Nadarajah and Kotz 2008 for detailed derivations). Given the
assumption that travel time is normally distributed, we model to,;1 ~ N (ﬂto,uUtQO, ). The consistent
appointment time 17 is an integer decision variable assigned to patient 1. Since it takes a single
deterministic value, it can be represented as a normal distribution with zero variance, that is, v ~
N(py,,0) where pu,, = v1. The mean and variance of the start-service time for patient 1 can be
expressed as:

Hry = Uto,lq)[(NtOJ - Vl)/UtO‘l] + 1/1(1)[(1/1 - Mto,l)/UtO,l] + 04 ¢[(Nto,1 - Vl)/ato,lL
2

Or = (N’?O,l + Ut20,1)¢'[(/1't0,1 - Vl)/o'to,ll + qu)[(yl — Mo )/Uto,l] + (I’Lt(),l + Vl)atﬂ,l ¢[(Nto,1 - Vl)/gto,l} - :u72'1
where ®[...] and ¢][...] denote the cumulative distribution function and the probability density function
of the standard normal distribution, respectively. To calculate the arrival time distribution at the
subsequent patient, patient 2, we first determine the distribution of the start-service time for patient
1, 71 ~ N(pory, 031), the service time for patient 1, s1 ~ N (s, , 031 ), and the travel time from patient 1
to patient 2, t1 5 ~ N(py, ,, Ufm). Although 7 is initially not a normally distributed variable because
it takes the maximum of two random variables, it is treated as a normal distribution to derive an
approximation for arrival time distribution at patient 2; as = 71+ s1 +t1,2 (Clark, 1961; Ehmke et al.,
2015).

More specifically, for any patient p, the mean and variance of the arrival time distribution are given
by: pa, = phr,_, + ts,_y + pt,_,, and Uﬁp = 03—,,_1 + afp_l + afp_lyp. The approximate mean and
variance of the start-service time for patient p can be determined using the following equations:

pr, = 1 ®(p1 — p2)/o1] + pa®{(p2 — p1)/o1] + o19[(1 — p2)/o1] (21)

2

oz, = (1 + 01)®[(pn — p2)/on] + p3®[(n2 — 1) /o1] + (1 + p2)ord(pn — pa) fon] — 7, (22)

where p1 = pq,, 01 = 0q,, and pz = v,. An important distinction between our study and the work
of Ehmke et al. (2015) is that, in their research, v, denotes a constant early time window, whereas
in our problem, v, is represented as an integer variable. Consequently, Equations (21) and (22)
introduce nonlinearity into the problem. Despite this, CP is well-suited for handling complex problems
with nonlinear constraints, logical statements, or non-convex solution space (Wang et al., 2015). To
effectively manage the complexity of ®[...] and ¢[...] functions, we can leverage callback functions
and integrate them into CP solvers. For each route and schedule, we determine the a-percentile
of the arrival time at each patient using the approximate mean and variance of the arrival time,
as discussed earlier. Consequently, to enforce the chance constraint (19), we apply the following
constraint: fiq, , + <I>’1(a)aap$d <v,+L Vpe ]-:’c,d,Vd € D, where ®71(a) is the a-quantile of the
standard normal distribution.
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EVT-based model with dependent travel times

Park and Rilett (1999) highlighted the significance of correlations between travel times, which can
be influenced by factors such as weather and traffic conditions (Jaillet et al., 2016). Some studies
used the covariance matrix of travel times to account for correlations (Bomboi et al., 2022; Bakach
et al., 2021), but this approach is computationally prohibitive. One effective approach is to represent
uncertain travel times as a weighted sum of independent factors, some of which would be common for
all parameters (Gendreau et al., 2016). Following this approach, we assume that travel time between
any node i and j can be represented by an affine regression function of ) independent variables,
denoted by fl, e fQ, which may represent factors such as weather conditions, traffic incidents, and
other relevant external influences (Caceres et al., 2016; Jaillet et al., 2016; Hoogeboom et al., 2021).
Specifically, the travel time is modeled as:

Q
fig=10;+> bl
q=1

where t?,j is set to be the same as travel time when there is no correlation. The factor coeflicients
l;;{ ; are predefined input parameters that can be obtained either from a regression model or expert
knowledge. Thanks to its relatively simple structure, linear regression has been applied by several
researchers to predict travel times using relevant covariates (Oh et al., 2015) (see, e.g., Lee et al. 2015;
Kwon et al. 2000). Note that linear regression aligns well with the structure of our EVT-based model,
where the mean and variance of the arrival time at each patient are approximated using the convolution
of normal distributions. In particular, since linear regression yields a weighted sum of independent
inputs, the resulting travel time remains normally distributed if the inputs are normal. This property
preserves the additivity of means and variances, which is essential for efficiently computing arrival time
distributions.

Instead of sampling travel time values from travel time distributions in our scenario-based model, we
need to calculate them using the aforementioned affine functions. To do so, we incorporate independent
factors as random values using their distribution functions. The EVT-based model requires mean and
variance of travel times distributions. With the assumption that we have access to the distribution of
independent factors in the affine function, we can find the mean and variance of travel times as follows:

fi, ;= 10+ 22221 bgﬂjufq and O'tgi’j = Uf?j + Zqul (bgyj)QoJ%q.
3.3 Branch-and-check algorithm

We describe the B&Ch procedure, which is applied to solve both the scenario-based and EVT-based
models. This approach is a variant of LBBD (Hooker and Ottosson, 2003), where Benders cuts are
added in a branch-and-cut fashion throughout the branch-and-bound (B&B) procedure of the master
problem. It has been shown that B&Ch can be more efficient than standard LBBD when the master
problem is more complex to solve than the subproblem (Hooker, 2011; Heching et al., 2019). In the
B&Ch approach, when an integer solution candidate for the MP is found at a B&B node, the SP
is called to validate the feasibility of this candidate. If the subproblem finds the solution infeasible,
no-good cuts (9) are added as a global constraint to the MP; otherwise, the B&B process continues.
Infeasibility indicates that the subproblem could not find a schedule that satisfies all of its constraints,
such as patient time windows, care worker shift limits, and service level requirements. While violation
of the on-time arrival probability constraint is often a contributing factor, infeasibility may result from
any subset of constraints. These cuts eliminate the current infeasible solution and prevent the master
problem from assigning the same set of patients to care workers in subsequent B&B iterations. This
procedure repeats at all nodes of the B&B tree when a feasible solution candidate for the MP is found
until termination.
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3.4 Time window inequalities

Inequalities derived from a relaxation of the subproblem could be added to the master problem from
the outset, alongside constraints (2)—(8) and (10), to enhance computational performance. Heching
et al. (2019) demonstrates that time window relaxation can significantly reduce computational time.
These additional inequalities prevent the master problem from the over-assignment of patients to care
workers, that is, assigning more patients than a care worker can feasibly serve. The underlying idea
is that the total nominal service and travel times assigned to each care worker must fit within the
time interval available for visits, as determined by the patients’ availabilities and the care worker’s
shift duration (Heching and Hooker, 2016). This type of relaxation is based on forward and backward
intervals. A forward interval for patient p begins with the start of their time window and ends with the
termination of the care worker’s time window. In addition, for patient p, a backward interval begins
with the start of the care worker’s time window and ends with the termination of the patient’s time
window. For each patient p assigned to the care worker ¢ on day d, forward and backward augmented
durations (p',p”) are calculated using following equations: p, , ; = 3, + min{mingep, ,{tp ¢}, tp1.}
and p'c’7p7d = 5, + min{t;_,, mingep, ,{fq,p}}, where P 4 are the patients pre-assigned to care worker
c on day d, as well as any new patient.

For patient p € P, 4, the sum of forward augmented durations of patients in P[r, e.], which is the
set of patients whose time windows are in the forward interval of p, must observe the forward interval’s
width of p. It is the same for the patient’s p backward interval. The following inequalities can be
added to the MP:

Z p/c,p,dycyl)yd < €c — Tp, Vp S Pc,d, (23)
pEP[rp.ec]

> Plpabera < ep— e Vp € Pra. (24)
pEP[rc,ep]

4 Experimental results

This section presents our computational results obtained by three models, that is, deterministic,
scenario-based, and EVT-based. The experiments were performed on benchmark instances in Hech-
ing et al. (2019) that are generated from real data provided by a home hospice care agency in
the US. The code instances used in this paper and the detailed results are available on https:
//github.com/SHosseini94/Stochastic-Con-HHCRSP.

4.1 Experimental setting

The dataset comprises 60 patients and 20 care workers, with a planning horizon of 5 working days.
In line with Heching et al. (2019), we initially designated only 8 out of 20 care workers to attend to
new patients in addition to their current assignments (this is considered as Case A). In this case, the
rolling schedule is employed, meaning that the schedule is reoptimized every week. During each rolling
period, the master problem involves fixed variables (4, z, and y) for existing patients, as specified by
constraints 5-7. We generated several instances by considering the last k patients as new patients,
where k ranges from 8 to 18 out of the total 60 patients. For existing patients, to ensure service
consistency, the assigned care worker and visit days must remain the same, but visit times can be
rescheduled. For each care worker, if there is an addition to the list of patients assigned to them,
the schedule to visit patients is reoptimized. Otherwise, we keep their schedules unchanged. Thus,
subproblems are solved only for care workers assigned new patients. In addition to Case A, we tested
the models in more complex settings. First, we increase the number of new patients in the range of 20
to 40 (out of the 60-patient population), and make all 20 care workers available to serve them (instead
of a subset of care workers as in the original case A). This is called Case B. Like Case A, Case B also
employs a rolling schedule. Additionally, we consider Case C when the schedules must be generated


https://github.com/SHosseini94/Stochastic-Con-HHCRSP
https://github.com/SHosseini94/Stochastic-Con-HHCRSP

Les Cahiers du GERAD G-2023-45 — Revised 16

from scratch (rather than on a rolling basis like in the original case). More specifically, we generated
instances by considering the first k patients as new and the rest as discharged, where k ranges from 40
to 60 in this case. Indeed, both Cases B and C are much more difficult to solve than original one (Case
A) in Heching et al. (2019). Table 6 presents a comparative summary of the three case configurations.

Table 6: Instance configurations for numerical experiments

Instance #Care Worker #New Patients #Total Patients #Visits Rolling

Case A 8 [8-18] 25 [112,123] Yes
Case B 20 [20-40] 60 269 Yes
Case C 20 [40-60] [40-60] [181-269] No

In our instances, some patients require multiple visits per week. When they require two visits
per week, there is a minimum gap of two days between consecutive visits, and when there are three
weekly visits, there is a minimum gap of one day between consecutive visits. These requirements are
incorporated as part of the feasibility constraints on the visit days (8), which can be expressed as
follows (Heching et al., 2019):

Yep.d + Yepdri < 1 Vee C,Vpe Pwithw, € {2,3},1 <i<4—w,1<d<5.

We implemented the models in Python 3.8.10 and performed the experiments on Compute Canada
servers with 8 GB RAM and one core allocated for each instance. We used Gurobi 9.5.0 (Gurobi
Optimization, LLC, 2022) to solve the master problem and the constraint programming solver of
Cplex 22.1.0, CP Optimizer (IBM, 2022), to solve the subproblems. The maximum computation time
was set to 7200 seconds per instance. Additionally, constraints (21) and (22) were implemented through
a custom constraint handler (i.e., black-box expressions in CP Optimizer (IBM, 2022)) to evaluate the
mean and variance of the start-service time for patients.

For each model, once the master problem identified an optimal solution, the corresponding sub-
problems were solved sequentially to determine schedules and routes. In the simulation phase, these
final plans, including patient assignments, scheduled appointment times, and routing decisions, were
held fixed. For each scenario, given the realized travel and service times, the actual arrival times were
then computed. We evaluated the performance of the models using simulations with 10,000 scenarios
for service times and travel times. Travel times follow normal, shifted-gamma, and shifted-exponential
distributions, with skewness values of 0, 1, and 2, respectively, to study the effect of skewness on the
performance of the EVT-based model. The mean of travel time between each of the two locations
equals the nominal value in the instance set. The CoV of travel times (CoVy) was set to 10, 25, or 50
percent of the mean travel times to represent different travel conditions. Service times follow a normal
distribution in which the mean equals the nominal service times whereas the coefficient of variation
(CoV) of the service time (denoted by CoVs) was set to 10 percent. The allowable delay parameter (£)
was set to 10, 20, or 30 minutes. This implies that we consider a late arrival a delay only when a care
worker arrives later than the appointment time, plus the allowable delay. Additionally, we considered
service levels a of 95% and 98% (®~1(a) = 1.64,2.05) to investigate the impact of different service
levels. Finally, to study the effects of increasing the number of scenarios in the scenario-based model,
we used the following different numbers of scenarios: 10, 50, 100, 300, and 500.

For the case of dependent travel times, we considered weather as an independent factor that impacts
all travel routes (Caceres et al., 2016). We assumed two weather conditions: inclement (rain or snow)
and clear. We set the probability of encountering inclement weather and clear weather at 40% and
60%, respectively. For clear weather, the factor coefficient was set to zero; for inclement weather, it
was set to 30% of the base travel time.
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4.2 Performance of the stochastic optimization approach for HHCRSP

We evaluate the performance of the models using several criteria. First, we compare the models in
terms of computation times. As shown in Table 7, the deterministic model adapted from Heching
et al. (2019) solves instances faster than the EVT-based and scenario-based models, which is to be
expected. Indeed, service level constraints in stochastic models add complexity to the problem. For the
EVT-based model, computation times range from less than 1 minute to around 5 minutes, depending
on the number of new patients. This performance is acceptable for many home care agencies (Heching
et al., 2019). When comparing the stochastic models, the EVT-based and scenario-based models are
comparable when using 10 scenarios. However, with 50 or more scenarios, the EVT-based model
consistently outperforms the scenario-based model. Increasing the number of scenarios to 100 or more,
prevents the scenario-based model from reaching optimality within the time limit for some instances.
To complement these results, Table 8 reports additional computational metrics, including the number
of nodes explored and cuts added, which provide further insight into the computational behavior of
the different models.

Table 7: Computation times in seconds (averaged over five runs) required to reach optimality for models in case A

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal

New Patients Deterministic EVT Scenario
10 50 100 300 500
8 2.5 15.3 3.6 45.5 90.4 341.3 692.4
10 3.1 13.9 7.6 50.1 204.5 905.6 1476.1
12 5.1 37.9 8.6 128.9 359.6 1569.2  3924.1
14 48.1 90.9 93 353.4 1504.8 6543 *
16 56.7 101.4 1464 897.6 2935.5 * *
18 77.8 378.5 505.5 3322.6 * * *

* Computational time exceeded two hours

Table 8: Detailed computational metrics for models in case A

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal

New Deterministic EVT Scenario (10) Scenario (50) Scenario (100)
Patients
Time # # Time # # Time # # Time # # Time # #
(s) Nodes Cuts (s) Nodes Cuts (s) Nodes Cuts (s) Nodes Cuts (s) Nodes Cuts
8 2.5 1 7 15.3 30 42 3.6 1 13 45.5 3 26 90.4 8 26
10 3.1 1 14 13.9 3 50 7.6 1 22 50.1 10 32 204.5 86 60
12 5.1 32 18 37.9 286 104 8.6 22 30 1289 73 61 359.6 151 84
14 48.1 1017 261 90.9 1057 396 93 1393 360 353.4 558 199 1504 4304 431
16 56.7 619 304 101.4 1066 470 146.4 3083 579 897.6 1021 484 2935.5 2805 775
18 77.8 1035 431 378.5 15189 1466 505.5 46542 1772 3322.6 9003 1735 * * *

* Computational time exceeded two hours

The key difference between the deterministic and stochastic models concerns service level con-
straints embedded in the latter. To investigate the impact of these constraints on actual service levels
for patients, we analyze simulation results using two criteria: minimum service level (MinS) and av-
erage service level (AvgS). As shown in Table 9, the deterministic model consistently fails to meet
the service level of 98%, with both MinS and AvgS falling significantly below this target across all
instances. In contrast, the EVT-based model successfully achieves the given service level in all in-
stances. The performance of the scenario-based model varies depending on the number of scenarios
used. Incorporating as few as 10 scenarios yields significantly better results than the deterministic
model, with an average increase of 46.3% in MinS and 20.5% in AvgS, though it still fails to reach
the target. Increasing the number of scenarios to 100 further improves performance, but it remains
imperfect.
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Table 9: Service level comparisons between models based on simulations in case A

a=0.98, £L=10, CoVy = 25%, CoVs = 10%, distribution = normal

New Deterministic EVT Scenario Scenario Scenario Scenario Scenario
Patients (10) (50) (100) (300) (500)
MinS AvgS MinS AvgS MinS AvgS MinS AvgS MinS AvgS MinS AvgS MinS AvgS
8 0.45 0.76 098 099 067 091 092 098 097 099 098 0.99 097 0.99
10 0.44 0.75 098 099 067 092 092 098 098 099 099 099 099 0.99
12 0.44 0.78 098 099 067 093 089 098 097 099 098 099 0.98 0.99
14 0.49 0.79 099 099 067 093 093 098 097 099 0.97 0.99 * *
16 0.45 0.74 098 099 067 092 095 099 096 0.99 * * * *
18 0.48 0.74 098 099 067 092 091 0.99 * * * * * *

* Computational time exceeded two hours

In addition to service level metrics, we must consider the number of newly accepted patients
in the objective function. However, considering only the number of newly accepted patients without
considering the number of those who get service on time, at least a percentage of times, fails to provide
a comprehensive view of the performance. In this regard, in Table 10, in addition to the number of
newly accepted patients (NA), we also present the number of newly accepted patients whose on-time
service level is satisfied (ON).

Table 10: Comparison of models based on number of newly accepted patients and newly accepted patients with satisfied
on-time service level in case A simulations

a=0.98, £L=10, CoVy = 25%, CoVs = 10%, distribution = normal

New Deterministic EVT Scenario Scenario Scenario Scenario Scenario
Patients (10) (50) (100) (300) (500)

NA ON NA ON NA ON NA ON NA ON NA ON NA ON

8 8 1 7 7 8 2 8 7 7 7 7 7 7 7

10 9 2 8 8 9 2 9 7 8 8 8 8 8 8

12 11 4 10 10 11 5 11 5 11 10 11 11 11 11

14 13 3 12 12 13 5 13 11 12 11 12 11 * *

16 16 3 14 14 15 7 15 14 15 13 * * * *

18 18 2 16 16 17 6 17 14 * * * * * *

* Computational time exceeded two hours

According to Table 10, under moderate variations in travel times and a 10-minute allowable delay,
the deterministic model generally accepts more new patients compared to the EVT-based model.
However, most of these patients fail to receive services on time. The maximum difference in the
number of newly accepted patients between the two models is two. Despite this, the EVT-based
model consistently achieves the given service level for all newly accepted patients. For the scenario-
based model, the results depend on the number of scenarios considered. When using 100 scenarios, its
performance is comparable to the EVT-based model.

In our problem definition, each care worker is subject to a maximum weekly work time. This may
raise concerns about workload inconsistency; specifically, the possibility that a care worker might work
significantly more on some days than others. Workload consistency can be viewed as another dimension
of consistency in vehicle routing problems (VRPs), alongside personnel and time consistency. However,
achieving high personnel or time consistency does not necessarily guarantee consistent workloads (Wu
et al., 2025). Although workload consistency is not the primary objective of this work, it can be readily
incorporated into our subproblem by adding the following constraint:

M — My <L Vd,d € D;d#d

where in our SP, A\; denotes the workload of a caregiver on day d, and L is a specified upper bound
on the allowable difference in workload across days.
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Moreover, in our benchmark instances, over 80% of patients require five visits per week (Heching
et al., 2019). Under such circumstances, high personnel and time consistency are likely to increase
the chance of achieving workload consistency. Figure 3 supports this observation: the majority of care
workers experience less than 20% variation in their daily workload. However, a few exhibit higher
variability, around 50%. This analysis reflects a single week of planning, so it is possible that the
company assigns additional patients to these care workers in subsequent weeks.

201

15 A

-
o

Frequency

0.0 0.1 0.2 0.3 0.4 0.5
Coefficient of Variation

Figure 3: Daily workload variability across care workers in EVT-based model under case A

Case B: scheduling new patients with additional care workers We now consider the case when more
care workers are available to be assigned to new patients. Table 11 compares the three models based
on several criteria, including NA, ON, MinS, and AvgS. While the deterministic model quickly finds
optimal solutions, its actual average service level is only 78%, falling well below the service level of
98%. In contrast, the EVT-based model, with the same number of newly accepted patients, consistently
outperforms in service level metrics across all benchmark instances. It achieves the given service level
in all cases while solving instances within 15 minutes. The scenario-based model, however, requires
over 100 scenarios to approach comparable service levels, resulting in significantly higher computation
times ( see Figure 4). This highlights the computational cost associated with the scenario-based model
relative to the EVT-based model.

Table 11: Comparison of models based on simulations in case B

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal

New Deterministic EVT Scenario (10) Scenario (100)
Patients

NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS

20 20 5 045 078 20 20 098 099 20 7 060 094 20 19 097 0.99
25 25 6 041 078 25 25 098 099 25 10 082 097 25 25 098 0.99
30 30 7 048 076 30 30 098 099 30 21 084 097 30 27 092 0.99
35 35 10 047 078 35 35 098 099 35 13 082 095 35 32 096 0.98
40 40 13 044 078 40 40 098 099 40 21 077 096 40 38 094 0.99

Figure 5 illustrates the trade-off between average travel time, idle time, and late time for each
instance in Case B, based on the simulated scenarios. In terms of average lateness across all scenarios,
both the EVT-based model and the scenario-based model with 100 scenarios demonstrate near-zero
lateness, whereas the deterministic model exhibits poor reliability in patient arrival times. The low
average lateness of the EVT-based model is achieved at the cost of higher idle time compared to the
deterministic model; however, this is largely offset by its lower travel time. In addition, Figure 6
presents the worst-case lateness observed across all models. The substantial difference in maximum
lateness between the stochastic models and the deterministic model may be particularly compelling for
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decision-makers, as it highlights the benefit of accepting some idle time in exchange for significantly
improved reliability.
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Figure 4: Average computation times in seconds over five runs for models in case B
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Figure 5: Average travel time, idle time, and late time under case B
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Case C: scheduling from scratch In this case, all patients are considered new to study the performance
of the models when instances are solved from scratch rather than on a rolling basis. A similar pattern to
Table 11 is observed in Table 12. The EVT-based model demonstrates remarkable efficiency, solving a
40-patient instance in less than 1 minute—only slightly slower than the deterministic model. For larger
instances, such as those with 60 patients, the EVT-based model performs well, solving the problem in
about 10 minutes. In contrast, the scenario-based model with 100 scenarios fails to find an optimal
solution for 60 patients within a two-hour time limit. Moreover, the EVT-based model schedules the
same number of patients as the deterministic model but does so more efficiently, delivering higher
actual service levels based on simulation results.

Table 12: Comparison of models based on simulations in case C

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal
Deterministic EVT Scenario (10) Scenario (100)
T! NA ON MinS AvgS T! NA ON MinS AvgS T! NA ONMinS AvgS T! NA ON MinS AvgS

40 27.7 40 21 0.57 0.89 38.1 40 40 0.98 0.99 19.9 40 32 0.83 0.97 174.6 40 38 0.96 0.99
50 375 50 20 0.52 0.84 87.4 50 50 0.98 0.99 21.1 50 28 0.80 0.96 1291 50 49 0.96 0.99
60 53.3 60 10 0.45 0.77 543.3 60 60 0.98 0.99 181.8 60 28 0.77 0.95 * KX * *

Patients

1 Computation times in seconds (averaged over five runs)
* Computational time exceeded two hours

Regarding the scalability of the proposed methods, it is important to note that applying Benders
decomposition allows us to separate assignment decisions from sequencing decisions. As observed in
practice, each care worker typically visits fewer than six patients per day on average (Yuan et al., 2015),
which helps keep the number of variables in each subproblem limited. Consequently, in the largest
instance solved in Case C, involving 60 patients, the problem does not correspond to a VRP with 60
nodes. Specifically, each subproblem includes at most six variables for appointment times, v,, and six
variables for sequencing, 7, 4, per day (i.e., a total of 6 + 6 x 5 variables). In contrast, the master
problem contains significantly more binary decision variables, that is, |P||D||C| + |P||C| + |P]. To
identify the largest instances solvable within two hours over a five-day planning horizon, we examine
the performance of the EVT-based model, which shows superior computational efficiency compared to
the scenario-based model. The original hospice care dataset from Heching et al. (2019) consists of 20
care workers and 60 patients. We extended this dataset by proportionally increasing the numbers of
care workers and patients. The computational results for these new instances are reported in Table 13.
The computation times (averaged over five runs) increase with instance size, and the largest instance
solved within the time limit by the EVT-based model consists of 72 patients and 24 care workers.

Table 13: Computational results for larger instances with EVT-based model

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal
Patients Visits Care Workers Time (s) # Nodes # Cuts

60 269 20 543.3 1561 1218
63 284 21 909.45 1962 2231
66 297 22 2166.9 6395 6198
69 312 23 2892.7 4487 7333
72 327 24 6043.1 17122 18909
75 342 25 * * *

* Computational time exceeded two hours

4.3 Sensitivity analysis

We investigate the effects of parameter changes on the performance of the models. Sensitivity analyses
were conducted to analyze changes in £, CoVy, types of probability distributions for travel times, and



Les Cahiers du GERAD G-2023-45 — Revised 22

« under Case A. Figures 7-8 demonstrate the impact of increasing the allowable delay in the models.
Both the EVT-based model and scenario-based model with 100 scenarios leverage a larger £ to accept
more new patients. Specifically, when L is set to 30 minutes, these models match the deterministic
model in the number of newly accepted patients across all instances. However, they significantly
outperform the deterministic model in key metrics such as ON, MinS, and AvgS. Although a larger
allowable delay improves the deterministic model’s performance in terms of MinS and AvgS, the ON
value often remains below 50% of NA.

Newly Accepted (NA)
@

On-Time Served (ON)

Newly Accepted (NA)

On-Time Served (ON)

Newly Accepted (NA)
S

On-Time Served (ON)

8 10 12 14 16 8 10 12 14 16 8 10 12 14 16
New Patients New Patients New Patients

—e— Deterministic NA EVTNA  — Scenario (10) NA  —A— Scenario (100) NA
-®- Deterministic ON EVTON  -%- Scenario (10) ON  -A- Scenario (100) ON

Figure 7: Sensitivity analysis of allowable delay parameter for NA and ON
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Figure 8: Sensitivity analysis of allowable delay parameter for MinS and Avg$S

According to Figures 9-10, lower uncertainty in travel times generally leads to better service levels
for patients. The EVT-based model consistently meets service level requirements for all newly accepted
patients and can accept more new patients as CoVy decreases. Both stochastic models adapt their
solutions to changes in CoVy. In contrast, the deterministic model cannot adjust to varying levels of
travel time uncertainty, resulting in decreased performance as travel time uncertainty increases.

In the EVT-based model, since estimated CoV values of travel times between nodes are input
parameters, to investigate the effect of mispecifications of estimated CoV values based on actual data,
we evalute the model’s performance using CoV values that are smaller than, equal to, or larger than
the actual CoV (see Table 14). When we use a smaller value for CoV in the model, we underestimate
the actual variation in travel times. Therefore, more new patients may be accepted, but not all can
be served at the given service level. In contrast, an overestimation happens when we consider a larger
value for CoV in the model. As a result, we might accept fewer new patients than we should since the

solution can be overly conservative. Thus, it is essential to properly estimate the CoV values used in
the EVT-based model.
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Figure 9: Effects of Coefficient of Variation of Travel Times on NA and ON
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Figure 10: Effects of Coefficient of Variation of Travel Times on MinS and AvgS

Table 14: Proper Travel CoV Value for EVT-Based Model

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal

. EVT CoV (0.15) EVT CoV (0.25) EVT CoV (0.35)
New Patients

NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS
8 7 6 0.94 0.98 7 7 0.98 0.99 7 7 0.98 0.99
10 8 6 0.91 0.98 8 8 0.98 0.99 8 8 0.98 0.99
12 11 7 0.94 0.98 10 10 0.98 0.99 10 10 0.98 0.99
14 13 10 0.94 0.98 12 12 0.99 0.99 11 11 0.98 0.99
16 15 10 0.91 0.98 14 14 0.98 0.99 14 14 0.98 0.99
18 17 9 0.91 0.97 16 16 0.98 0.99 15 15 0.99 0.99

We also performed a sensitivity analysis to investigate whether a non-normal probability distri-
bution of travel times affects the solution quality of the EVT-based model. The results, shown in
Table 15, indicate that the model remains robust across different distributions. When travel times fol-
low a shifted-gamma or shifted-exponential distribution, AvgS still meets or exceeds the service level
of 98%. However, in the worst-case scenario, MinS reaches 97% for the shifted-gamma distribution and
96% for the shifted-exponential distribution. This slight decline in MinS is expected as the skewness of
the travel time distribution increases. MinS tends to be more sensitive to deviations from normality,
but the proposed methodology continues to provide accurate estimates for arrival time distributions.

Finally, the effect of service level o on the performance of the models is investigated in
Figures 11-12. For both the deterministic model and the scenario-based model with 10 scenarios,
« does not affect the MinS and AvgS metrics, though lowering a can increase the ON value in some
cases. Interestingly, the EVT-based model is sensitive to changes in «; reducing the service level re-
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quirement from 98% to 95% sometimes allows for the acceptance of one additional patient. The MinS
metric for both the EVT-based model and scenario-based model with 100 scenarios aligns with the
given «, ensuring that the solution adjusts to meet the given service level.

Table 15: Performance of EVT-Based model with different distribution types

a=0.98, £ =10, CoVy = 25%, CoVs = 10%

. Normal Shifted-gamma Shifted-exponential
New Patients
NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS
8 7 7 0.98 0.99 7 7 0.97 0.99 7 5 0.97 0.98
10 8 8 0.98 0.99 8 7 0.97 0.99 8 5 0.97 0.98
12 10 10 0.98 0.99 10 10 0.97 0.99 10 8 0.96 0.98
14 12 12 0.99 0.99 12 12 0.97 0.99 12 9 0.97 0.98
16 14 14 0.98 0.99 14 14 0.97 0.99 14 12 0.96 0.98
18 16 16 0.98 0.99 16 13 0.97 0.98 16 10 0.96 0.98
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4.4 Performance for the case with dependent travel times

Table 16 demonstrates the performance of the models when travel times are dependent. The deter-
ministic model shows a significant decrease in performance, with MinS dropping by at least 14% and
AvgS by at least 11%. Additionally, in 4 out of 6 instances, it fails to meet the given service level
for all newly accepted patients. However, in the EVT-based model, AvgS still meets the given service
level across all instances, while MinS drops from 98% to 96% in some cases. With the introduction of
the affine regression function, the scenario-based model better estimates the variance of arrival times
at patients. Specifically, with 10 scenarios, we observe improvement in MinS ranging from 11% to 20%
and up to 5% in AvgS. This improvement occasionally comes at the cost of accepting one fewer pa-
tient. Additionally, with 100 scenarios, the ON value matches or exceeds that of the EVT-based model
in 5 out of 6 instances. In conclusion, when travel times are dependent, the integration of an affine
regression function in the EVT-based and scenario-based models yields significantly better results in
terms of service level than the deterministic model, without increasing algorithmic complexity.

Table 16: Performance of models under dependent travel times

a=0.98, L =10, CoV¢ = 25%, CoVs = 10%, distribution = normal

New Deterministic EVT Scenario (10) Scenario (100)
. Dependent
Patients

NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS NA ON MinS AvgS

8 no 8§ 1 045 06 7 7 098 099 8 2 067 091 7 7 097 0.99
8 yes 8 0 029 064 7 6 097 098 7 4 087 09 7 7 095 0.99
10 no 9 2 044 075 8 8 098 099 9 2 067 092 8 8 098 0.99
10 yes 9 1 030 062 8 7 097 098 8 4 087 09 8 7 095 0.98
12 no 1 4 044 078 10 10 098 099 11 5 0.67 093 11 10 0.97 0.99
12 yes 1 1 030 067 10 7 09 098 11 3 079 094 10 10 0.98 0.99
14 no 13 3 049 079 12 12 099 099 13 5 067 093 12 11 0.97 0.99
14 yes 13 0 031 066 11 8 09 098 13 4 087 095 12 10 0.97 0.99
16 no 16 3 045 074 14 14 098 099 15 7 067 092 15 13 0.96 0.99
16 yes 16 0 029 062 14 10 096 098 15 7 079 095 14 12 095 0.99
18 no 18 2 048 074 16 16 098 099 17 6 0.67 092 * * * *

18 yes 8 0 032 062 15 11 096 098 16 5 080 096 16 10 0.94 0.98

5 Conclusions and future research

In this paper, we present a chance-constrained modeling framework that extends upon the determin-
istic home health care routing and scheduling problem of Heching et al. (2019). Our framework takes
into account uncertainty in travel and service times, along with personnel and time consistency con-
straints, and can be adapted to handle dependent travel times. We proposed two formulation schemes:
an EVT-based and a scenario-based model. The EVT-based model relies on a parametric approxi-
mation of the start-service time and arrival time distributions for patients. To solve the problem, we
implemented an exact method called branch-and-check, which decomposes the problem into a MILP
master problem and CP subproblems. Through simulations, we evaluated various metrics to compare
the efficiency of our stochastic models with the deterministic model of Heching et al. (2019). Our ex-
periments demonstrate that the deterministic model fails to achieve the given service level, whereas the
stochastic models consistently meet this criterion. Moreover, the number of newly accepted patients
in the stochastic models is generally comparable to that of the deterministic model. Additionally, the
EVT-based model offers a significant computational advantage by replacing multiple scenarios with
a nonlinear EVT-based function, which leads to faster solution times compared to the scenario-based
model. This paper can be extended in different directions. For example, given that we have studied
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the problem in a static setting, its dynamic variants could be promising in future studies. Additionally,
although hard service constraints are more difficult to solve exactly, it would be interesting to develop
new models and methods for a soft constraint version of service consistency, where personnel and time
consistency constraints can be relaxed and penalized in the objective function.

A Mixed-Integer Linear formulation of scenario-based model

This appendix presents the MILP formulation of the scenario-based model. Table A1 shows decision
variables used in this model.

Table Al: Description of notation used in MILP scenario-based model

Decision Variable:
U i d 1 if care worker travels from location 4 to location i’ on day d; and 0 otherwise

’ygd 1 if care worker arrives on time to patient p on day d in sample n; and 0 otherwise
q;d 1 if care worker arrives sooner to patient p on day d in sample n; and 0 otherwise
Vp Integer variable for appointment time of patient p across all visit
a;‘ d Continuous variable for arrival time at patient p on day d in sample n
T;l d Continuous variable for start-service time for patient p on day d in sample n
by Continuous variable for start-work care worker on day d
7 Continuous variable for end-work care work on day d
Ay Continuous variable for work time of care worker on day d in sample n
Set:
D Set of days
N Set of scenarios
P.gq Set of patients assigned to care worker ¢ on day d, determined by master problem
Set of all nodes, including care workers and patients
Oq Set of arcs on day d
Parameter:
lp Location of patient p
[rp, ep] Time window of patient p
le Starting location of care worker ¢
/A Ending location of care worker ¢
[re, ec) Time window of care worker ¢
he Maximum work time over the week of care worker ¢
sy Service time patient p in sample n
(34 Travel time between node ¢ and ¢’ in sample n
|N| Number of scenarios
L Maximum allowable delay
a Minimum acceptable service level
E Uit §,d — E Ui it d = 0 Vi € Pc’d7Vd eD, (Al)
(i,i)€Oq (i,i")EOq
E Uit 5.d = 1 Vi € Pc’d7Vd S D, (AQ)
(#,1)
E Uy, id=1 Vd € D, (A3)
iel_’c,d
E Ui i d = 1 Vd € D, (A4)
’L‘Gﬁ’cvd
Toa+ 8y + t{;)l; =M —upypa) < ay g Vp,p' € P.g:p!=p',Vde D,Yne N (A5)
Tpa T8y H 10+ M1 —uppa) > ag g Vp,p' € P.g:p!=p',Vde D,Vne N (A6)
apg <vp+L+M(1—-7),) Vp e P.4,¥d € D,Yne N (A7)
1 ~
2 : n
W ’yp,d Z « Vp S Pc’d,vd S .D7 (AS)

neN
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Tod = Oy d Vp € I—j’cyd,Vd € D,Vn € N, (A9)
T < ap g+ M(q) ) Vp € P.4,¥d € D,¥n € N, (A10)
T > U Vp € P.4,¥d € D,¥n € N, (A11)
ar g <vp+ M1 —q)y) Vp € Ppa,¥d € D,¥n € N, (A12)
an g >ra+tp Vp € P.4,Vd € D,¥n € N, (A13)
g > by Vp € P.4,¥d € D,¥n € N, (A14)
Ty S0y + M(1 =y, pq) Vp € P.4,¥d € D,¥n € N, (A15)
T+ sn < [ Vp € P.4,¥d € D,¥n € N, (A16)
T+ sh 4+ M(L—upp q) > f7 Vp € P.4,¥d € D,¥n € N, (A17)

n—= - Vd € D,¥n € N, (A18)
> ONi < he Vn € N (A19)
deD
vp €E{klk € Z,k € [rp,ep — 5p)}, Uy g > TesThg = Tes (A20)

bl € [resec), fif € [resee) Vp € f’c’d,Vd € D,Vn € N.

Constraints (A1)—(A4) represent flow conservation between the assigned patient nodes and the
care worker’s start and end locations. Constraints (A5)—(A6) ensure that when a care worker visits
two patients consecutively, the arrival time at the latter equals the sum of the start-service time,
service duration, and travel time. Otherwise, a big-M term is used to relax the constraint when the
corresponding arc is not traversed. These constraints, often referred to as commodity flow constraints,
work in conjunction with flow constraints to eliminate subtours. Service level constraints are defined in
constraints (A7)—(A8). Constraints (A9)—(A12) guarantee that the care worker waits at the patient’s
location until the scheduled appointment time and begins service immediately upon on time or delayed
arrival. Constraints (A13) limits the earliest possible arrival at a patient’s location by the start of the
care worker’s time window plus the travel time from their departure point. Constraints (A14)—(A15)
enforce that the care worker starts their shift at the first visited patient, while constraints (A16)—(A17)
ensure that their working day ends upon departure from the last patient. Constraints (A18)—(A19)
limit the maximum work time of the care worker. Finally, constraints (A20) define the domains of the
variables.

Table A2 compares the scenario-based models in terms of computation time. The only difference
between the two approaches lies in how the subproblem is modeled and solved, that is, the CP model
uses constraint programming, while the MILP model uses mixed-integer programming. As both for-
mulations solve the same problem, they yield identical optimal solutions but differ in computational
efficiency. On average, the CP-based model reduces computation time by 29.4% and outperforms the
MILP model in 9 out of 10 solved instances.

Table A2: Computation times in seconds (averaged over five runs) required to reach optimality for models in case A

a=0.98, £L=10, CoVy = 25%, CoVs = 10%, distribution = normal

100-Scenarios

MILP %Improvement

10-Scenarios

CP MILP % Improvement CP

New Patients

8 3.6 6.1 -41% 90.4 278.3 -67.5%
10 7.6 9.2 -17.4% 204.5 155.5 31.5%
12 8.6 13.6 -36.8% 359.6 427.3 -15.8%
14 93.0 135.0 -31.3% 1504.8  3241.1 -53.5%
16 146.4 219.5 -33.3% 2935.5 *

* Computational time exceeded two hours
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