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Abstract

This paper shows that the important result obtained in a static marketing channel,
namely, that the manufacturer can coordinate the channel through a two-part whole-
sale tariff, does not extend to a dynamic setting. The existence of such a coordinated
two-part tariff is shown under the restrictive assumptions of (i) a full commitment by
the manufacturer to the vertically integrated solution; and (%) a retailer that cannot
influence the evolution of the state (brand equity). However, the conclusion is that it
is not in the manufacturer’s best interest to commit.

Key Words: Two-Part Tariff, Marketing Channels, Coordination, Differential
Games.

Résumé

Un résultat important dans les canaux de distribution du type monopole bilatéral
est que le manufacturier peut réaliser, d’'une maniere décentralisée, la solution d’inté-
gration verticale en ayant recours a une tarification en deux parties. Cet article mon-
tre que ce résultat ne se généralise pas a un contexte dynamique. L’existence d’un
tel mécanisme de coordination est montrée sous les hypotheses restrictives suivantes :
(i) le manufacturier se commet & la solution coopérative et (i) le détaillant ne peut
pas influencer I’évolution de 1’état du systéme (le capital de marque). Néanmoins, la
conclusion est que le manufacturier n’a pas d’avantage a le faire.

Mots clés : Tarification en parties, canaux de distribution, coordination, jeux
différentiels.
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1 Introduction

Research on conflict and cooperation in marketing channels has been continuously active
during the last two decades. The marketing science approach typically adopted a static
game theory paradigm with parsimonious models to analyze the interactions between the
manufacturer(s) and the retailer(s). One important research question in this stream is
whether or not one can induce the different players to coordinate their marketing policies.
The motivation here is crystal clear: the lack of coordination in pricing and/or other
marketing instruments damages the profitability of the channel and is detrimental to the
consumer’s welfare. The optimality of a series of mechanisms, e.g. two-part wholesale
tariff, leadership, implicit understanding, cooperative advertising, etc., has been assessed
in different institutional and competitive settings (for a survey, see, e.g., Ingene and Parry
(2004) and Taboubi and Zaccour (2005)).

One important result, achieved by Jeuland and Shugan (1983) and Moorthy (1987), is
that by using a two-part pricing scheme, the manufacturer can coordinate the bilateral-
monopoly channel. This means that, with the right pricing policy, one can reproduce,
in a decentralized way, the optimal collective results of the vertically integrated channel.
These instances, in which the players’ total payoffs are the same under cooperation and
noncooperation, are so rare that this result is, by any measure, remarkable. This naturally
leads us to question the generality of this result. Ingene and Parry (1995a) showed that
it does not extend to the case of one manufacturer serving multiple retailers, because
channel coordination is no longer optimal for the manufacturer acting as a Stackelberg
leader. Ingene and Parry (1995b, 2000) further extended their conclusion to a channel
formed of asymmetric competing retailers who are treated comparably. Recently, Raju
and Zhang (2005) considered a channel with one manufacturer serving a dominant retailer
and a fringe. They showed, contrary to Ingene and Parry (1995a), that coordination of
the channel through a two-part tariff can be beneficial to the manufacturer.

One common feature of the above-cited papers is that they use a static game model.
Although some studies have adopted a differential game formalism to study coordination
in marketing channels, they have considered, with the exception of Jgrgensen and Zaccour
(1999), non-price variables (see, e.g., Chintagunta and Jain (1992) on marketing efforts;
Jorgensen, Sigue and Zaccour (2000) and Jgrgensen, Taboubi and Zaccour (2001, 2003)
on cooperative advertising; Jorgensen, Sigue and Zaccour (2001) on leadership; Jgrgensen
and Zaccour (2003) and Jgrgensen, Taboubi and Zaccour (2006) on incentive strategies;
and Jergensen and Zaccour (2004) for a comprehensive survey). Therefore, the idea of a
two-part tariff has not, to the best of my knowledge, been considered in a dynamic game
context.

Can the result in Jeuland and Shugan (1983) and Moorthy (1987) be extended to a
dynamic setting? This is basically the research question I wish to tackle in this paper.
The main motivation for using a dynamic setting is that some marketing variables have
carry-over effects and that, therefore, a static model cannot capture the whole picture.
For instance, advertising not only affects current sales (a flow), but also feeds the brand
goodwill or brand equity (a stock), which in turn has an influence on sales, pricing, etc.



2 G-2006-20 Les Cahiers du GERAD

Another argument is that partners in marketing channels tend to develop a long term and
evolving relationship. In their seminal paper, Jeuland and Shugan (1983) state that the
channel’s actors necessarily face some trade-offs between short- and long-term objectives
when attempting to coordinate their efforts, and thus, that a dynamic approach is needed
to understand this duality.

Since I will be adding two features to the models in Jeuland and Shugan (1983) and
Moorthy (1987), namely retailer advertising (as well as manufacturer advertising) and
dynamics, it is methodologically (or experimentally) important to be able to separate the
two possible effects. Therefore, I first have to settle the question of whether or not their
result can be generalized to static models where the retailer controls - on the top of the
retail price - other marketing instruments, e.g., advertising. To achieve this, I verify the
following:

Claim 1 Assume that the retailer controls for advertising and retail price. The manufac-
turer can still coordinate the channel through a two-part tariff.

Proof. See Appendix. ]

The above result, albeit generated with a simple example, indicates that the result in
Jeuland and Shugan (1983) and Moorthy (1987) remains valid when the retailer is allowed
to decide on more than one marketing instrument. That being said, I will focus from now
on the dynamic generalizability.

Based on what the static games literature has shown, I state and test the following
conjectures:

Conjecture 1 The manufacturer can coordinate the dynamic bilateral-monopoly channel
through a two-part wholesale tariff.

Conjecture 2 If there exists a two-part wholesale tariff that leads to the same retail price
as in the vertically integrated channel, then the retailer’s other marketing variables will be
set at their coordinated levels.

Conjecture 3 It is profitable to the manufacturer to implement a two-part wholesale tariff.

It is worth noting that Conjecture 1 and Conjecture 3 are related. For the sake of
clarity, I am separating the existence of a coordinating two-part-tariff mechanism from its
profitability to the manufacturer. Clearly, however, the manufacturer will implement such
a pricing device, assuming it exists, only if it is profitable.

The rest of the paper is organized as follows. In Section 2, I introduce a simple model of
the marketing channel. In Section 3, I consider different scenarios and solve the resulting
games. In Section 4, I compare the profits, and in Section 5, I briefly conclude.
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2 The Model

Consider a marketing channel consisting of one manufacturer, denoted M, and one retailer,
denoted R. Suppose that the channel members have an infinite planning horizon, and let
t denote time, t € [0,00) . Let aps (t) represent the manufacturer’s advertising rate, which
influences the brand equity or goodwill, denoted B(t). The retailer invests in promotional
(or advertising) activities at rate ag (t). By the latter, I mean any non-price promotion
action that a retailer typically undertakes, e.g., local advertising, flyers, displays, etc. 1
assume that the cost of advertising or promotion is quadratic and given by

(a (1))

C; (aj(t) = L0,

j=M,R.

This functional form is deliberately simple. The results would remain qualitatively the
same if a general cost function Cj(a;) were adopted, with C} >0, C7 > 0, C;(0) = 0.

The brand equity is assumed to evolve a la Nerlove-Arrow (1962), i.e.,

B(t) = ap (t) +~ag(t) = §B(t), B(0)=By >0 (1)

where § > 0 is a decay rate, and v > 0 is a parameter capturing the impact of the retailer’s
promotional activities on the brand equity. If v = 0, then the retailer’s local marketing
activities do not affect the evolution of B(t).

Denote by p(t) the price to consumer, controlled by the retailer, and by w(t) the man-
ufacturer’s wholesale (or transfer) price. Let the demand function be given by

Q(t) = B(t) — ap(t) + ar(t), (2)

where « is a positive parameter.! In the above sales function, the brand equity corresponds
to potential sales when the price and retailer’s advertising are set equal to zero. The
functional form is in line with the literature, which is replete with linear demand functions.
Note that the two players’ advertising efforts are treated differently. Indeed, the assumption
here is that the retailer’s (mainly local) advertising has an instantaneous effect on demand,
while the manufacturer’s (national) advertising only indirectly affects the current demand,
i.e., through a process of building up the brand equity.

Denote by ¢ > 0 the manufacturer’s constant unit production cost. Letting p be the
constant and positive discount rate, the objective functionals of the manufacturer and the
retailer, respectively, are then as follows:

o0 a 2
Ty = /0 ert ((w(t) —¢) (B(t) — ap(t) + ag(t)) — #) dt, (3)

o) a 2
s = [T (o) - o) (B0 - ap) + n) - T Yar ()

'T suppose a # 0.5 to exclude dividing by zero in some formulas in the sequel.
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When the manufacturer adopts a two-part wholesale tariff, then w(t) will be given by

k
w(B)=c+ —,
Q
where k is a positive constant. Note that this tariff is state-dependent, through @, and is
a quantity-discount pricing scheme. Indeed, for a given k, the higher the quantity ordered
by the retailer, the lower the unit price she pays.

()

To summarize, by (1) and (3)-(4), I have defined a two-player infinite-horizon differential
game with one state variable, B(t), and four control variables: two for the manufacturer
(w(t) > 0,ap(t) > 0) and two for the retailer (p(t) > 0,ar(t) > 0). Henceforth, I will skip
the time argument when no ambiguity may arise.

3 Scenarios and Equilibria

To test the conjectures, I will characterize pricing and advertising strategies for the follow-
ing scenarios:

1. The vertically integrated channel game. This is the benchmark scenario, where the
game is actually converted into a dynamic optimization problem in which the players
maximize the sum of their profits. The optimal policies will be superscripted by I
(for integration).

2. The noncooperative game with two-part tariff. The game is played noncooperatively,
with the wholesale price policy given by the two-part tariff in (5). The feedback Nash
equilibrium is characterized and the equilibrium strategies are superscripted by N
(for Nash).?

3. The commitment game. The assumption here is that the manufacturer commits to
her part of the cooperative solution, i.e., she implements the strategy (w (B),al, (B )),
where the transfer price w (B) is given by (5) and the advertising strategy af, (B)
is the optimal advertising policy in the vertically integrated channel scenario. The
retailer determines her optimal price and advertising level, taken into account the
manufacturer’s announcement. The results are superscripted by C' (for commitment).

Comparing the strategies obtained in the first two scenarios will enable me to test the
first conjecture. Indeed, if the results coincide, this will verify the conjecture stating that
full coordination can be reached in a decentralized way with a two-part tariff. Further,
if the results coincide, in terms of the retail price and the retailer’s advertising strategy,
then the second conjecture would be verified. Comparing the manufacturer’s outcomes will
allow to testing the last conjecture. The third scenario is of interest only if coordination
cannot be obtained as an equilibrium, as will actually be the case.

2Tt will be shown later that feedback Nash equilibrium and feedback Stackelberg equilibrium coincide.
Therefore, it does not matter which mode of play is selected.
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It will become apparent that the parameter + plays an important role. Indeed, some of
the qualitative conclusions are different depending on whether or not  is strictly positive,
meaning that the retailer’s advertising affects the evolution of the state.

3.1 Results in the General Case

In this subsection, the assumption is that v > 0. I first characterize the optimal solution
for the vertically integrated channel.

Proposition 1 Assuming an interior solution, if the channel is vertically integrated, then
the optimal pricing and advertising policies are as follows:

Btca-1)+v(p1B+¢)

I
B) —
p (B) Ba—1) ;
B — ac+2a7y (1B + p2)
“h(B) = Tt ),
a{M(B) = ‘PlB—F‘P%

where the constants @1, ps, and @3 are given by

(26 + p) (20— 1) = 2y /(26 + p) (20— 1) — 29)* 4 (2072 + 20 — 1)

L 2 (2072 + 20 — 1) ’
oy — ac(ye1 +1)
(2072 +2a— 1)1 — (0 +p) 2a— 1)+’
- (,0% (272 + 2a — 1) — 20792 + a*c?
3 .

22a—1)p

The channel’s value function is given by

1
V(B) = 5(,0132 + o B + 3.

Proof. See Appendix. ]

To interpret the optimal advertising policies, I first recall that the first-order optimality
conditions are given by
B — ac+2ayV’

(2a — 1)

The condition for optimal ar can be rewritten as

,ay =V

aR —

B—ac+~AV'

I /
2a—1) +V' =p—c+~V.

aR =
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This says that optimal advertising is determined by the familiar rule of marginal cost,
given here by ap, equals marginal revenue, which is the sum of the instantaneous direct
marginal revenue (p — ¢) and the indirect one (yV’). The last term corresponds to the
shadow price V’/ multiplied by the marginal variation of the state dynamics with respect
to ar. The optimal level of the manufacturer’s advertising is determined by equating the
marginal cost (aps) to the marginal benefit, given by V’. Recall that the demand function
does not directly depend on ap; and that, therefore, the marginal benefit results only from
variations in the brand equity.

Given the optimal policies in the vertically integrated channel, the next step is to check
if these results can be replicated in a decentralized way. The following proposition shows
that the answer is no.

Proposition 2 A feedback Nash equilibrium with the manufacturer implementing a two-
part tariff does not coincide with the vertically integrated channel solution.

Proof. See Appendix. ™

Before commenting on this result, I would like to verify if a manufacturer dedicated to
cooperation could change the result, i.e., coordinate the channel.

Proposition 3 Assume that the manufacturer commits to her part of the vertically inte-
grated channel solution, i.e., announces and implements (w(B),a};(B)) = (c+ %, 1B +

©v2), and that the retailer optimizes her own payoff. The resulting solution does not coincide
with the vertically integrated channel solution.

Proof. See Appendix. ™

Table 1 compiles the strategies in the three scenarios.

The above two propositions and the strategies in Table 1 allow the following conclusions:

Table 1: Strategies in the different scenarios (v # 0)

Vertical Nash with M commits
integration (VI) two-part tariff to VI
B+c(a—1)+yV’ B+c(a—1)+7Np B+c(a—1)+~CF
p (2a—1) Za-1) a-1)
(2a—-1)k 2a—1)k
w B c+ a(B—ac) c+ a(B—ac)
ap Vv’ Ny, 14
B—act+2ayV’ B—act+2ayNj, B—ac+2ayCT,
aR a-1) Za-1) Za—1)
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1. A two-part wholesale tariff does not lead to the vertically integrated solution. This
means (i) that full coordination cannot be achieved in a decentralized way; and (ii)
that the result obtained by Jeuland and Shugan (1983) and Moorthy (1987) for static
marketing channels does not extend to dynamic setting. This clearly indicates that
Conjecture 1 is not verified.

2. Given that a two-part wholesale tariff policy does not lead to the vertically integrated
retail price, the second and third conjectures are immaterial. However, they will
become relevant in the special case dealt with in the next section.

3. Note that replacing the symmetric information structure assumption, which is inher-
ent to the Nash equilibrium, by an asymmetric one, and thus adopting a feedback
Stackelberg equilibrium with the manufacturer as leader, does not change the con-
clusion of Proposition 2. Indeed, given the structure of the model, i.e., the fact that
the manufacturer’s advertising affects the retailer’s payoff only indirectly (through
the brand equity) and given the linear form of the state equation, it can be shown
that feedback Nash and feedback Stackelberg equilibria coincide.?

3.2 Specific Case Results

Given the impossibility of achieving coordination through a two-part tariff in a general
setting, one may wonder if there exist circumstances that would make this feasible. A
good potential case is one in which the retailer’s advertising does not have an impact on
the evolution of the brand equity, i.e., v = 0. In this subsection, I analyze this case. I first
state the following corollary to Proposition 1. (All results are tilded to distinguish them
from those obtained in the case of v > 0).

Corollary 1 For v = 0, the optimal policies in the vertically integrated channel become

_ B+cla—-1) B—ac _;

ﬁI(B)_ (20[—1) > aR(B):m’ aM(B):‘:ElB_‘_@?’

3To see it, assume that the manufacturer is the leader and announces the strategy (c+ %7 am(B)). The
retailer takes this into account in her optimization. Denote by Wgr(B) the retailer’s HIB equation in this
game. It reads as follows

2
pWr = _max (—k +(p—c)(B—ap+agr)— % + Wg (am(B) +vyar — 6B)) .

p>0,ar >0
Differentiating the right-hand side with respect to p and ar and equating to zero yields

_ B+c(a—1)+9Wg
po= 2a —1) ’
B — ac+ 2ayWg,

(2a—1)

aRr =

Clearly, the leader’s control does not appear in the above reaction functions, and hence, Nash and Stackel-
berg equilibria will coincide. Therefore, one should not worry here about the particular choice of information
structure.
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where @1 and Qo are given by

_ 26 + 26 4 p)° 1
5 = (20+p) _ [(20+p) ,
2 4 2a—1)
- ac
Y2 = = .
(2a—1) (g1 — (6 +p))
Proof. It suffices to set v = 0 in Proposition 1 to get the result. [

The following two propositions are counterparts to Propositions 2 and 3 for the partic-
ular case of v = 0.

Proposition 4 Let v = 0 and assume that the manufacturer uses the two-part wholesale
tariff w(B) = ¢+ % The feedback Nash equilibrium is given by

M) = TRt ae) - o

N (2a — Dk ~N
B) = R S—— B) = (2§ B

w ( ) C+Oé(B—OéC)7 aM( ) ( +p) )

and it does not coincide with the vertically integrated channel solution. The manufacturer’s

value function is given by

Na(B) = @BQ + %. (6)

Proof. See Appendix. [

Proposition 5 Let v = 0 and assume that the manufacturer commits to her part of the
vertically integrated channel solution, i.e., implements (w(B),a},(B)) = (c+%, P1B+2),
and that the retailer optimizes her own payoff. The resulting solution coincides with the
vertically integrated channel solution.

Proof. See Appendix. [

These propositions show that only in a very specific context can coordination be reached
in a decentralized way. Indeed, it takes (i) a manufacturer dedicated to cooperation; and
(ii) a retailer who cannot affect the evolution of the brand equity. Requirement (i) can
be dealt with in a simple manner. Since by definition the players are rational, it seems
reasonable to believe that the manufacturer would be willing to commit to coordination if
it pays to do so. I shall deal with this in the next section. Condition (ii) is an empirical
matter. An intuitive conjecture here is that one can find examples of products for which the
retailer’s commercial policies do have an impact on the equity of the manufacturer’s brand,
and other products for which they do not. Further, when the retail price is coordinated
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Table 2: Strategies in the different scenarios (v = 0)

Vertical Nash with M commits
integration (VI) two-part tariff to VI
B+c(a—T1) B+c(a—1) B+c(a—1)
p Za—1) Za—1) Za—1)
a1k Ca-Dk
B c+ a(%—ac) c+ a(%—ac)
an $1B + P2 (20 +p) B 018 + &9
B—ac B—ac B—ac
ar 2a-1) 2a-1) 2a-1)

through a two-part tariff, the retailer also selects the coordinated strategy for advertising
(see Table 2). Therefore, if the retailer cannot influence the dynamics of the system, then
Conjecture 2 is verified, and the result for static games, stated in the introduction, holds
true for a dynamic one.

4 Profit Comparison

I turn now to the issue of the profitability of the two-part tariff policy for the manufacturer
(and respond to the only remaining question, i.e., the testing of Conjecture 3).

The following proposition prescribes to a manufacturer using a two-part wholesale pric-
ing policy not to stick to her part of the cooperative solution when it comes to deciding
on the advertising strategy. The proof below provides the reason for this.

Proposition 6 When the manufacturer implements a two-part wholesale tariff, she is
better off advertising at the moncooperative level than adopting the channel-coordinated
advertising strategy.

Proof. The strategies in the second and third columns in Table 1 show that the only
difference is in the advertising policy. In the third scenario, the manufacturer is not an
optimizer: she simply implements her part of the coordinated strategy. In the second
scenario, she optimizes her payoff. If playing the coordinated advertising policy an/(B) =
1B+ @2 were optimal to her, then it would have been part of the Nash equilibrium (which
coincides with the Stackelberg equilibrium). Hence, the result. [

The total profit collected by the manufacturer in the Nash with two-part tariff scenario
is given by

k

2
(5+P)Bg+;7

4
that is, her value function evaluated at initial state By. Can the manufacturer do better

by using a one-part wholesale tariff? This question is of interest for two reasons. First,
there is no rationale for implementing a two-part tariff if one can do better by using a plain

Ny (Bp) =
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one-part price. Second, a two-part tariff is a price discrimination device that may not be
easily implementable in practice.

To conduct this exercise, I will assume that the benchmark payoff is the one correspond-
ing to a Stackelberg feedback equilibrium with the manufacturer as leader. Therefore, the
latter announces the strategy pair (w(B),aps (B)), i.e., a one-part wholesale tariff and an
advertising strategy, and the retailer reacts by optimizing her profit. Note that this infor-
mation structure has often been adopted, implicitly or explicitly, in the marketing science
literature. The following proposition characterizes the Stackelberg equilibrium strategies
(superscripted by S).

Proposition 7 Let v = 0 and assume that the game is played a la Stackelberg with the
manufacturer as leader. Then, the feedback equilibrium pricing and advertising strategies
are as follows:

o) = PR el ) = s
i (B) = (XIB + X2> . @°(B) = B;rao‘c.
The manufacturer’s value function is given by
Su(B) = %:\132 +XoB + As, (7)
where
- (25+p)i\/(25+p)2_ L
2 4 2(2a— 1)
Xy = ac v _at? ﬁ
220 1) (M = (64 p)) 4p(2a—1)  2p
Proof. See the Appendix. [

When we compare these strategies to their two-part-tariff counterparts (second column
of Table 2), we see that they are different in all respects. To compare the total payoffs
secured by the manufacturer in these two games, it suffices to compute the difference in
the two value functions in (6) and (7) evaluated at initial state By, that is,

T 9 ac

f(Bo) = Sur(Bo) = Nua (Bo) = 5. B3 ~ oy g

|20+ p)? 1
T 1 2@a-1)

1
B0+_(y_k)7
p

where
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y g

a?c? (20— 1) (p+2x)* 42
2(2a — 1) (p+ 2x)? '

Given that z is positive (otherwise the advertising strategy would not be real numbers-
see the expression of \; in Proposition 6), the coefficient of Bg is negative. The sign of
By depends on the value of a. It is positive for a > 1/2 and negative for « < 1/2. The
following cases are thus possible:

1. Ifa>1/2 and (y — k) <0, then f(Bp) <0 for all By > 0.
2. If «>1/2 and (y — k) > 0, then

>0, for By € [O,Bo]
f(BO) { < 0, for BO > BO ’

where By is the positive root of f(Bg) and is given by

_ ac 1 ac 2 oy
b= Ga o) +E\/<(2a— 0 (p—l—2:n)> W=k

3. f « <1/2 and (y — k) > 0, then

2 07 for BO € [OaB(/)]
f(BO){ <0, for By > B}

where

/ ac 1 ac 2 o
b= r o) +E\/<(2a— 0 (p—l—2:n)> W=k

4. If a < 1/2 and (y — k) < 0, then

>0, for By € [0,B{]
f(BO){ <0, for By > B

where

” ac 1 ac 2 9
BO_$(2a—1)(p+2gp)+E\/<(2a_1)(p+2$)> +?(y_k).

Therefore, if @ > 1/2 and (y — k) < 0, then the manufacturer is better off using a
two-part wholesale tariff than using a one-part tariff. In all other cases, the one-part-tariff
policy is optimal for the manufacturer only if the initial brand equity is "low”. In any
event, the qualitative message is that a two-part-tariff policy is not necessarily better for
the manufacturer than its one-part-tariff counterpart.
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5 Concluding Remarks

The main conclusions of this paper are:

1. There is no two-part-tariff mechanism that leads, in equilibrium, to channel coordi-
nation.

2. The only context - which is however not an equilibrium - in which the existence of
such a mechanism can be shown to exist is one where the manufacturer fully commits
to the vertically integrated solution and the retailer cannot influence the dynamics
of the system.

3. Even when the manufacturer can induce the retailer to implement, through a two-part
tariff, the optimal retail price and the optimal advertising policy, it is not beneficial
for the manufacturer to fully coordinate the channel, i.e., it is profitable to the
manufacturer not to implement her coordinating advertising policy.

4. The manufacturer is not necessarily better off with a two-part-tariff policy than with
a one-part tariff. The outcome of the comparison of the payoffs depends on the initial
value of the brand equity and on the values of the model’s parameters.

The main implication of these results is methodological; one should not take it for
granted, qualitatively speaking, that a result obtained in a static game framework is gen-
eralizable to a dynamic game one. The lack of generalizability of results obtained in a dyad
to multiple retailers and /or multiple manufacturers, and the lack of generalizability along
the static-dynamic line seem to indicate that the coordination of the marketing channel is
a real puzzle.

Appendix A

Proof of Claim 1. To illustrate, I will consider a very simple model. Let the demand @
be given by the following multiplicative function:

Q: (O'—fp)a}z, O->07£ >07
where p is the retail price and ar the retailer’s marketing effort (e.g., advertising).

The advertising cost is quadratic and given by 1/ 2ga%, g > 0. The payoffs of the players
are as follows:

Manufacturer: v = (w—c) (o —&p)ar,
Retailer: 7R = (p—w) (0 — €p)ag — 1/2ga%,
where c¢ is the unit production cost.

It is easy to verify that the vertically integrated channel solution is given by

_o+é&c _(0—56)2
p= f s aR—74£g . (8)
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Now, assume that the manufacturer announces the two-part wholesale tariff

k
w=c+—=, k>0.
Q

The retailer’s payoff is then given by
mr=(p—c) (0 —&p)ar — k — 1/2ga%.

Differentiating with respect to p and agr, equating to zero, and solving yields the same
solution as in (8). Hence the claim. ]

Proof of Proposition 1. Denote by V(B) the channel’s value function. The Hamilton-
Jacobi-Bellman equation is given by

2 2

= — — _ % ARy _
PV = o0al8 o [P~ B maptar) = 55 = oh 4+ Vilaw +yar = 0B) | (9)

Differentiating the right-hand side with respect to the three control variables and equating
to zero gives

B+cla—1)+~V’

(2 — 1) ’
an - B — ac+ 2ayV’
(2a—1)
ay = V,.

Substituting in (9) and rearranging terms leads to

— ac 2 !
V= (2?20[ — 1)) + (23‘1 0 (V' + B —ac) +1/2 (V’)2 — 6BV, (10)

I conjecture a quadratic value function given by

1
V(B) = 5(,0132 + o B + 3.

Substituting V and V' by their values in (10) yields

1 B+
p <§<PIB2 —I—QDQB—I-(,D:J,) %(a7(¢13+9&2) + B — ac)?
B — ac)?
+ﬁ +1/2(p1B + ¢2) — 6B (p1B + 2) .

By identification, and after rearranging terms, I get the following system:

e (2072 +2a—1) — 1 (26 +p) 2a—1) —27) +1 = 0,
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P12 (2077 +2a—1) — @2 (6 +p) 2a—1) —7) —ac(ypr +1) = 0,
2 (2a — 1) pip3 — 3 (2@72 + 20 — 1) + 2acyps — ac?

Solving the first equation gives the following for ¢1:

(25 + p) (20— 1) — 29) £/ (264 p) (20— 1) — 29) — 4 (207 + 20 — 1)
2(2av2 +2a—1) ’

$1 =

provided that (2@72 + 200 — 1) # 0. By substitution, one gets @9 and 3.

Note that one must usually conduct a stability analysis to choose the right root for ;.
Since the objective here is to see if a two-part tariff can lead to the coordinated tariff, there
is no need to do so here, since I can always impose restrictions on the parameters in order
to get stability. [

Proof of Proposition 2. Denote by Ny (B) and Ngr(B) the HIB equation of the man-
ufacturer and the retailer, respectively. They are given by

2
pNy = max <k—a—M+N]'V[(aM+’yaR—5B)>,
an >0 2
2
a
pNrp = max <—k:+(p—c)(B—ozp+aR)——R—I—N}'%(aM+7aR—5B)>.
p>0,ar>0 2

Maximizing the right-hand side of the manufacturer’s HJB with respect to aps and the
retailer’s HJIB with respect to p and ar gives

ayr = ﬁm%
B+ c(a— 1) + N
b (20 — 1) ’
B — ac+ 2ayNy,
arp =
(2a — 1)

If this solution is to coincide with the integrated-channel one, then it must hold that

<N/:¢HB-%¢2:]WV::N§.

Substitute in the HIJB function for apy = Nj, and ag = B_(?;;riw to get
(N} B — ac+ 2ayN},
Ny =k N — 0B ).
PNM Ty T M (Y 2a-1)

Assuming that NJ’W = 1B+ o, Ny = %@132 + o B + z3, where z3 is a constant, and
N}, = ¢1B + 2 and substituting in the above equation yields

(1B + p2)?

5 — 0B (1B + ¢2)

1
p <§¢1BQ + B+ 2’3> = k+
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v (p1B + ¢2)
— (B - 2 B .

By identification and after rearranging terms, I get
02 (4072 + 20— 1) — o1 (20 + p) (20 — 1) — 29) = 0,

The two possible solutions for ¢ are

(26+p) (20 1) — 29

— 0 —
oL or e (day? + 20— 1)

Since neither corresponds to the value obtained for ¢ in the vertically integrated case,
one concludes that the two solutions do not coincide. ]

Proof of Proposition 3. Denote by Cr(B) the retailer’s value function. The manufac-
turer announces the pair (w(B),ay(B)) = (¢ + %, ©1B + p2). Taking this into account,
the retailer’s HJB equation then reads as follows:

a2
pCr = max <—k:+(p—c)(B—ap—|—aR) — 24 Ch(p1B+ o —|—7aR—5B)> .
p>0,ar>0 2
(11)

Differentiating the right-hand side with respect to p and ar and equating to zero yields
B+ c(a—1)+~Ch

(2a — 1) ’
op — B — ac+2ayCh
(2a—1)
Inserting in (11) gives
1 2 2 (2 /

—I—C}% (1B + ¢2) — 5BC§% — k.
I conjecture the following quadratic value function:

1
Cr(B) = 59132 + 628 + 6s.

Substituting for Cr and C% in (12), T get

[2@’)/2 (01B 4 62)* + (B — ac)® + 2y (B — ac) (61 B + 65)
220 — 1)
+ (018 + 62) (p1B + p2) — 6B (018 + 02) — k.

1
p <§9132 +602B + 93> =
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By identification, and after rearranging terms, I obtain the following system:

207207 — 01 (2 — 1) (26 + p — 2p1) — 27) + 1 =0, (13)
26016207 + 01 (92 (200 — 1) — aey) = 02 (2 = 1) (5 4+ p— 1) —7) =0, (14)
2 (200 — 1) (pf3 — 209 + k) — 20726035 — a2c% + 2acyfy = 0. (15)

Solving the first equation gives the following for 6;:

(20 4+p—2¢1) (20— 1) =2y £ \/((26 +p—2p1) (20— 1) = 27)° = 8ar?
. .

0 =
1 dary

By substitution, I obtain the values of > and 63 :

01 (p2 (2o — 1) — acy)
2a—1) (6 +p—¢1) — 201a7* — 7’
2 (2a — 1) (B2p2 — k) + 207203 + a2c? — 2acyby
2p (2 — 1) ’

Oy =

05 =

Now, the retail price and the retailer’s advertising policies will be identical in both
scenarios if and only if ¢1 = 01 and @9 = 5. Indeed,

v Btcla—1)+v(p1B+y2)  Bcla—1)+7(01B+ )
peo=re (20 — 1) - (20 — 1)
& (p1B+¢2) = (01B+ 02)
B —ac+2ay(p1B+¢p2) B —ac+2ay (618 +02)
(2a — 1) B (2a — 1)
& (p1B+¢2) = (01B+ 02)

ap = ap<

It suffices to show that 61 # 1 to get the result. Recall that these two value functions’
parameters are the solutions to the following equations:

e (2072 +2a—1) —p1 (26 +p) 2a—1) —=29)+1 = 0 (16)
207207 — 01 (20— 1) (26 +p—2p1) —27) +1 = 0 (17)
Assume that #; = ¢ and compute the difference between the two equations. This gives
(16) — (17) = 3 (2a — 1) £ 0.

Recalling that o # 0.5, therefore, pricing and advertising strategies are not the same in
the two scenarios. Hence the result. ]
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Proof of Proposition 4. Denote by Ny (B) and Ng(B) the HIB equation of the man-
ufacturer and the retailer, respectively. They are given by

~ 2 ~
pNy = max <k‘—a—M—|—NJ/V[ (aM—5B)>,
an >0 2
2
Ve — _ _ _ _ %R N _
pNg = p>%}(?1§>0< kE+(p—c)(B—ap+ag) 5 + Np (anm 6B)>.

Maximizing the right-hand side of the manufacturer’s HJB with respect to ap; and the
retailer’s HJIB with respect to p and ar gives

aprr = NJ/\/D
B+ c¢(a—1)
b= T@Qa-1
_ B-ac
N Gy

Substituting for aps from above in the manufacturer’s HJB leads to

pNuyr = k‘—l—(Ni/[> — BN},

I conjecture the quadratic value function

1
Ny = 5{)132 + U9 B + v3.

Substituting for Nj; and N 3 in the manufacturer’s HJB equation and identifying the
parameters yields the following system:

P 1

~92 ~

51)1 = 51)1 — 001,

ply = U102 — 002,
N 1.

pU3 = k+ gvg.

It is easy to check that the above system has two solutions: (01, 09,03) = (0,0,k/p) and
(01,02,03) = (20 + p,0,k/p) . I retain the second solution because it provides a higher
total payoff to the manufacturer. The total payoff is given by the value function evaluated
at the initial state By, that is,

. 1
Nug = 5 (20+ p) B3 +k/p.
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The advertising and the wholesale tariff are given by

B 2a+1)k
v a(B—ac)

Comparing the Nash equilibrium to the vertically integrated solution in Corollary 1 shows
that they are not the same. [
Proof of Proposition 5. Setting v = 0 in Proposition 3 yields

_B+C(a—1) ~C B—OZC ~C

7°(B) T Ga-1) ap( ):ma ay

(B) = QEIB + (1527
with the constants @1, P2, and @3 given by

@1::(%+pxt¢@5+m2 1

2 4 (2a-1)
_ ac @3 (2a — 1) + a?c?

2T B DG o0 BT 2@a- D

Clearly, the above strategies are the same as the ones in Corollary 1. The wholesale
two-part tariff is given by

C B ko 2a+1)k
w (B)—C—Fé—c—Fm

Proof of Proposition 6. Denote by Sg(B) the retailer’s value function. Her HJB equa-
tion is given by

a% -
pSr = max <(p—w) (B—ap+ag)— TR‘FS}g (aM—éB)> . (18)

Differentiating the right-hand side and equating to zero provides the following reaction
functions:

plusan) = plu) = SO0, (19)
arp(w,ap) = aR(w):(B;a_i_a;U). (20)

The manufacturer’s HJB equation is given by

2

G, — _ _ _ Mg _
pSM—wZ%}C&LLﬁZO (w—c)(B—ap+agr) 5 + Sy (am —0B) | .
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Substituting from (19)-(20) for the values of p and ap leads to

- a(w—c)(B—aw)_@ ~, B
pSn = wz%fﬁzo (Za— 1) 5 + Sy (apr —0B)| . (21)

Differentiating the right-hand side with respect to w and aj; and equating to zero gives

w B + ac
N 2a
ay = Sy
Substituting in (21) leads to
NS
!
e () o

= —6BS),. 22
PIM = a1y T 2 Su (22)

I conjecture a quadratic value function of the form

1- - -
Sur =5\ B* + 2B + s,
Then (22) can be written

1 o % ~ _(B—ac)2 1 /- ~\2 ~ ~
p<2)\1B +>\2B+>\3> ~4@a-1 "3 <A1B+)\2) B ()\134—)\2).

By identification, I get the following system:

Py 1 150 3
Ll — )\ — 2
2A1 4(2C¥—1) +2>\1 5A17 ( 3)
~ —ac ~ o~ ~
p)\2 = 72 (2a — 1) —+ )\1)\2 — (5)\2, (24)
~ a?c? 1~
Ao = —— — 4 )2 25
PA3 4(205 — 1) + 2 2 ( )
Solving the first equation gives
2
5\1:(25—#/))i (20 +p)° 1 ‘
2 4 2(2a—1)

It suffices to proceed by successive substitution to get Ao and \s. [
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