
Les Cahiers du GERAD ISSN: 0711–2440

Complete polyhedral description of chemical graphs of
maximum degree at most 3

V. Dussollier, S. Bonte, G. Devillez, A. Hertz, H. Mélot, D. Schindl
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Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2025-43) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grâce
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– Bibliothèque et Archives Canada, 2025

The publication of these research reports is made possible thanks
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Abstract : Chemical graphs are simple undirected connected graphs, where vertices represent atoms
in a molecule and edges represent chemical bonds. A degree-based topological index is a molecular
descriptor used to study specific physicochemical properties of molecules. Such an index is computed
from the sum of the weights of the edges of a chemical graph, each edge having a weight defined by a
formula that depends only on the degrees of its endpoints. Given any degree-based topological index
and given two integers n and m, we are interested in determining chemical graphs of order n and size
m that maximize or minimize the index. Focusing on chemical graphs with maximum degree at most
3, we show that this reduces to determining the extreme points of a polytope that contains at most
10 facets. We also show that the number of extreme points is at most 16, which means that for any
given n and m, there are very few different classes of extremal graphs, independently of the chosen
degree-based topological index.

Keywords : Chemical graphs, degree-based topological index, extremal graphs
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1 Introduction

Graph-theoretic descriptors, known as topological indices, play a fundamental role in mathematical

chemistry by capturing structural properties of molecules and predicting their physicochemical be-

haviors [12, 22, 23, 32, 38–40]. As their name suggests, these indices depend on the structure of

the molecules when modeled as a connected simple undirected graph, with the vertices representing

the atoms and edges representing the chemical bonds. A common class of topological indices, called

degree-based topological indices are computed as the sum of the weights of the edges of a graph, each

edge having a weight defined by a formula that depends only on the degrees of its endpoints. As a

consequence, considering the partition of the set of edges where each block consists of edges having the

same two endpoints degrees, a degree-based topological index can be viewed as a linear combination

of the block sizes of this partition.

One of the first and most popular degree-based topological indices is the Randić connectivity

index [48], introduced in 1975. Since then, numerous such indices have been defined. They were cate-

gorized for the first time as degree-based in 2013 in [29], where the author describes and compares the

most important of them, in particular regarding their correlations with physico-chemical parameters.

As he claims, “To use a mild expression, today we have far too many such descriptors, and there

seems to lack a firm criterion to stop or slow down their proliferation.” In light of their links with

physico-chemical properties, it is a natural question to ask what are the minimal or maximal values

these indices can take. These questions have given rise to a large number of publications [2–6, 9–

11, 13–17, 19–21, 24, 25, 27, 28, 30, 31, 34–37, 42–45, 47, 49, 50, 53–57]. In some of these papers,

the index is optimized over the set of all graphs or all connected graphs. However, since degree-based

topological indices concern physico-chemical properties of molecules, it is natural to narrow their study

to chemical graphs that we now define.

As pointed out by Patrick Fowler [26], and as mentioned in [7], two definitions of chemical graphs

appropriate to different kinds of carbon framework can be found in the literature. Chemical graphs

can be regarded as the skeletons of saturated hydrocarbons (such as alkanes), which implies that the

maximum degree in such graphs is at most 4. If instead the interest is in (unsaturated) conjugated sys-

tems, such as alkenes, polyenes, benzenoids [41], and fullerenes [51, 52], then the chemical graphs that

model such compounds have maximum degree at most 3, since a conjugated carbon atom participates

in at most three single bonds.

In this paper, we restrict our attention to chemical graphs with maximum degree at most 3. The
main practical outcome of this paper, is that for any degree-based topological index and any given

values n and m, we are able to give the maximum and the minimum values that the index can take

over the set of all chemical graphs with n vertices and m edges (provided that such graphs exist),

together with a characterization of the set of graphs reaching these optimum values.

1.1 Our approach

For a graph G and two integers i, j with 1 ≤ i ≤ j, an ij-edge in G is an edge with endpoints of degree

i and j, and we denote mij the number of ij-edges in G. A degree-based topological index is a linear

function of the form
∑

i≤j cijmij , where cij is any real number. For example, the Randić index has

cij =
1√
ij
. Assuming that G is connected, of order at least 3, and of maximum degree at most 3, only

5 of the mij values can be strictly positive, namely m12, m13, m22, m23, and m33. Moreover, as will

be explained in Section 2, fixing n and m reduces the degrees of freedom by 2 and we therefore work in

a 3-dimensional space spanned by three of the five variables of interest. We have chosen m12, m13 and

m33, and we say that a triplet (m12,m13,m33) is realizable for (n,m) if there is at least one connected

graph of order n, size m, maximum degree at most 3, and with exactly m12 12-edges, m13 13-edges,

and m33 33-edges.
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The linearity property of degree-based topological indices together with the aim of finding extremal

values for them hinted us to carry out a polyhedral study of chemical graphs of maximum degree at

most 3. Indeed, once we know how a polyhedron looks like, it is a trivial task to optimize a linear

function of the underlying variables over that polyhedron. In our analysis, we partition the set of

all possible combinations of n and m into 96 cases. In each of these cases, we explicitly describe

the polytope Pn,m given by the convex hull of all points (m12,m13,m33) that are realizable for the

corresponding pair (n,m).

As will be shown all these polytopes contain at most 10 facets and at most 16 vertices. Concretely,

this means that for any given n and m, there are very few different classes of extremal graphs, indepen-

dently of the chosen degree-based topological index. This provides insight into why only a few graph

families are sufficient to characterize the extremal graphs of many different degree-based topological

indices, as was observed in [7].

1.2 Structure of the paper

Our paper is organized as follows. In Section 2, we introduce some basic definitions and notations. In

Section 3, we explicit all cases where the polytopes Pn,m are degenerated, i.e. not 3-dimensional. In

Section 4, we give a list of 21 inequalities on m12, m13 and m33, each with associated conditions on n

and m. For each of these inequalities we show that they are valid for all chemical graphs of maximum

degree at most 3 with n vertices and m edges, such that n and m satisfy the associated conditions. In

Section 5, we give a list of 23 points (m12,m13,m33), each with its associated condition on n and m to

be realizable for (n,m). In Section 6, we show that the inequalities introduced in Section 4, subject to

their respective conditions on n and m, are actually facet defining and induce bounded polyhedrons. In

Section 7, we partition the set of all possible combinations of n and m into 96 cases, and for each case,

we explicitly give the set of facets and the set of extreme points that define the associated polytope

Pn,m. In Section 8, we illustrate by an example how to apply our characterizations to find the optimal

value of a degree-based topological index. Finally, we discuss in Section 9 how to extend our results

to chemical graphs of maximum degree at most 4.

2 Basics and notations

As mentioned in the previous section, we denote mij the number of ij-edges in G. Let ni be the

number of vertices in G of degree i. A chemical graph of order n and size m is a connected graph with

maximum degree at most 3. If n ≤ 2 then the cliques of order 1 and 2 are the only chemical graphs

of that order. Thus, in the following, we only consider chemical graphs with at least 3 vertices, which

gives

2 ≤ n− 1 ≤ m ≤ min

{⌊
3n

2

⌋
,
n(n− 1)

2

}
. (1)

Since chemical graphs are connected, Inequations (1) imply m11 = 0. Hence, a chemical graph can

have at most 5 nonzero mij values, namely m12,m13,m22,m23 and m33. We therefore have:

n1 = m12 +m13 (2)

n2 =
m12 + 2m22 +m23

2
(3)

n3 =
m13 +m23 + 2m33

3
(4)

n = n1 + n2 + n3 =
3

2
m12 +

4

3
m13 +m22 +

5

6
m23 +

2

3
m33 (5)

m = m12 +m13 +m22 +m23 +m33. (6)
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Note that knowing n, m and three of the five mij values, we can deduce the other two. We

have chosen to describe each chemical graph using m12, m13 and m33. It follows from Equations (5)

and (6) that the other two values are obtained as follows:

m22 = 6n− 5m− 4m12 − 3m13 +m33 (7)

m23 = 6m− 6n+ 3m12 + 2m13 − 2m33. (8)

This leads to the following definitions.

Definition 1. A point (m12,m13,m33) is realizable for a pair (n,m) if there exists a graph of order n

and size m with m12 12-edges, m13 13-edges and m33 33-edges.

Definition 2. Let n and m be two integers satisfying (1). The associated polytope Pn,m is the convex

hull of all points (m12,m13,m33) that are realizable for (n,m).

Note that a point of Pn,m possibly corresponds to several chemical graphs. For example, the two

non-isomorphic chemical graphs of Figure 1 both correspond to point (1, 0, 0) in P6,6.

Figure 1: Two non-isomorphic chemical graphs with coordinates (1, 0, 0) in P6,6

In view of Definition 2, we consider that a full-dimensional polytope Pn,m is of dimension 3. Note

that given a degree-based topological index f with cij values, we have:

f(G) =c12m12 + c13m13 + c22m22 + c23m23 + c33m33

=c12m12 + c13m13 + c22(6n− 5m− 4m12 − 3m13 +m33)

+ c23(6m− 6n+ 3m12 + 2m13 − 2m33) + c33m33

=(c12 − 4c22 + 3c23)m12 + (c13 − 3c22 + 2c23)m13 + (c22 − 2c23 + c33)m33

+ (6n− 5m)c22 + (6m− 6n)c23.

Hence, maximizing or minimizing f(G) over all chemical graphs of order n and size m is equivalent

to maximizing or minimizing the linear function c′12m12 + c′13m13 + c′33m33 in Pn,m, where

• c′12 = c12 − 4c22 + 3c23,

• c′13 = c13 − 3c22 + 2c23,

• c′33 = c22 − 2c23 + c33.

3 Degenerated polytopes

In this section, we describe degenerated polytopes, i.e., all polytopes of dimension < 3. As shown in

Section 7, the other polytopes are full-dimensional. Some graphs mentioned in this section are shown

in Figure 2.

P3 K3 diamond claw flag chairP4 P5C4
(0,0,0) in 3,3 (0,0,1) in 4,5 (0,3,0) in 4,3 (2,0,0) in 4,3

(0,0,0) in 4,4 (0,1,0) in 4,4 (1,2,0) in 5,4 (2,0,0) in 5,4(2,0,0) in 3,2

Figure 2: Some special graphs with their coordinates in a degenerated polytopes



Les Cahiers du GERAD G–2025–43 4

3.1 0-dimensional polytopes

Pn,m is a 0-dimensional polytope, if it contains only one point. This is the case for (n,m) = (3, 2), (3, 3)

and (4, 5). Indeed, P3 is the only point with coordinates (2, 0, 0) in P3,2, K3 is the only point with

coordinates (0, 0, 0) in P3,3, and the diamond is the only point with coordinates (0, 0, 1) in P4,5. Other

0-dimensional polytopes appear when m = ⌊ 3n
2 ⌋:

• if n is even, then the only point in Pn,m is (0, 0, 3n
2 ), and all connected cubic graphs of order n

have these coordinates.

• if n is odd, then the only point in Pn,m is (0, 0, 3n−5
2 ), and all connected graphs of order n with

one vertex of degree 2 and n−1 vertices of degree 3 have these coordinates. They can be obtained

from a cubic graph with n− 1 vertices by subdividing one of its edges into two edges.

3.2 1-dimensional polytopes

The polytope Pn,m has dimension 1, if all its realizable points are aligned. In our case, all such

polytopes contain exactly two realizable points. This happens when (n,m) = (4, 3), (4, 4) or (5, 4).

More precisely,

• if (n,m) = (4, 3), then

– (0, 3, 0) and (2, 0, 0) are the only points in P4,3, and the only chemical graphs with these

coordinates are the claw and P4, respectively;

– P4,3 can be defined with the two equalities m33 = 0 and 3m12 + 2m13 = 6, and the

inequalities 0 ≤ m12 ≤ 2;

• if (n,m) = (4, 4), then

– (0, 1, 0) and (0, 0, 0) are the only points in P4,4, and the only chemical graphs with these

coordinates are the flag and C4, respectively;

– P4,4 can be defined with the two equalities m12 = 0 and m33 = 0, and the inequalities

0 ≤ m13 ≤ 1;

• if (n,m) = (5, 4), then

– (1, 2, 0) and (2, 0, 0) are the only points in P5,4, and the only chemical graphs with these

coordinates are the chair and P5, respectively;

– P5,4 can be defined with the two equalitiesm33 = 0 and 2m12+m13 = 4, and the inequalities

0 ≤ m13 ≤ 2.

3.3 2-dimensional polytopes

If Pn,m is a 2-dimensional polytope, it can be described as the intersection of a plane with at least 3

facets defined by inequalities. This happens when (n,m) = (5, 6) or when n ≥ 6 is even and m = 3n−2
2 .

The three points in P5,6 are shown in Figure 3, while when n ≥ 6 is even and m = 3n−2
2 , the three

points are:

• (0, 1,m − 1), when we have one vertex of degree 1 and all others of degree 3. Such a graph is

obtained from a cubic graph with n − 2 vertices by subdividing an edge in two, and adding a

pendant vertex to the newly created vertex;

• (0, 0,m− 3), when we have 2 adjacent vertices of degree 2 and n− 2 vertices of degree 3. Such

a graph is obtained from a cubic graph with n− 2 vertices by subdividing an edge in three;

• (0, 0,m − 4), when we have 2 non-adjacent vertices of degree 2 and n − 2 vertices of degree 3.

Such a graph is obtained from a cubic graph with n−2 vertices by subdividing two edges in two.

These 2-dimensional polytopes Pn,m are triangles defined by the equality m12 = 0 and by the three

inequalities m13 ≥ 0, −3m13 + m33 ≥ 5m − 6n, and 2m13 − m33 ≥ 6n − 5m − 1. It is not difficult

to check that the ends of the triangle are the points defined above, and are the only realizable points

of Pn,m.
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(0,0,0) (0,0,1) (0,1,3)

Figure 3: The three chemical graphs of order 5 and size 6, with their coordinates in P5,6

4 Twenty-one valid inequalities

In view of the previous section, full-dimensional polytopes appear when (n,m) = (5, 5) and when n ≥ 6

and m ≤ ⌊ 3n−3
2 ⌋. We will analyze the full-dimensional polytopes with m < 12 in Section 7, and we

therefore assume here that

max{12, n− 1} ≤ m ≤
⌊
3n− 3

2

⌋
. (9)

Note that this implies n ≥ 9. In this section we give 21 constraints that all have the form of an

inequality that is imposed when certain conditions (in addition to condition (9)) on the order n and the

size m of a chemical graph G are satisfied. These constraints are shown in Table 1. The first column

indicates the Id of the constraint, the second column gives the inequalities, and the third one gives

conditions on n and m (which have to be satisfied in addition to (9)). Note that inequality F16 uses

m23 instead of m33. This is because it is easier to read (there is no quadratic term) when compared

to the inequality we would have by using m12, m13 and m33 which is:

6m2 + 9n2 − 15nm− 2m+ 3n ≤ (3n− 2m)(2m12 +m13 −m33) + 2m13. (10)

Table 1: Twenty-one constraints for chemical graphs satisfying (9)

Id Inequalities Conditions on n and m

F1 0≤m12 no condition
F2 0≤m13 no condition

F3 0≤m33 m≤ 6n−4
5

F4 2m−3n+2≤−3m12 (m mod 3)=2
F5 4m−6n+2≤−6m12−3m13 (m mod 3)=1
F6 5m−6n≤−4m12−3m13+m33 no condition

F7 5m−6n+2≤−3m12−3m13+3m33 (m≤ 6n−5
5

) ∧ (m mod 3)=2

F8 5m−6n+2≤−4m12−2m13+2m33 (m≤ 6n−2
5

) ∧ (m−2n mod 4)=2

F9 5m−6n+3≤−4m12+4m33 (m≤ 6n−3
5

) ∧ (m−2n mod 4)=1

F10 15m−18n+3≤−12m12−8m13+4m33 (m≤ 6n−1
5

) ∧ (m−2n mod 4)=3

F11 10m−12n+2≤−6m12−6m13+3m33 (m≤ 6n−4
5

) ∧ (m mod 3)=1

F12 3n−3m≤m12+m13−m33 n≤m≤ 3n−6
2

F13 3n−3m+1≤2m12+m13−m33 (m ̸= n) ∧ (n mod 2)=1
F14 0≤2(n−2)m12+(n−3)m13−(n−1)m33 (m=n) ∧ (n mod 2)=1
F15 −2n+10≤2(n−4)m12+(n−2)m13−(n−4)m33 (m=n+1) ∧ (n mod 2)=0
F16 6n−4m≤ (3n−2m)(m12+m23)+4m13 (m≥n+2) ∧ (n mod 2)=0
F17 4n−16≤2(n−4)m12+(n−4)m13−(n−6)m33 (m=n−1) ∧ (n mod 2)=0
F18 2n−18≤ (n−9)m12+(n−6)m13−(n−6)m33 (m=n−1) ∧ (n mod 3)=0
F19 4n−32≤ (2n−16)m12+(2n−13)m13−(2n−10)m33 (m=n−1) ∧ (n mod 3) = 2
F20 2n−14≤ (n−7)m12+(n−6)m13−(n−4)m33 m=n−1
F21 −1≤2m12+2m13−m33 m=n+1

The inequalities in Table 1 are named Fi (i = 1, . . . , 21), the reason for choosing the letter ‘F’ being

that, as we will see in Section 6, these inequalities are facet defining. In this section, we only prove

that they are all valid. In other words, a chemical graph of order n and size m necessarily satisfies

inequality Fi if n and m satisfy the conditions associated with Fi. Note that the inequalities Fi are

possibly valid for other values of n and m but, as we will see in Section 6, the inequalities are then not

facet defining.
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The following theorem gives a proof that the 21 inequalities in Table 1 are valid. Before we give

this proof, it is useful to note that Equations (2), (4), (5) and (6) imply

n1 = n3 + 2(n−m). (11)

Also, given any two integers a and b, it directly follows from (5) and (6) that

am+ bn = (a+
3b

2
)m12 + (a+

4b

3
)m13 + (a+ b)m22 + (a+

5b

6
)m23 + (a+

2b

3
)m33. (12)

Note finally that 2m = 3n− 2n1 − n2 = 3n− 2m12 − 2m13 − n2. Hence,

m ≡ 2m13 + (n2 −m12)(mod3). (13)

Theorem 1. If n andm satisfy condition (9) as well as the conditions associated with a F i (1 ≤ i ≤ 21),

then all chemical graphs of order n and size m satisfy inequality F i.

Proof. Let n and m be two integers satisfying condition (9), and let G be a chemical graph of order n

and size m, with mij ij-edges.

• F1, F2 and F3 are clearly valid (even if m > 6n−4
5 for F3).

• If m mod 3 = 2, we know from (13) that (2m13 + (n2 −m12)) mod 3 = 2. Hence, 2m13 + (n2 −
m12) ≥ 2 and F4 is valid since

2m = 3n− 3m12 − (2m13 + (n2 −m12)) ≤ 3n− 3m12 − 2.

• Ifm mod 3 = 1, we know from (13) thatm13+2(n2−m12) mod 3 = 2. Hence, m13+2(n2−m12) ≥
2 and F5 is valid since (12) gives

6n− 4m = 5m12 + 4m13 + 2m22 +m23

= 6m12 + 3m13 + (m13 + 2m22 +m23 −m12)

= 6m12 + 3m13 + (m13 + 2(n2 −m12))

≥ 6m12 + 3m13 + 2.

• F6 is valid since (12) gives

5m− 6n = −4m12 − 3m13 −m22 +m33 ≤ −4m12 − 3m13 +m33.

• If m mod 3 = 2 then m12 + m22 + 2m33 ≥ 2. Indeed, this is obvious if m33 ≥ 1 while for

m33 = 0, we have m12 + m22 ≥ 2 since (7) gives m13 = 6n−5m−(4m12+m22)
3 , which implies

m mod 3 = (m12 +m22) mod 3 = 2. Hence, F7 is valid since (12) gives

5m− 6n = −4m12 − 3m13 +m33 −m22

= −3m12 − 3m13 + 3m33 − (m12 +m22 + 2m33)

≤ −3m12 − 3m13 + 3m33 − 2.

• If (m − 2n) mod 4 = 2 then m13 + m22 + m33 ≥ 2. Indeed, 3 times (7) plus 4 times (8) gives

m23 = 9m−6n−(m13+3m22+5m33)
4 , which implies (m−2n) mod 4 = (m13+3m22+m33) mod 4 = 2.

Hence, F8 is valid since (12) gives

5m− 6n = −4m12 − 3m13 +m33 −m22

= −4m12 − 2m13 + 2m33 − (m13 +m22 +m33)

≤ −4m12 − 2m13 + 2m33 − 2.
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• If (m − 2n) mod 4 = 1 then 3m13 + 3m33 +m22 ≥ 3. Indeed, this is obvious if m13 +m33 ≥ 1

while for m13 = m33 = 0 we have m22 ≥ 3 since, as in the previous case, we deduce from (7)

and (8) that m23 = 9m−6n−3m22

4 , which implies (m − 2n) mod 4 = 3m22 mod 4 = 1. Hence, F9

is valid since (12) gives

5m− 6n = −4m12 − 3m13 +m33 −m22

= −4m12 + 4m33 − (3m13 + 3m33 +m22)

≤ −4m12 + 4m33 − 3.

• If (m− 2n) mod 4 = 3 then m13 +m33 + 3m22 ≥ 3. Indeed, this is obvious if m22 ≥ 1 while for

m22 = 0 we have m13+m33 ≥ 3 since we deduce from (7) and (8) that m23 = 9m−6n−(m13+5m33)
4 ,

which implies (m− 2n) mod 4 = (m13 +m33) mod 4 = 3. Hence, F10 is valid since (12) gives

15m− 18n = −12m12 − 9m13 + 3m33 − 3m22

= −12m12 − 8m13 + 4m33 − (m13 +m33 + 3m22)

≤ −12m12 − 8m13 + 4m33 − 3.

• If m mod 3 = 1 then 2m12 + 2m22 + m33 ≥ 2. Indeed, this is obvious if m12 + m22 ≥ 1 while

for m12 = m22 = 0 we must have m33 ≥ 2 since (7) gives m13 = 6n−5m+m33

3 , which implies

(m+m33) mod 3 = (1 +m33) mod 3 = 0. Hence, F11 is valid since (12) gives

10m− 12n = −8m12 − 6m13 − 2m22 + 2m33

= −6m12 − 6m13 + 3m33 − (2m12 + 2m22 +m33)

≤ −6m12 − 6m13 + 3m33 − 2.

• F12 is valid since m > n − 1 implies that G is not a path and we therefore have m12 ≤ m23,

and (12) then gives

3n−3m =
3

2
m12+m13−

1

2
m23−m33 = m12+m13−m33+

m12−m23

2
≤ m12+m13−m33.

• If n is odd, then G has at least one vertex of degree 2 and if in addition m ̸= n, m12 +m23 ≥ 2

else G is a cycle with m = n. This last inequality is equivalent to m12−m23

2 ≤ m12 − 1. Hence,

F13 is valid since (12) gives

3n−3m =
3

2
m12+m13−

1

2
m23−m33 = m12+m13−m33+

m12−m23

2
≤ 2m12+m13−m33 − 1.

• If n = m, then we can assume that G is not a cycle since F14 is clearly valid when m12 = m13 =

m33 = 0. Equation (11) gives n1 = n3, which is equivalent to m13 = n−n2−2m12

2 . We know from

(12) that 3n−3m = 0 = 3m12−m23

2 +m13−m33, which is equivalent to 2m12+m13−m33 = m12+m23

2

and m12 −m33 = m23−m12

2 −m13 = m12+m23+n2−n
2 . Hence, proving F14 is equivalent to proving

0 ≤ n− 3

2
(2m12 +m13 −m33) +m12 −m33

=
n− 3

2

(
m12 +m23

2

)
+

m23 +m12 + n2 − n

2
.

If n = m is an odd number, then n2 ≥ 1, which implies m12+m23 ≥ 2. Hence, n−3
2

(
m12+m23

2

)
+

m23+m12+n2−n
2 ≥ n−3

2 −n−3
2 =0, and F14 is therefore valid.

• If m = n+1, we know from (12) that 3n−3m = −3 = 3m12−m23

2 +m13−m33, which is equivalent

to 2m12 + m13 − m33 + 2 = m12+m23

2 − 1. Proving the validity of F15 is therefore equivalent

to proving

1 ≤ n− 4

2
(2m12 +m13 −m33 + 2) +m13
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=
n− 4

2

(
m12 +m23

2
− 1

)
+m13.

Note that m12 +m23 is an even number. Hence, we have one of the five following cases:

– if m12 +m23 ≥ 4, then the inequality is clearly satisfied.

– if m12 = m23 = 1, then m13 ≥ 1, else m33 = 4 and n3 = 3 (by Equation 4), which is

impossible. Hence n−4
2

(
m12+m23

2 − 1
)
+m13 = m13 ≥ 1.

– if m12 = 0 and m23 = 2, then m13 ≥ 1, else m33 = 2 and n3 = 2, which is impossible.

Hence n−4
2

(
m12+m23

2 − 1
)
+m13 = m13 ≥ 1.

– if m12 = 2 and m23 = 0, then G is a path, a contradiction with m = n+ 1.

– if m12 = m23 = 0, then n2 = 0 and Equation (11) implies m13 = n−2
2 . Hence n−4

2(
m12+m23

2 − 1
)
+m13 = −n−4

2 + n−2
2 = 1.

• To prove F16 we analyze the possible values of m12 +m23 which is an even number.

– If m12 +m23 ≥ 2 then (3n− 2m)(m12 +m23) + 4m13 ≥ 2(3n− 2m) = 6n− 4m.

– If m12 +m23 = 0 then m22 = 0 (since m ̸= n). Hence n2 = 0, which implies m13 = 3n−2m
2 .

Therefore, (3n− 2m)(m12 +m23) + 4m13 = 2(3n− 2m) = 6n− 4m.

• If m=n−1, then we know from (12) that 6n − 6m = 6 = 3m12 + 2m13 −m23 − 2m33, which is

equivalent to 2m12 +m13 −m33 − 4 = m12+m23

2 − 1. Hence, proving F17 is equivalent to proving

4 ≤ n− 6

2
(2m12 +m13 −m33 − 4) + 2m12 +m13

=
n− 6

2

(
m12 +m23

2
− 1

)
+ 2m12 +m13.

– if m12 ≥ 2 then the inequality is clearly satisfied;

– if m12 = 1, then G is not a chain, which means that m23 ≥ 1 and n1 ≥ 3, which implies

m13 ≥ 2. Hence, n−6
2

(
m12+m23

2 − 1
)
+ 2m12 +m13 ≥ 4;

– if m12 = 0 then m23 is even and m13 ≥ 4 (since n > 4). Hence, the inequality is clearly

satisfied if m23 ≥ 2, while for m23=0, we have n2=0 and Equation (11) implies m13 = n+2
2 ,

which gives n−6
2

(
m12+m23

2 − 1
)
+ 2m12 +m13 = −n−6

2 + n+2
2 = 4.

• If m = n− 1, then we can assume n3 > 0, else m12 = 2 and m13 = m33 = 0, which implies that

inequality F18 is valid. We know from (12) that 3n− 3m = 3 = 3m12−m23

2 +m13 −m33. Hence,

m12 +m13 −m33 = 3 + m23−m12

2 which implies that m33 ≤ m12 +m13 − 3. Therefore, proving

F18 is equivalent to proving

0 ≤ (n− 9)(m12 +m13 −m33 − 2) + 3(m13 −m33)

= (n− 9)

(
m23 −m12

2
+ 1

)
+ 3(m13 −m33).

We know from Equation (11) that n1=n3+2, which implies 3
2m12=

n+2−(n2−m12)
2 −m13≤n+2

2 .

Hence, m12≤n+2
3 , and assuming n mod 3=0 implies m12 ≤ n

3 . Since m23 ≥ m12 and m13−m33 ≥
3−m12, we have

(n− 9)

(
m23 −m12

2
+ 1

)
+ 3(m13 −m33) ≥ (n− 9) + 3(3−m12)

≥ (n− 9) + 3(3− n

3
) = 0.

• If m = n−1, then as in the previous case, we know that m12+m13−m33 = 3+ m23−m12

2 . Hence,

proving F19 is equivalent to proving

0 ≤ (2n− 16)(m12 +m13 −m33 − 2) + 3(m13 − 2m33)

= (2n− 16)

(
m23 −m12

2
+ 1

)
+ 3m13 − 6m33.
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Let f(G) = (2n − 16)
(
m23−m12

2 + 1
)
+ 3(m13 − 2m33). We have to prove that if G is a tree of

order n with (n mod 3) = 2, then f(G) ≥ 0. We may assume m33 > 0 and n3 > 0 since f(G) ≥ 0

when n3 = 0 or m33 = 0. So assume G minimizes f over all trees of order n with (n mod 3) = 2,

n3 > 0 and m33 > 0. It remains to prove that f(G) ≥ 0.

Note first that G does not contain a chain [v1, v2, . . . , vp] (p ≥ 3) with v1 and vp of degree 3

and the other vertices of degree 2. Indeed if such a chain exists then let uw be an edge in G

with u of degree 1 and let G′ be the tree obtained from G by removing uw, v1v2, vp−1vp and

adding uv2, wvp−1, v1vp. Then f(G′) = f(G) − (2n − 16) − 6 < f(G) if w has degree 2, and

f(G′) = f(G) − (2n − 16) − 9 < f(G) if w has degree 3. Both cases contradict the fact that G

minimizes f .

So m12 = m23, which implies n1 = m12 + m13 = m33 + 3. Hence, m22 = m − (m12 + m13) −
m23 − m33 = m − 6 − 3m33 + m13, which implies 3m33 = n − 7 − m22 + m13. Note also that

since n = 3m33 + 7 + m22 − m13 and n mod 3 = 2, we have (m22 − m13) mod 3 = 1. Hence,

m13+2m22 ≥ 2. Indeed, this is clearly true if m22 ≥ 1, while m22 = 0 implies m13 ≥ 2. Therefore

f(G) = 2n− 16 + 3m13 − 2(n− 7−m22 +m13)

= m13 + 2m22 − 2 ≥ 0.

• Let f(G) = (n−7)(m12+m13−m33−2)+m13−3m33. Proving the validity of F20 is equivalent

to proving that f(G) ≥ 0 for all trees G. If G is a path, then f(G) = 0. So let G be a tree

with n3 > 0 and assume that G has minimum value among all trees having at least one vertex

of degree 3.

We first prove that G does not contain any chain [v1, v2, . . . , vp] with v1 and vp of degree 3 and

all other vertices of degree 2. Consider any vertex u of degree 1, let w be its neighbor, and let

G′ be the tree obtained from G by removing the edges uw, v1v2, vp−1vp and adding the edges

uv2, wvp−1, v1vp. Then f(G′)=f(G)−(n−7)−4 if w has degree 3, while f(G′)=f(G)−(n−7)−3

if w has degree 2. Hence, f(G′)<f(G), which contradicts the fact that G minimizes f .

So m12 = m23 which, as shown in the previous case, implies m33=m12+m13−3 and 3m33 =

n−7−m22+m13. It follows that f(G)=(n−7)+m13−(n−7−m22+m13)=m22≥0.

• Let f(G) = 2m12 + 2m13 −m33. To prove F21, we have to prove that f(G) ≥ −1. Let G be the

set of graphs that minimize f(G) among all graphs of size m = n+ 1 that satisfy condition (9)

and let G be a graph in G having the smallest number of vertices of degree 1. Since m = n+ 1,

G has a least one vertex of degree 3.

If G has at least one vertex of degree 1, then let [v1, v2, . . . , vp] (p ≥ 2) be a chain in G with v1 of

degree 1, vp of degree 3 and all other vertices of degree 2. Let u ̸= vp−1 be a second neighbor of

vp and let G′ be the graph obtained from G by replacing uvp by uv1. Then G′ is still connected,

has m12+m13−1 vertices of degree 1 and at least m33−2 33-edges. Hence, G′ has less vertices of

degree 1 than G and f(G′)≤f(G), a contradiction.

So n1=0, and it follows from Equation (11) that n3=2. Therefore, f(G)=−m33≥−1.

5 Twenty-three realizable points

In this section, we give 23 points (m12,m13,m33) and conditions on n and m so that they are realizable

for (n,m). These points appear in Table 2, where the first column indicates the Id of the point and

the last three columns give the 3 components m12, m13 and m33.

The conditions on n and m for realizability are given in the second column of Table 3. As we will

see in Section 7, given any two integers n and m that satisfy condition (9), the set of extreme points of

the polytope Pn,m is a subset of these 23 points. It may happen that a Vi is realizable for (n,m) but

not an extreme point of Pn,m. The analysis in Section 7 will show that the conditions on n and m for

Vi to be an extreme point of Pn,m are those shown in the third column of Table 3. So, for example,

V21 is realizable for (n,m) with m ≤ n, while it is an extreme point of Pn,m only if m = n− 1.
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Table 2: Twenty-three realizable points

Id m12 m13 m33

V1 0 0 0
V2 2 0 0
V3 0 0 1
V4 0 0 5m− 6n

V5
6n−5m−3((m−2n) mod 4)

4
(m− 2n) mod 4 0

V6
6n−5m+(m−2n) mod 4

4
0 (m− 2n) mod 4

V7
6n−5m−(2n−m) mod 4

4
0 0

V8 1 3n−2m−n mod 2−4
2

4m−3n−n mod 2−2
2

V9 2 3n−2m−n mod 2−6
2

4m−3n−n mod 2−2
2

V10 0 3n−2m−n mod 2
2

4m−3n−3(n mod 2)
2

V11 1 3n−2m−3
2

4m−3n−1
2

V12 3m− 3n− 2 3m− 3n− 2 6m− 6n− 1
V13 3m− 3n− 1 0 6m− 6n− 1
V14 0 3m− 3n− 2 6m− 6n− 3

V15 0 6n−5m−m mod 3
3

0

V16 m mod 3
6n−5m−4(m mod 3)

3
0

V17 0
6n−5m+(2m) mod 3

3
(2m) mod 3

V18 3n−2m−m mod 3
3

0
7m−6n−4(m mod 3)

3

V19
3n−2m−2((2m) mod 3)

3
(2m) mod 3

7m−6n+(2m) mod 3
3

V20 3n−2m−m mod 3
3

0 7m−6n−m mod 3
3

V21 0 3n− 3m+ 1 0
V22 0 0 3m− 3n− 1
V23 1 0 3m− 3n+ 1

Table 3: Conditions on n and m for the realizability of each Vi of Table 2 and for them to be an extreme point of Pn,m

(in addition to condition (9))

Id Conditions for realizability Conditions for being an extreme point of Pn,m

V1 n ≤ m ≤ ⌊ 6n
5
⌋ n ≤ m ≤ ⌊ 6n

5
⌋

V2 m ≤ ⌊ 6n−8
5

⌋ n− 1 = m or (m = ⌊ 6n−8
5

⌋ and m mod 6 ̸= 0)

V3 n+ 1 ≤ m ≤ ⌊ 6n+1
5

⌋ m = n+ 1 or (m = ⌊ 6n+1
5

⌋ and m mod 6 = 5)

V4 ⌊ 6n+4
5

⌋ ≤ m ⌊ 6n+4
5

⌋ ≤ m

V5 m ≤ 6n−3((m−2n) mod 4)
5

m ≤ 6n−3((m−2n) mod 4)
5

V6 m ≤ ⌊ 6n+3
5

⌋ m ≤ ⌊ 6n+3
5

⌋
V7 m ≤ ⌊ 6n

5
⌋ m ≤ ⌊ 6n

5
⌋

V8 m ≤ ⌊ 3n−4
2

⌋ m = ⌊ 3n−4
2

⌋
V9 m ≤ ⌊ 3n−6

2
⌋ m ∈ { 3n−10

2
, 3n−8

2
, 3n−7

2
, 3n−6

2
}

V10 no condition no condition
V11 n mod 2 = 1 n mod 2 = 1

V12 n+ 1 ≤ m ≤ ⌊ 21n+13
20

⌋ m = n+ 1

V13 n+ 1 ≤ m ≤ ⌊ 12n+3
11

⌋ n+1=m or (m=⌊ 12n+3
11

⌋ and m mod 12 ∈ {9, 10, 11})
V14 n+ 1 ≤ m ≤ ⌊ 9n+3

8
⌋ n+ 1 = m or (m = ⌊ 9n+3

8
⌋ and m mod 9 = 6)

V15 m ≤ ⌊ 6n
5
⌋ m ≤ ⌊ 6n

5
⌋

V16 m ≤ 6n−3((m−2n) mod 4)
5

m ≤ 6n−3((m−2n) mod 4)
5

V17 m ≤ ⌊ 6n+2
5

⌋ m ≤ ⌊ 6n+2
5

⌋
V18 no condition no condition
V19 no condition no condition
V20 no condition no condition
V21 m ≤ n m = n− 1
V22 n+ 2 ≤ m n+ 2 ≤ m
V23 n+ 2 ≤ m n+ 2 ≤ m

Given n, m and a point V = (a, b, c) with three non-negative components, it is shown in [33] that

a necessary and sufficient condition for V to be realizable for (n,m) is that the following inequalities

are valid

m33 ≤ n3(n3−1)
2 if n3 = 1, 2 or 3, (14)
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m22 ≤ n2(n2−1)
2 if n2 = 1 or 2, (15)

m23 ≤ n2n3 if n2 = 1 or 2 and n3 = 1, (16)

m23 ≥ δ(n2) + δ(n3)− 1, (17)

m23 +m33 ≥ n3 + δ(n2)− 1, (18)

m22 +m23 ≥ n2 + δ(n3)− 1, (19)

m22 +m23 +m33 ≥ n2 + n3 − 1. (20)

where m12 = a, m13 = b, m33 = c, n1, n2, n3, n,m,m22 and m23 are derived from m12,m13,m33 from

Equations (2)–(8) of Section 2, and where

δ(x) =

{
1 if x ≥ 1,
0 otherwise.

Condition (20) is equivalent to m − m12 − m13 ≥ n − m12 − m13 − 1, which is equivalent to m ≥
n − 1. Hence, given a point V i = (m12,m13,m33) in Table 2, and given n and m that satisfy the

conditions for Vi in the second column of Table 3, we can prove that Vi is realizable by showing that

inequalities (14)–(19) are satisfied. Let us illustrate this with V1.

Lemma 2. Let n and m be integers satisfying max{12, n} ≤ m ≤ ⌊ 6n
5 ⌋. Then, the point V1=(0,0,0)

is realizable for (n,m).

Proof. It follows from Equations (2)–(8) that m22 = 6n− 5m, m23 = 6m− 6n, n1 = 0, n2 = 3n− 2m

and n3 = 2m− 2n. Hence, all mij and all ni are non-negative and integers. Observe also that m ≥ 12

implies n ≥ 10 which implies m ≤ 6n
5 ≤ 3n−3

2 , and we thus have n2 = 3n− 2m ≥ 3.

• Inequality (14) is satisfied since n3(n3−1)
2 ≥ 0 = m33.

• There is no need to check inequalities (15) and (16) since n2 > 2.

• n3 > 0 if and only if m > n. Hence, inequality (17) is satisfied since m23 = 6(m− n) ≥ δ(n3) =

δ(n2) + δ(n3)− 1.

• Inequality (18) is satisfied since m23 +m33 = 6(m− n) ≥ 2(m− n) = n3 + δ(n2)− 1.

• Inequality (19) is satisfied since m22 +m23 = m ≥ n ≥ n2 ≥ n2 + δ(n3)− 1.

As second illustration, we show that points V8, V9, V10 and V11 are realizable for (n,m) if the

conditions of the second column of Table 3 are satisfied. For this purpose, we consider the point V
which is defined as follows:

V=

(
a+2b+d,

3n−2m−(4a+6b+3d)+(d−1)(n mod 2)

2
,
4m−3n−(2a+2b+d)+(d−2c−1)(n mod 2)

2

)
where a, b, c, d are binary variables such that a+ b+ c+ d = 1. Note that V is equal to V8 if a = 1, to

V9 if b = 1, to V10 if c = 1, and to V11 if d = 1.

Lemma 3. Let n and m be two integers satisfying condition (9) and let a, b, c, d be binary variables

such that a + b + c + d = 1. Assume also that m ≤ ⌊ 3n−4
2 ⌋ if a = 1, m ≤ ⌊ 3n−6

2 ⌋ if b = 1, and

n mod 2 = 1 if d = 1. Then, the point V is realizable for (n,m).

Proof. It follows from Equations (2)–(8) that

m22 = (1− c− d)(n mod 2) + a,

m23 = a+ 2b+ 2c(n mod 2) + d,

n1 =
3n− 2m− (2a+ 2b+ d) + (d− 1)(n mod 2)

2
,

n2 = 2a+ 2b+ d− (d− 1)(n mod 2),
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n3 =
2m− n− (2a+ 2b+ d) + (d− 1)(n mod 2)

2
.

Note that all mij are non-negative. Indeed,

• m12, m22 and m23 are clearly non-negative;

• max{12, n− 1} ≤ m ≤ 3n−3
2 implies n ≥ 9 and m33 ≥ n− 7 ≥ 2;

• m13 ≥ 0 since

– m ≤ ⌊ 3n−4
2 ⌋ if a = 1, which is equivalent to 3n− 2m ≥ 4 + n mod 2;

– m ≤ ⌊ 3n−6
2 ⌋ if b = 1, which is equivalent to 3n− 2m ≥ 6 + n mod 2;

– m ≤ ⌊ 3n−3
2 ⌋ if c+ d = 1, which implies 3n− 2m ≥ 3 ≥ 3d+ (d− 1)n mod 2.

Also, allmij and all ni are integers since n mod 2=1 when d=1. Let’s now look at inequalities (14)–(19):

• Since m ≥ 12 and m ≥ n− 1, we have n3 ≥ 2m−n−3
2 ≥ m−4

2 ≥ 4, meaning that inequalities (14)

and (16) do not need to be checked;

• inequality (15) is satisfied. Indeed, if c + d = 1 then m22 = 0 ≤ n2(n2−1)
2 for n2 ∈ {1, 2}. If

a+ b = 1, then n2 ≥ 2, ensuring that m22 ≤ 1 ≤ n2(n2−1)
2 in that case;

• inequality (19) is satisfied since m22 +m23 − n2 + 1 = 1 + c(n mod 2) ≥ 1 ≥ δ(n3);

• to show that inequalities (17) and (18) are satisfied, we consider two cases:

– if c = 0, then

∗ m23 + 1 = a+ 2b+ d+ 1 ≥ 2 ≥ δ(n2) + δ(n3);

∗ m23 +m33 − n3 + 1 = m− n+ a+ 2b+ d+ 1 ≥ 1 ≥ δ(n2);

– if c = 1, then n2 = δ(n2) = n mod 2, which implies

∗ m23 + 1 = 2(n mod 2) + 1 ≥ δ(n2) + δ(n3);

∗ m23 +m33 − n3 + 1 = m− n+ (n mod 2) + 1 ≥ δ(n2).

The two previous lemmas show that 5 of the 23 points of Table 2 are realizable. A similar proof

can easily be obtained for the 18 other points. A simple way to get a proof that a Vi is realizable for

(n,m) is to prove that it is impossible to satisfy the conditions of the second column of Table 3 for

this Vi while violating at least one of the inequalities (14)–(19). This can be done using a Satisfiability

Modulo Theories (SMT) solver like Z3 [18].

Note that another way of proving that a point (m12,m13,m33) is realizable for (n,m) is to exhibit

a chemical graph of order n, size m, and with m12 12-edges, m13 13-edges and m33 33-edges. For

example, we could have proved Lemma 2 by observing that the following graph shows that (0, 0, 0) is

realizable for (n,m) when max{12, n} ≤ m ≤ ⌊ 6n
5 ⌋: consider a cycle with vertices v1, . . . , v2n−m and

edges vivi+1 (1 ≤ i < 2n−m) and v1v2n−m; for j = 1, . . . ,m−n, add a vertex wj linked to v2j−1 and

to v2n−m−2j+1. For illustration, such a graph is shown in Figure 4 for (n,m) = (20, 23).

v17

v1 v2 v3 v4 v5 v6 v7 v8

v16 v15 v14 v13 v12 v11 v10 v9

w1 w2 w3

Figure 4: A chemical graph which shows that (0, 0, 0) is realizable for (n,m) = (20, 23)

We want to mention here that we provide a webpage ChemicHull [8] which, given n, m and one of

the 23 points Vi = (a, b, c), exhibits a chemical graph of order n, size m, with a 12-edges, b 13-edges,

and with c 33-edges.
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6 The inequalities of Table 1 are facet defining and induce bounded
polyhedrons

We first prove that each Fi of Table 1 is facet defining. For this purpose, it is sufficient to give three

affinely independent realizable points on the hyperplane defined by Fi. To prove that three points

p1, p2, p3 in R3 are affinely independent, it is sufficient to prove that p2−p1 is not a multiple of p3−p1.

As we will see, the 23 points of the previous section are sufficient for this purpose.

We give in Table 4 three points of Table 2 for every possible case of each Fi. For example, F7

is defined when m ≤ 6n−5
5 and (m mod 3) = 2. This is equivalent to say that either m = 6n−5

5 or

m ≤ 6n−8
5 and (m mod 3) = 2. We show here how to prove that there are three affinely independent

realizable points in each case for F7.

• if m = 6n−5
5 , then according to Table 3, V7=(1,0,0), V15=(0,1,0) and V17=(0,2,1) are realizable.

Moreover, they belong to the hyperplane defined by F7 since 5m−6n+2 = −3m12−3m13+3m33 =

−3 for these three points. They are affinely independent since V15-V7=(-1,1,0) is not a multiple

of V17-V7=(-1,2,1);

• if m ≤ 6n−8
5 and (m mod 3) = 2, then according to Table 3, V15=(0, 6n−5m−2

3 , 0),

V16=(2, 6n−5m−8
3 , 0) and V17=(0, 6n−5m+1

3 , 1) are realizable. Moreover, they belong to the

hyperplane defined by F7 since −3m12−3m13+3m33 = 5m−6n+2 for these three points. They

are affinely independent since V16-V15=(2,-2,0) is not a multiple of V17-V15=(0,1,1).

It is an easy exercise to show that all triplets of points given in Table 4 are realizable, belong to

the indicated hyperplane and are affinely independent.

In what follows, given n andm, we say that a facet Fi is active for (n,m) if the conditions associated

with Fi in Table 1 are satisfied. Let P ′
n,m be the polyhedron defined by the active facets Fi for (n,m).

We now prove that P ′
n,m is bounded for all pairs (n,m) satisfying condition (9).

Theorem 4. P ′
n,m is bounded for all (n,m) with max{12, n− 1} ≤ m ≤ ⌊ 3n−3

2 ⌋.

Proof. Note first that F1, F2 and F6 are active for all pairs (n,m) satisfying condition (9). Hence,

m12 ≥ 0, m13 ≥ 0, and m33 ≥ 5m−6n. It remains to prove that m12, m13 and m33 are upper bounded.

Consider F12, F13, F16 and F20. At least one of these four facets is active for (n,m). Indeed:

• if n− 1 = m then F20 is active;

• if n ≤ m ≤ 3n−6
2 , then F12 is active;

• if m ≥ 3n−5
2 and n is odd then F13 is active;

• if m ≥ 3n−5
2 and n is even then F16 is active.

We can rewrite each of the above four inequalities as follows:

p12(n,m)m12 + p13(n,m)m13 − p33(n,m)m33 ≥ b(n,m) (21)

where p12(n,m), p13(n,m), p33(n,m) and b(n,m) are polynomials in n andm. We now prove that if the

pair (n,m) satisfies condition (9), then −4p33(n,m)+ p12(n,m) < 0 and −3p33(n,m)+ p13(n,m) < 0:

• for F12, we have p12(n,m) = p13(n,m) = p33(n,m) = 1, which gives −4p33(n,m) + p12(n,m) =

−3 and −3p33(n,m) + p13(n,m) = −2;

• for F13 we have p12(n,m) = 2, p13(n,m) = p33(n,m) = 1, which gives −4p33(n,m)+p12(n,m) =

−3p33(n,m) + p13(n,m) = −2;

• for F16, it follows from (10) that p12(n,m) = 2(3n−2m), p13(n,m) = 3n−2m+2 and p33(n,m) =

3n−2m, which gives −4p33(n,m)+p12(n,m) = 2(2m−3n) ≤ −6 and −3p33(n,m)+p13(n,m) =

2(2m− 3n+ 1) ≤ −4;
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• for F20 we have p12(n,m) = n − 7, p13(n,m) = n − 6 and p33(n,m) = n − 4, which gives

−4p33(n,m) + p12(n,m) = −3(n− 3) < 0 and −3p33(n,m) + p13(n,m) = −2(n− 3) < 0.

Table 4: Three affinely independent points for every inequality Fi

Id Three points Conditions on n and m

F1
V4 V10 V22 6n+1

5
≤ m

V1 V10 V17 n ≤ m ≤ 6n
5

V10 V15 V21 n− 1 = m

F2

V4 V18 V22 6n+1
5

≤ m

V1 V18 V22 6n−3
5

≤ m ≤ 6n
5

V1 V7 V18 n ≤ m ≤ 6n−4
5

V2 V7 V20 n− 1 = m

F3
V1 V7 V15 n ≤ m ≤ 6n−4

5
V2 V7 V16 n− 1 = m

F4 V18 V19 V20 (m mod 3) = 2

F5 V18 V19 V20 (m mod 3) = 1

F6
V4 V10 V18 6n+3

5
≤ m

V10 V17 V18 m ≤ 6n+2
5

F7
V7 V15 V17 m = 6n−5

5
,

V15 V16 V17 (m ≤ 6n−8
5

) ∧ ((m mod 3) = 2)

F8
V6 V15 V17 m = 6n−2

5
V5 V6 V7 (m ≤ 6n−6

5
) ∧ ((m− 2n) mod 4 = 2)

F9 V5 V6 V7 (m ≤ 6n−3
5

) ∧ ((m− 2n) mod 4 = 1)

F10
V6 V7 V17 m ∈ { 6n−5

5
, 6n−1

5
}

V5 V6 V7 (m ≤ 6n−9
5

) ∧ ((m− 2n) mod 4 = 3)

F11 V15 V16 V17 (m ≤ 6n−4
5

) ∧ ((m mod 3) = 1)

F12

V19 V20 V23 (n+ 2 ≤ m ≤ 3n−6
2

) ∧ ((m mod 3) ̸= 0)

V10 V18 V23 (n+ 2 ≤ m ≤ 3n−6
2

) ∧ ((m mod 3) = 0) ∧ ((n mod 2) = 0)

V11 V18 V23 (n+ 2 ≤ m ≤ 3n−7
2

) ∧ ((m mod 3) = 0) ∧ ((n mod 2) = 1)
V10 V12 V19 (n+ 1 = m) ∧ ((n mod 2) = 0)
V11 V12 V19 (n+ 1 = m) ∧ ((n mod 2) = 1)
V1 V19 V20 (n = m) ∧ ((n mod 3) ̸= 0)
V1 V10 V18 (n = m) ∧ ((n mod 6) = 0)
V1 V11 V18 (n = m) ∧ ((n mod 6) = 3)

F13
V10 V11 V22 (n+ 2 ≤ m ≤ 3n−3

2
) ∧ ((n mod 2) = 1)

V10 V11 V14 (n+ 1 = m) ∧ ((n mod 2) = 1)
V2 V10 V11 (n− 1 = m) ∧ ((n mod 2) = 1)

F14 V1 V10 V11 (n = m) ∧ ((n mod 2) = 1)

F15 V10 V12 V14 (n+ 1 = m) ∧ ((n mod 2) = 0)

F16 V10 V22 V23 (n+ 2 ≤ m) ∧ ((n mod 2) = 0)

F17 V2 V10 V21 (n− 1 = m) ∧ ((n mod 2) = 0)

F18 V2 V19 V20 (n− 1 = m) ∧ ((n mod 3) = 0)

F19 V2 V19 V20 (n− 1 = m) ∧ ((n mod 3) = 2)

F20
V2 V11 V19 (n− 1 = m) ∧ ((n mod 2) = 1)
V2 V10 V19 (n− 1 = m) ∧ ((n mod 2) = 0)

F21 V12 V13 V14 n+ 1 = m

Hence, by adding p33(n,m) times inequality F6 to (21) we get(
− 4p33(n,m) + p12(n,m)

)
m12 +

(
− 3p33(n,m) + p13(n,m)

)
m13 ≥ p33(n,m)(5m− 6n) + b(n,m),
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which implies that m12 and m13 are upper bounded by a polynomial that depends on n and m (since

F1 and F2 forbid negative values for these two variables). But (21) is equivalent to

p33(n,m)m33 ≤ p12(n,m)m12 + p13(n,m)m13 − b(n,m),

which implies that m33 is also upper bounded by a polyomial that depends on n and m.

7 Extreme points of Pn,m

As proved in Sections 4 and 6, the 21 inequalities of Table 1 are valid and facet defining. They are

defined with constraints on n and m. Hence, depending on n and m, not all of facets are active for

(n,m). The set of integer pairs (n,m) that satisfy condition (9) can be partitioned into 75 subsets,

each one having a different set of active facets for (n,m). Hence, there are 75 polytope types, each

one having its subset of active facets. These polytope types are listed in Table 5. We indicate in the

first column the Id of each polytope type, we then give the set of active facets, and we finally indicate

the constraints on n and m.

Table 5: Polytopes with their facets and their conditions on n and m (in addition to condition (9))

m = n− 1

Id facets n mod 12

P1 F1, F2, F3, F4, F6, F7, F10, F17, F18, F20 0
P2 F1, F2, F3, F6, F8, F13, F20 1
P3 F1, F2, F3, F5, F6, F9, F11, F17, F19, F20 2
P4 F1, F2, F3, F4, F6, F7, F13, F18, F20 3
P5 F1, F2, F3, F6, F10, F17, F20 4
P6 F1, F2, F3, F5, F6, F8, F11, F13, F19, F20 5
P7 F1, F2, F3, F4, F6, F7, F9, F17, F18, F20 6
P8 F1, F2, F3, F6, F13, F20 7
P9 F1, F2, F3, F5, F6, F10, F11, F17, F19, F20 8
P10 F1, F2, F3, F4, F6, F7, F8, F13, F18, F20 9
P11 F1, F2, F3, F6, F9, F17, F20 10
P12 F1, F2, F3, F5, F6, F11, F13, F19, F20 11

m = n

Id facets n mod 12

P13 F1, F2, F3, F6, F12 0
P14 F1, F2, F3, F5, F6, F10, F11, F12, F14 1
P15 F1, F2, F3, F4, F6, F7, F8, F12 2
P16 F1, F2, F3, F6, F9, F12, F14 3
P17 F1, F2, F3, F5, F6, F11, F12 4
P18 F1, F2, F3, F4, F6, F7, F10, F12, F14 5
P19 F1, F2, F3, F6, F8, F12 6
P20 F1, F2, F3, F5, F6, F9, F11, F12, F14 7
P21 F1, F2, F3, F4, F6, F7, F12 8
P22 F1, F2, F3, F6, F10, F12, F14 9
P23 F1, F2, F3, F5, F6, F8, F11, F12 10
P24 F1, F2, F3, F4, F6, F7, F9, F12, F14 11

m = n+ 1

Id facets n mod 12

P25 F1, F2, F3, F5, F6, F9, F11, F12, F15, F21 0
P26 F1, F2, F3, F4, F6, F7, F12, F13, F21 1
P27 F1, F2, F3, F6, F10, F12, F15, F21 2
P28 F1, F2, F3, F5, F6, F8, F11, F12, F13, F21 3
P29 F1, F2, F3, F4, F6, F7, F9, F12, F15, F21 4
P30 F1, F2, F3, F6, F12, F13, F21 5
P31 F1, F2, F3, F5, F6, F10, F11, F12, F15, F21 6
P32 F1, F2, F3, F4, F6, F7, F8, F12, F13, F21 7
P33 F1, F2, F3, F6, F9, F12, F15, F21 8
P34 F1, F2, F3, F5, F6, F11, F12, F13, F21 9
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(Table 5 continued)

P35 F1, F2, F3, F4, F6, F7, F10, F12, F15, F21 10
P36 F1, F2, F3, F6, F8, F12, F13, F21 11

n+ 1 < m < 6n−3
5

Id facets n mod 2 m mod 3 (m−2n)mod4

P37 F1, F2, F3, F6, F12, F16 0 0 0
P38 F1, F2, F3, F6, F9, F12, F16 0 0 1
P39 F1, F2, F3, F6, F8, F12, F16 0 0 2
P40 F1, F2, F3, F6, F10, F12, F16 0 0 3
P41 F1, F2, F3, F5, F6, F11, F12, F16 0 1 0
P42 F1, F2, F3, F5, F6, F9, F11, F12, F16 0 1 1
P43 F1, F2, F3, F5, F6, F8, F11, F12, F16 0 1 2
P44 F1, F2, F3, F5, F6, F10, F11, F12, F16 0 1 3
P45 F1, F2, F3, F4, F6, F7, F12, F16 0 2 0
P46 F1, F2, F3, F4, F6, F7, F9, F12, F16 0 2 1
P47 F1, F2, F3, F4, F6, F7, F8, F12, F16 0 2 2
P48 F1, F2, F3, F4, F6, F7, F10, F12, F16 0 2 3
P49 F1, F2, F3, F6, F12, F13 1 0 0
P50 F1, F2, F3, F6, F9, F12, F13 1 0 1
P51 F1, F2, F3, F6, F8, F12, F13 1 0 2
P52 F1, F2, F3, F6, F10, F12, F13 1 0 3
P53 F1, F2, F3, F5, F6, F11, F12, F13 1 1 0
P54 F1, F2, F3, F5, F6, F9, F11, F12, F13 1 1 1
P55 F1, F2, F3, F5, F6, F8, F11, F12, F13 1 1 2
P56 F1, F2, F3, F5, F6, F10, F11, F12, F13 1 1 3
P57 F1, F2, F3, F4, F6, F7, F12, F13 1 2 0
P58 F1, F2, F3, F4, F6, F7, F9, F12, F13 1 2 1
P59 F1, F2, F3, F4, F6, F7, F8, F12, F13 1 2 2
P60 F1, F2, F3, F4, F6, F7, F10, F12, F13 1 2 3

6n−3
5

≤ m < 6n
5

Id facets n mod 2 m mod 3

P61 F1, F2, F6, F9, F12, F16 0 0
P62 F1, F2, F5, F6, F10, F12, F16 0 1
P63 F1, F2, F4, F6, F8, F12, F16 0 2
P64 F1, F2, F6, F9, F12, F13 1 0
P65 F1, F2, F5, F6, F10, F12, F13 1 1
P66 F1, F2, F4, F6, F8, F12, F13 1 2

6n
5

≤ m < ⌊ 3n
2
⌋ − 2

Id facets n mod 2 m mod 3

P67 F1, F2, F6, F12, F16 0 0
P68 F1, F2, F5, F6, F12, F16 0 1
P69 F1, F2, F4, F6, F12, F16 0 2
P70 F1, F2, F6, F12, F13 1 0
P71 F1, F2, F5, F6, F12, F13 1 1
P72 F1, F2, F4, F6, F12, F13 1 2

⌊ 3n
2
⌋ − 2 ≤ m

Id facets m mod 3

P73 F1, F2, F6, F13 0
P74 F1, F2, F5, F6, F16 1
P75 F1, F2, F4, F6, F13 2

Note that we do not indicate redundant constraints on n and m. For example, if 6n−3
5 ≤ m < 6n

5

andm mod 3 = 0, thenm = 6n−3
5 and, whatever the parity of n, we necessarily have 1 = (−3) mod 4 =

(5m − 6n) mod 4 = (m − 2n) mod 4. This explains the existence of facet F9 for polytope types P61

and P64, even if it is not explicitly mentioned that (m− 2n) mod 4 = 1.
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As a reminder, given two integers n and m that satisfy condition (9),P ′
n,m is the polytope defined

by all active facets for (n,m). We now prove that the set of extreme points of P ′
n,m is a subset of the

23 points described in Section 5. We therefore have P ′
n,m = Pn,m.

It is proved in Section 6 that P ′
n,m is bounded for all n and m that satisfy condition (9). So, let I

be the set of indices i such that Fi is active for (n,m). It is sufficient to prove that given any subset of

three distinct indices i1, i2, i3 in I, the point at the intersection of the hyperplanes defined by Fi1, Fi2
and Fi3 (if it exists) is either outside P ′

n,m, or it is one of the 23 points of Table 2 which is realizable

for (n,m) according to Table 3. Let’s illustrate this process with an example.

Lemma 5. If n mod 2 = 1,m mod 3 = 0 and 6n
5 ≤ m ≤ 3n−5

2 , then the extreme points of P ′
n,m are

V4, V10, V11, V18=V19=V20, V22 and V23.

Proof. Note first that Table 3 shows that V4, V10, V11, V18 = V19 = V20,V22 and V23 are realizable

for (n,m). As shown in Table 5, the conditions on n and m are associated with P70 which has F1,

F2, F6, F12 and F13 as active facets. Hence, I = {1, 2, 6, 12, 13}. Let’s consider all triplets (i1, i2, i3)

of indices in I.

• (i1, i2, i3) = (1, 2, 6). The intersection point of the hyperplanes defined by F1, F2, F6, is V4 =

(0, 0, 5m−6n). Inequalities F12 and F13 are satisfied sincem12+m13−m33 = 2m12+m13−m33 =

6n− 5m > 3n− 3m+ 1. Hence, V4 is an extreme point.

• (i1, i2, i3) = (1, 2, 12). The intersection point of the hyperplanes defined by F1, F2, F12 is

(0, 0, 3m − 3n). Inequality F13 is violated since 2m12 +m13 −m33 = 3n − 3m < 3n − 3m + 1.

Hence, this point is outside the polytope.

• (i1, i2, i3) = (1, 2, 13). The intersection point of the hyperplanes defined by F1, F2, F13 is

V22 = (0, 0, 3m − 3n − 1). Inequalities F6 and F12 are satisfied since −4m12 − 3m13 +m33 =

3m − 3n − 1 > 5m − 6n and m12 + m13 − m33 = 3n − 3m + 1 > 3n − 3m. Hence, V22 is an

extreme point.

• (i1, i2, i3) = (1, 6, 12).The intersection point of the hyperplanes defined by F1, F6, F12 is

(0, 3n−2m
2 , 4m−3n

2 ). Inequality F13 is violated since 2m12+m13−m33 = 3n−3m < 3n−3m+1.

Hence, this point is outside the polytope.

• (i1, i2, i3) = (1, 6, 13). The intersection point of the hyperplanes defined by F1, F6, F13 is

V10 = (0, 3n−2m−1
2 , 4m−3n−3

2 ). Inequalities F2 and F12 are satisfied since 3n− 2m− 1 > 0 and

m12 +m13 −m33 = 3n− 3m+ 1 > 3n− 3m. Hence, V10 is an extreme point.

• (i1, i2, i3) = (1, 12, 13). There is no intersection point for the hyperplanes defined by F1, F12,

F13 since F1 implies m12 = 0, while F13-F12 implies m12 = 1.

• (i1, i2, i3) = (2, 6, 12). The intersection point of the hyperplanes defined by F2, F6, F12 is

V18 = V19 = V20 = ( 3n−2m
3 , 0, 7m−6n

3 ). Inequalities F1 and F13 are satisfied since 3n− 2m > 0

and 2m12+m13−m33 = 3n−3m+ 3n−2m
3 > 3n−3m+1. Hence, V18=V19=V20 is an extreme

point.

• (i1, i2, i3) = (2, 6, 13). The intersection point of the hyperplanes defined by F2, F6, F13 is

( 3n−2m−1
2 , 0,m− 2). Inequality F12 is violated since m12 +m13 −m33 = 3n− 3m+ 2m−3n+3

2 ≤
3n− 3m− 1. Hence, this point is outside the polytope.

• (i1, i2, i3) = (2, 12, 13). The intersection point of inequalities F2, F12, F13 is V23 = (1, 0, 3m −
3n+1). Inequalities F1 and F6 are satisfied since 1 > 0 and −4m12−3m13+m33 = 3m−3n−3 >

5m− 6n. Hence, V23 is an extreme point.

• (i1, i2, i3) = (6, 12, 13). The intersection point of the hyperplanes defined by F6, F12, F13 is

V11 = (1, 3n−2m−3
2 , 4m−3n−1

2 ). Inequalities F1 and F2 are satisfied since 1 > 0 and 3n−2m−3 >

0. Hence, V11 is an extreme point.
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Table 6: Extreme points for the 75 polytopes of Table 5 when (n,m) satisfies condition (9)

Polytopes Extreme points

P1 V2, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V21
P2 V2, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20, V21
P3 V2, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V21
P4 V2, V5=V6=V7, V10, V11, V15, V16, V17, V18, V19, V20, V21
P5 V2, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20, V21
P6 V2, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V21
P7 V2, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V21
P8 V2, V5=V6=V7, V10, V11, V15=V16=V17, V18=V19=V20, V21
P9 V2, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V21
P10 V2, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V21
P11 V2, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20, V21
P12 V2, V5=V6=V7, V10, V11, V15, V16, V17, V18, V19, V20, V21
P13 V1, V5=V6=V7, V10, V15=V16=V17, V18=V19=V20
P14 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20
P15 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20
P16 V1, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20
P17 V1, V5=V6=V7, V10, V15, V16, V17, V18, V19, V20
P18 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20
P19 V1, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20
P20 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20
P21 V1, V5=V6=V7, V10, V15, V16, V17, V18, V19, V20
P22 V1, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20
P23 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20
P24 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20
P25 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15, V16, V17, V18, V19, V20
P26 V1, V3, V5=V6=V7, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20
P27 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15=V16=V17, V18=V19=V20
P28 V1, V3, V5, V6, V7, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20
P29 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15, V16, V17, V18, V19, V20
P30 V1, V3, V5=V6=V7, V10, V11, V12, V13, V14, V15=V16=V17, V18=V19=V20
P31 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15, V16, V17, V18, V19, V20
P32 V1, V3, V5, V6, V7, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20
P33 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15=V16=V17, V18=V19=V20
P34 V1, V3, V5=V6=V7, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20
P35 V1, V3, V5, V6, V7, V10, V12, V13, V14, V15, V16, V17, V18, V19, V20
P36 V1, V3, V5, V6, V7, V10, V11, V12, V13, V14, V15=V16=V17, V18=V19=V20
P37 V1, V5=V6=V7, V10, V15=V16=V17, V18=V19=V20, V22, V23
P38 V1, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20, V22, V23
P39 V1, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20, V22, V23
P40 V1, V5, V6, V7, V10, V15=V16=V17, V18=V19=V20, V22, V23
P41 V1, V5=V6=V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P42 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P43 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P44 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P45 V1, V5=V6=V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P46 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23
P47 V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23

P48

{
V1, V6, V7, V10, V15, V17, V18, V19, V20, V22, V23 if n mod 5 = 0 and m = 6n−5

5
V1, V5, V6, V7, V10, V15, V16, V17, V18, V19, V20, V22, V23 otherwise

P49 V1, V5=V6=V7, V10, V11, V15=V16=V17, V18=V19=V20, V22, V23
P50 V1, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20, V22, V23
P51 V1, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20, V22, V23
P52 V1, V5, V6, V7, V10, V11, V15=V16=V17, V18=V19=V20, V22, V23
P53 V1, V5=V6=V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P54 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P55 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P56 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P57 V1, V5=V6=V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P58 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23
P59 V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23

P60

{
V1, V6, V7, V10, V11, V15, V17, V18, V19, V20, V22, V23 if n mod 5 = 0 and m = 6n−5

5
V1, V5, V6, V7, V10, V11, V15, V16, V17, V18, V19, V20, V22, V23 otherwise

P61 V1=V7, V5=V15=V16=V17, V6, V10, V18=V19=V20, V22, V23
P62 V1=V7=V15, V6, V10, V17, V18, V19, V20, V22, V23
P63 V1=V7=V15, V6, V10, V17, V18, V19, V20, V22, V23
P64 V1=V7, V5=V15=V16=V17, V6, V10, V11, V18=V19=V20, V22, V23
P65 V1=V7=V15, V6, V10, V11, V17, V18, V19, V20, V22, V23
P66 V1=V7=V15, V6, V10, V11, V17, V18, V19, V20, V22, V23
P67 V4, V10, V18=V19=V20, V22, V23
P68 V4, V10, V18, V19, V20, V22, V23
P69 V4, V10, V18, V19, V20, V22, V23
P70 V4, V10, V11, V18=V19=V20, V22, V23
P71 V4, V10, V11, V18, V19, V20, V22, V23
P72 V4, V10, V11, V18, V19, V20, V22, V23
P73 V4, V10, V11=V18=V19=V20=V23, V22
P74 V4, V8=V20=V23, V10=V19, V18, V22
P75 V4, V8=V20=V23, V10, V11=V19, V18, V22



Les Cahiers du GERAD G–2025–43 19

The same analysis can be done for the 74 other polytope types. We give in Table 6 the set of

extreme points for the 75 distinct polytopes.1 For two extreme points Vi and Vj of a polytope, we

write Vi=Vj only if the two points are always equal in the considered polytope. When Vi and Vj

are not indicated as being equal, they may coincide for some pairs (n,m), but there is at least one

pair (n,m) for which they are not equal. For example, for P2, we have V18=V19, meaning that these

two points are always equal when n mod 12 = 1. Still for P2, V6 and V18 are typically distinct, while

V6=V18(=V19=V20)=(5,0,2) for n = 13.

Let’s now analyze the pairs (n,m) that satisfy condition (1), but not condition (9). The cases

where n ≥ 6 and m = 3n−2
2 or when n ≥ 4 and m = ⌊ 3n

2 ⌋ are treated in Section 3. The other cases

which all have m ≤ 11 can easily be analyzed by generating all chemical graphs of order n and size m,

using for example Nauty’s geng [46], and then building the polytope Pn,m for determining its extreme

points. It is therefore not difficult to determine the extreme points for all these pairs (n,m). We list in

Table 7 the extreme points for these 32 particular cases. The third column of the table indicates the

dimension of Pn,m. We observe that among these 32 polytopes, 5 are of dimension 0, 3 of dimension

1, 2 of dimension 2 and 22 of dimension 3. Among the 22 full-dimensional polytopes, 11 are special

cases of the polytopes of Table 5. We indicate their Id in the last column of Table 7. The 11 new

full-dimensional polytopes are named P76–P86, and their Id appears in italics in the last column of

Table 7.

Table 7: Extreme points of Pn,m for pairs (n,m) satisfying (1) but not (9)

n m dim. extreme points Id

3 2 0 (2,0,0)
3 3 0 (0,0,0)
4 3 1 (0,3,0), (2,0,0)
4 4 1 (0,0,0), (0,1,0)
4 5 0 (0,0,1)
5 4 1 (1,2,0), (2,0,0)
5 5 3 (0,0,0), (0,1,0), (0,2,1), (1,0,0) P76
5 6 2 (0,0,0), (0,0,1), (0,1,3)
6 5 3 (0,4,1), (1,2,0), (2,0,0), (2,1,0) P77
6 6 3 (0,0,0), (0,2,0), (0,3,3), (1,0,0), (1,1,1) P78
6 7 3 (0,0,0), (0,0,1), (0,1,2), (0,2,5), (1,0,3) P79
7 6 3 (0,4,0), (1,3,1), (2,0,0), (3,0,0) P80
7 7 3 (0,0,0), (0,2,0), (0,3,2), (1,0,0), (1,1,0), (1,2,3), (2,0,1) P81
7 8 3 (0,0,0), (0,0,1), (0,1,1), (0,1,3), (0,2,4), (1,0,2), (1,0,3), (1,1,5) P82
7 9 3 (0,0,3), (0,0,5), (0,1,6), (1,0,7) P73
8 7 3 (0,4,0), (0,5,2), (1,3,0), (2,0,0), (2,2,1), (3,0,0) P83
8 8 3 (0,0,0), (0,2,0), (0,3,1), (0,4,4), (2,0,0), (2,0,1), (2,1,3) P84
8 9 3 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,3,6), (1,0,1), (1,1,5), (2,0,5) P85
8 10 3 (0,0,2), (0,0,5), (0,2,8), (1,0,6), (1,0,7) P74
9 8 3 (0,4,0), (0,5,1), (1,4,2), (2,0,0), (2,2,0), (3,0,0), (3,1,1) P86
9 9 3 (0,0,0), (0,3,0), (0,4,3), (1,3,4), (2,0,0), (3,0,3) P22
9 10 3 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,2,2), (0,3,5), (1,0,0), (1,1,5), (1,2,6), (2,0,4), (2,0,5) P34
9 11 3 (0,0,1), (0,0,5), (0,2,7), (1,0,5), (1,0,7), (1,1,8) P75
10 9 3 (0,4,0), (0,5,0), (0,6,3), (2,0,0), (3,0,0), (3,1,0), (4,0,1) P11
10 10 3 (0,0,0), (0,3,0), (0,4,2), (0,5,5), (1,2,0), (2,0,0), (2,2,4), (3,0,2), (3,0,3) P23
10 11 3 (0,0,0), (0,0,1), (0,1,0), (0,1,3), (0,2,1), (0,4,7), (1,0,0), (1,1,5), (2,0,3), (2,0,5), (2,1,6) P35
11 10 3 (0,4,0), (0,5,0), (0,6,2), (1,4,0), (1,5,3), (2,0,0), (3,2,2), (4,0,0), (4,0,1) P12
11 11 3 (0,0,0), (0,3,0), (0,4,1), (0,5,4), (1,4,5), (2,0,0), (2,1,0), (3,0,1), (3,0,3), (3,1,4) P24
12 11 3 (0,4,0), (0,5,0), (0,6,1), (0,7,4), (2,0,0), (2,3,0), (4,0,0), (4,0,1), (4,1,2) P1

even ≥ 4 3n
2

0 (0,0,m)

odd ≥ 5 3n−1
2

0 (0,0,m−2)

even ≥ 6 3n−2
2

2 (0,0,m−4), (0,0,m−3), (0,1,m−1)

In summary, our polyhedral description is based on a partition of the set of all possible combinations

of n and m into 96 cases: 5 polytopes are of dimension 0, 3 of dimension 1, 2 of dimension 2 and 86

1These were obtained with the help of a dedicated procedure available at https://github.com/umons-dept-comp-

sci/chemichull-paper.

https://github.com/umons-dept-comp-sci/chemichull-paper
https://github.com/umons-dept-comp-sci/chemichull-paper


Les Cahiers du GERAD G–2025–43 20

of dimension 3. The facets of the degenerated polytopes are given in Section 3. For completeness, we

give in Table 8 the facets of the 3-dimensional polytopes P76-P86, where F22, F23, F24 and F25 are

new facets defined as follows:

• F22: 2m13 − 4m33 ≥ 0;

• F23: 4m13 − 4m33 ≥ 0;

• F24: 2m12 + 5m13 − 4m33 ≥ 0;

• F25: 2m12 + 8m13 − 4m33 ≥ 0.

Table 8: Facets of the full-dimensional polytopes P76-P86

Id facets Id facets

P76 F1, F3, F7, F22 P82 F6, F1, F2, F13, F4, F8, F21
P77 F3, F7, F20, F17 P83 F6, F3, F11, F10, F20, F17, F19
P78 F6, F1, F3, F8, F23 P84 F6, F1, F2, F12, F3, F4, F7, F25
P79 F6, F1, F2, F15, F10 P85 F6, F1, F2, F12, F15, F9, F21
P80 F6, F3, F13, F20 P86 F6, F3, F13, F7, F8, F20, F18
P81 F6, F1, F2, F3, F11, F9, F14, F24

8 Example of application

In this section, we illustrate how the results of this paper can be applied to determine chemical graphs

that maximize or minimize a degree-based topological index.

Consider for example the problem of minimizing the Albertson topological index [1] with cij =|
i − j |. As mentioned in Section 2, minimizing c12m12 + c13m13 + c22m22 + c23m23 + c33m33 is

equivalent to minimizing f(m12,m13,m33) = c′12m12+ c′13m13+ c′33m33, where c
′
12 = c12− 4c22+3c23,

c′13 = c13 − 3c22 + 2c23 and c′33 = c22 − 2c23 + c33. For the Albertson index, this means that we have

to minimize f(m12,m13,m33) = 4m12 + 4m13 − 2m33.

If we are interested, for example, in graphs of order n = 13 and size m = 15, then we have to

consider P64, and as shown in Table 6, the set of extreme points is {V1=V7, V5=V15=V16=V17, V6,

V10, V11, V18=V19=V20, V22, V23}. Since f(V1)=0, f(V5)=4, f(V6)=2, f(V10)=-2, f(V11)=-4,

f(V18)=-6 and f(V22)=f(V23)=-10, we deduce that the points that minimize the Albertson index

are V22=(0,0,5) and V23=(1,0,7). Examples of chemical graphs that minimize the Albertson index

for (n,m)=(13, 15) are shown in Figure 5.

(0,0,5) (1,0,7)

Figure 5: Two chemical graphs that minimize the Albertson index for (n,m) = (13, 15)

If we are interested in minimizing the Albertson index for all possible pairs (n,m) that satisfy

condition (9), then we can compute the value f(Vi) for all i = 1, . . . , 23. These values are given in

Table 9.

It is not difficult to check that the minimum value of f(Vi) is 12n − 12m + 4 for m ≥ n + 1, but

the unique point that reaches this value is V21 which is an extreme point only if m = n− 1, while for

m = n− 1, a better value is obtained, for example by V1. The second best value is 6n− 6m+2 which

is reached by V22 and V23 for m ≥ n+1. Since V22 and V23 are extreme points only if m ≥ n+2, we

deduce that these two points minimize the Albertson index for m ≥ n+ 2. The third best value is -2

which is reached by V3, V12, V13 and V14 when m = n+1. The fourth best value is 0 and is reached
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Table 9: f(Vi) (i = 1, . . . , 23) for the Albertson index

Vi f(Vi) Vi f(Vi) Vi f(Vi)

V1 0 V9 9n− 8m− 2− n mod 2 V17 4
3
(6n− 5m− (2m) mod 3

2
)

V2 8 V10 9n− 8m+ n mod 2 V18 2
3
(12n− 11m+ 2(m mod 3))

V3 -2 V11 9n− 8m− 1 V19 2
3
(12n− 11m+m mod 3)

V4 12n− 10m V12 12m− 12n− 14 V20 2
3
(12n− 11m−m mod 3)

V5 6n− 5m+ (m− 2n) mod 4 V13 −2 V21 12n− 12m+ 4
V6 6n− 5m− (m− 2n) mod 4 V14 −2 V22 6n− 6m+ 2
V7 6n− 5m− (2n−m) mod 4 V15 4

3
(6n− 5m−m mod 3) V23 6n− 6m+ 2

V8 9n− 8m− 2− n mod 2 V16 4
3
(6n− 5m−m mod 3)

by V1 for m = n. The fifth best value is 8 which is reached by V2 for m = n − 1. Note that when

there are more than one extreme point for a pair (n,m), then, according to Theorem 3.1 of [33], all

integer convex combinations of extreme points are realizable and therefore also optimal. This occurs

here when m = n + 1. Indeed, we have (1, 0, 3) = 1
2 (V3+V13). In summary, the best extreme points

are those given in Table 10. This is exactly the same result as what is stated in [7]. Note that once

we know the list of extreme points that minimize the Albertson index (i.e. the points in Table 10), it

is very easy to determine which ones are optimal for a given pair (n,m). For the above example with

(n,m) = (13, 15), we have m ≥ n+2, which implies that V22=(0,0,5) and V23=(1,0,7) are the points

we are interested in.

Table 10: Points that minimize the Albertson index for (n,m) satisfying condition (9)

m12 m13 m33

V2 2 0 0 if m = n− 1

V1 0 0 0 if m = n

V3 0 0 1

if m = n+ 1
V12 1 1 5
V13 2 0 5
V14 0 1 3

1
2
(V3+V13) 1 0 3

V22 0 0 3m− 3n− 1
if n+ 2 ≤ m ≤ 3n−3

2V23 1 0 3m− 3n+ 1

9 Concluding remarks and future work

We have given a complete polyhedral description of all chemical graphs of maximum degree at most 3.

This allowed us to describe the convex hull associated with chemical graphs for any pair (n,m), and to

observe that the maximum number of extreme points is 16. This is an important reinforcement of the

formulation induced by Hansen et al. [33]. Indeed, as they mention in their paper, Equations (14)–(20)

can be transformed into an integer linear program (IP) with 2∆−1 + ∆(∆ + 2) − 2 variables and

2∆+ ∆
2 (∆

2−∆+6)−4+B∆ constraints, where ∆ is an upper bound on the maximum degree and Bi is

the ith Bell number. For example, if n = 14, m = 13 and ∆ = 3, the IP induced by Equations (14)–(20)

has 17 variables and 27 constraints. Its linear relaxation is very far from the convex hull defined in

this paper (12 extreme points and 10 facets) since it contains 11 648 extreme points.

The same work could be done for a maximum degree at most 4. The work would be essentially

the same. More precisely, a chemical graph would then be characterized using 9 variables instead of

5, since m14, m24, m34 and m44 are then potentially strictly positive. Here too, when the values of n

and m are fixed, this reduces the degree of freedom by 2 and we can therefore work in a 7-dimensional

space spanned by 7 of the 9 variables. To obtain a polyhedral description, it would be necessary, as

we did for a maximum degree at most 3, to determine inequalities that are valid when conditions on
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n and m are imposed, and to show that they are facet defining by exhibiting 7 affinely independent

points of the hyperplane defined by each inequality. Subsequently, for a pair (n,m), by denoting P ′
n,m

the polytope defined by the set of active facets for (n,m), we could examine all the intersections of 7

facets and show that if the intersection exists and is in P ′
n,m, then it corresponds to a point that is

realizable for (n,m).

The work to be done for a complete polyhedral description of chemical graphs of maximum degree

at most 4 is however much more complex than it was for a maximum degree at most 3. Indeed, while

the polytopes that we have described in this paper all have at most 10 facets and at most 16 extreme

points, these numbers explode when the maximum degree can be equal to 4. For example, we generated

all the chemical graphs of maximum degree at most 4 for n = 21 and m = 23 and we were thus able

to observe that the associated polytope contains 761 facets and 402 extreme points. In summary,

although this complete polyhedral description is possible, using the same tools as those described in

this article, the number of cases to be considered is enormous and therefore requires considerable work

that we nevertheless plan to carry out in the near future.

We conclude by pointing out that the ChemicHull website [8] mentioned in Section 5 allows, for

any given pair (n,m), to list and visualize the associated polytope, its facets and its extreme points.
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[27] Furtula, B., Graovac, A., and Vukičević, D. Augmented zagreb index. Journal of mathematical
chemistry 48 (2010), 370–380.

[28] Ghorbani, M., Zangi, S., and Amraei, N. New results on symmetric division deg index. J. Appl.
Math. Comput. 65, 1-2 (2021), 161–176.

[29] Gutman, I. Degree-based topological indices. Croatica Chemica Acta 86 (2013), 351–361.

[30] Gutman, I., and Das, K. C. The first zagreb index 30 years after. MATCH Commun. Math. Comput.
Chem 50, 1 (2004), 83–92.

[31] Gutman, I., Furtula, B., and Elphick, C. Three new/old vertex-degree-based topological indices.
MATCH Commun. Math. Comput. Chem. 72 (2014), 617–632.

[32] Hansch, C., Leo, A., and Hoekman, D. Exploring QSAR, Vols. I and II. ACS Professional Reference
Book, Oxford University Press, New York, 1995.

[33] Hansen, P., Caporossi, G., Hertz, A., Aouchiche, M., Vukicević, D., and Sellal, C. Edge
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[34] Hansen, P., and Mélot, H. Variable neighborhood search for extremal graphs. IX. Bounding the
irregularity of a graph. In Graphs and discovery, vol. 69 of DIMACS Ser. Discrete Math. Theoret.
Comput. Sci. Amer. Math. Soc., Providence, RI, 2005, pp. 253–264.
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geometric index and its relations with geometric–arithmetic index. Applied Mathematics and Computa-
tion 391 (2021), 125706.
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