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Abstract : We introduce an iterative solver named MINARES for symmetric linear systems Ax = b,
where A is possibly singular. MINARES is based on the symmetric Lanczos process, like MINRES and
MINRES-QLP, but it minimizes || Ar;|| in each Krylov subspace rather than ||r;||, where r;, is the current
residual vector. When A is symmetric, MINARES minimizes the same quantity ||Ar,|| as LSMR, but
in more relevant Krylov subspaces, and it requires only one matrix-vector product Av per iteration,
whereas LSMR would need two. Our numerical experiments with MINRES-QLP and LSMR show that
MINARES is a pertinent alternative on consistent symmetric systems and the most suitable Krylov
method for inconsistent symmetric systems. We derive properties of MINARES from an equivalent
solver named CAR that is to MINARES as CR is to MINRES, is not based on the Lanczos process, and
minimizes || Ary|| in the same Krylov subspace as MINARES. We establish that MINARES and CAR
generate monotonic ||z, — 2*|, ||z — 2*|| 4 and ||| when A is positive definite.

Keywords : MINARES, CAR, MINRES, CR, LSMR, symmetric, singular, inconsistent, iterative method,
Lanczos process, Krylov subspace, QR factorization, LQ factorization
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1 Introduction

Suppose A € R"*" is a large symmetric matrix for which matrix-vector products Av can be computed
efficiently for any vector v € R". We present a Krylov subspace method called MINARES for computing

a solution to the following problems:

Symmetric linear systems: Ax =0, (1)

Symmetric least-squares problems: min || Az — b||, (2)

Symmetric nullspace problems: Ar =0, (3)

Symmetric eigenvalue problems: Ar = r, (4)
B

Singular value problems for rectangular B: [ BT ] [ﬂ =0 [ﬂ . (5)

If A is nonsingular, problems (1)—(2) have a unique solution z*. When A is singular, if b is not in the
range of A then (1) has no solution; otherwise, (1)—(2) have an infinite number of solutions, and we
seek the unique solution 2* that minimizes ||x||. Whenever x* exists, it solves the problem

min %Htz subject to A%z = Ab. (6)

Let x;, be an approximation to x* with residual r, = b — Ax,. If A were unsymmetric or
rectangular, applicable solvers for (1)—(2) would be LsQr [16] and LSMR [4], which reduce ||r|| and
||ATrk|| respectively within the kth Krylov subspace I, (ATA, ATb) generated by the Golub-Kahan
bidiagonalization on (A, b) [7].

For (1)—(5), we propose an algorithm MINARES that solves (6) by reducing ||Ary|| within the kth
Krylov subspace K (A,b) generated by the symmetric Lanczos process on (4,b) [11]. Thus when A is
symmetric, MINARES minimizes the same quantity ||Ar,| as LSMR, but in different (more effective)
subspaces, and it requires only one matrix-vector product Av per iteration, whereas LSMR would need
two.

Qualitatively, certain residual norms decrease smoothly for these iterative methods, but other norms
are more erratic as they approach zero. It is ideal if stopping criteria involve the smooth quantities. For
LsQr and LSMR on general (possibly rectangular) systems, |7, || decreases smoothly for both methods.
We observe that while LSQR is always ahead by construction, it is never by very much. Thus on
consistent systems Az = b, LSQR may terminate slightly sooner. On inconsistent systems Az = b, the
comparison is more striking. ||ATrk|| decreases erratically for LsQR but smoothly for LSMR, and there
is usually a significance difference between the two. Thus LSMR may terminate significantly sooner [4].

Similarly for MINRES [15] and MINARES, ||7|| decreases smoothly for both methods, and on
consistent symmetric systems Az = b, MINRES may have a small advantage. On inconsistent symmetric
systems Ax = b, ||Ar,|| decreases erratically for MINRES and its variant MINRES-QLP [2] but smoothly
for MINARES, and there is usually a significant difference between them. Thus MINARES may terminate
sooner.

We introduce CAR, a new conjugate direction method similar to Cc and CR and equivalent to
MINARES when A is SPD. We prove that ||ry ||, ||z, — 2| and ||z}, — 2*|| 4 decrease monotonically for
CAR and hence MINARES when A is positive definite.

1.1 Notation

A symmetric positive definite matrix is said to be SPD. For a vector vy, ||vg| denotes the Euclidean
norm of vy, and for an SPD matrix A, the A-norm of vy, is [|vy|3 = v"Av. For a matrix Vi, ||V
may be any norm. Vector e; is the jth column of an identity matrix I;, of size dictated by the
context. An approximate solution z, has residual r;, = b — Az}, and z* is the unique solution of
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Az = b if A is nonsingular, or the minimum-norm solution of A%z = Ab otherwise. Kj;(A,b) is the
Krylov subspace {b, Ab, .. .,Akilb}. We abusively write z = ({;,...,(,) to represent the column

vector z = [Cl (n] T If H is SPD and {di,...,d,} is a set of non-zero vectors, the vectors

are H-conjugate if diTH d;j = 0 for i # j. If H= I, conjugacy is equivalent to the usual notion of
orthogonality.

2 Applications

2.1 Null vector, eigenvector, and singular value problems

Given a symmetric A and nonzero b, MINARES solves A%z = Ab even if A is singular. If b is random
and A is singular, » = b — Az is unlikely to be zero, but it will be a nonzero nullvector of A because
Ar =0.

If an eigenvalue A of A is known, we can use it as a shift in the Lanczos process with a random starting
vector b to find a null vector r such that (A — AI)r = 0. Then r is an eigenvector because Ar = Ar.
MINARES is effectively implementing the inverse power method [8, 18] to obtain the eigenvector in one
iteration. If X is approximate, MINARES can implement Rayleigh quotient iteration [8, 18] to obtain
increasingly accurate eigenpair estimates.

Similarly, if a singular value o is known for a rectangular matrix B, the singular value problem
T .
Bv = ou, B u = ov may be reformulated as a null vector problem or eigenvalue problem:

(e ")) =0 = [or L] =-L]

for which MINARES may be used to implement inverse iteration or Rayleigh quotient iteration (although
an algorithm based on the Golub-Kahan bidiagonalization of B would be preferable).

2.2 Singular systems with semi-positive definite matrices

Inconsistent (singular) symmetric systems could arise from discretized semidefinite Neumann boundary
value problems [10, sect. 4]. Measurement errors will be random, so b is unlikely to be in the range of
singular A.

Another potential application is large, singular, symmetric, indefinite Toeplitz least-squares problems
as described in [6, sec. 5]. Rank-deficient Toeplitz matrices arise in image reconstruction and system
identification problems. In both cases, A is a semi-positive definite matrix and MINARES is a suitable
solver.

3 Symmetric systems

With A symmetric and starting vector b, we make use of the symmetric Lanczos process [11] of
Algorithm 1. After k iterations the situation may be summarized as

AV, = ViTy, + Brr1vierier = Vir1 Tht 1 s (72)
VkTVk = Ikv (7b)
where a P
By s Tk
Vi = [0 o], Ty = v D= Brti€i
Br T
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Algorithm 1 Lanczos process

Require: A, b

1: v9g =0

2: Bvg =b By > 0 so that |jvy|| =1
3: for k=1,2,... do

4 g = Av, — Brug g
T

5: ap = VL qk

6: qr = Qr — Vg

T Br1 = llaxl

8: if 841 =0 then

9: {=k; return £

10: else

11: Vg1 = Qr/Bri1 Bri1 > 0 so that ||vgyq|| =1

12: end if

13: end for

In exact arithmetic, V;, is an orthonormal basis of I\, (A,b). The Lanczos process terminates after £ < n
iterations when 3,,; = 0, and we then have AV, = V,T},, where square T} is nonsingular if and only if
b € range(A) [2, sec. 2.1 property 4]. T} 4 has full column rank k for all k£ < £ [2, sec. 2.1 property 2]
and the rank of T, is £ or £ — 1 but no less (because the first £ — 1 columns of T, are independent).

In finite arithmetic, (7a) holds to machine precision. Reorthogonalization would be needed for (7b)
to hold accurately, but it is enough to note that we always have ||V, || = O(1).

3.1 CG, SYMMLQ, MINRES, MINARES

As with Ca [9], SymMMLQ [15], and MINRES [15], the goal of MINARES is to solve symmetric problems
Az ~ b. All methods define an approximate solution z, = V,y,, at iteration k (where y,, is different for
each method). MINARES chooses g, to minimize ||Ar,|| in K\, (A, b), so that || Ary|| is monotonically
decreasing towards zero. MINARES is therefore well suited to singular inconsistent symmetric systems.
This case is difficult for the other methods because ||z, — 2*|| 4, ||z, — 2*|| and ||r)|| do not converge
to zero and they are the quantities minimized respectively by CG, SYMMLQ, and both MINRES and
MINRES-QLP.

4 Derivation of MINARES

4.1 Subproblems of MINARES

From Algorithm 1 we have Ab = ;v + 1 B2v5 because favy = Av; — aqv;. Hence
= Ab— AV 1 Thiq ks

= Braqvy + B1Bovg — Vk+2Tk+2,k+1Tk+1,kl/k

= Vipa(Brarer + B1Bses — Tigo ki1 Thoy1,iUn)s k< €—2, (8a)

Argy = Vi(Branes + B1Baes — TyTo g 1yr-1), (8b)

Arg = Vy(Braser + B1Baey — Ti yp). (8¢)

Theoretically, V}, has orthonormal columns (1 < k < ¢), so that ||z,|| = ||yx|| and ||Arg|| is minimized

with ||z || of minimal norm if we define y;, as the unique solution of the following subproblems:

minir]gikze T2, k41 Tht1, 0¥ — Bragey — BiBaes|l, k< L2, (9a)
Yr €

minimgelz ||T€Té,€—1y1€—1 — Brage; — BiBaesll, (9b)
ye—1ER

minimize ||y ]|> subject to Ty, = Brase; + B Baes. (9¢)

Ye GRZ
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We define y;, from these subproblems even though V), does not remain orthonormal numerically. In
practice, we expect | Ary|| < ||Ary_1|| unless k becomes too large.

To be sure that the subproblems have unique solutions, we need to verify that Ty 5 ;41741 k has
rank k (k < {—2), T, T, ,_; has rank £ — 1, and Tfyg = fiageq + B 5zey is consistent even if Ty is
singular. These results are proved in Theorem 1, Theorem 2 and Theorem 3.

Theorem 1. For k </{—2, Tj o p+1Tk+1 1 has rank k.

See proof on page 14.
Theorem 2. T,T; 4 has rank { — 1.

See proof on page 14.
Theorem 3. Tfyg = Biaqeq + B18sey is consistent even if Ty is singular.

See proof on page 14.

From (8c) and Theorem 3, Ar, = VZ(TZQW — prage; — B1Pses) = 0. Hence with definition (9c) we
can conclude that x, is the solution z* of (6).

4.2 QR factorization of T},

To solve (9), we first need the QR factorization used by MINRES:

A1m €1
A2 72
R,
T =i || R N (10)
V-1
Ak

where Qg = Qpt1,k - - - @3,2Q2 1 is an orthogonal matrix defined as a product of 2 x 2 reflections with
the structure

1 i—1 i it+1 i+2 k
1 r1i 1
i—1 1
QA , = ¢ c; S;
1+1,3 i1 s;  —cy
i+2 1
k 1 |

If we initialize Qy := I, \; := oy, 7, 1=

application of Q41 y to Qg_lTkH,k:

ko k41 B+l k42 k k1
k [ Cp Sk } [ Vi 0 } _ { M| Mk
k+1 | S —¢p Br41 Qg1 Bro 0 Akl Vg1

The reflection Q1 zeroes B, on the

ﬂ27

individual factorization steps may be represented as an

subdiagonal of T}, j and affects three columns and two

rows. It is defined by

e =\ Ak + Bosts =M/ M 8k = Brga/ Mo (11)

and yields the following recursion for k£ > 1:

Vi = CkVe T SpQk41, (12a)
A1 = SkTk — ChQet1, (12b)
€x = SpBrio, (12¢)
Vi1 = —CrBrya- (12d)
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4.3 Definition of N,

Let us define

1
Ny = Tiy2 k1@ Lﬂ ; where NyRy =Typo g1 Thirn, k<02, (13a)
I,
Ny_y = Te,£—1Qe—1 [ eo 1} , where N, R, ;= TZTZ,Z—D (13b)
N, :=T,Q,, where N,R, = T}. (13c)

Because Qf, = Q21Q32 ... Qpy1,, We have

T T T T T
er Qr = eg Qk,k—1Qk+1,k = Sg—1€k—1 — Ck—1Ck€Lr — Cr—15kC€L+1, (14a)
T T T T
€kr1Q@r = €y 1Qhi1,k = SkE€E — Ch€ly1- (14b)
Tit1,k
Moreover, Ty g 11 = [mﬂef + ak+1ek+1 and the product Ty s ;41Q) can be determined in three
/Bk+26k+1

T
parts. From (10), T,CTJFL,CQ,C = (Qk Tk+1,k) = [R;;F 0], and from (14) we have

T T T T

(Brt1€r + pp1€541)Qr = Brr1Sk—1€p—1 + (y185 — Brr1Cr_15%) €k

T

— (k108 + Brp1Ch—15k)€ht1
T T T
=ep_1€p—1 + ek — (1K + Bri1Ck_15K)Ch11,
T T T
5k+26k+1Qk = Sk5k+26k - Ck5k+2€k+1
T T
= Eker — Ck5k+2€k+1-

Thus, for £ < £ — 2 we obtain

Ri; AT .
Ny = |ex_rehg +mer | » N = { i T:| , Ne=Ry. (15)
ske;‘: €g—1€0-1 + Ve

4.4 QR factorization of IV,

[ 1 1
Po P
Ny, =Qy [Uk} o U= s pr—2| (16)
BRI
L Hi ]

ST 3 ~ ~ ST _ AT ~ ST
where Qy = Qri2kQry1k---W31@21 for k< l—2,and Qy = Q1 = Qe 1Q£ o are orthogonal
matrices defined as a product of reflections. If we initialize i := Ay, 1 :=; and )\2 = Ay, individual
factorization steps may be represented as an application of Qk t1,% tO Qk 1V

k k+1 k+2 k k+1 k42 k k+1 k+2
k| Cop—1 Sk fik R P Dr
k+1 Sok—1  —Cak—1 Tk Akt1 = Hr41 )

k2 1 €k Ver1 Ao €k Vel Aks2
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followed by an application of Q5 ) to the result:

ko k1l k42 k k41 k42 k k1 k2
k Coj, Sk fg o i, o Pk
k+1 1 ﬂk+1 = Hk+1 R
k+2 | Sgp —Copy €k Vel Akt2 Vht+1  Mb+2

The reflections ©k+1,k and ©k+2,k zero v, and ¢, on the subdiagonals of N:

A =/ fir +ns  Con1=fp/Brs  Sok1= Ta/ligs k<E—1, (17a)
P =/ fin +eny Con =hp/tks Sox =cx/pge k<E-2, (17b)

and they yield the recursion
Op = Sk 1M1, 1<k<{i-1, (18a)
fikt1 = —Cop1 Mer1s 1<k<t-1, (18b)
G = CopP + Sop Vg1, 1<k <L—2 (18c)
Vi1 = 8ok P — CopVet1, 1<k <l€—2, (18d)
Pk = SokAkt2s 1<k<l-2, (18e)
Aotz = —CopAitas 1<k<t-2 (18f)
Ho—1 = fg—1, (18g)
1= Gp_1, (18h)
foo = fLg- (181)

From (8) and (16) we have
U, i

|Ary|| = [Nk Ry, — Brager — BifBaes| = 0 Ry, — zi|| (19)

where Z;, := Qf (Biavye; + 1 Bses) = (24, Ek+17 Chi2)s k<€ —2, 2z, = (C1, ..., () represents the first k
components of Z;, and the recurrence starts with z, := (¢1,¢) = (Bray, B1B2). We can determine z
from Zzj,_; because z, = Qpy21Qp+1,5(Zk_1,0) for k < £ —2:

ko k+l k+2 k k+1 k+2
k Cak S2k Cok—1 S2k—1 Ck =Ck
k+1 1 Sok—1 —Cap_1 Cot1 | = | Cet1 |-
k+2 | Sop —Coy, 1 0 Cr2

and z, = 2y = éu_lég_z. The elements are updated according to

G = Cop1Cp + op—1Gppr, k< C—1, (20a)
Cist = Sop1Cp — Gopr1Ggrs K< L—1, (20b)
G = Carl; k<tl-2, (20c)
Gz = B2k k<tl-2, (20d)
Co1 = oot (20e)
& =G (20f)

For k < ¢ —1, U, and R, are nonsingular, and from (19), ||Ary| is minimized when U,RLy, = zp,

giving
| Arg |l =/ 513+1 + C_I%-&-Qa E<t—-2, |Ar,_q|| =]l (21)
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4.5 Computation of z,

Suppose R, and U}, are nonsingular. If we were to update x;, directly from z;, = V}y;, all components of
Y would have to be recomputed because of the backward substitutions required to solve Uy R,y = 2y,
which would require us to store V}, entirely. To avoid such drawbacks, we employ the strategy of Paige
and Saunders [15]. Thus, we define W), and D;, by the lower triangular systems R{ W = Vil and
T T T
Uk Dk = Wk . Then
oy, = Viyp = Wiy, = DiUp Riyr, = Dy 2. (22)

The columns of W), and D), are obtained from the recursions
wy = vy /A, wy = (vy — V1w1)/ Az,
W = (Vg — Vo 1Wh—1 — Ex—2Wg—2)/ A, k=3,
dy = wi/py, dy = (wy — ¢1dy)/ o,
dp = (W, — Pp1dp—1 — pr—2d—2) /1, k=3,

and the solution x;, = D}z, may be updated efficiently via xq = 0 and
Ty = Tp_1 + Gdy- (23)

This is possible for all k¥ < ¢ if Az = b is consistent, and k < ¢ — 1 otherwise. If Az = b is consistent,
from Theorem 4, the final MINARES iterate xz, satisfies r, = 0 and is the minimum-length solution. If
Ax = b is inconsistent, from Theorem 5, Ar,_; = 0. We obtain a solution = that satisfies A%z = Ab in
both cases.

Theorem 4. If b € range(A), the final MINARES iterate x, is the minimum-length solution of Ax =b
(andr, =b— Az, =0).

See proof on page 14.
Theorem 5. If Ax = b is inconsistent, {;, =0 and Ar,_; = 0.

See proof on page 15.

If the minimum-norm solution is not required, such as problems (3)—(5), we can stop with x,_; and
avoid the computation of z, = *. We can also stop with x,_ if a preconditioner is used because the
minimum-norm solution is determined in a non-Euclidean norm.

We summarize the complete procedure as Algorithm 2.

5 Stopping rules

The end of Algorithm 2 shows how ||r|| and ||Ar,| are estimated. They are needed for use within
stopping rules. The required norm estimates are derived next.

5.1 Estimating ||7;||

To compute [|r||, we need an LQ factorization

S .
01 o
w1 0y 3
Uk = I:kplm [A’k‘ = .. .. " ’ (24)
: . k—2
Op—2  Wr_1
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where ]51T =1, PQT = 151’2, and ka = P,cT,lﬁk,z,kPk,l,k (k > 3) are orthogonal. Note that Ly, is the L
factor of a QLP decomposition of Nj. If we initialize ¢y := pq, ]5172 is defined to zero ¢y:

[wl qsl} {él él}[wl }
Mol |81 —G1 01 Py ’
Algorithm 2 MinAres

Requu‘e A, b, er >0, €4, >0, kpaye >0

20 w_y —wO—O d_1=dy=0
e 1=¢€0=7%=0, p1=pp=¢Po =0
T
4: Biv; =b, g =Av;, oy =viqy
5: @1 = ¢ — v, Bova = qy
6: (1 =B, G =518
T xX1=B81, Mi=a, Y1=05 .
_ =9 =5 1
8: Iroll = x1, [[Aroll = (¢ +¢2)*
9: while ||ry]| > ¢, and ||Arg|| > €4, and k < k., do
10: k+—k+1 r
11: Try1 = AVkp1 — Br1Ves Qg1 = Vi1l
12: T2 = Gkt ~ Qg1 Ukt Br42Vk42 = Qrt1
o, 1 M
13: A= Mg +Bi+1)2s =M/ Mes Sk = Bryr/
14: e =Wkt Ski1s €k = SpBryo
15: Akl = SkVk — CkOkt1s Vel = —CkBrio
16: if k == 1 then
17: B =gy, Ve =k
18: else
19: if kﬂ:: 2 then
21: else .
22: Ph—2 = Sop_aXk, Ap = —Cop_aXp
23: end if . ~
24: br—1 = B2k—3Mks Ph—1 = Cok—2Pk—1 T S2k—27k
25: B = —Cop_3Mp, T = Sok_2®p_1— Cop_27k
26: end if .
27 g =(p k +'Yk)77 Cok—1 = [/ Bk Sok—1 = Ti/Bk
28 pg = (B +€k) Go, = lg/tg, Bor  =er/m
29: G =Cok—1Ce +B2k1Cor1y G = C%Ck
30: Cra1 = S2k—1Ck — Cop—1Chr1, Chao = ey
31: Wy = (VU = Vo1 Wh—1 — Ep—2Wk—2)/ Ak
32: dp = (W — pp—1dk—1 — Pr—2dr_2)/Hx
33: T = Tp_1 + Cpdy

=2 =2 1
34: lA7L Il = (Cog1 + Choga)
35: Xk = CkXk> Xk+1 = SkXk
36: if k7:: 1 then

37: Vg = pg, 1 =0, Tp=xp
38: €k =Cor Th—1 =0, Tp =&/
39: else if k == 2 then L
_ 2 5 1 _ - X -

40: Peo1 = (ko1 + k1) Goor = Ye1/Vr-1, ko1 = bk1/Vk1
41: Ok—1 = Sok—3hik, V&= —Cok—3bk R
42: Tp—1 = Cop—3Th—1 + 32k —3Xk, Tk = S2k—3Tk—1 — Cok—3Xek
43: e =Cror Too1=Ep1/Vr—1, Th = (Ex — Ok_17K-1)/%s
44: else L ~
45: Yo = (wk - 2)5 Cop—s = VYp—2/Vr—2, B2k—a = Pr—2/Pr—2
46: Vp1 ,A( HR 5k) Cop—3 = P 1/1/%;17 Sok—3 = O /Yr_1
AT Op_o = Cok— 402+ Sok—aPr—1, Wr—2= Sop_aki
48: O =8ak-alk2 = Cok—abk—1, M = —Cok_ak
49: Ok—1 = S2k—3Mk, Yk = —Cok—3Mk, Uk = S2k—aTh—2 — Cor—aXk
50: Tp—1 = Cop—3Th—1 + S2k—3Vk, Tk = S2k—3Tk—1 — Cok—3Vk
51: Tho2 = Th—2Vh—2/Vk—2, & = (o = Wp—2Th—2_ B
52: Tro—1 = (Ek—1 — Op—2Th—2)/Vr—1, T = (Ek — Ok_1Ti—1)/Vx
53: end if

. _ = = 2 _ SN2, 2 3
54: lrell = ((Fro—1 = Toe1)™ + (T — To) ™ + Xkt1)

55: end while




Les Cahiers du GERAD G-2023-40

where

121 =/ 1% + (b%v ¢ = 1;1/1217 51 = ¢1/1217 0, = 35110, gy =—C1ps.

(25)

For k > 3, individual factorization steps may be represented as an application of Pk_Q,k to UkJ:’kT_lz

k—2 k—1 k k-2 k-1 k k—2 k—1
k=2 | Yr_o Pr—2 Cok—4a Sok—4 Yr—o
k—1 O—2 Vrp_1 Pr_1 1 =| Op_2 Vp_

k H S2k—4 —Cok—4a Wg—2

followed by an application of Pk_Lk to the result:

k-2 k-1 k k-2 k-1 k k-2 k-1

k=2 | Yp_o 1 (U
k=1 Oz Vi1 Ok Cok—3 Sop—3 | = | Op—2 Vr—1
k Wg—2 Mk Sop—3 —Cop—3 Wp—z  Or_1

The reflections Pk_Q,k and Pk—l,k zero py_o and J; on the superdiagonals of Uj:

/=2 2 . = R
Yo =\ Vk—2 + Pr—2, Cop—a = Y_o/Vp_2, Bop_4 = pr—2/tr_2,

1/:%—1 = 1/;1%—1 + 51%, Cop—z = 1;1@—1/1/:%—1, So—3 = 5k/7/:)k—1,

and for k > 3 they yield the recursion

Or—o = Cop_abk_o + Sop_aPp_1,

5k - '§2k—46k—2 - é2k—4¢k—13

Wh—2 = Sop—aflk;
Me = —Cop—allps
5%:—1 = Sop—_3Mks
1/;k = —Cop_3Mg-

Assuming orthonormality of Vj, we have
R
||7"k|| = ||31€1 - Tk+1,kyk|| = Qgﬁlel - [ Ok} Yk,
P PR
= [ k 1] Q;{ﬂlel* [ kokyk}

t
= ||Pk+1 — [5]

)

where
(X1 2 Xi Xet1) = Qi Brey,
Prt1 i= (M1, oo Moy T 1, Thy Xpeg1) = {Pk J Q% Brey,
te = (T1se s Thoos Tho1,T%)  SOlves Lyt = 2.
The components of Qfﬁlel can be updated with the relations
X1 =B, Xk = CkXk> Xk+1 = Sk Xk
the components of p,; are updated with

T = X1,

(28)

(29a)
(29b)

(29¢)
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U2 = X2, (31b)

Th—g = Cop_aTp—2 + Sop—aXp, k>3, (31c)

Up = Sop—aTh—2 — Cop—aXp, Kk >3, (31d)

Tp—1 = Cop—3Mp_1 + 8o 30, k=>2, (31e)

T = Sop_3Tp—1 — Cop—3Vk, Kk =2, (31f)

and with w_; = wy = 0y = 0, = 0 the components of ¢ are updated with

§ke = Cp — Wr—2Th—2 (32a)

i = (& — Op—1T0—1)/Vr» (32b)

T = (& — ek—lTk—l)/J}ka (32c)

T = ﬁ%/wk~ (32d)

Using Lemma 1 we can estimate ||7| from the last three elements of p;,; and the last two of t;:
2 2y, 2
[rll =/ (71 = 71) + Xz, (33a)

Irill =/ Fer = ) + (R — ) + oy k222 (33b)

Lemma l. In (28), m;, =7, fori=1,...,k —2.

See proof on page 15.

5.2 Estimating || Ar,||

ATl = \/Crar + Corar K< L—2, || Are_]| = ¢l (34)

From (21) we have

6 CAR

We now introduce CAR, a conjugate direction method in the vein of CG and CR of Hestenes and
Stiefel [9, 17] for solving Az = b when A is SPD. By design, CAR is equivalent to MINARES in exact
arithmetic as both methods minimize the same quantities in the same subspace, and generate the same
iterates. The name CAR stems from the property that successive A-residuals are conjugate with respect
to A. The three methods generate sequences of approximate solutions x; in the Krylov subspaces
K1 (A,b) by minimizing a quadratic function f(z):

fool) = 3aTAz —b"z,  Vfee(x) = -, V2 foo(@) = A,
for(x) = 3[4z —b|%, Vie(®) = —Ar, V2 fou(a) = A7,
foar(®) = L|A% — Ab|?, Vfoar(z) = =A%, V2 forr(z) = A%

Note that all three quadratic functions satisfy AV f(z) = —V?>f(z)r, where r = b — Az. Because CAR
minimizes ||Ar| in (A4, b), it is an alternative version of MINARES restricted to SPD A. We can
derive it as a descent method with exact linesearch. From initial vectors zo = 0 and ry = py = b, we
update the iterates with x5, = x} + agpg. From the Taylor expansion, we can determine oy, that
minimizes f(z; + ap):

Vf(x Tp
flag +apy) = flag) + aVf(zy) P + %a2pgvzf($k)pk7 Q= —#~

PV~ f(@r)pk
Afterwards we update the residuals with 7., = r, — o Ap, and the directions with py,; =

Thil — Z?:o Ye+1,;P; such that Span{py,...,ps+1} forms a basis of Ky 5(A,b). We could apply
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a Gram-—Schmidt process to orthogonalize p;,; against all previous directions, but a more relevant
approach is to H-conjugate them to derive a shorter recurrence, where H = V2 f(x) is constant.
H-conjugacy also ensures that the vectors are linearly independent. For ¢ = 0,...,k, piTH Prr1 =0
implies vy, = piTHrkH/piTHpi. Let P;, := Span{pg,...,pr} = Span{ry,...,r,}. The exact line-
search property yields Vf(ackH)Tpk but also Vf(z,1) L Pr — see, e.g., [14, proof of Theorem 5.2].
Because Ap; = (r; — r;y1)/cy € Span{r;,r; 1} C Py for i = 0,...,k — 1, we have piTAVf(:r,CH) =
_piTVQf(-rkJrl)rk+1 = —piTHTkH =0 and Ve+1,0 = 0. With 3, = “Ye+1,k = —szTkH/pZHpka we
obtain pyyy = rry1 + Bpbr-

Theorem 6. For Ca, CR and CAR, we have:

= Tpk and [ = Pl yith or = =V ().
prHpy, Pk

See proof on page 15.

Ca, CR and CAR require A to be SPD because we then have ay, > 0 until 7, = 0. The formulations of
Ca (Algorithm 3), Cr (Algorithm 4) and CAR (Algorithm 5) compare the methods and suggest efficient
implementations. The vectors s, = Ary., q. = Apy, t), = As), = A’r), and u, = Ag, = A%p,, ultimately
involve just one matrix-vector product with A per iteration. Properties of CAR are summarized in
Theorem 7. By virtue of its equivalence to MINARES in exact arithmetic, CAR allows us to establish
monotonicity of relevant quantities for MINARES (Theorem 8) on SPD systems. The proofs are strongly
inspired by those in [5, 12] for similar properties of Cr and MINRES.

Algorithm 3 CG Algorithm 4 CR Algorithm 5 CAR

Require: A, b, e >0

k:07l’0:0
ro =b,pg =10
g0 = Apg

T
Po = ToTo

while [|rg|| > e do
T
ag = Pr/Prdk
Tl = T + Pk
Thk+1 =Tk — Qg

Pr+1 = T£+1Tk+1

B = Pr+1/Pk

Prt1 = Trt1 + Brbr
Qk+1 = APpy1

k+—k+1
end while

Require: A, b, e >0
k= 0, Ty = 0
ro=b,pg=r9
sp = Arg, o = So

T
Po = ToS0
while ||rg|| > e do
2
ag = pi/llakll
Tpi1 = T + gDy
Thk+1 =Tk — Xy
Spy1 = Arpgg

Prk+1 = Tgﬂskﬂ

B = Pr+1/Pk

Pr41 = Tht1 + Brbr
k41 = Sk41 t Brdk

k+—k+1
end while

Require: A, b, e >0
k= 07 Tog = 0
rg =b, pg =19
sg = Arg, g0 = So
to = Asg, ug = to
T
Po = soto
while [|ry|| > € do
2
ap = pr/llugll
Tpt1 = Tp + QgPg
Thk41 =Tk — Qg
Sk41 = Sk — QpUg
trp1 = Asgya
T
Pr+1 = Sktitk41
Bk = Pr+1/Pk
Prt1 = Trt1 + Brbr
Q1 = Sk41 + Brdx
Upt1 = tpy1 + Bpus
k+—k+1
end while

Lemma 2. Let A be SPD. The following properties hold for CAR and MINARES for all k > 0:

(a) Cop1dp41 = QpPy

(b) s, = Ary,
(c) a4 = Apy
(d) t, = Asy,
(e) u, = Agy,.

See proof on page 16.

Theorem 7. Let A be SPD. For (i,5) € {0,...,n— 1}2, the following properties hold for CAR:

(a) piA*p; =0 (i # j)
(b) r{ A’p; =0 (i > j)
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(c) riA’r; =0 (i #j)
(d) a; >0

(e) B; >0

(f) aju; =p;A’p; >0
(9) ¢iq; = piA’p; >0
(h) aip; =piAp; >0

(i) pzTPj >0

() szpj >0

(k) Tz‘TCIj = TiTAPj > 0.

See proof on page 16.
Theorem 8. For CAR (and hence MINARES) applied to Ax = b when A is SPD, the following properties
are satisfied:

o ||| increases monotonically
o ||2* — x| decreases monotonically
o ||2* — x|l 4 decreases monotonically

o |||l decreases monotonically.

See proof on page 17.

7 Implementation and numerical experiments

We implemented Algorithm 2 and Algorithm 5 in Julia [1], version 1.9, as part of our Krylov.jl
collection of Krylov methods [13]. These implementations of MINARES and CAR are applicable in any
floating-point system supported by Julia, including complex numbers, and they run on CPU and GPU.
They also support preconditioners.

We evaluate the performance of MINARES on systems generated from symmetric matrices A in the
SuiteSparse Matrix Collection [3]. In each case we first scale A to be A/a with a = max|A4;;|, so that
|A|l =~ 1.

In our first set of experiments, we compare MINARES to our Julia implementation of MINRES-QLP
in terms of number of iterations on consistent systems when the stopping criterion is ||ry,|| < 107!,
then when it is ||Ary|| < 107'°. The right-hand side b = Ae (with e a vector of ones) ensures that the
system is consistent even if A is singular. The residual and A-residual are calculated explicitly at each
iteration in order to evaluate |ry|| and ||Arg||. (To get a fair comparison, (33) and (34) are not used.)
Figure 1 reports residual and A-residual histories for MINARES and MINRES-QLP on problems rail_5177
and besstm86. We observe that MINRES-QLP’s || Ary| is erratic, whereas MINARES’s || Ary|| and |7y ||
are both smooth. Also, MINRES-QLP’s || Ar,|| lags further behind MINARES’s than MINARES’s [|7]|
does behind MINRES-QLP’s. When the system is consistent, we have similar behavior whether A is
singular or not.

In a second set of experiments, we compare MINARES to our Julia implementations of MINRES-QLP
and LSMR in terms of number of matrix-vector products Av on singular inconsistent systems with
b = e when the stopping criterion is || Ary|| < 107° for the problem zenios and ||Ar|| < 107 for laser.
Figure 2 shows that MINRES-QLP has difficulty reaching the specified ||Ar||, but MINARES performs
well and converges much faster than LSMR, the only other Krylov method that minimizes ||Ary||.
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rail 5177 rail_ 5177
-~ MINRES-QLP
— MINARES
10757 _ 10*{),
z £
10710, ‘ ‘ ‘ ‘ — 10710k, ‘ i ‘ : ‘
0 100 200 300 400 500 600 0 100 200 300 400 500
k k
besstm36 besstm36
-~ MINRES-QLP ---MINRES-QLP
10°F — MINARES 10°F — MINARES
= =
= 1079} = 1070t
"’%‘M:»A»;MW”"“\W "N
i L
r*aw. Y, m\;ﬁ*"”“"“ﬁ#m%
1071k, : ‘ : ‘ . 10710t ‘ ‘ - 3
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000
k k

Figure 1: Residual and A-residual histories for MinAres and Minres-qlp on consistent systems generated from the SuiteSparse
Matrix Collection. Top: System based on the nonsingular matrix rail_5177 (n = 5177). Bottom: System based on the
singular matrix bcsstm36 (n = 23052)

7enios laser

-~ MINRES-QLP
— MINARES 1000 &

- MINRES-QLP
— MINARES

100,

[[Ar|

| | R — 101 | | -
0 2500 5000 7500 10000 0 50 100 150
Number of matrix-vector products Av Number of matrix-vector products Av

1075t

Figure 2: A-residual history for MinAres, Minres-qlp and Lsmr on singular inconsistent systems generated from the
SuiteSparse Matrix Collection. Left: System based on the singular matrix zenios (n = 2873). Right: System based on the
singular matrix laser (n = 3002)

8 Summary

MINARES completes the family of Krylov methods based on the symmetric Lanczos process. By
minimizing ||Ar|| (which always converges to zero), MINARES can be applied safely to any symmetric
system. For SPD systems, CAR is equivalent to MINARES and extends the conjugate directions family
Cc and CR. For such systems we prove that ||ry||, ||z — 2*|| and ||z, — 2*|| 4 decrease monotonically
for CAR and hence MINARES.
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On consistent symmetric systems, MINARES is a relevant alternative to MINRES and MINRES-QLP
because it converges in a similar number of iterations if the stopping condition is based on |||, and
much faster if the stopping condition is based on ||Ary||. On singular inconsistent symmetric systems,
MINARES outperforms MINRES-QLP and LSMR, and should be the preferred method.

A Proofs
Theorem 1. For k < /{—2, Tj o p11Tk+1 1 has rank k.

Proof of Theorem 1. From (13a) and (15) we have

RiRy,
Thvo 1 Tisr e = | (Epreh1+ e Re |

€k€;€Rk
where Rsz has rank k because T}, ;, and hence R, have full column rank. O
Theorem 2. T,T; ,_y has rank { — 1.
Proof of Theorem 2. From (13b) and (15) we have

Ri 1Ry
TyTyy = )
T e+ weed) Roy

where R{_lR@_l has rank ¢ — 1 because Ty ,_; and Ry,_; have full column rank. O

Theorem 3. T;yg = Biareq + B1Paeq is consistent even if T, is singular.

Proof of Theorem 3. If T} is singular, the symmetry of T, and its complete orthogonal decomposition
give
(L0l . [T 0] 47 s r[LTL 0
TE_Q[() O]P—P {0 O]Q and Tg—P|:0 0P,
where @ and P are orthogonal and rank(L) = ¢ — 1. Thus,

TPy — Bravey — BiBaey = Tiye — BiTues

L'L o Lt o
:PT([ . 0} Py~ B, [ . 0] Q)
_ PT |:LTLtZl — LTU41:|

0 b

where t,_; and u,_; are the first £ — 1 components of Py, and BlQTel. Because L has full rank,
LTLQ,1 = LTuz,l has a unique solution. Then, y, = P [ttl} is a solution of Tfyg = froeq + B1Boes

for any w, which means the system is consistent. O

Theorem 4. If b € range(A), the final MINARES iterate x, is the minimum-length solution of Ax =b
(and ry =b— Az, =0).

Proof of Theorem 4. The final MINARES subproblem is Tgyg = fiajeq + B1Paeq = T,5,e1. Because
b € range(A), T, is nonsingular, and the latter system is equivalent to Ty, = $;e;, the subproblem
solved by MINRES and MINRES-QLP. The final iterate generated by these methods is the minimum-length
solution of Az = b [2, sec. 3.2 theorem 3.1]. O
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Theorem 5. If Ax = b is inconsistent, {;, =0 and Ar,_; = 0.

Proof of Theorem 5. From (13c), (16) and Theorem 3:

zg = ég(ﬁlaﬂﬁ + B1B2es) = é;}Fngyg = @ngszye = U Ryy,.

When Az = b is inconsistent, T, has rank ¢ — 1 and r, = 0. Because R, and U, are upper triangular
matrices, ; = ugryv, = 0, where v, is the last component of y,. From (21), Ar,_; = 0 when {, = 0.
O

Lemma l. In (28), m, =7, fori=1,...,k — 2.

Proof of Lemma 1. Let L;_, be the leading (k — 2)x (k — 2) submatrix of Ly, and Jyn.n be the first m
rows of I,. Then

Ly—aJu—2 1Pkt = ezl g [}3’“ (IJ] Q1 Brey
= Jk—2,kUka,k+1Qzﬂlel
= Jk—Q,k+2é;}FNka,k+1Q;}FB1€1
= Jk72,k+2@£Tk+2,k+lQkJIZ:kJrlJk,kJrng/Blel
= Jk—z,k+2@£Tk+2,k+1Qk(Ik+1 - €k+16£+1)Q55161
= Jk—2,k+2é£(ﬂlalel + 6182 = X1 Tht2, k41 Q@rCr+1)
= Jy_opr2(ZK — Xk+1@£Tk+2,k+1Qk€k+1)~

We now have T 5 p11Qr€r+1 = — (16K +Br11Ck—15k)€kt1—CBry2€k42- Further, from the structure
. .7 AT
of the reflections composing @, the first k — 2 elements of Q) Ty 4o j+1Qxer+1 are zero. Thus,

Ly _o(my, .. Tp2) = Zg_a-

Because Lj,_, is always nonsingular,
T — Ty T T1
: =0 = Sl=1 -
Tk—2 = Tk—2 Tk—2 Tk—2

Theorem 6. For Ca, CR and CAR, we have:

Ly—s

oy = Tpk and [ = Phty it or = =V ().
prHpy, Pk

Proof of Theorem 6. Let p, = —V f(z;,) r,. Because py =7y, + By_1pr_1 and Vf(z1) L pp_; (exact
linesearch property), Vf(z;,) pr, = Vf(xy) ry. Therefore,
_ _Vf(l"k)Tpk - _Vf(xk)TTk Pk

T T = 7, -
prHpy piHpy, piHpy,

Because the directions p; are H-conjugate, prpk = pZH(Tk + Br_1pr_1) = prrk. With the relations
Hr; = —-AVf(z;) and Ap, = (ry — rrpp1)/ou, we have:

B = prHre _ pRHT _ V(@) (= rrs) _ Vf (@1) Trsn _ Prt1
piHpy, prHTY, Vf(xR) (r = i) V() T Pk

where we used the fact that Vf(ka)Trk = frg_HAirk = Vf(zk)TrkJrl =0, (i=0for Cqg,i=1 for
Cr and ¢ = 3 for CAR). O
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Lemma 2. Let A be SPD. The following properties hold for CAR and MINARES for all k > 0:

(a) Cht1dp+1 = gDy

(b) s = Ary,
(c) a4 = Apy
(e) uy = Agy,.

Proof of Lemma 2. (a) follows by direct comparison of Algorithm 2 and Algorithm 5.

(b)—(e) all hold by construction at k£ = 0. By induction, assume that they also hold at index & > 0.
Then, spi1 = s — oapuy = Ary — apAg, = Aryyq, which establishes (b). The remaining properties
follow similarly. O

Theorem 7. Let A be SPD. For (i,j) € {0,...,n — 1}2, the following properties hold for CAR:

(a) piA'p; =0 (i #j)
(b) r{A%p; =0 (i>j)
(c) riA’r; =0 (i #j)
(d) a; >0

(e) B; >0

(f) aiu; =p; A’p; >0
(9) ¢iq; = piA’p; >0
(h) a/p; =i Ap; >0

(i) pz‘ij >0

() 951‘ij >0

(k) TinZj = TiTAPj > 0.

Proof of Theorem 7. Because V2 fox,(7) = A*, we A*-conjugate the vectors p; by construction and (a)
is satisfied.

Because V foag(z;) = fAsri, the exact linesearch property yields (b) as in [14, proof of Theorem 5.2].

Ifi>j, TiTABTj = Tz‘TAS(Pj —Bj_1pj—1) = 0 by (b). If i < j, TiTABTj = (pi — 5i—1pi—1)TASTj =0,
again thanks to (b), which proves (c).

First note that p; = sit; = i A%, > 0 because A is SPD. Thus a; = p;/|lw;||* > 0 and 3; =
piv1/p; = 0, which proves (d) and (e).

We now establish (f) by induction. If i = j, qiTui = qiTAqi > 0 because A is SPD. Assuming qiTuj >0
when |i — j| = k—1 > 0, we want to show the result for |i — j| = k. If i — j = k > 0 then q;ruj = qlu;_ .
Otherwise we have j —¢ =k > 0 and qiTuj = qiTqu. Lemma 2 yields

T T T T
G ui—g = (8; + Bi1@i—1) Uig QUi = G At
T T T
= 8;Ui_j + Bic1Gi—1i—p, = q; A(Siyk + Bith—1%i4k-1)
T3 T T .3 T
=1 AP+ Bis G =pi AT+ Bigk—1U; Giyk—1

o T . T
= Bi1Gi— Uik = Bi+k71qZ'+k71ui
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Bi—1 > 0 and B, 1 > 0 by (e). ¢t ;> 0 and qiTHc,lui > 0 by induction assumption. Thus,
qZ-Tuj > 0 for | — j| = k, which completes the proof of (f).

At termination, define P = Span{pg,...,pi—1}, Q@ = Span{qg,...,q_1} = AP and
U = Span{ug,...,u;_1} = AQ. By construction, P = Span{b, .. .,A€71b}7 Q = Span{A4b, ... ,Aeb}
and U = Span{A2b, ey AHlb}. Again by construction, x, € P, and since r, = 0, we have Az, =b € Q
and A%z, = Ab € U. We see that P C Q C U.

(a) and Lemma 2 (¢)—(e) imply that ul-Tuj = 0 for i # j, and therefore, {uy/||ugll};—o ., forms
an orthonormal basis for &/. Thus, if we project p; and g; into U, we have
pz k wp, and ¢ = Z Q’L uk:
ukuk k=0 ukuk
Scalar products between these vectors can be expressed as
< (g Uk (q; Uk — (p; Uk (g Uk T - (p'Tuk)(pTUk)
K3 K3 K3
S SRCATICATRA A AL R DR
=l = Il ol

Thus g; g; > 0 by (f), proving (g). Because pju; = p; Aqy = q; qi, piq; > 0 and pip; > 0 by (f) and (g),
which proves (h) and (i).

By construction, z; = ZZ:O aypg, and so xzrpj >0 by (d) and (i), proving (j).
Finally, riqu = Ef;i akq,qu >0 by (d) and (g), proving (k). O

Theorem 8. For CAR (and hence MINARES) applied to Az = b when A is SPD, the following properties
are satisfied:

|zl increases monotonically

|lz* — || decreases monotonically

|lz* — 21|l 4 decreases monotonically

lrill decreases monotonically.

Proof of Theorem 8. From Theorem 7 (d) and (j),

||~”UICH2 - ||~”Ulc—1||2 = (Tp_1 + akpk>T<xk—l + agpy) — 375—1951@—1

T 2 2
= 20,ppT—1 + aillpkl” > 0.

From Theorem 7 (d) and (i),

—1 T o1 —1 T /oy
2 2
|2* — zp_q||” = |l* — 2 ||” = (E 041‘]%‘) <§ aiPi) - < E aiPi) ( E O‘z’pz)
i—k i—k i=k+1 i=k+1

-1
T 2 2
= 204.py, ( > aiPi) + aillpll” = 0.

i=k+1

From Theorem 7 (d) and (h),

-1 T -1 r -1
2 2
"=z la = [l" 2]l a= (Z aiPi) A <Z O‘iPi) —< Z aiPi) A ( Z aipz’)
i=k i=k

i=k+1 i=k+1

=
T o T
= 204,q;, ( Z aiPi) + agqxpr = 0.

i=k+1
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From Theorem 7 (d) and (k),

H7“k—1||2 - ||7"k||2 7“1{—17“1@—1 - 7"1::7"1@
T T
= (rg +ap_1qp—1) (1) + Qp_1qr_1) — Tk7%

T 2 2
=20, _1Qk—17% + 1 llqp_1l]” > 0. [
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