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Abstract

The exponential stability, and the static output feedback stabilization with an
a-stability constraint problems of continuous-time singular linear systems with time-
varying delay in a range and subject to saturating actuators are addressed. New delay-
range-dependent sufficient conditions such that the system is regular, impulse free and
a-stable are developed in the linear matrix inequality (LMI) setting. An iterative LMI
(ILMI) design algorithm for a static output feedback controller which guarantees that
the closed-loop dynamics will be regular, impulse-free, and a-stable is proposed. Some
numerical examples are employed to show the usefulness of the proposed results.

Key Words: Singular time-delay systems, delay-dependent, stability, a-stability,
linear matrix inequality, stabilization, static output feedback.

Résumé

Cet article traite de la statbilité exponentielle et de la commande par retour de
sortie de la classe des systemes singuliers avec retard variant dans le temps dans une
plage donnée et dont la commande est bornée. De nouvelles conditions suffisantes en
forme d’inégalités matricielles pour assurer que le systeme en boucle fermée est régulier,
sans impulsion et exponentiellement stable sont développées. Un algorithme itérative
est proposé pour résoudre ces inégalites matricielles. Des exemples numériques sont
présentés pour montrer I'utilité des résultats proposés.

Mots clés : systemes singuliers avec retard, conditions dépendantes du retard, sta-
bilité exponentielle, stabilisabilité, commande par retour de sortie.
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1 Introduction

Singular time-delay systems arise in a variety of practical systems such as networks, cir-
cuits, power systems and so on [2]. Since singular time-delay systems are matrix delay
differential equations coupled with matrix difference equations, the study for such systems
is much more complicated than that for standard state-space time-delay systems or sin-
gular systems. The existence and uniqueness of a solution to a given singular time-delay
system is not always guaranteed and the system can also have undesired impulsive be-
havior. Therefore, for a singular time-delay system, it is important to develop conditions
which guarantee that the given singular system is not only stable but also regular and
impulse-free.

Both delay-independent and delay-dependent stability conditions for singular time-delay
systems have been derived by using the time domain method, see [3, 4, 5] and references
therein. Recently, a free-weighting matrix method is proposed in [8], [9] and [10] to study
the delay-dependent stability for time-delay systems with constant and time-varying delay,
in which the bounding techniques on some cross product terms are not involved. The new
method has been shown more effective in reducing conservatism entailed in previous results,
especially for uncertain systems. In 2007, Zhu et al adopted this technique for singular
time-delay systems [5]. Also, delay-range-dependent concept was recently studied, where
the delays are considered to vary in a range and thereby more applicable in practice [13, 6].
To the best of the authors’ knowledge, delay-dependent stability conditions for singular
time-delay systems has been addressed only for constant delay, and delay-range-dependent
stability conditions has not been addressed yet.

Formally speaking, these conditions provide only the asymptotic stability of singular
time-delay systems. In [22], the global exponential stability for a class of singular systems
with multiple time delays is investigated and an estimate of the convergence rate of such
systems is presented. One may ask if there exists a possibility to use the LMI approach
for deriving exponential estimates for solutions of singular time-delay systems.

The problem of stabilizing linear systems with saturating controls has been widely
studied because of its practical interest [16]. Control saturation constraint comes from
the impossibility of actuators to drive signal with unlimited amplitude or energy to the
plants. However, only few works have dealt with stability analysis and the stabilization of
singular linear systems in the presence of actuator saturation, see for example [17]. It is
established in [17] that a singular linear system with actuator saturation is semi-globally
asymptotically stabilizable by linear state feedback if its reduced system under actuator
saturation is semi-globally asymptotically stabilizable by linear feedback. To the best of
the authors’ knowledge, the stabilization for singular time-delay systems in the presence
of actuator saturation has not been fully addressed yet.
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Different control saturation models are proposed in the literature, i.e. regions of satu-
ration, differential inclusion and sector modeling. In [24], a comparative analysis of these
models is presented, and concluded that the differential inclusions model lead to the least
conservative design.

The static output feedback problem is probably the most important open question in
control engineering. In contrast to the linear systems, there are only few papers solving
the static output feedback problems for singular systems, see [21, 14]. In [21], the authors
introduce an equality constraint in order to get an LMI sufficient conditions for admissibil-
ity of closed-loop systems. Yet, this equality constraints introduce conservativeness. This
approach has been generalized by [7] to singular time-delay systems. In [14], singular sys-
tems is assumed to have some characteristics in advance: regularity and absence of direct
action of control inputs on the algebraic variables, which is not always the case.

This paper addresses two important problems which has never been addressed before.
First, delay-range-dependent exponential stability conditions for singular time-delay sys-
tems is established in terms of LMIs without using any bounding technique. The method
used is based on the LyapunovKrasovskii approach. Second, an iterative LMI algorithm
has been proposed in order to design static output feedback stabilizing controllers for
singular time-delay systems in the presence of actuator saturation. The objective of the
control design is twofold. It consists in determining both a static output feedback control
law to guarantee that the system is regular, impulse-free and exponentially stable with a
predefined decaying rate for the closed-loop system, and a set of safe initial conditions for
which the exponential stability of the saturated closed-loop system is guaranteed. This
set is maximized by the algorithm. Also, The least conservative model for the actuator
saturation given in terms of differential inclusions is used here. T'wo numerical examples
are employed to show the usefulness of the proposed results.

Notation: Throughout this paper, R™ and R™*™ denote, respectively, the n dimensional
Euclidean space and the set of all n x m real matrices. The superscript “T” denotes
matrix transposition and the notation X > Y (respectively, X > Y) where X and Y are
symmetric matrices, means that X — Y is positive semi-definite (respectively, positive
definite). I is the identity matrices with compatible dimensions. Apq.(P) and Apin(P)
denote, respectively, the maximal and minimal eigenvalue of matrix P. co {-} denotes a
convex hull. C; = C([—,0],R™) denotes the Banach space of continuous vector functions
mapping the interval [—7, 0] into R™ with the topology of uniform convergence. || - || refers
to the Euclidean vector norm whereas ||¢||. = sup_r<i<ol|¢(t)|| stands for the norm of a
function ¢ € C,. CY is defined by C¥ = {¢ € Cr;||¢|lc < v,v > 0}. [2]T stands for the
smallest integer greater than or equal to x.
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2 Problem Statement and Definitions

Consider the linear singular time-delay system:

Ei(t) = Ax(t)+ Agx(t —d(t)) + Bsat(u(t)) (1a)
y(t) = Cua(t) (1b)
x(t) = o), te[—dy,0] (1c)

where z(t) € R" is the state, u(t) € R™ is the saturating control input, y(t) € R? is the
measurement, the matrix £ € R™*™ may be singular, and we assume that rank(E) =r <
n, A, Ag, B and C are known real constant matrices, sat(u(t)) = [sat(uq(t)), ..., sat(u(t))],
where —w; < sat(u;(t)) < w;, ¢(t) € C; is a compatible vector valued continuous function
and d(t) is a time-varying continuous function that satisfies:

0<d; <d(t) <dg and dit) <p<1 (2)
The following definitions will be used in the rest of this paper:
Definition 2.1

i. System (1) is said to be regular if the characteristic polynomial, det(sE — A) is not
identically zero.

ii. System (1) is said to be impulse-free if deg(det(sE — A)) = rank(E)
iii. System (1) is said to be exponentially stable if there exist o > 0 and v > 0 such that,

for any compatible initial conditions ¢(t), the solution x(t) to the singular time-delay
system satisfies

lz )]l < ve=llll,

iv. System (1) is said to be exponentially admissible if it is regqular, impulse-free and ex-
ponentially stable.

Lemma 2.1 ([26]) Suppose system (1) is reqular and impulse-free, then the solution to
system (1) exists and it is impulse-free and unique on (0,00).

Lemma 2.2 ([27]) Given a matriz D, let a positive-definite matriz S and a positive scalar
n € (0,1) exist such that

DTSD —n?S <0
then, the matriz D satisfies the bound

/\mam (S)

and X\ = —In(n)
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Now, consider the following static output feedback controller:
u(t) = Ky(t), K € R™*1 (3)
Applying this controller to system (1), we obtain the closed-loop system as follows:

Ei(t) = Ax(t) + Agx(t — d(t)) + Bsat(KCx(t)) (4)

Generally, for a given stabilizing state feedback K, it is not possible to determine exactly
the region of attraction of the origin with respect to system (4). Hence, a domain of initial
conditions, for which the exponential stability of the system (4) is ensured, has to be
determined. Thus, our problem is considered as a local stabilization problem.

The two problems to be solved in this paper can be summarized as follows:

e Find delay-range-dependent LMI conditions that guarantees the exponential admis-
sibility of system (1) with a predefined minimum decaying rate.

e Find a static output feedback law of the form (3) and a set of initial conditions
such that the closed-loop system (1) is exponentially admissible with a predefined
minimum decaying rate.

3 Main Results

3.1 Delay-Range-Dependent Exponential Stability

Theorem 3.1 Given scalars 0 < dy < da, p < 1 and «, system (1) with time-varying
delay d(t) satisfying (2) is exponentially admissible with o = « if there exist a nonsingular
matriz P € R™"™, n x n symmetric and positive-definite matrices Q1, Q2, Q3, Z1 and Zs,
and n X n matrices M;, N; and S;, i = 1,2 such that the following LMIs hold:

- 2ady _ 2ady _ 2ady 2ady _ 2adq -
Hllﬂlgeo‘dlMlE—eo‘d?SlE £ o 1N1 %Sl %Ml IIs
2a/dy _ 2ads 2ady 2ady’ 2adq
* Igge® MyE—e®@2 Sy F %NQ 055 M AU
* *  —Q 0 0 0 0 0
* ok * —Q2 0 0 0 0 0 (5
2ad <
* * * et 2l g 0 0 0
20 e2ady _ p2ady
* K * * - e (Z1+ Zs) 0 0
2ad 2ad
*  x * * * * —%ZQ 0
L x * * * * * * -U |

E'P=PTE>0 (6)
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where

3
Iy =P A+ ATP+> Qi+ ME + (N E)" +2aETP
i=1
My =P Ag+ (NoE)" — N\E + S1E — M E
oy = —(1 — p)e 22%2Qs + SHE + (SHE) " — NoE — (NoE)" — MoE — (MoE)"
dig =do —dy, U=doZy +diaZy, Thg=ATU

Proof. First, we will show that the system is regular and the impulsive-free. For this
purpose, choose two nonsingular matrices R, L such that

P — _| L0 i_ | A Ax
E_REL_[O 0} A_RAL_[A21 AQQ] (7)
Now, let
i Aann Aarz } 5 -T [ Py Pro }
Ay = RAJL = P=RPL= 8
I ¢ [ Agor Ag22 Py Py (8)
o - N1 N; - Qinn Q2
NZ:LTNZR 1: 11 12 :| i:LT L= |: :| 9
[ N1 Nigo @ @ Qi21 Qi2 ©)

From (6) and (7), , we conclude that Pjs = 0 and Pj; > 0.
3
Also, from (5), we get II;; < 0 which gives PTA+ ATP + ZQi +NE+ (N E)" <o.
j=1
Based on (7)-(9), pre- and post-multiply this inequality by LT and L, respectively, and
noting that @); > 0, we have

Noting that

—E:[]\ﬁn 0]

which gives

* *

. .. T T
« AL, Pos+ Pl As ] < 0  that implies in turn that = Ay Pay + Pyy Az < 0.
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Therefore Ags is nonsingular, which implies in turn that system (1) is regular and impulse-
free (see [26]). Next, we show the exponential stability of system (1). Since system (1) is
regular, there exist two other matrices R, L such that (see [26])

E= REL_[H 0] A:RAL:[ (10)

A O
0 0

0 ]In—r

Define Ay, P, N;, Q; in a similar manner as before, M;, S; similar to N;, and Z; =
R~TZ;R™'. Using (5) and Shur complement, we get

[ IT;;  IIpy

* H22:|<0

Substitute (10) into the previous inequality, pre- and post multiply by dz'ag{LT,LT},
diag{L, L} and using Schur complement argument, we have

3
T T
Pyy + Py + ]z::l Q22 Py, Agoo <0
Aoy Poo —(1 = p)e 20%2Q 30,

Pre- and post-multiplying by [—AdggTH] and its transpose, and noting that @; > 0 and
p > 0 (since if p < 0, the first condition in (2) will be violated), we get

Agoz " Q320 Aa20 — €722 Q305 < 0 which implies p(e*® Agan) < 1 (11)

Let ((t) = L7 x(t) = [ ggg }, where (;(t) € R" and (2(t) € R*". Then, system (1)

becomes equivalent to the following one

() = A1G () + Agn Gt — d(b)) + Agrala(t — d(t)), (12)
0= C2(t) + Ag1Ci(t — d(t)) + Aagzala(t — d(2))- (13)

Now, Choose the Lyapunov functional as follows:

t
V(&) = ¢ TETPC() Z 5)Te2e(6=0Q,¢(s)ds + /t_d@ ((5)T =0 Qa (s)ds

/ / ) Te20(=8 7, BE (s dsd0+/ / ) Te2e(s=) Z, B (5)dsdb
da +9 +€
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where (; = ((t — 3), B € (—d2,0]. Then, the time-derivative of V((;) along the solution of
(12) and (13) is given by

2
V(G =260 PTEG() + 3 {¢0T Qi) — ¢t —di) Te > Quc(t — di) |

1=

1
0T @) — (1 d)(t — d(e)T e OG-~ di1)
+d(BL0) DB — [ ()T D 2B )i

t—dy . .
o = d)(BUO) B — [ (B 2B 5)ds
— 2042 )" e2(s=t) Q,C( )ds — 2« /tid(t) C(S)Teza(s_t)Q_gg(s)ds
- T 20c (s—t)
2a/d2 /+6 ) Z\EC(s)dsdf
—2a/ /+9 ) Te?s=0 Z, B (5)dsdf (14)

And adding these terms

2 :g(t)TNl +((t — d(t))T]\E} x |EC(t) — EC(t —d(t)) — /;d(t) Eg’(s)ds] =0

2[¢(8)T S+t = d£) " S x

—ds

B ) t—d(t) .
EC(t —d(t)) — EC(t — da) — /t EC(SWS] =0

2[C()T M+ C(t — ()T Mo x
] t=d(t)

_ _ t—di |
EQ(t —dy) — EC(t —d(t)) —/ EC(S)dS] =0

to (14) gives

9
V(¢) < Z T [doZy + d12Z5) (E((t))
2[00 N+ e —d) TR [ By [ (BT A )
t—d(t)
2 (e +ce—au)'sy] [ B

t—d(¢) ) )
_/ (EC(S))TE%‘(S_t) (Zl + 22) EC(S)dS
t

—ds
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_ _ t—d1 t—dy . .
—2 [ M+ e —ae) 0] [ Bls)s— [ (BT 2B s)ds

t—d(t) —d(t)

2
— 2« EZ: tidi C(S)Tem(s—t)@{(s)ds — 20 /tt o C(s)TeQO‘(S_t)QgC(S)ds

0 t ) -
— 2a /_d2 /t+9(E<(S))T€2a(S_t)ZIEC(S)dsdG

—di t . .
— 2« / (EL(s))Te?5=0 Z, B (5)dsd
—ds Jt+6
where
— — p— — 3 — — — — —
Uy =) [PTA+ATP+> Qi+ ME+ (NME)T| ((t)
i=1

Wy = 20(t)7 [PT A+ (NE)T = NiE + S B — MyE| ((t - d(t))

Uy =Ct—dt) [— (1 —p)e Qs+ SE+ (SE) — NoE
— (N2E)" — MyE — (MoE)T|¢(t — d(t))

Uy =20(t) T MyEC(t — dy) W5 = —2((t) T SLEC(t — do)

W =20(t — d(t)) ' MaE((t —dy) W7 =—2((t —d(t))" S2E((t — da)

Ug=—((t—di) e ?MQi((t—di) Tg=—C(t—do) e 22Qo((t — do)

Noting that Z; > 0 and Z3 > 0, adding and subtracting these terms:
t B _ - B AT
+ / [g(t)TNl +C(t - d(t))TNg] 7y L2t [g(t)TNl +C(t— d(t))TNg] ds
t—do
t _ 1 - _ 17T
- / [g(t)TNl +C(t - d(t))TNg] 7, Lem2as=t) [g(t)TNl +C(t - d(t))TNg] ds
t—d(t)

t—dy
n /t [g(t)Ts} - d(t))T52] (Zy+ Zy) 2000 [g(t)Tgl et — d(t))ng] " ds

—d

t—?i(t) B e ) e
[ TS - de)T ) (24 270 [ Sy + ) Sy ds

= T Tar.] 7.-1,—2a(s—t) T A7 Al
[ O M+ Gl de)TNR] 2270 [T 0 + (e - d(0) 0] ds

[ oA -t ) a2 [T+l )]s
t—d
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V(G) +2aV(¢) <
2ada

~- — — ~ e ~ ~
@) M+ AT (doZy + di2Z2) A+ ——NZ INT
e2ad2 _ e2ad1 e2ad2 o e2ad1 N

> > \—1aT > —137T
— S (Z VA S — M7Zs M t
+ oor ( 1+ 2) + 90 2 In(t)

|: ()TN—I—EC( ) 20(s— t)Z1:| e—2o¢(s—t)Z1 |: ()TN"FEC( ) 2a(s— t)Zl]TdS

[ ( )TS—FEC( ) 2a(s—t) (21+Zg)] e—2a(s—t) (Zl —1—22)_1
(0§ + Bé(s)e2ot) (2, + 22))  ds

t—dy — ) T
—/ [n(t)TM—i- EC(s)e%‘(S_t)Z_g] e—2005—) 7,71 [ (t)T M + E((s)e¢~ t)Zg} ds
t

2ady

< ’I’}(t)T[H + AVT (dQZl + deZQ) AV—I— ET]'\V]Z’I—lj\}T
eady _ 2ady 1T e2ady _ 2ady e
— S (41 + Z —M7Z, M t
L RS AR i v Al M
where
¢(t) My The  ME ~SiE
(t) . C(t — d(t)) = * H22 MQE —SQE
C(t — dl) * * 6_2O‘d1Q1 0
C(t — dg) * * 0 —e 2ad2Q2
Ny Ml S AT
S| N ~ | My a_ | S AT
N = 0 M = 0 S = 0 A= 0
0 0 0 0

3
H11 = pTA + ATP + Z Qz + NlE + (NlE)T + QQETP
i=1
IIi5 = prId + (NQE)T — NlE + glE — MlE
Iy = —(1 — p)e **2Qs + SHE + (S2E) " — NyE — (N,E)" — MyE — (MyE)'
Pre- and post-multiply (5) by diag {LT, LT e [T egmadp T T 1T, ]I} and its transpose,

then using Schur complement implies

V(¢)+2aV (&) <0 which leads to V(&) < e 2V (o(t))
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Then, the following estimation is obtained

AL G V() < e 2V (8(t) < Aoe™2|g]|,

)
Q@) < \/;?HQSIICE_‘” (15)

A1 = Amin(P11) > 0,
A2 > 0, is sufficiently large and can be found since V(¢4(t)) is a bounded quadratic
functional of ¢(t).

which leads to

where

Define,
to =t
ti =ti—1 —d(ti—1)
From (13), we get,
G(t) = —AaGi(t1) — Adz2Ca(t1)

= —Agp1Ci(t1) — Agaa[—Aag21C1(t2) — Agz2Ca(t2)]
= —ApiCi(t) — Aaza[—Aa21C1(t2) — Aga[—Aa21C1(t3) — AazaCa(t3)]]

+ +
Note that there exist positive integers ky = [é—‘ and ko = {£1 such that

t— kgdg S (—dg,O], t— kldl € (—dg,O]

and note also that

i—1
t—zd2<t,_t—Zd ) <t—idy
7=0

Therefore, there exists a positive integer k(t), where ko < k(t) < k1, such that

k(t)—1

Ca(t) = (—Aga2)F O ¢o( ) Z (—Ad22) Adgo1 G (i)
i=0

and

tee) € (—d2,0]
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Therefore, from (15), (11), Lemma 2.2 and noting that

i—1
k(t)dy >t,  ti=t—Y d(t;) >t—id
5=0
we get,
k(t)—1
1G(0)] < [ Aa2" D181l + | Aazall D | Aaz2’ || [S1(t41))]
=0
3 k(t)—1
< X RO g+ Al 520l Y A et 1)
=0
[ b\ k(t)—1
< XUl + 1wl /32 ol 3o NAaall' el | e
=0
i )‘2 ado —at
< |x+ [[Aai || e M ¢l.e
where
1 Amax(Q322)
M = = _
1 — [|Agazedz|| X Amin(Q322)

Thus, system in (12) and (13) is exponentially stable with a minimum decaying rate = «.
Finally, as we have shown that this system is also regular and impulse-free, by Definition
(2.1), we then have that the system is exponentially admissible. This completes the proof.

O

Remark 3.1 [t is noted that the condition in (6) is non-strict LMI, which contains equal-
ity constraints; this may result in numerical problems when checking such non-strict LMI
conditions since equality constraints are fragile and usually not satisfied perfectly. There-
fore, strict LMI conditions are more desirable than non-strict ones from the numerical
point of view [26]. Considering this, Eqs. (5) and (6) can be combined into a single strict
LMI. Let P >0 and S € R™*"=") be any matriz with full column rank and satisfies E' S
= 0. Changing P to PE + SQ in (5) yields the strict LMI.

Remark 3.2 Taking the limits of the elements of (5) as o — 0, Theorem 3.1 yields
an admissibility conditions for singular time-delay systems. Moreover, when E = 1, the
singular delay system in (1) reduces to a state-space delay system and the result of Theorem
3.1 as a — 0 coincides exactly with the result in [13].
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Remark 3.3 If dy is not known precisely and we want to find the mazimum dy such that
our system remains exponentially stable with decay rate o, we replace do with di + dyo.
In this case, (5) is not LMI anymore since dia is a variable. Thus, a searching method
similar to the one in [15] will be provided briefly as follows: Step (1) For dig =0, find a
feasible solution to (5) and (6) as (Po, Qjo, Zio, Mio, Nio, Sio) and set k = 0; Step (2)
For (Py, Qjk, Zik, Mi, Ni,, Sir), find dior and set k = k + 1; Step (3) check to see if
‘d12(k+1) - d12k| <€, with € > 0. If not, return to step (2).

3.2 Static Output Feedback Stabilization
Let us write the saturation term as [23]
sat(Kx(t)) = D(p(x))KCx(t), D(p(x)) € R™*™

where D(p(x)) is a diagonal matrix for which the diagonal elements p;(z) are defined for
1=1,....,m as

(KC)x
pi(z)=1<1 if —u; < (KC),J; <

and 0 < p;(x) < 1.
Then, system (4) can then be written in the equivalent form:
Ei(t) = (A4 BD(p(z))KC)x(t) + Agx(t — d(t)) (16)

The coefficient p;(z) can be viewed as an indicator of the degree of saturation of the ith
entry of the control vector. In fact, the smaller p;(x), the farther is the state vector from
the region of linearity.

Let 0 < p, < 1 be a lower bound to pi(z), and define a vector p = [31"“’£m]‘ The
vector p is associated to the following region in the state space:

S(K,u’)={z € R" | —u’ < KCx <u’}
where every component of the vector @” is defined by u;/ P,
Define now matrices A;, j = 1,...,2™, as follows:
Aj =A+BD(v;)KC

where D(7;) is a diagonal matrix of positive scalars ;) for i = 1,...,m, which arbitrarily
take the value one or p,- Note that the matrices A; are the vertices of a convex polytope
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of matrices. If z(t) € S(K,u”), it follows that (A + BD(p(x))KC) € co{Ay,..., Aam}.
We conclude that if z(t) € S(K,w”), then Ei(t) can be determined from the following
polytopic model:

2 m

Bi(t) =Y AjuAjz(t) + Agz(t — d(t)) (17)
j=1
2m
with Y " Aj; =1and Xj; >0
j=1

Remark 3.4 Notice that the trajectories of the polytopic system (17) includes all trajec-
tories of the saturated system (4), but the converse is not necessarily true. This means
that the stability of system (17) is only a sufficient condition to the stability of system (4).
Thus, some unavoidable conservativeness is introduced.

Remark 3.5 Using this saturation model, the problem of controlling the nonlinear system
(16) is transformed to the problem of controlling the linear time-variant system (17). Yet,
the time-variant matriz A(t) evolves with time inside a convex polyhedron of matrices.
Now, the interesting question is as follows: if we proof the stabilizability of the 2™ linear
time-invariant systems that uses the vertices of that convex polyhedron as its A’s matrices,
does this imply the stabilizability of the linear time-variant system? The answer is yes, and
this will be the result of the next theorem.

Theorem 3.2 Consider the continuous singular time-delay system (1). Given scalars
0<di <da, u <1 and a, suppose that there exist symmetric and positive-definite matrix
P e R™" g matriz Q € R"X" nxn symmetric and positive-definite matrices Q1, Qa,
Q3, Z1 and Zy, n x n matrices M;, N; and S;, i = 1,2, a matriz K € R™*? and a positive
scalar Kk such that

e2ady _ 2ad) e2adsy _ 2ad)

_Hjuﬂjueo‘dlMlE—eo‘d2SlE %Nl Pa Sl o M1 Hjlg i
2ad 2ad 2ad 2ad 2ad
* HjQQGadlMQE—ead2SQE e -2 2;71]\72 e —e - 22718 ! S2 e —e - 22;8 ! MQ AdTU
*  x =@ 0 0 0 0 0
* ok * —Q> 0 0 0 0
o 0 (18
* % * * _e ;;_121 0 0 0 <0 (18
* * * * —7‘52%22;82“1 (Z1 4 Za) 0 0
2ady _ 2adq
* ok * * * * —————7Z2 0
L * % * * * * * -U |
ji=1,..2™m
ET(PE+SQ) p.(KC);' .
~ >0, i=1,....,m (19)

BZ(KO)Z IQUZQ =7
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3
Iy = (PE+SQ)TA+AT(PE+SQ)+Y Qi+ NE+ (NE)'
i=1

.
+(PE+5Q) BD(3)KC + ((PE+5Q) BD(3)KC)  +2aE" (PE + 5Q)

M2 = (PE+SQ) Ag+ (N2E)T — N\E + S1FE — My E
Mo = —(1—p)e202Qs+ SoE + (S9E)" — NoE — (N2E)" — MyE — (MoE) '
d12 = d2 — dl, U= d2Z1 + d12ZQ, Hjlg = ATU + (BD(’}/Z)KC)T U
S e R™(=7) s any matriz with full column rank and satisfies ETS = 0. Then, there

exists a static output feedback controller (3) such that the closed-loop system (4) is locally
exponentially admissible with o = a for any compatible initial condition satisfying:

2 12
Q(Vl,l/g) — {qb c Cczl)2 . H¢||c + ||¢||C S 1} (20)
141 1]
where
k1 Kt
V= Vp = —
X1 X2
2 )
1 — e—20d; 1 — g~ 20d2
= )\max ETPE )\max ) < )\max - a4
xi (ETPE) + > Amar(Q)—5—— + Amaz(Q3) —

i=1
2dy — 1+ e~ 20ud2
402

+ )\ma:c(Z2))\max(ETE)

X2 = )\max(Zl))\max(ETE)

2()éd12 _ e—20¢d1 + e—20¢d2
402

Proof. Assume that E#(t) can be determined from the polytopic system (17). Applying
Remark 3.1 to (5)-(6) in Theorem 3.1 yields a single matrix inequality. Then, if we apply
this matrix inequaity 2™ times to the parameters A; with j =1,...,2™, A4, F, dy, d2 and
w, we will have (18). Now, proceeding in a similar way as the proof of Theorem 3.1, yields
Aj2 to be nonsingular matrices. Using the fact that A;; > 0,

277l
Z AjtAjoo is nonsingular V¢ € (0, 00)
j=1

which implies that system (17) is regular and impulse-free. Now, choose a Lyapunov
functional as in the previous theorem, and proceeding in a similar manner as before, then
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V(¢) +2aV(¢) <
T ST (0.5 N T i Y P
<nt) M+ A" (doZy + d1aZs) A + —5 N7 N

e2ad2 _ e2ad1 2ada e2ad1

5 (4 + Zy) ' 8T 4 € o M2y~ M ()
gm
with all the variables as defined in Theorem 3.1 and A substituted by Z AjtAj;. Then,
j=1
gm
by convexity, condition (18) and noting that Z Aje=Tland A\j; >0
j=1

V(G)+2aV(¢) <0

Completing the proof in a similar manner as in theorem (3.1), yields the exponential
stability result.

Now, by virtue of condition (19), the ellipsoid defined by I' = {z € R" : 2T ET(PE+SQ)
r < K71} is included in the set S(K, @) [23]. Suppose now that the initial condition ¢(t)
satisfies (20), and conditions (18)-(19) hold. Then, from the definition of V'(t), it follows
that z(0)TET(PE + SQ)z(0) < V(0) < XlquHg + XgH(;SHi < k7! and, in this case, one has
z(0) € I C S. Now, since V(0) < 0, we conclude that z(t)" ET (PE + SQ)xz(t) < V(t) <
V(0) < xallol? + XgH(bHi < k1, which means that z(t) € S, V¢ > 0. Therefore, Ex(t) can
be determined from the polytopic system (17). This completes the proof. O

It is obvious that (18) is a BMI. Thus, an ILMI approach similar to [25] and [18] will be
proposed. The derivation of the algorithm is similar to [25] and [18] and will be omitted
for brevity. This algorithm has the same disadvantage as those in [25] and [18], i.e. based
on a sufficient condition. The following is the proposed algorithm and the explanation is
given later.

Iterative Linear Matrix Inequality (ILMI) Algorithm.

e Step 1. Solve the following optimization problem for P° > 0, Q, Q1 > 0, Q2 > 0,
@3>0, Z) >0, My, Ny, Sp, p=1,2, f” and
OP1: Minimize 8° subject to the LMI constraints in step 2 with K° = 0 and X° = E.
Denote Z17 and Zs; as the values of Z? and ZS that minimizes (3.

e Step 2. Set i =1, X; = FE, Solve the following optimization problem for P; > 0, @,
Q1>0,Q2>0,Q3>0, M, Ny, Sp,p=1,2, K, 5 and x
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OP2: Minimize 3; subject to the following LMI constraints:

-
Hjll |: (B T: T :| Hjlg e_ﬁidlMlE —e_ﬁidQSlE
. +D(v;)FC)
(B'T; ]
—1I 0 0 0
[ +D(v;)FC)
* 0 ngg e_ﬁidlMgE —C_ﬁidQSQE
* 0 * _Ql 0
* 0 * * —Q2
* 0 * * *
* 0 * * *
* 0 * * *
* 0 * * *
—2B;dg _ —2B4dg _ o—2B; —2B;dg _o—2B; T
%‘21]\71 %Sl %Ml 115
0 0 0 0
—2B4d2 _q —2B4da _—2B4dy —2B4da _o—2B4d1 T
e_T]\@ %52 %Mz Ag U
0 0 0 0
0 0 0 0 <0
— ez, 0 0 0
« —672&?55;2@[11 (Zu 4 Z%) 0 0
* * ——672Bidi5§i72ﬁidl Zy; 0
* * * -U |
Jj=1,..,2"
ETT, p (KC)'
! = _QT 207 Tzla ,m
BT(KC)T KUy
where
3
My = TTA+ATT+Y Qi+ NiE+ (ME)T
i=1
~X,BB'T; — (X;BB'T;)" + X;,BB"X; — 26,E"'T;
18 ATU + (BD(v)KC)" U
Moy = —(1—p)e* P Qs+ SHE + (S2E)T — NoE — (N2E)" — MyE — (MaE)T
di ifB8>0
T, = (PE+S d(B) =
L = (RE+5Q)  d() {d2 o

and the other variables as defined previously. Denote 3;* and K* as the minimized
value of 3; and the value of K that minimizes (;, respectively.
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e Step 3. If B;* < —a, where « is a prescribed decay rate. K* is a stabilizing static
output feedback gain, go to step 7. Otherwise, go to step 4.

e Step 4. Solve the following optimization problem for P; > 0, Q, @1 > 0, @2 > 0,
Q3 >0, Z,; >0, My, Ny, Sp, p=1,2, and &
OP3: Minimize tr(E'T;) subject to the previous LMIs with 8; = 8;* and K = K*.
Denote T;*, Z*1; and Z*9; as the values of T;, Z1; and Zs;, respectively, that minimizes
tr(ETP).

e Step 5. If | X;B—T*B| < ¢ go to step 6. Else set i = i+ 1, X; = T;_1%,
Zyi = Z%y(i—1) and Zy; = Z¥9(;_1), then go to step 2.

e Step 6. The system may not be stabilizable via static output feedback. Stop.

e Step 7. Solve the following optimization problem for P; > 0, Q, @1 > 0, Q2 > 0,
Q3 >0, Z,, M), Ny, Sp, p=1,2, K, and

OP4: Minimize w; (51 + 1-@2“‘” 5o + 1—e2*;ad1 55+ 1_6;;ad1 54)

3 (Amaa (BT B) 220220 5 4 3 (BT B) 2oaze ke 200 60 ) gy

subject to the previous LMIs and the following LMIs:

61> E'PE 5l > Q1 831 > Qo (21)
61> Q3 651> 7, 56l > Zs (22)

with §; = «, where wy, we and ws are weighting factors. We solve this problem
iteratively in two steps as follows:

a) Fix K, and solve for P, > 0, Q, @1 > 0, Q2 > 0, Q3 > 0, Z, > 0, M,, N, S,
p=1,2, and k.

b) Fix Z; and Zj, and solve for P; > 0, Q, Q1 > 0, Q2 > 0, Q3 > 0, M,, N, S,
p=12, K and k. Set X =1T.

The set (20) is calculated from the matrices that solve this optimization problem.

Remark 3.6 The core of this algorithm is in OP2 and OP3. As shown in [25], OP2
guarantees the progressive reduction of [(; while OP3 guarantees the convergence of the
algorithm. Yet, in [25], only X needs to be fixed in order to get LMIs, while in our case,
we have also to fix either Zy and Zs or K to get LMIs. Thus, we will fixr Z1 and Zs in
OP2, and K in OP3. This way of solving this problem will not affect the convergence of
the algorithm.

Remark 3.7 If (3 is positive, this corresponds to a negative decaying rate, i.e. ||z(t)]| <
veP||B||.. It can be shown easily, similar to proof of Theorem 3.1, that after introducing the
function d(f3), the results in Theorem 3.1 and Theorem 3.2 will be generalized to include
negative decaying rates. This means that as 3 decreases in the algorithm, this is nothing but
an increasing decaying rate, and as 3 becomes negative, the system becomes exponentially
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stable. This fact resembles the facts in [25] and [18] that all eigenvalues of (A — BKC)
are shifted progressively toward the left-half-plane through the reduction of (3.

Remark 3.8 In order to start the algorithm, OP2 should have a solution for i = 1. Yet,
the solution depends on the initial matriz X. In [18], some Riccati equation is proposed in
order to select an initial X for the descriptor version of this algorithm. In [19], it has been
proved that this Riccati equation may not have a solution and an initial value of X =1 is
proposed instead. Actually, the identity matriz may not do the job for even some simple
systems, an example of such systems is

I o
(AvBaC)_(]LHvH)v E_|:0 0:|
Our numerical experience indicates that an initial choice of X1 = E always leads to a
convergent result. Yet, this is not rigorously proved. With this X1, OP1 is used here to get
an nitial values of Z1 and Zs.

Remark 3.9 The minimization of B in OP1 and OP2 should be done using the bisection
method. The lower bound of the bisection method can be any value less than —a since we
are not interested in minimizing 3 less than these values. Also, noting Remark 3.7, it is
easy to find an upper bound. This upper and lower bounds should be chosen only once and
can be fixed throughout the algorithm.

Remark 3.10 OP/ is used in order to mazximize the set of initial conditions (20). The
—2ady —2ady —2ady

satisfaction of (21)-(22) means that x1 < 01 + 1_62(1 09 + 1_62(1 03 + 1_62(1 04 and

_ —2ad _-—2ad —2ad
X2 < Amam(ETE)M+255 + Amaz(ETE) 2adiy—e 4a21+6 286. Therefore, because
—1
K

vi = %, if we minimize the criterion as defined in OP4, then greater the bounds on 16]12

and Hqﬁ”i tend to be. In other words, by using OP4, we orient the solutions of LMIs (18)-
(19) in a sense to obtain the set Q(v1,v2) as large as possible. For more discussion on this
topic, we refer the reader to [23].

4 Examples
4.1 Example 1:
Consider the singular time-delay system studied in [5] with
10 05 0 -1 0
e ER T I B ]

We have known from [5] that this system is asymptotically stable for constant delay 7 < 7*
and unstable for constant delay 7 > 7%, where 7 = 1.2092. Now, allowing time-varying
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delay, the exponential stability of this system will be investigated using Theorem 3.1.
For various ds, the maximum allowable decay rates «, which guarantee the exponential
stability for given lower bound d; and derivative bound u, are listed in Table 1. As it is
clear from the table, if we increase do, then we obtain smaller decay rates a. Figure 1 gives
the simulation results of 71 and x5 as compared to e~ %3! when d(t) = 0.4 and the initial
function is ¢(t) = [l —1]T,t € [~0.4,0]. From Figure 1, we can see that the states z; and
9 exponentially converge to zero with a decay rate more than 0.3.

Table 1: Maximum allowable decay rates « for different dy with dy = 0.2 and = 0.5

do 0.5 0.6 0.7 0.8 0.9 1 1.1
a 03239 0.3014 0.2816 0.2642 0.2411 0.1323 0.0290

x1

— = X2

ol — — — exp(=.3t)| |

1\ — -
) N T
© s - -
3 T — - -
c 0 —
(o)) i — =
g - T -
= e ==

_1//’2/ |

_27 .

-3 1 1 1 1 1 1

0 1 2 3 4 5 6

times[s]

Figure 1: Simulation Results of z; and x as compared to e~ 93
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4.2 Example 2:

Consider the singular time-delay system described by:

100 00 1 0 0 03
E=|01 0], A=|10 0 |, Ag=| 0 04 0
000 10 -1 02 03 0
1 -2
s o 03 | -1 00]
0.1 —0.3

This system is originally unstable for all values of delay. Now, allowing time-varying delay,
the exponential stabilizability of this system will be investigated using Theorem 3.2 and
the iterative algorithm. Letting dy = 0.2, do = 0.6, u = 0.5, w =7 and a = 0.3, the ILMI
algorithm gives after 14 iterations

—1.4186 —1.2682
KE=1 13043 08652 |’ v = 14.8960 vy = 82.6586

Figures 2 and 3 gives the simulation results for the closed-loop system when d(t) = 0.5
and the initial function is ¢(t) = [5 12 9.6] ", ¢ € [~0.5,0]. Changing the control amplitude

saturation level, Figure 4 presents the functional dependence of vy and v5 on the level of
control saturation w.

For various «, the values vy and v for which we guarantee the exponential admissibility
of the saturated system are listed in Table 2. The number of iterations are also listed in
the table.

Table 2: Computation results of Example 2 with w = 15

o 0.001 0.2 0.4 0.6 0.8 1 1.2
vl 192.1172  97.0467  48.7601  25.8165 14.0812 7.9295  5.5883
v2 967.1209 509.6311 268.5460 165.2845 90.6967 37.1311 28.2688

Iterations 11 13 14 15 16 17 18
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L~ x1
15r ;0 — = x2|
i \ x3
\
[}
=]
2
2 _ i
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©
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times[s]
Figure 2: Simulation Results of x1, x2 and x3
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Figure 3: Simulation Results of the controllers
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120

* vl

+ v2/10 *
100 h

80 b

Initial Set Parameters
[}
o
+
Il

40t + 1

20 h

0 5 10 15 20
Saturation level

Figure 4: v; and v» for which the exponential admissibility is guaranteed as a function of
the control amplitude saturation level

5 Conclusion

This paper dealt with the stability and the stabilization of the class of singular time-delay
systems. A delay-range-dependent exponential stability conditions has been developed for
singular time-delay systems. Also, delay-range-dependent static output feedback controller
with input saturation has been designed for singular time-delay systems and an ILMI
algorithm has been proposed to compute the controller gains. The effectiveness of the
results has been illustrated through examples. As a future work, the following items can
be considered

e The problem of robust stabilization may be addressed. A similar approach to [32]
can be adopted to deal with uncertainties of the polytopic type.

e In [33], two recent proposed simple modifications/generalizations of static output
feedback are investigated. Namely, introducing time-delay in the control law and
making the gain time-varying. Both approaches has been shown to be complementary
and existing results are brought together in a unifying framework. Motivated by this
work, the generalization of our controller should be the subject of a forthcoming
publication.
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e Considering the transfer delays of sensor-to-controller and controller-to-actuator that
appear in many control systems. More attention has been paid to the study of
stability and stabilization of systems with control input delay. This problem has not
been fully addressed for singular time-delay systems.
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