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1 Introduction

A tropical torsion module M is an idempotent commutative semimodule over the idempotent commutative
extended semiring R = IRU{—o0}. Endowed with the max operator (written V) as first composition law, and
classical addition (written-, and which will usually be omitted when no confusion arises), with the (torsion)
property that, for any two generators, z,y, there exist A\, = inf{{ € R|x < {y} and Ay, = inf{¢ € R|y <
&x}. Moreover, the product 7(z,y) = Agy - Aye in IR is an invariant of the isomorphy class of M, called the
torsion!' of M.

We write 0 and 1 for the neutral elements of V and - respectively.

In [5], we show that any m- dimensional tropical torsion module can be embedded in IR?, with d < m(m —1),
and that m-dimensional tropical torsion modules are classified by a p-parameter family, with p < (m —
Dm(m —1) —1].

The aim of the paper is to revisit and extend some of these results by showing that — at least in the 3-
dimensional case — the two upper bounds are tight. More precisely, we show that for m = 3, we can find
tropical torsion modules which cannot be embedded in R? for d < 6, and that all the p =2-(2-3-1) =
10 parameters required for the unambiguous specification of the 3 generators of M are necessary for the
characterization of M.

Also, the concept of injectivity set (or injectivity tropical module) briefly dealt with in [5] is further inves-
tigated. In particular, we show the conterintuitive result that, for a given tropical map p: M — N, the
quotient M), defined by the equivalence ~ given by x ~y <= ¢(x) = ¢(y) is not isomorphic to Imgp.

The paper is organised as follows. In Section 2, we briefly recall some of the results of [5] which will be used in
the paper. in Section 3, we state the main result of the paper, related to the injectivity modules of a tropical
map. then these results are illustrated in Section 4, by way of two examples, where m < n and n < m,
respectively. The first one with a tropical map in Hom(B?’,EG), the second with a map in Hom(E47E3).
In both cases, (some of) the injectivity modules are exhibited.

2 The main results of [5]

In this section we briefly recall the main results of [5] which will be used in this paper.

1. The canonical form of the torsion matrix:

1 I a3 --- aum
A — 0 axx a3 - - azm (1)
0 an2 ans -+ apm
with I = a12 < a2 < -+ < ap2 a5 < G541, ¢ = 1,...,n, j = 2,...,m, and 7(xj_1,2;) <
T(2j,2j41)j =2,...,m — 1, where z; stands for column j of A.

This canonical form also defines the canonical basis of M 4.

2.Vj (1<j<m-—1), Fi (1 <i<n)such that a;j41 = a;; (hence Aj;41 = 1I).

ITorsion in tropical modules has been introduced in [3].7(z,y) is equal to exp(5(z,y)), where §(x,y) is the Hilbert pseudo-
metric, invented by Hilbert in [1].
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3. The A;; (from which we readily get the 7;) are given by the matrix

1 1 )\13 R )\1m—1 >\1m
112 1l 1 e A2m—1  A2m
Ma=Atam= |t B @
1 1
)\ml >\m2 te )\mm—Q Tm—1m 1

where At, and A~ stand for the transpose of A and for the matrix with entries the inverses of those of

A.

4. The Whitney embedding theorme and the classification of tropical modules have been recalled in Sec-
tion 1 above.

3 The injectivity modules of a tropical map

In this section, we investigate some properties of INJ4 for a tropical torsion matrix (TTM) A. Let M, N
be two tropical modules of dimension m,n respectively, ¢ € Hom(M, N), and 7 the canonical projection
M — M]|., defined by the equivalence relation x ~ y <= ¢(x) = ¢(y). Clearly ¢ is injective on the set
{Ee MV e M, X£E¢ = p(A) # (&)} is the injectivity set of .

Let A be a square tropical torsion matrix. In [5], we defined INJ4 = {¢ € R"|J0 € S, such that

n
Vi, V  as1);& < aoryrér}, and proved the following statement.
J=1,#k
Proposition 1 For any square tropical torsion matriz A € Hom(IR"™, IR"™) of mazimal column rank, there is
a unique permutation o € S, such that

n

{§ € IR" s. t. fork = 1,...,n, \/ ag(k)jgj < ag(k)kfk}. (3)
J=1,j#k

It is easy to see that the injectivity set of A satisfying 3 is a tropical module.

Clearly, for any n x n permutation matrix P INJpa = INJ 4, and, by Proposition 1, there exists a unique
permutation matrix P such that, for B = PA, (3) is equivalent to

n

INJg={(€R"s.t.fork=1,....,n, \/ b& < bewle}- (4)
J=1.j#k

Let A = (diag(b;;"))B.
As a straightforward application of a weel-known result (cf [2] for instance), we have the following statement.
Proposition 2 INJ4 is generated by the columns of A*. O
max{m,n}
min{m,n}

injective. Fach of these injectivity modules is generated by the Kleene star of some square matrix derived
from A. o

Theorem 1 Let A be a TTM m X n, then there are at most ) tropical modules where A is

Proposition 3 The tropical modules ImA and INJ 4 are not isomorphic in general. ]

Proposition 4 If A is a rectangular n X m matriz with m # n, then INJ4 is a union of tropical modules,
which is not a tropical module in general. O
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k
Definition.  We say the the union of modules INJ4 = [J M; is isomorphic to the union of modules
i=1

k

INJp = [ N;. if, for every tropical module M; € INJ,, there is a tropical module N; € INJg, which is
i=1

isomorphic to M;, i =1,... k.

Remark. The statement in Proposition 3 differ from that in Propostion 4, since INJ4 is a TTM in
Proposition 3.

4 Examples

The first two examples illustrate the statement in Theorem 1. In addition, our first example shows that
the bound given in [5] for the Whitney embedding is tight, i.e. there exists a 3-dimensional tropical module
which cannot be embedded in R? for d < 6 = m(m — 1) = 6. Alsp, as a complement to the classification
theorem of the same reference, this example will be used to show that all the p = (m — 1)[m(m — 1) — 1]
parameters are needed for the classification of M 4.

Our third example shows that we can find n-dimensional tropical modules with m < n generators with equal
torsion coefficients.

Example 1
1 1 5
1 1 4
Let A= ﬁ (21 1a4 , with 5 < a < 8. We have
1 8 15
n 9 11
n un 51
-1 y-1
1 1 1 10 1 1 ﬂ;—l 144_1 n 1 47!
F'h=111 2 a 8 9 1 ot 1. |=19 1 1 |, with
5 4 14 a 15 11 1 Z*l 1“5,1 15 12 1
1 9! 11!

)\12 = ].1, )\21 = 9, )\13 = 471, )\31 = 15, )\23 = ].1, and )\32 = 12, given by Trows 1,6,2,5,4, and 3,
respectively.

We have T12 = /\12 . )\21 =9< T13 = )\13 . /\31 =11< T23 = )\23 . )\32 =12.

It follows that all six rows of A are required for the torsion of M4. Hence, it A cannot be embedded into IR¢
for d < 6. Note that the 7;; are independent of a.

The tropical modules INJ 4

We compute the tropical modules M;j, = INJy,,, fori=1,7 =2k =3, and for i = 1,5 = 2,k = 4, where

Aiji is he map given by the square submatrix of A determined by rows 1, j, k.

nm 1 5 1 1 5
We have : Ajo3=| 1 1 4 |, then, since 0 =1, ie. P = I, we have Ajog = 171 1 3 |, and
1 2 14 1471 127! 1
1 1 5
Ajgg = Ay = | 171 n 4

1371 1271 1
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1 1 5
Hence Mjo3 is generated by | 171 | | 1 ,and | 4
13~1 12-1 1
T 1 5 0 0 1
A124 = n 1 4 y with P = n 0 o0 thus
N a a 0 1 O
1 1 4
Ajoy = diag(la ! 57 1) PAppy= | o=t 1 1 |, and we get
5-1 5-1 1
1 1 4
Algy=Alyy=| 5" 1 1
5-1 4-1 1

Migg = {&] 1&2 < & < a&s, 483 < & < B3, & < b&s < 5y}, its generators are given by the columns of

1 1 4
Atyy= | 570 1 1
571 471 1
1 1 1 1 1n 5! n 10 47!
Wehave: T'y,, = | 1 1 a n 17! 471 | =]a U 1 [, withthe torsion coefficients given
5 4 a 1 ot a! a 5 1
by 47 'a, 5, a, respectively, and
n 5t 57! n 17t 47! n 1=t 4-!
Far,, =1 1 41 5 1 1 =5 1 1 ,
4 1 1 5 4 1 5 4 1

with the 7(i,5) = 1,4, 4, respectively.
Thus ImA;94 is not isomorphic to INJ 4,,,.

On the other hand it is easy to see that:
Ayoy A%y, = diag(5 11 a)PA%,,, ie.
Mo, is equal to its image under Ajo4.
This example also illustrates the fact that the domain of a tropical map ¢: M — N splits into two parts:

e INJ,, every point of which is an equivalence class of “~".

e M\ INJ, where the equivalence classes contain more than one point of M.

Moreover:, as easily seen from the torsion coefficients between generators, the Mijk are neither isomorphic
to ImA, nor isomorphic to oneanother in general.

Our next example, which first appeared in [4] has been shortly examined in [5] . it is revisited here for an
illustration of the case m > n in Theorem 1.

Example 2

1

Let z; = | 4 |, i=1,2...,m, withi =% = Ml for i = 0, and A = [z1]z2| -+ |7m|]. The tropical
2
i

submodule M4 of IR? can be made infinite dimen sional by letting m — oo.
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It is not difficult to see that A is injective on  |J M, where

0<i<j<k
Myr={¢l '\ &@<&. \ ta<ig, \/ Ca<k)
0>1 040 0>1,04£5 0>1 04k

For instance, with m = 4, we have:

My ={6 e RY& <&, i=2,3,4, & V265V 3E6 < 16, & V26 VA& < 664}
Miga={§ € R & <& ,i=2,3,4, §VI&E V3G < 26 & V26 Vals < 644}
Moz = {6 €RY & VEVE <&, & V1EVIE < 26, & V26 VAL < 644).

The method described in Theorem 1.is illustrated as follows for the generators of the M;jx, where the ¢ (resp.
J, k| stands for the rank of the column which dominates row 1 (resp. 2,3) of A¢.

nm 1 1 1
n 1 2 3
For ]\41237 define A123 = 1 12 22 32
0 0 0 1
& 1 n 1 1
1€ ~ =t n 1 2
Then from A,,55¢ = 2253 , we get Ajgg = 9-2 o9-1 1 9 | and
& 0 0 0 1
1 nm 1 3
~3 1=t 1 1 3 ~
Ajgg = 3-1 9-1 1 9 = Aja3
0 0 0 1
1 il 1 3
17t 1 1 3
Clearly: 3-1 [ o1 |+ ] g |° and 9 generate INJ 4,,,.
0 0 0 1
For a straightforward verification, let
1 1 1 3 .111\/1‘2\/12133\/3$4
11 1 1 3 171331 VxoVlxg V 3z,
U= o1 | VA2 g VI g VB g | F 3o oy g v 2y
0 0 0 1 Ty
We leave it to the reader to check that
T 101 1o 1 Uy
n 1 2 3 |u= lus , l.e. u € Myo3.
n 12 22 32 22y

Example 3

This last example shows that we can ffind n — 1 torsion elements in IR" exhibiting two by two the same

torsion.

Let A= . Clearly the torsion coefficients of any two columns of A are equal to 7.

TEERER
NN EEREE
NN A EREE
NN R
49N

EeEEpEERE
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For n = 2, the injectivity module of A has been investigated in [5]. The general case is illustrated by the

7.0 0 0 0 O
0 00 0 0 1
. . 0 00 0 11 o
case n = 6. Let P be the permutation matrix 00 0 1 0 0
0O 01 0 0 O
0O 1 0 0 0 O
1 0 0 0 0 0 1 1 1 il m 1
0o -t 0 0 0 0 || 1 il m 1
< 0 0 %t o0 0 0 Rt | 1 1 1
Thend=1\9 o 0o ++ 0o o [PA=| 1 70 . a1 1 a|~A
0 o0 0 0o ' 0 AN St kN St N | N |
0 O 0 0 0o ! AN St b St R St ||

Since A > I, and A2 = fl, then A* = A, and its columns generate INJ4.
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