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The series Les Cahiers du GERAD consists of working papers
carried out by our members. Most of these pre-prints have been
submitted to peer-reviewed journals. When accepted and published,
if necessary, the original pdf is removed and a link to the published
article is added.

Citation suggérée : J. B. Gauthier, J. Desrosiers (Février 2021).
The minimum mean cycle-canceling algorithm for linear programs,
Rapport technique, Les Cahiers du GERAD G–2021–05, GERAD,
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recherche du Québec – Nature et technologies.

The publication of these research reports is made possible thanks
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ii

Abstract : This paper presents the properties of the minimum mean cycle-canceling algorithm for
solving linear programming models. Originally designed by Goldberg and Tarjan (1989) for solving
network flow problems for which it runs in strongly polynomial time, most of its properties are preserved. This is at the price of adapting the fundamental decomposition theorem of a network flow
solution together with various definitions: that of a cycle and the way to calculate its cost, the residual
problem, and the improvement factor at the end of a phase. We also use the primal and dual necessary
and sufficient optimality conditions stated on the residual problem (Gauthier et al., 2014) for establishing the pricing step giving its name to the algorithm. It turns out that the successive solutions
need not be basic, there are no degenerate pivots, and the improving directions are potentially interior
in addition to those on edges. For solving an m × n linear program, it requires O(n∆) so-called phases,
where ∆ depends on the number of rows and the coefficient matrix. Since each phase comprises at
most n iterations solvable in polynomial time by an interior point algorithm, the overall complexity is
pseudo-polynomial.
Keywords: Linear program, network flow problem, residual problem, cycle cancellation, complexity
analysis, interior direction

Résumé : Cet article présente les propriétés de l’algorithme MMCC (minimum mean cycle-canceling)
pour la résolution de programmes linéaires. Initialement conçu par Goldberg and Tarjan (1989) pour
résoudre les problèmes de réseau pour lesquels il s’exécute en temps fortement polynomial, la plupart de ses propriétés sont préservées. Ceci au prix de l’adaptation du théorème de décomposition
d’une solution ainsi de certaines définitions: celle d’un cycle et la manière de calculer son coût, le
problème résiduel et le facteur d’amélioration en fin de phase. Nous utilisons également les conditions
d’optimalité primales et duales énoncées sur le problème résiduel (Gauthier et al., 2014). Il s’avère
que les solutions successives n’ont pas besoin d’être de base, qu’il n’y a pas de pivots dégénérés, et que
les directions d’amélioration sont potentiellement intérieures en plus de celles suivant les arêtes. Pour
résoudre un programme linéaire de dimension m × n, il faut O(n∆) phases, où ∆ dépend du nombre de
contraintes m et de la matrice de coefficients. Puisque chaque phase comprend au plus n itérations que
l’on peut résoudre en temps polynomial par un algorithme de points intérieurs, la complexité globale
est pseudo-polynomiale.
Mots clés : Programme linéaire, problème de flots, problème résiduel, annulation de cycle, analyse
de complexité, direction intérieure
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support.
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Introduction
In this paper, we analyze an adaptation to linear programs of the minimum mean cycle-canceling
algorithm (MMCC) originally designed for solving capacitated network flow problems (Goldberg and
Tarjan, 1989). We largely make use of the mathematical results presented in Gauthier et al. (2015) as
well as the description of MMCC in Ahuja et al. (1993, Section 10.3). By adequately redefining the
notions of residual problem, cycle and cycle cost, improvement factors, and exploiting the primal and
dual optimality conditions expressed on the residual problem (Gauthier et al., 2014), we show that the
fundamental properties of MMCC well apply to linear programs. Although almost identical to those
given in earlier papers, for completeness of the presentation, we provide the adapted proofs for all
the properties. Finally note that the linear programming version of the algorithm was mentioned first
in Gauthier et al. (2014) but later denoted MWCC (minimum weighted cycle-canceling algorithm) in
Gauthier et al. (2018).
The paper is organized as follows. We start with a description of the algorithm in Section 1. This
is followed by illustrations in Section 2 on a network flow problem and a linear program: these show
that improving interior-directions are possible with MMCC. Section 3 provides the complexity analysis
that turns out to be pseudo-polynomial. In Section 4, we then compare MMCC to three other primal
algorithms. Concluding remarks appear in Section 5.

1

Algorithm

We consider the following linear program LP with non-negative upper bounded variables:
z ? = min

c| x

s.t.

Ax = b

π]
[π

(1)

0 ≤ x ≤ u,
where x ∈ Rn+ whereas the data vectors are rational, i.e., c, u ∈ Qn , b ∈ Qm , and A ∈ Qm×n with
m < n. We assume that the matrix A is of full row rank, LP feasible, and z ? finite. The dual vector
π ∈ Rm associated with the equality constraints appears within brackets. Vectors and matrices are
written in bold face by respectively using lower and upper cases and we denote by 0 (resp. 1) a vector
with all zeros (resp. ones) entries of contextually appropriate dimension.

1.1

Residual problem

The iterative solution process is indexed by k ≥ 0. We define the residual problem RP (xk ) with
respect to a primal feasible solution xk for (1) with cost z k = c| xk as follows. Every variable xj ,
j ∈ {1, . . . , n}, is replaced by xj = xkj + yj − yj+n , where relatively to xkj :
• the forward variable yj of cost dj = cj represents the possible increase of xj , with residual upper
bound rjk = uj − xkj ;
• the backward variable yj+n of cost dj+n = −cj represents its possible decrease, with residual
k
upper bound rj+n
= xkj .
• Moreover, the condition yj yj+n = 0 holds for all pairs, that is, at most one direction is used.
Let kj , j ∈ {1, . . . , 2n}, be equal to aj or −aj depending on whether yj is forward or backward,
respectively. Define the set J k = {j ∈ {1, . . . , 2n} | rjk > 0} which contains only the indexes of the
residual variables, that is, the y-variables with positive residual upper bounds. A formulation for
RP (xk ) is given by
X
z ? = z k + min
d j yj
j∈J k

s.t.

X

k j yj = 0

(2)

π]
[π

j∈J k

0 ≤ yj ≤ rjk

∀j ∈ J k .
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Formulations (1) and (2) are equivalent in the sense that there is a one-to-one correspondence
between feasible solutions that preserves the cost value.
P
Definition 1 A cycle y = [yj ]j∈J k in (2) is an extreme ray of the homogeneous system j∈J k kj yj =
0, yj ≥ 0, ∀j ∈ J k . We interchangeably speak of cycle W which denotes the positive variable support,
i.e., W = {j ∈ J k | yj > 0}. Let C(xk ) be the set of cycles in RP (xk ).
P |W |

P

P
dj yj , where
j∈W yj < ∞
P
normalizes the objective function with respect to the intuitive normalization j∈W yj = |W | established
in network
flows. The mean cost is defined with respect to the number of positive variables, i.e.,
P
dj yj
dW
j∈W
P
|W | =
yj . A negative cycle is a cycle with a negative cost (or negative mean cost).

Definition 2 The cost of cycle W is defined as dW =

j∈W

yj

j∈W

j∈W

π | aj . Similarly,
For any given π , let the reduced cost of xj , j ∈ {1, . . . , n} be computed as c̄j = cj −π
|
π kj for yj , j ∈ {1, . . . , 2n}, that is, for j ∈ {1, . . . , n}, d¯j = c̄j and d¯j+n = −c̄j . The
we have d¯j = dj −π
complementary slackness optimality conditions are well known to verify whether or not a primal-dual
pair of feasible solutions is optimal for LP (1). Two equivalent necessary and sufficient optimality
conditions are expressed on the residual problem.
Theorem 1 (Gauthier et al., 2014, Theorem 4) A primal feasible solution xk to LP (1) is optimal if
and only if the following equivalent conditions are satisfied:
Primal: RP (xk ) contains no negative cycle, i.e., dW ≥ 0, ∀W ∈ C(xk ).
π such that d¯j ≥ 0, ∀j ∈ J k .
Dual: ∃π
Negative cycles are center pieces of Theorem 2 and describe the essence of a cycle-canceling algorithm. That is, we repeatedly move from one solution to the next, by increasing flow on a negative
cycle until a residual upper bound is saturated, as long as optimality is not reached.
Theorem 2 (Gauthier et al., 2014, Theorem 3) Let xk and x` be any two solutions to LP (1). Then x`
can be written as xk plus the non-negative combination of at most n cycles of RP (xk ). Furthermore,
the cost of x` equals c| xk plus the cost of that combination of cycles.
This is an existence theorem later used in the proof of Proposition 5. Note that the converse is
also true, that is, xk can be written as x` plus the non-negative combination of at most n cycles of
RP (x` ). Such a cycle in RP (x` ), say W− , is the reverse of W+ identified in RP (xk ) to move from xk
to x` , obviously with a reverse cost cW− = −cW+ .

1.2

Pricing problem

Dantzig and Thapa (2003, SectionP10.2) suggest to identify such negative cycles by imposing the
arbitrary normalization constraint j∈J k yj = 1 to scale each extreme ray. Alternatively, the pricing
problem, denoted P P (xk ), captures the rationale of the primal and dual optimality conditions of
Theorem 1 to identify negative cycles until none remain.
Let us first consider the dual point of view: xk is optimal if and only if there exists π such that
dj − π | kj ≥ 0, ∀j ∈ J k . This condition can be verified by optimizing π so as to maximize the smallest
reduced cost i.e.,
µk = max min d¯j = max min dj − π | kj .
(3)
π

j∈J k

π

j∈J k

Optimality of xk is confirmed if µk = 0. We can linearize (3) as
µk = max µ
π

s.t. µ + π | kj

≤ dj

[yj ] ∀j ∈ J k ,

(4)
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for which the dual is expressed in terms of the y-variables of RP (xk ):
X
µk = min
dj yj

3

(5a)

j∈J k

s.t.

X

k j yj = 0

π]
[π

(5b)

[µ]

(5c)

j∈J k

X

yj = 1

j∈J k

yj ≥ 0

∀j ∈ J k .

(5d)

While formulation (4) of P P (xk ) verifies whether the dual optimality condition on RP (xk ) can
be fulfilled, formulation (5) does it for the primal condition. Interestingly, the normalization constraint (5c) appears naturally from deriving an optimization program to verify the primal optimality
condition. By Definition 2 the optimum corresponds to a minimum mean cost. Given positive weights
d¯
w = [wj ]j∈{1...,2n} , a straightforward generalization of the normalization follows by starting with wjj
in (3), see Section 3.3. Finally, observe that (5) is a linear program that matches the canonical form
of Karmarkar’s original algorithm (Karmarkar, 1984).

1.3

Solution process

The MMCC algorithm is initialized with x0 of cost z 0 . We improve it using negative cycles.
•
•
•
•

At iteration k ≥ 0, P P (xk ) (5) identifies a cycle W k of minimum mean cost µk .
Step size ρk is computed so as to saturate a residual variable (cycle-canceling).
Improved solution xk+1 of cost z k+1 < z k is obtained; RP (xk+1 ) and P P (xk+1 ) are updated.
Repeat until µ = 0, the residual problem contains no negative cycle.

The n-dimensional solution xk+1 = [xk+1
]j∈{1,...,n} is obtained as
j

xk+1
j


k
k k

x j + ρ y j ,
k
k
= xj − ρ yjk ,

 k
xj ,

if j ∈ W k
if n + j ∈ W k
otherwise,

(6)

where ρk is computed with respect to the residual upper bounds of the variables forming cycle W k
divided by their respective contribution: ρk = minj∈W k rjk /yjk .

2

Illustrations

MMCC (Goldberg and Tarjan, 1989) is a strongly polynomial algorithm for capacitated network flow
problems. Applying it to the max-flow problem indeed corresponds to the algorithm of Edmonds and
Karp (1972). We illustrate next that the pricing problem can identify interior-directions.
Let us start with a network problem. Figure 1 (left) shows the original network G = (N, A), where
N is the set of nodes and A is the set of arcs. Four units are available at the central node 0 and one
unit is requested at all four other nodes. The cost and flow bounds appear next to the arcs. We assume
c < 0, hence the optimal solution sends one unit of flow on the radial arcs (0, 1), (0, 2), (0, 3), (0, 4)
and 100 units on the counterclockwise ring arcs (1, 2), (2, 3), (3, 4), (4, 1). Therefore z ? = 400c at
x? = (1, 1, 1, 1, 100, 100, 100, 100)| .
Initial solution x0 = (1, 1, 1, 1, 0, 0, 0, 0)| of cost z 0 = 0 sends one unit on radial arcs and nothing
on ring arcs; x0 is basic, where the basic variables are x00j = 1, j = 1, . . . , 4, strictly within the interval
[0, 2] on G. Figure 1 (right) depicts the residual network G(x0 ), a representation of RP (x0 ). For
j = 1, . . . , 4, y0j and yj0 have a cost of zero while their residual upper bounds are equal to 1; for the
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ring variables y12 , y23 , y34 , and y41 , the cost is c and the residual upper bounds are equal to 100. A
convex combination of variables in (5c) is a directed cycle in G(x0 ). Let W denote such a cycle with
a flow of 1/|W | on every arc. Finding µ0 reduces to evaluating the minimum mean cost of cycles.
-1

0

1]
,

1]

0

2

1

0

1]

c [0, 100]

1]

,

,

[0

c [0, 100]

[0

[0
,

[0
,

0

2]

0

c [0, 100]

,
[0

-1

c [0, 100]

3

0

1

0

2]

+4

2]

4

[0
,

[0
,

2]

c [0, 100]

0

0

c [0, 100]

3

[0

c [0, 100]

4

0

-1

2

c [0, 100]

-1

Figure 1: Original network G (left) and residual network G(x0 ) (right).

G(x0 ) comprises 13 negative cycles:
• for j = 1, . . . , 4: 3-node cycles denoted C3j of mean cost c/3 represented by the node sequences
(0120), (0230), (0340) and (0410);
• for j = 1, . . . , 4: 4-node cycles C4j of mean cost 2c/4 given by (01230), (02340), (03410) and
(04120);
• for j = 1, . . . , 4: 5-node cycles C5j of mean cost 3c/5 given by (012340), (023410), (034120) and
(041230);
• outer cycle Co = (12341) of mean cost 4c/4 = c, indeed the minimum value for µ0 .
The pricing problem selects the 4-arc cycle Co and the step size must satisfy ρ(1/4) ≤ 100 on the
ring arcs, hence ρ = 400, z 1 = z 0 + 400 c. MMCC reaches the optimal vertex x? in a single iteration.
At this point, G(x? ) contains no negative cost cycles, hence satisfies the primal optimality condition
of Theorem 1. Cycle Co is in fact the combination of the four 3-node cycles C3j , j = 1, . . . , 4, each one
being an edge-direction. As such, Co induces an interior-direction.
We continue with the 3D-linear maximization program (7) comprising four inequality constraints
(Gauthier et al., 2018):
max 130x1 +80x2 +60x3
x≥0

s.t. 2x1
− x1
2x1
− x1

−
+
−
−

x2
x2
x2
x2

≤ 21
≤
8
≤ 15
≤ 32

+ 2x3
− x3
− x3
+ 2x3

(7)

The initial zero-cost basic solution x0 ∈ R7+ uses the slack variables at values x04 = 21, x05 = 8,
x06 = 15 and x07 = 32. For this non-degenerate solution, there are three edge-directions according to
the possible entering variables x1 , x2 , and x3 . While the primal simplex algorithm selects x1 with a
maximum reduced cost of 130, MMCC with µ0 = 140/3 rather combines the three edge-directions to
move with the interior-direction (1/6, 1/4, 1/12). As a consequence, the successive primal solutions are
not necessarily (and need not be) basic in MMCC.

3

Complexity analysis

As for network flow problems, the dual values are used to relocate the cost information along the cycles:
finding a minimum mean cost cycle is equivalent to finding a minimum mean reduced cost cycle.
Proposition 1 For any π and cycle W in (5),

P

j∈W

dj yj =

P

j∈W

d¯j yj .
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kj yj = 0 by (5b) for any cycle W . Therefore

X

d¯j yj =

j∈W

3.1

5

X

(dj − π | kj )yj =

j∈W

X

dj yj − π |

j∈W

X
j∈W

k j yj =

X

d j yj .

j∈W

Optimality parameter

The mechanics of MMCC do not require the computation of any reduced costs. The algorithm simply
relies on the primal condition of Theorem 1. However, the complexity analysis exploits the dual
point of view of that condition. The idea is to study the convergence towards zero of the optimality
parameter µ, the current most negative reduced cost. In the following, the superscript k in d¯jk is
understood to signify that the computation of the reduced cost is done with π k , k ≥ 0.
Proposition 2 Given a non-optimal solution xk , k ≥ 0, solutions to (4)–(5) are such that
(a) µk = minj∈J k d¯jk ;

(b) d¯jk = µk , ∀j ∈ W k ;

(c) µk+1 ≥ µk .

Proof.
(a) At k ≥ 0, the constraints in (4) can be written as µ ≤ dj − π | kj , ∀j ∈ J k . At optimality,
µk ≤ d¯jk , ∀j ∈ J k , for some optimized vector π k and the maximization in the objective function
pushes µk to the smallest reduced cost.
(b) The complementary slackness conditions guarantee that the equality holds in (4) for all yjk > 0,
that is, µk = d¯jk , ∀j ∈ W k .
(c) In RP (xk+1 ), the saturated variables in W k are removed and new variables appear in the reverse
direction with a reduced cost equal to −µk > 0. Therefore, by construction, every variable of
RP (xk+1 ) has a reduced cost d¯jk ≥ µk computed with respect to π k . Since the reduced cost of
a cycle is at least as great as the smallest reduced cost of any of its terms, µk+1 ≥ µk .

Proposition 2 alone is not sufficient to ensure convergence, we also need µ to strictly increase.
Definition 3 Given π k , W k is a cycle of Type 1 if it contains only y-variables of negative reduced
costs, i.e., d¯jk < 0, ∀j ∈ W k . Otherwise, it is a cycle of Type 2 and it contains at least one y-variable
with a non-negative reduced cost, i.e., ∃s ∈ W k such that d¯sk ≥ 0.
On network flow problems, the flow is the same on all the arcs of a cycle W k , i.e., yjk = 1/|W k |,
∀j ∈ W k . This is not the case in general for linear programs. For any k ≥ 0, let us compute the ratio
Rk > 0 of the smallest to the largest y-values in W k and denote by R the smallest data-dependent
ratio that can occur in any cycle:
min yjk

k

R =

j∈W k

max yjk

j∈W k

min yj

,

R=

min

x,W ∈C(x)

j∈W

max yj

.

(8)

j∈W

Then, because max yjk ≥ 1/|W k |,
j∈W k

k

∀j ∈ W :

yjk

≥ min

j∈W k

yjk



Rk
R
1
m+1
≥
≥ , where ∆ =
.
≥
|W k |
m+1
∆
R

(9)

We show next that µ strictly increases within n iterations, otherwise MMCC finds an optimal solution.
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Proposition 3 Let xk be a non-optimal solution, k ≥ 0. After at most n iterations, MMCC finds an
optimal solution to LP (1), otherwise µk+` > µk , for some 1 ≤ ` ≤ n.
P
P
Proof. By Proposition 1, j∈J k dj yj in (5a) can be replaced by j∈J k d¯j yj , that is, any reduced
cost vector can be used instead of the cost vector. For every iteration k + `, where 1 ≤ ` ≤ n, let us
find µk+` using d¯jk , ∀j ∈ J k+` , that is, the reduced costs are computed using π k . There are n variables
in LP (1), hence in any pricing problem, there are at most n variables with negative reduced costs,
the others being reverse y-variables with opposite signs for the reduced costs.
With respect to π k , an optimal cycle W k+` is of Type 1 or Type 2. Each time a Type 1 cycle
is found, at least one variable reaches its residual upper bound. Such a variable yj with a negative
reduced cost d¯jk is eliminated from the next residual problem and replaced by the reverse variable for
which −d¯jk is positive. Consequently, if within n iterations, the algorithm finds no Type 2 cycle, then
all the variables in the pricing problem have non-negative reduced costs, the residual problem contains
no negative cycle, and the algorithm terminates with an optimal solution by Theorem 1.
Now consider that at ` ≤ n, the pricing problem finds W k+` , a Type 2 cycle. By Definition 3, there
1
must exist some index s ∈ W k+` such that d¯sk ≥ 0, where ysk+` ≥ ∆
. At this point, all variables that
have not been reversed during the iterative process still have their reduced costs greater than or equal
to µk by Proposition 2(a) while the added variables have positive reduced costs. Therefore
P
P
µk+` = d¯sk ysk+` + j∈W k+` \{s} d¯jk yjk+` ≥ j∈W k+` \{s} d¯jk yjk+`
P
1
≥ µk j∈W k+` \{s} yjk+` = µk (1 − ysk+` ) ≥ µk (1 − ∆
) > µk .

k
A Type 2 cycle at the
 end of iteration k + `, 1 ≤ ` ≤ n, is a marker for the improvement factor on µ
1
expressed by 1 − ∆ . This leads to the following definitions.

Definition 4 A phase is a sequence of iterations terminated by a Type 2 cycle. A phase solution xh , h ≥ 0, is the solution at the beginning of phase h.
While the two phase numbers h and h+1 are consecutive, the number of cycles canceled within phase h
is at most n. For the remainder of this paper, the notations k and h are reserved for iteration and
phase numbers, respectively.
Proposition 4 Let xh , h ≥ 0, be a non-optimal phase solution. Then µh+∆ >
Proof. A Type 2 cycle implies that µh+1 ≥ µh 1 −

1 ∆
1− ∆
converges to e−1 ' 0.368 from below.

3.2

1
∆



µh
2 .

. Likewise, µh+∆ ≥ µh 1 −


1 ∆
∆

>

µh
2

as

Pseudo-polynomial number of phases

In this section, we present a theorem on the overall complexity of MMCC for linear programs.
Proposition 5 Let xk , k ≥ 0, be a non-optimal solution. If d¯fk ≥ −2∆µk , for f ∈ {1, . . . , 2n}, then yf
is implicitly set to zero in all subsequent pricing problems, that is, yfk+` = 0, ∀` ≥ 1.
Proof. For f ∈ {1, . . . , n}, let d¯fk ≥ −2∆µk > 0. The forward variable yf exists in RP (xk ) because
yn+f cannot as it would have a negative reduced cost d¯fk+n = −d¯fk ≤ 2∆µk < µk , a contradiction with
Proposition 2(a). Hence xkf = 0. We show next that we then implicitly have x?f = 0, i.e., xk+`
remains
f
at zero for all ` ≥ 1. For f ∈ {n + 1, . . . , 2n} and d¯fk ≥ −2∆µk > 0, similar arguments yield x?f = uf .
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Assume on the contrary that xk+`
> 0 for some ` ≥ 1. Using Proposition 2(c), we have µk ≤ µk+` .
f
By Theorem 2, xk+` can be written as xk plus the non-negative combination of at most n cycles of
RP (xk ). One of these, denoted W+s at iteration s ∈ [k + 1, k + `], is such that the forward variable
yfs is positive, hence yfs ≥ 1/∆ by (9). Given π k and µk < 0 for the reference iteration k, the mean
reduced cost of cycle W+s is
d¯W+s
|W+s |

=

X

d¯jk yjs

+ d¯fk yfs

≥ µk (1 − yfs ) − (2∆µk ) yfs

s \{f }
j∈W+

1
≥ µk (1 − )
∆

(10)
1
− (2∆µk )
∆

=

− µk − µk /∆ > 0.

Now consider the reverse cycle W−s that appears in RP (xk+` ) (Theorem 2). It has a negative mean
reduced cost

d¯W s

−

s|
|W+

d¯W s

= − |W s+| at most equal to µk +µk /∆ < µk ≤ µk+` , a contradiction on the optimality
+

of µk+` by Proposition 2(a). Hence xk+`
= 0 for all ` ≥ 1, i.e., x?f = 0.
f
Proposition 6 MMCC solves LP (1) in O(n∆ log ∆) phases.
Proof. Consider a block of L = ∆(dlog ∆e + 1) phases and phase solutions xh and xh+L . By Proposition 4, µh increases by a factor of at least 1/2 every ∆ phases so that the increase in a block is


1
1 h
h+L
µ
≥
µ ,
or equivalently, µh ≤ 2∆ µh+L .
µh ≥
dlog
∆e+1
2∆
2
By Proposition 1, the mean reduced cost µh for W h is independent of the dual vector used, that is,
X
X
µh =
dj yjh =
d¯jh+L yjh .
j∈W h

j∈W h

The values {d¯jh+L }j∈W h cannot all be strictly greater than µh , hence, there exists f ∈ W h such that
d¯fh+L ≤ µh ≤ 2∆ µh+L . The step size ρh is computed so as to cancel W h which makes the reverse cycle
appear in the next residual problem: a y-variable with a reduced cost equal to −d¯fh+L ≥ −2∆ µh+L
appears, either for yf +n if f ∈ {1, . . . , n} or yf −n if f ∈ {n + 1, . . . , 2n}. In any case, this y-variable is
fixed to zero by Proposition 5, that is, the corresponding x-variable is fixed either at zero or its upper
bound. All in all, each block fixes a different variable and since there are n variables, O(n∆ log ∆)
phases are sufficient to solve LP (1).
Following the lines of Radzik and Goldberg (1994) or perhaps more easily that of Gauthier et al.
(2015), we can reduce the total number of phases to O(n∆). Since this is a tight complexity bound
based on implicitly fixing values of variables from optimal multipliers, the complexity of solving at
most n pricing problems in a phase becomes a moot point although we could rest on the polynomial
complexity of interior-point algorithms.
Theorem 3 MMCC solves LP (1) in pseudo-polynomial time.
For the capacitated minimum cost network flow problem with |N | nodes and |A| arcs, a cycle W
comprises no more than |N | nodes. The positive y-variables in (5) are all equal to 1/|W |, the ratio
R = 1, ∆ = |N | in the worst-case (one constraint being redundant), and the improving factor at the
end of a phase is at least (1 − 1/|N |). As expected, this simplifies to the tight bound O(|A||N |) phases
and known complexity result.
Theorem 4 (Radzik and Goldberg, 1994) Given arbitrary real-valued arc costs for a network flow problem defined on G = (N, A), MMCC is strongly polynomial as it performs O(|A||N |) phases, each one
comprising at most |A| cycle cancellations, each pricing problem being solved by dynamic programming
3
2
(Karp, 1978) in O(|A||N |). Therefore, MMCC runs in O(|A| |N | ) time.
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Normalization constraint

P
For the ease of the presentation, the sum of the variables j∈J k yj = 1 appears in (5). However, it
can be replaced by the more general weighted version
X
wj yj = 1,
yj ≥ 0, wj > 0, ∀j ∈ {1, . . . , 2n}.
(11)
j∈J k

The weight wj can be one of the norms of kj , i.e., wj = kkj k, see for example Rosat et al. (2017). The
correspondence between the non-zero extreme points and extreme rays remains the same, although
the order in which the cycles are canceled differs. To derive (11), the dual condition of Theorem 1 is
verified by optimizing π so as to maximize the smallest weighted reduced cost, i.e., P P (xk ) (3) is rather
formulated as
d¯j
dj − π | kj
µk = max min
= max min
,
(12)
π
π
wj
j∈J k wj
j∈J k
and the optimality of xk is again confirmed if µk = 0. Two equivalent primal-dual pairs of linear
programs are presented below, depending on the position of the weights:
X

min

k

µ = max

µ

π

s.t.

d j yj

j∈J k

wj µ + π | kj ≤ dj

[yj ] ∀j ∈ J k

X

s.t.

π]
kj yj = 0 [π
(13)

j∈J k

X

w j yj = 1

[µ]

j∈J k

yj ≥ 0
µk = max µ
π

s.t.

µ+

π | kj
dj
≤
wj
wj

[yj ] ∀j ∈ J k

∀j ∈ J k ,

X  dj 
min
yj
wj
j∈J k
X  kj 
π]
s.t.
yj = 0 [π
wj
j∈J k
X
yj = 1 [µ]

(14)

j∈J k

yj ≥ 0

∀j ∈ J k .

Using the first pair (13), the pseudo-polynomial number of phases remains valid, it suffices to
redefine the ratios Rk and R in (8) as
min wj yjk

k

R =

j∈W k

max wj yj

j∈W k

4

,
k

min wj yj

R=

min

x,W ∈C(x)

j∈W

max wj yj

.

(15)

j∈W

Comparisons and implementation issues

Let us complete the analysis by comparing MMCC with three other algorithms, namely the classical
primal simplex PS (Dantzig, 1947), the improved primal simplex IPS (El Hallaoui et al., 2011), and
the linear fractional approximation LFA (Bouarab et al., 2017). The comparisons presented in Table 1
are based on the formulation of the pricing problems from a dual point of view in (16).
At iteration k ≥ 0, let us assume that xk is a basic solution. First recall that a degenerate solution
comprises basic variables at their bounds. Second, none of the three equivalent optimality conditions
of Theorem 1 is related to a basic representation of a solution. Indeed, there is no need to associate
a basis with an extreme point solution. Third, for each algorithm, the dual constraints are divided in
two subsets to highlight their similarities and differences. Let us recall and define various subsets of
variables.
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Table 1: Comparisons between MMCC (1989), PS (1947), IPS (2011), and LFA (2017).
Algorithm

Cycle

Direction

MMCC
PS
IPS
LFA

feasible
not always feasible
feasible
combination of cycles

edge, face, interior
edge
edge
new x-solution

•
•
•
•

Optimality parameter
µk ≤ µk+1 , µk < µk+n
oscillation
oscillation
µk < µk+1

Objective

Sum

zk
zk
zk
zk

oscillation
oscillation
oscillation
sk < sk+1

> z k+1
≥ z k+1
> z k+1
> z k+1

J = {1, . . . , n} for the original variables;
B k = {j ∈ J | xkj is basic} and N k = J \ B k for the non-basic variables;
Lk = {j ∈ J | xkj = 0}, U k = {j ∈ J | xkj = uj } and F k = {j ∈ J | 0 < xkj < uj };
J k = {j ∈ {1, . . . , 2n} | rjk > 0} for the residual variables.

We also refer to Figure 2, where we recognize the basic variables in free ones F k ⊆ B k and degenerate
ones in Lk ∪ U k . Note that J k comprises the original variables (J) and those in reverse within F k such
that none of the reverse degenerate variables are present. The θ-variable arises only within LFA.

F k (free)

−θ

degenerate

B k (basic)

reverse free

reverse basic
reverse
degenerate

J (original)

N k (non-basic)

J k (residual)
Figure 2: Primal variables at iteration k ≥ 0.

The formulation of the dual pricing problems for MMCC, PS, IPS, and LFA appear below. The
first is a rewriting of (4) with d¯j = c̄j , ∀j ∈ J, and d¯n+j = −c̄j , ∀j ∈ F k .
µk = max
π

MMCC

µ s.t.
µ≤

cj − π | aj
|

µ ≤ −(cj − π aj )
PS

|

0 = cj − π aj
|

µ ≤ cj − π aj
IPS
LFA

|

[yj ≥ 0]
[yj ≥ 0]
[yj ∈ R]
[yj ≥ 0]

∀j ∈ J

(original)

(16a)

∀j ∈ F

k

(reverse free)

(16b)

∀j ∈ B

k

(basic and reverse basic)

(16c)

∀j ∈ N

k

(non-basic)

(16d)

k

(free and reverse free)

(16e)

0 = cj − π aj

[yj ∈ R]

∀j ∈ F

µ ≤ cj − π | aj

[yj ≥ 0]

∀j ∈ Lk

(lower bound)

(16f)

[yj ≥ 0]

∀j ∈ J

(original)

(16g)

(dual obj. = primal obj.)

(16h)

|

µ ≤ cj − π aj
π |b = zk

[θ > 0]

The inequalities for MMCC imply that the y-variables in the primal formulation are greater-thanor-equal to zero, as in (5). This is not the case for PS. Imposing a zero reduced cost for the basic
variables implies that yj ∈ R, ∀j ∈ B k , or equivalently, yj , yn+j ≥ 0, ∀j ∈ B k . Unfortunately, this
is only allowed for the free variables F k ⊆ B k , not for the degenerate ones: a variable at its lower
bound cannot decrease while one at its upper bound cannot increase. Finding an optimal cycle which
wrongly uses a basic variable with a residual bound at zero results in a degenerate pivot.
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Regarding IPS, a zero reduced cost is imposed for the free variables (F k ), in accordance with
the complementary slackness conditions of Theorem 1. This remains valid for any subset F̃ k ⊆ F k ,
MMCC being at one end (F̃ k = ∅), IPS at the other (F̃ k = F k ), see Gauthier et al. (2018). IPS
always identifies improving edge-directions but has an exponential time complexity on the Klee?Minty
polytope (MMCC takes one iteration).
Finally, LFA imposes the same constraints as MMCC on the original variables (J) but restricts π
to satisfy π | b = z k , a condition that holds at optimality (and is satisfied in PS with π | = c|B B−1 ,
where B is the current basis). LFA requires that the sum sk of the x-variables be positive, ∀k ≥ 0. The
main properties come from the rewriting of the primal pricing problem as a linear fractional program
using the transformation of Charnes and Cooper (1962), where θk = 1/sk : at every iteration until
optimality is reached, z k+1 decreases while both µk+1 and sk+1 increase. It also has a super-geometric

k+1
p
growth rate on µ given by µk+1 = µ0 1 − k+1 s0 /smax
, where smax is an upper bound on the
sum of the x-variables.
Polynomial complexity is not a warrant of efficiency. A landmark in linear programming history
that underscores this is the first polynomial time ellipsoid algorithm of Khachiyan (1979). Although
PS may have degenerate pivots and not converge, the number of iterations is approximately 3m in
practice. The adaptation of IPS to solve by column generation the linear relaxation of set partitioning
problems, the so-called dynamic constraint aggregation algorithm, also turns out to be very efficient
for various crew scheduling type problems (El Hallaoui et al., 2005). Little is known on LFA except
that it should be used for problems whose objective value is not correlated to the sum of the variables,
otherwise the approximation is almost the original problem.
Despite the fact that MMCC runs in strongly polynomial time on network flow problems, it is not
at all efficient in a naive implementation. It sometimes takes more time to solve a single pricing step
than directly solving the problem at hand (Gauthier et al., 2017). It is therefore not surprising that
the same is observed for the solution of linear programs. However, as all other algorithms, MMCC
requires adequate heuristic strategies, notably a partial pricing scheme. By Theorem 2, all the negative
cycles to move from xh to x? are in the residual problem RP (xh ). We can therefore identify several
cycles, combine them in a restricted master problem (by Dantzig-Wolfe decomposition) to determine
the best (likely interior) direction and step size, modify the dual variables, and again using the same
residual problem, identify additional negative cycles. This is very similar to the Cancel-and-Tighten
strategy (CT) proposed by Goldberg and Tarjan (1989) for network problems. As CT exploits both
the primal and dual properties of the cycle-canceling algorithm, the heuristic selection as well as the
order in which the cycles of Type I are canceled become irrelevant. Gauthier et al. (2015) show that
2
the complexity of the bottleneck operation, i.e., solving a phase, is reduced from O(|A| |N |) to only
2
O(|A| log |N |), hence MMCC runs in O(|A| |N | log |N |) time. A similar strategy has been used with
IPS in Metrane et al. (2010) while identifying and combining edge directions. Our hope is that this can
be successfully adapted for solving large-scale linear programs with MMCC, specially in the context of
the column generation algorithm where, too often, very time consuming subproblems select variables
that lead to degenerate pivots. In fact, any heuristic solution to the pricing problem (5) results in a
strict decrease of the objective function.

5

Conclusion

This paper presents the properties on linear programs of the minimum mean cycle-canceling algorithm
originally designed for solving capacitated minimum cost network flow problems. The adaptation needs
a similar decomposition theorem of a solution together with various definitions: that of a cycle and
the way to calculate its cost, the residual problem, and the improvement factor at the end of a phase.
From the primal point of view, the objective function decreases at every iteration, interior-directions
are possible in addition to edge ones, and the successive solutions need not be basic. Every pricing
problem can be solved in polynomial running time by interior point algorithms. From the dual point
of view, the smallest reduced cost is increasing from one phase to the next and converges to zero in
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a pseudo-polynomial number of these. The overall complexity is hence a pseudo-polynomial running
time. A naive implementation is not efficient, neither for network flow problems nor linear programs.
Further research should concentrate on accelerating and heuristic strategies, especially in the context
of column generation in order to avoid time-consuming degenerate pivots.
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programs. Operations Research Letters, 42(8):553–557, 2014. doi: 10.1016/j.orl.2014.10.001.
Jean Bertrand Gauthier, Jacques Desrosiers, and Marco E. Lübbecke. About the minimum mean cyclecanceling algorithm. Discrete Applied Mathematics, 196:115–134, 2015. doi: 10.1016/j.dam.2014.07.005.
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