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Abstract : A generalized Nash equilibrium (GNE) framework is introduced for a graphon mean field
game of controls (GMFGC). Each agent’s drift, cost, and hard control constraints depend on local and
graphon-weighted moments of the joint state–control laws. Uniform linear independence constraint
qualification and strong convexity yield stable feasible sets and a Lipschitz constrained best response.
The associated GMFGC Hamilton–Jacobi–Bellman equation has a classical solution and the GMFGC
Fokker–Planck–Kolmogorov equation a generalized energy solution; under weak coupling, the resulting
GNE is unique. Furthermore, the ϵ-Nash property is established for finite-network, finite-population
constrained GMFGC systems.
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1 Introduction

Mean field game (MFG) theory studies Nash equilibria of large populations of asymptotically negligible

agents through an infinite-population limit. Its foundational ideas appeared independently in the

work of Huang, Caines, and Malhamé [31, 32] and Lasry and Lions [39]. For standard treatments,

see [3, 16]. In controlled diffusion models, equilibrium is characterized by a backward Hamilton–

Jacobi–Bellman (HJB) equation for the representative agent’s value function, coupled with a forward

Fokker–Planck–Kolmogorov (FPK) equation for the population law.

Mean field games of controls (MFGC) generalize MFG theory to the frameworks where agents

interact through the joint state–control law, or distribution, rather than through the state law alone.

Potential applications include trade crowding [13], relative consumption [33], congestion with endogenous

prices [4], and residential energy trading [2]. These models have been analyzed using probabilistic

methods [17, 40], PDE methods [13, 26], HJB-based explicit solution [33], and Lagrangian methods [4].

State and control constraints weaken MFG HJB–FPK regularity. Constrained MFGs are studied
by Lagrangian methods based on probability measures over optimal constrained trajectories [1, 4, 12].

In finite-agent generalized Nash equilibria (GNEs), shared constraints make each agent’s feasible set

depend on the others’ strategies [21]. Dynamic GNEs have been formulated as differential variational

inequalities [18]; mean-field limits of constrained finite-agent differential GNEs are analyzed in [28].

Graphon limits [41] provide a tractable framework for asymptotically dense heterogeneous networks.

Static graphon games model strategic interactions through graphon-weighted aggregates [15, 43]. For
graphon mean field games (GMFGs) in stochastic dynamic settings, the GMFG equations and finite-

network ϵ-Nash approximation theory were developed in [7, 8, 9], with subsequent work addressing

linear-quadratic-Gaussian models [23] and classical solutions [30].

Graphon limits cannot retain the local structure of bounded-degree sparse networks since they are

void; however, stochastic games on specific sparse networks were studied in [37]. Concerning sparse

networks in general, graphings describing bounded-degree network limits are presented in [41]. In [34]

there is an analysis of the control of populations of agents on local–global convergent sequences of

networks, and these necessarily converge to graphings, see [27]. Graphexes model sparse exchangeable

random graphs [46] including those with the small world property and permitting the formulation of

graphex MFG equilibria [20]. The vertexon–graphexon framework covers dense and sparse embedded

network limits enabling the definition of the graphexon MFG equations [6, 10, 11], while related

measure-based approaches establish Vlasov mean field limits for processes on digraph measures [35],

co-evolutionary signed networks [25] and directed hypergraph measures [36].

The presenting model combines graphon population interactions with endogenous control constraints.

It is motivated by macroscopic resource constraints, under which aggregate control use must respect

network capacity. Related formulations include density caps enforced by pressure prices in MFGs [14],

population-level safety constraints [29], and constructive budget-constrained incentives in finite-agent

games [48].

For parameterized constrained optimization, metric regularity, i.e., the local control of the distance

to the feasible set by the constraint violation under local perturbations, is a standard stability

property [5, 45]. In the present setting, Robinson’s Constraint Qualification [5] yields such an error

bound, through which Hausdorff stability of the feasible sets with respect to the mean-field parameter

is established.

The Karush–Kuhn–Tucker (KKT) system can be formulated as a generalized equation. Strong

regularity of its solution [5, 44], i.e., locally unique and Lipschitz continuous solvability of its perturbed

linearization, implies that in the present setting the optimizer and associated Lagrange multipliers

depend Lipschitz continuously on the state, costate, and mean-field parameter. These properties provide

the Hamiltonian and feedback regularity needed for the subsequent HJB–FPK well-posedness analysis.
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1.1 Main contributions

To the best of the authors’ knowledge, this is the first work to combine graphon interactions, dependence

on the joint state–control law, and endogenous shared control constraints. We refer to the resulting

model as a constrained graphon mean field game of controls (GMFGC). In the present study, each

agent’s feasible control set depends on the population’s endogenous joint state–control distribution,

making the equilibrium generalized Nash. This coupling captures network-wide resource constraints

and creates the key difficulty of moving feasible sets.

Hausdorff–Lipschitz stability of the moving feasible sets and KKT strong regularity jointly yield

Lipschitz dependence of the best response on the mean-field flow. Weak coupling then gives existence

and uniqueness of the GNE.

In finite games, empirical moments can make the limiting feedback infeasible. Feasibility transport

and a finite-feedback fixed point yield an exactly feasible ϵ-GNE, with an explicit error bound vanishing

as network and cluster populations grow.

1.2 Organization and proof strategy

The MFG approach treats the mean field as a fixed deterministic environment and solves the stochastic

control problem of a representative agent. Consistency then requires that the population law induced

by the optimal control reproduce the prescribed mean field.

Given a candidate mean-field distributional environment, represented by a flow of joint state–control
laws, its local and graphon-weighted moments determine the representative-agent problem. With this

environment fixed, the inner fixed point enforces moment-parameter consistency, i.e., the path-law

ensemble generated by the optimal feedback reproduces the moment parameters inserted into its

closed-loop SDE; the conditioning mean-field flow is not updated in this step. The outer update

replaces this candidate flow by the joint state–control marginals generated by that path law; under
weak coupling, this update is a contraction, yielding the unique fixed point solution to the overall

constrained GMFGC problem.

Section 2 gives the model and assumptions. Section 3 establishes feasible-set and Hamiltonian

regularity, HJB well-posedness, and feedback estimates. Section 4 proves FPK well-posedness and

equilibrium. Section 5 constructs feasible finite-game ϵ-GNE profiles with an explicit error bound.

2 Preliminaries

2.1 Notation

Let α ∈ [0, 1] index graphon nodes and [0, T ] the horizon. At node α, the state and control take values

in Rn and Rm, respectively. All filtered probability spaces are complete and satisfy the usual conditions;

all Brownian motions are Rn-valued. | · | is used for Euclidean and induced operator norms. For R > 0,

set Bd
R = {z ∈ Rd : |z| ≤ R}, omitting d when clear; vector inequalities are componentwise.

Let (E, dE) be a complete separable metric space, and let P(E) denote the Borel probability

measures on E. For a fixed x0 ∈ E, define

P1(E) :=

{︃
µ ∈ P(E) :

∫︂
E

dE(x, x0)µ(dx) <∞
}︃
.

This definition is independent of the choice of x0. For µ, ν ∈ P1(E), set

WE
1 (µ, ν) := inf

π∈Π(µ,ν)

∫︂
E×E

dE(x, y)π(dx, dy),
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where Π(µ, ν) is the set of probability measures on E × E with first marginal µ and second marginal ν

(the couplings). The superscript E is suppressed when the underlying space is clear. For a Borel map

F , F#µ denotes the pushforward of µ.

Let O be a subset of Rd. For a Lipschitz map h : O → Rq, write Lip(h) := supx̸=y∈O |h(x) −
h(y)|/|x− y|. For j ∈ N0 and ϑ ∈ (0, 1), set

[h]ϑ;O := sup
x,y∈O
x̸=y

|h(x)− h(y)|
|x− y|ϑ

, ∥h∥Cj+ϑ(O) :=
∑︂
|a|≤j

∥Dah∥∞;O +
∑︂
|a|=j

[Dah]ϑ;O.

Let Cj+ϑ
b (O) denote the space of functions with finite Cj+ϑ(O) norm.

For an interval I ⊂ R, let Q = I ×O. The parabolic seminorm and norm are

[h]ϑ/2,ϑ;Q := sup
(t,x),(s,y)∈Q
(t,x)̸=(s,y)

|h(t, x)− h(s, y)|
(|t− s|1/2 + |x− y|)ϑ

,

∥h∥C1+ϑ/2,2+ϑ(Q) :=
∑︂

2r+|a|≤2

∥∂rtDa
xh∥∞;Q + [∂th]ϑ/2,ϑ;Q +

∑︂
|a|=2

[Da
xh]ϑ/2,ϑ;Q

+
∑︂
|a|=1

sup
x:(t,x),(s,x)∈Q

t,s∈I, t̸=s

|Da
xh(t, x)−Da

xh(s, x)|
|t− s|(1+ϑ)/2

.

Let C
1+ϑ/2,2+ϑ
loc (Q) denote the space of functions with finite C1+ϑ/2,2+ϑ(Q′) norm for every compact

cylinder Q′ ⋐ Q. For QT := (0, T )× Rn, set

V2(QT ) := L∞(0, T ;L2(Rn)) ∩ L2(0, T ;H1(Rn)). (1)

Here H1(Rn) denotes the first-order Sobolev space, and H−1(Rn) denotes its dual.

For nonempty compact sets A,B ⊂ Rd, the Pompeiu–Hausdorff distance is

dH(A,B) := max
{︁
sup
a∈A

dist(a,B), sup
b∈B

dist(b, A)
}︁
.

For a closed convex set C ⊂ Rd and z ∈ C, its convex-analysis normal cone is

NC(z) := {w ∈ Rd : ⟨w, y − z⟩ ≤ 0 for every y ∈ C} =
⋂︂
y∈C

{︁
w ∈ Rd : ⟨w, y − z⟩ ≤ 0

}︁
.

For each (α, t) ∈ [0, 1]× [0, T ], write µα,t ∈ P1(Rn) for the state law and να,t ∈ P1(Rn×Rm) for the

joint state–control law. The corresponding measure flows are µα = {µα,t}t∈[0,T ] and να = {να,t}t∈[0,T ].

Their graphon-indexed ensembles are

µG = {µα}α∈[0,1], νG = {να}α∈[0,1]. (2)

The time-t sections are denoted by µG(t) and νG(t). Condition (C1) requires νG(t), and hence its state

marginal µG(t), to be W1-continuous in α.

For each α, fix a filtered probability space (Ωα,Fα,Fα,Pα) satisfying the usual conditions, where

Fα = {Fα,t}t∈[0,T ]. It carries an Fα,0-measurable initial random variable ξα and an Fα-Brownian

motion Bα. Write Eα for expectation under Pα and Lα(Y ) := Y#Pα for the law of a random variable

Y on this space. These nodewise stochastic bases are used for the continuum model. The finite game is

instead realized on the common stochastic basis introduced in Section 2.2.1.
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2.2 Problem setting

2.2.1 Finite-network, finite-agent constrained game

Let W : [0, 1]2 → R be the graphon kernel. Write z = (y, v) ∈ Rn+m for a generic joint state–control

variable. Let f0, f : Rn × Rm × Rn+m → Rn denote the local and network drift kernels, and let l0, l

be the corresponding running-cost kernels. Let K ⊂ Rm be the fixed compact convex control set.

For λ = (λloc, λnet) ∈ R2(n+m), representing the local and network joint moments, or their empirical

counterparts in the finite game, let γα(u, λ) encode the moment-dependent control constraints.

The finite game motivating the continuum model is defined first. At level k, let Gk be a finite

clustered network with Nk agents partitioned into Mk clusters Ck
1 , . . . , C

k
Mk

. Let W k = (W k
ℓr)

Mk

ℓ,r=1

be the cluster-level weight matrix and set nkℓ = |Ck
ℓ |, nkmin = min1≤ℓ≤Mk

nkℓ , Nk =
∑︁Mk

ℓ=1 n
k
ℓ . Assume

nkmin ≥ 2. The cells Ikℓ = [(ℓ− 1)/Mk, ℓ/Mk) partition [0, 1], with the last cell closed at 1, and αk
ℓ is the

midpoint of Ikℓ . Cluster C
k
ℓ represents Ikℓ . If i ∈ Ck

ℓ , write c(i) = ℓ and αk
i = αk

ℓ .

Let Ik := {1, . . . , Nk} be the agent set. For state and control vectors write x = (xi)i∈Ik
∈

(Rn)Nk ,u = (ui)i∈Ik
∈ KNk , and use the product sup norm ∥x∥∞ = maxi |xi|, with the analogous

notation for control vectors. A strategy profile is denoted by U = (Ui)i∈Ik
, and U−i denotes the profile

with its ith component removed.

Let q(x, u) = (x, u) ∈ Rn+m. For i ∈ Ck
ℓ , define the full cluster mean and its agent-i leave-one-out

version by

ˆ︁zN,k
ℓ (t) =

1

nkℓ

∑︂
j∈Ck

ℓ

q(XN,k
j (t), UN,k

j (t)),

ˆ︁zN,k,−i
r (t) =

⎧⎪⎨⎪⎩
1

nkℓ − 1

∑︂
j∈Ck

ℓ ,j ̸=i

q(XN,k
j (t), UN,k

j (t)), r = ℓ,

ˆ︁zN,k
r (t), r ̸= ℓ.

(3)

The leave-one-out network statistic and complete finite parameter seen by agent i are

ˆ︁nN,k,−i
i (t) =

1

Mk

Mk∑︂
r=1

W k
ℓrˆ︁zN,k,−i

r (t), (4)

ˆ︁λN,k,−i
i (t) =

(︁ˆ︁zN,k,−i
c(i) (t), ˆ︁nN,k,−i

i (t)
)︁
∈ R2(n+m). (5)

For each k, realize the finite game on a common filtered probability space (ΩN,k,FN,k,FN,k,PN,k),

where FN,k = {FN,k
t }t∈[0,T ] is the usual augmentation of the filtration generated by {ξj , Bj(s) : j ∈

Ik, 0 ≤ s ≤ t}. The variables {ξi}i∈Ik
are i.i.d. with density p0, the processes {Bi}i∈Ik

are independent

Brownian motions, and the two families are mutually independent. Let EN,k denote expectation under

PN,k. The finite dynamics and costs are

dXN,k
i (t) = ˆ︁f(XN,k

i (t), UN,k
i (t), ˆ︁λN,k,−i

i (t))dt+ σdBi(t), XN,k
i (0) = ξi, (6)

JN,k
i (U) = EN,k

[︂ ∫︂ T

0

ˆ︁l(XN,k
i (t), UN,k

i (t), ˆ︁λN,k,−i
i (t))dt+ g(XN,k

i (T ))
]︂
. (7)

A finite strategy is a K-valued, FN,k-progressively measurable process. It is admissible for agent i if

UN,k
i (t) ∈ Kαk

i
(ˆ︁λN,k,−i

i (t)) for (dt⊗ PN,k)-a.e. (t, ω). (8)

Agent i minimizes JN,k
i (U) over its admissible controls.

Assuming the limit exists in the appropriate sense as Mk → ∞, the cluster populations diverge,
W k approximates W, and the empirical laws converge to {νβ,t}β∈[0,1]; the finite sums then converge

to graphon integrals, while the finite parameters ˆ︁λN,k,−i
i converge to λα[νG]. Section 5 imposes the

approximation hypotheses and proves the vanishing ϵ-GNE bound.
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2.2.2 Infinite-network, infinite-population constrained GMFGC

At the infinite population infinite network limit, the representative-agent problem underlying the

GMFGC system is specified as follows.

Given a deterministic flow νG of joint state–control laws, the representative agent at node α chooses

an Fα-progressively measurable control uα satisfying uα(t) ∈ Kα(λα[νG](t)) almost surely for a.e. t.

The flow specifies distributions, not the other agents’ states or Brownian motions. The controlled

dynamics and cost are given by

dxα(t) = ˜︁fα(︁xα(t), uα(t), νG(t))︁dt+ σdBα(t), xα(0) = ξα, (9)

JνG
α (uα) = Eα

[︂ ∫︂ T

0

˜︁lα(xα(t), uα(t), νG(t))dt+ g(xα(T ))
]︂
. (10)

Here Lα(ξα) = p0(x) dx, with p0 common across α, and ξα is independent of Bα. At consistency, (9)

is the representative-agent equation of the graphon McKean–Vlasov limit associated with the finite

dynamics (6). Section 5 quantifies this connection through exactly feasible profiles and a vanishing

ϵ-GNE error.

For the limiting joint flow, the law-dependent aggregate drift and running costs are

˜︁fα(x, u, νG(t)) = ∫︂
Rn+m

f0(x, u, z)να,t(dz) +

∫︂ 1

0

W(α, β)

∫︂
Rn+m

f(x, u, z)νβ,t(dz)dβ,

˜︁lα(x, u, νG(t)) = ∫︂
Rn+m

l0(x, u, z)να,t(dz) +

∫︂ 1

0

W(α, β)

∫︂
Rn+m

l(x, u, z)νβ,t(dz)dβ.

The moment vector λα[νG](t) ∈ R2(n+m) has components

λlocα (t) :=

∫︂
Rn+m

z να,t(dz), λnetα (t) :=

∫︂ 1

0

W(α, β)λlocβ (t) dβ. (11)

For λ = (λloc, λnet) ∈ R2(n+m), define the network-dependent feasible set by

Kα(λ) = {u ∈ K : γα(u, λ) ≤ 0}. (12)

For a prescribed flow νG, define the admissible control class at node α by

Aα(νG) :=
{︁
uα : [0, T ]× Ωα → K : uα is Fα-progressively measurable,

uα(t, ω) ∈ Kα(λα[νG](t)) (dt⊗ Pα)-a.e.
}︁
. (13)

For a prescribed flow νG, the representative-agent problem at node α, denoted by (Pα[νG]), is to

minimize JνG
α (uα) over uα ∈ Aα(νG), where the state in the cost functional is generated by (9).

Thus (9), (10), and (12) constitute the graphon mean-field limit of the finite-network, finite-

population game. The existence and uniqueness of solutions to this class of constrained GMFGC

problems shall now be analyzed in terms of the associated formulation of HJB–FPK equations.

2.2.3 Dynamic programming HJB–FPK system

For fixed νG, define the control-dependent Hamiltonian integrand at node α and its minimum over the

feasible set by

˜︁Hα(t, x, u, p, νG) := ˜︁fα(x, u, νG(t)) · p+ ˜︁lα(x, u, νG(t)), (14)

Hα(t, x, p, νG) := min
u∈Kα(λα[νG](t))

˜︁Hα(t, x, u, p, νG). (15)
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The minimum is attained under Assumptions (H1) and (H2) by compactness and continuity. The

variable p ∈ Rn is the HJB costate. In the HJB equation, it is evaluated at p = ∇V α(t, x), where

V α : [0, T ]× Rn → R is the value function.

For a candidate equilibrium flow ν∗G, set λ
∗
α(t) := λα[ν

∗
G](t) and

˜︁H∗
α(t, x, u, p) := ˜︁Hα(t, x, u, p, ν

∗
G).

Let ρα : [0, T ]× Rn → [0,∞) denote the state density and ϕ∗α : [0, T ]× Rn → K the optimal feedback.

The terminal cost g : Rn → R and initial density p0 : Rn → [0,∞) are common across α and satisfy

Assumptions (H7) and (H5), respectively. The associated HJB–FPK characterization seeks ν∗G, V
α, ρα,

and ϕ∗α satisfying

[HJB](α) − ∂tV
α − σ2

2
∆V α = Hα(t, x,∇V α(t, x), ν∗G), V

α(T, x) = g(x),

[FPK](α) ∂tρα +∇·
(︁ ˜︁fα(x, ϕ∗α(t, x), ν∗G(t))ρα)︁ = σ2

2
∆ρα, ρα(0, x) = p0(x),

[BR](α) ϕ∗α(t, x) = arg min
u∈Kα(λ∗

α(t))

˜︁H∗
α(t, x, u,∇V α(t, x)),

[CONS](α) ν∗α,t = (id, ϕ∗α(t, ·))#
(︁
ρα(t, x) dx

)︁
.

(16)

Here id : Rn → Rn is the identity.

Definition 2.1 (Generalized Nash Equilibrium for a Constrained GMFGC). Subject to conditions yielding

existence and uniqueness of solutions to (9)–(12) and (14)–(16), let (ν∗G, ϕ
∗) be the solution pair to the

GMFGC equations (16), where, for every graphon node α, (i) the feedback ϕ∗α minimizes ˜︁H∗
α over all

controls in the endogenous feasible set Kα(λα[ν
∗
G]), and (ii) the resulting closed-loop joint state–control

distribution is ν∗α. Then, (ν
∗
G, ϕ

∗) is called a generalized Nash equilibrium of the constrained GMFGC

problem determined by (9), (10) and (12).

The justification of this definition is as follows. For each α ∈ [0, 1], let x∗α be the associated

closed-loop state and set u∗α(t) := ϕ∗α(t, x
∗
α(t)). The two equilibrium properties are consequences of

the HJB–FPK system: (i) [BR](α) selects an admissible feedback from the feasible set. A verification

argument then yields optimality over admissible control trajectories. Specifically, under the assumptions

of Lemma 3.5, the identity (35) shows that u∗α ∈ Aα(ν
∗
G) solves (Pα[ν

∗
G]); (ii) [FPK](α) together with

[CONS](α) gives ν∗α,t = Lα((x
∗
α(t), u

∗
α(t))) for t ∈ [0, T ].

The equilibrium is termed generalized Nash, rather than Nash, for two reasons. First, the best-

response property holds for an agent at node α when all other agents’ actions are those prescribed by
the GMFGC solution control laws. Second, the feasible-control correspondence itself depends on the

equilibrium law and hence on the strategies of the other agents.

The HJB equation is interpreted classically. However, in general, active-set changes may render

the feedback nondifferentiable in x; accordingly, the FPK equation is interpreted in the energy space

V2(QT ); see Lemmas 3.5 and 4.5.

2.3 Assumptions

Constants are uniform in α ∈ [0, 1], and C > 0 is generic.

(H1) [Feasible sets] For every (α, λ), Kα(λ) is a nonempty closed convex subset of a fixed compact
convex set K ⊂ Rm.

(H2) [Moment-reduced coefficients] There are maps ˆ︁f : Rn × Rm × R2(n+m) → Rn, and ˆ︁l : Rn × Rm ×
R2(n+m) → R such that, for every admissible joint flow νG,˜︁fα(x, u, νG(t)) = ˆ︁f(x, u, λα[νG](t)), ˜︁lα(x, u, νG(t)) = ˆ︁l(x, u, λα[νG](t)).
The map ˆ︁f is globally Lipschitz on Rn ×K × R2(n+m) and satisfies | ˆ︁f(x, u, λ)| ≤ Cf (1 + |λ|).
For every R > 0, ˆ︁l is bounded and Lipschitz on Rn × K × B

2(n+m)
R . Both maps are C2 in u.
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For every R > 0, their first and second u-derivatives are jointly continuous and bounded on

Rn ×K ×B
2(n+m)
R , and their first u-derivatives are Lipschitz there. These local constants may

depend on R.

(H3) [Strong convexity] For every P,R > 0, there is κscP,R > 0 such that, uniformly for x ∈ Rn, p ∈ Bn
P ,

and λ ∈ B
2(n+m)
R , the map u ↦→ ˆ︁f(x, u, λ) · p+ ˆ︁l(x, u, λ) is strongly convex on K with modulus

κscP,R.

(H4) [Graphon regularity] The kernel W satisfies:

(i) supα∈[0,1]

∫︁ 1

0
|W(α, β)| dβ ≤MW for some MW <∞;

(ii) for every ζ ∈ L∞(0, 1), the map α ↦→
∫︁ 1

0
W(α, β)ζ(β) dβ is continuous.

(H5) [Initial law] The nonnegative density p0 ∈ L2(Rn) has unit mass and satisfies
∫︁
Rn |x|2p0(x) dx <∞.

(H6) [Constraint regularity] The constraint system satisfies:

(i) K = {u : k(u) ≤ 0} for a componentwise convex C2 map k : Rm → RnK . For each α,

γα : Rm × R2(n+m) → Rnc is C2 in u and C1 in λ. The mappings Dr
uγα, r = 0, 1, 2, Dλγα,

and DλDuγα are jointly continuous in (u, λ). Each component is convex in u.

(ii) For every R > 0, Dr
uγα, r = 0, 1, 2, Dλγα, and DλDuγα are bounded on K × B

2(n+m)
R

uniformly in α. Moreover, Dr
uγα is uniformly continuous in α there, with common modulus

ωγ,R, for r = 0, 1, 2.

(iii) Set Gα(u, λ) = (γα(u, λ), k(u)) ∈ Rnc+nK , so that Kα(λ) = {u : Gα(u, λ) ≤ 0}, and

define the active index set as Iα(u, λ) = {i : Gα,i(u, λ) = 0}; then the uniform linear

independence constraint qualification (LICQ), as in [42, Def. 12.4], holds: for every R > 0,

there is κLICQ,R > 0 such that the active gradient Hessian DuGα,Iα(u,λ)(u, λ) constitute

linearly independent rows and σmin

(︁
DuGα,Iα(u,λ)(u, λ)

)︁
≥ κLICQ,R whenever λ ∈ B

2(n+m)
R ,

u ∈ Kα(λ), and Iα(u, λ) ̸= ∅.

(H7) [Parabolic regularity] Suppose σ > 0 and g ∈ C2+θ
b (Rn) for some θ ∈ (0, 1). Set ϑ = θ/2.

(H8) [Contractive weak coupling] The constants Cϕ and CV in Lemmas 4.3 and 4.10 can be chosen so

that CϕCV < 1.

2.4 Admissible measure-flow class

To formulate the global fixed-point map, fixMV , Ch > 0 and consider candidate joint flows νG satisfying:

(C1) [Graphon-label continuity] For each t ∈ [0, T ], νG(t) ∈ C([0, 1];P1(Rn×K)), where P1 is endowed

with the metric W1.

(C2) [Uniform first-moment bound] supα,t
∫︁
Rn×K

|(x, u)| να,t(dx, du) ≤MV .

(C3) [Temporal Hölder regularity] For all α ∈ [0, 1] and s, t ∈ [0, T ], W1(να,t, να,s) ≤ Ch|t− s|ϑ.

(C1)–(C3) are assumed to hold for a candidate environment flows; consistency with the joint

marginal flow generated by the controlled SDE under the best-response feedback will necessarily hold at

the solved fixed point. By Condition (C2) and Assumption (H4)(i), supα,t |λα[νG](t)| ≤ (1 +MW)MV .

Fix RV > (1 +MW)MV ; then λα[νG](t) ∈ B
2(n+m)
RV

for all νG ∈ V[0,T ], α ∈ [0, 1], and t ∈ [0, T ].

Definition 2.2 (Admissible Measure-Flow Class and Metric). V[0,T ] shall denote the class of joint measure

flows satisfying Conditions (C1)–(C3), with constants MV and Ch, equipped with the metric

dV(νG, ˜︁νG) := sup
α∈[0,1], t∈[0,T ]

W1(να,t, ˜︁να,t). (17)

The space (V[0,T ], dV) is complete. Indeed, since Rn×K is complete and separable, (P1(Rn×K),W1)

is complete [47, Thm. 6.18]. Hence every dV -Cauchy sequence (νkG)k admits a family νG = (να,t)α,t
such that dV(ν

k
G, νG) → 0. It remains to verify that νG ∈ V[0,T ]. For fixed t, the triangle inequality
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gives
W1(νβ,t, να,t) ≤W1(νβ,t, ν

k
β,t) +W1(ν

k
β,t, ν

k
α,t) +W1(ν

k
α,t, να,t)

≤ 2dV(ν
k
G, νG) +W1(ν

k
β,t, ν

k
α,t).

(18)

Since νkG satisfies (C1), taking lim supβ→α and then k → ∞ proves (C1) for νG. Since z ↦→ |z| is
1-Lipschitz, (C2) passes to the limit. Similarly, the decomposition in (18) gives W1(να,t, να,s) ≤
2dV(ν

k
G, νG) + Ch|t− s|ϑ. Letting k → ∞ proves (C3) with the same constant Ch.

Definition 2.3 (Path and Path-Measure Spaces). Let CT = C([0, T ];Rn ×K), with canonical coordinate

process (Xt, Ut) defined by (Xt(ω), Ut(ω)) := ω(t) for ω ∈ CT . Write

∥ω∥CT
:= sup

0≤s≤T

(︁
|Xs(ω)|+ |Us(ω)|

)︁
.

Thus P ∈ P1(CT ) means, equivalently,
∫︁
CT

∥ω∥CT
P (dω) <∞; changing the origin in this norm gives

the same first-moment class. For ω, ω′ ∈ CT and t ∈ [0, T ], define

dt(ω, ω
′) := sup

0≤s≤t

(︁
|Xs(ω)−Xs(ω

′)|+ |Us(ω)− Us(ω
′)|
)︁
. (19)

Let Dt be the 1-Wasserstein pseudometric induced by dt; dT and DT are metrics. Set VG
T :=

C([0, 1];P1(CT )). For PG = (Pα)α∈[0,1], QG = (Qα)α∈[0,1] ∈ VG
T , define

Dt(PG,QG) := sup
α∈[0,1]

Dt(Pα, Qα). (20)

For Pα ∈ P1(CT ) and t ∈ [0, T ], set Margt(Pα) := (Xt, Ut)#Pα. For PG = (Pα)α∈[0,1], set Marg(PG) :=

(Margt(Pα))(α,t)∈[0,1]×[0,T ].

For each PG ∈ VG
T , compactness of [0, 1] and DT -continuity yield a first-moment bound uniform in α.

Since K is compact, (CT , dT ) is complete and separable, so (P1(CT ), DT ) is complete [47, Thm. 6.18].

Consequently, (VG
T , DT ) is complete.

Proof architecture. The nested fixed-point construction is

mass–environment update⏟ ⏞⏞ ⏟
PG

Marg−−−→ νG
λ,HJB−−−−→ ϕ[νG]

SDE−−−→ Pν
G⏞ ⏟⏟ ⏞

moment-parameter consistency;
νG fixed

Marg−−−→ νnewG
weak coupling
=========⇒ Pν

G=PG,
νnew
G =νG⏞ ⏟⏟ ⏞

unique global fixed point

.

For νG = Marg(PG) ∈ V[0,T ], the condition (57) enforces the inner moment-parameter consistency

described above, with all constraints retained. The outer condition Pν
G = PG yields νnewG = νG, aligning

feasibility, optimality, and the generated law. Lemma 4.9 proves inner consistency; Theorem 4.11 closes

the outer loop, whose weak-coupling contraction gives uniqueness.

3 Analysis for a prescribed joint measure flow

This section establishes the best-response side of the construction for a fixed candidate flow. Lemma 3.1

controls the moving feasible sets; Lemmas 3.2–3.5 establish HJB well-posedness and uniform estimates;

and Corollary 3.6 yields a regular optimal feedback.

3.1 Feasible-set stability

Lemma 3.1 (Feasible Set Stability). Under Assumptions (H1), (H4), and (H6), for every R > 0 there

exist a constant CK,R > 0 and a modulus of continuity ωK,R such that, for all α, β ∈ [0, 1] and

λ, η ∈ B
2(n+m)
R ,

dH
(︁
Kα(λ),Kβ(η)

)︁
≤ CK,R|λ− η|+ ωK,R(|α− β|). (21)
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Consequently, there exists CV > 0 such that, for all νG ∈ V[0,T ], α ∈ [0, 1], s, t ∈ [0, T ],

dH
(︁
Kα(λα(t)),Kα(λα(s))

)︁
≤ CV |t− s|ϑ. (22)

Proof. Fix R > 0, and let α0 ∈ [0, 1], λ0 ∈ B
2(n+m)
R , and u0 ∈ Kα0(λ0). If the active set I0 = Iα0(u0, λ0)

is nonempty, put A0 = DuGα0,I0(u0, λ0). By the uniform LICQ in Assumption (H6), A0 has full row
rank, so d0 = −A⊤

0 (A0A
⊤
0 )

−11 satisfies A0d0 = −1 < 0. Thus the Mangasarian–Fromovitz constraint

qualification (MFCQ) holds for the finite C1 inequality system Gα0
(·, λ0) ≤ 0 [5, Sec. 2.3.4, Eq. (2.191)].

Here, MFCQ is equivalent to Robinson’s Constraint Qualification [5, Def. 2.86, Cor. 2.101].

By the mean value theorem and Assumption (H6), there is LDG,R > 0 such that, uniformly for

α, β ∈ [0, 1], v, w ∈ K, and λ, η ∈ B
2(n+m)
R ,

∥DvGα(v, λ)−DvGβ(w, η)∥ ≤ LDG,R

(︁
|v − w|+ |λ− η|

)︁
+ ωγ,R(|α− β|). (23)

Hence DvGα(v, λ) is jointly continuous in (α, λ, v). An analogous estimate shows that Gα(v, λ) is
jointly continuous in the same variables. Consequently, the Stability Theorem for Robinson Constraint

Qualification [5, Thm. 2.87], applied with parameter (α, λ) and range Rnc+nK
− , gives a constant c > 0

such that dist(v,Kα(λ)) ≤ c|[Gα(v, λ)]+| for all (α, λ, v) sufficiently close to (α0, λ0, u0), where [·]+
denotes the componentwise positive part.

The feasible graph SR = {(α, λ, v) ∈ [0, 1] × B
2(n+m)
R × K : Gα(v, λ) ≤ 0} is compact. A finite

cover yields C ′
R > 0 such that the preceding error bound holds on a relative neighborhood of SR.

On its compact complement, if nonempty, the continuous residual has a minimum δR > 0, while

Assumption (H1) gives dist(v,Kα(λ)) ≤ diam(K). Hence, with CR = max{C ′
R, diam(K)/δR},

dist(v,Kα(λ)) ≤ CR|[Gα(v, λ)]+|, (α, λ, v) ∈ [0, 1]×B
2(n+m)
R ×K. (24)

Let α, β ∈ [0, 1], λ, η ∈ B
2(n+m)
R , and u ∈ Kα(λ). Feasibility and Assumption (H6) give

|[Gβ(u, η)]+| ≤ Lγ,R|η − λ| + ωγ,R(|β − α|). Applying (24) at (β, η), taking the supremum over

u ∈ Kα(λ), and reversing the parameter pairs proves (21), with CK,R = CRLγ,R and ωK,R = CRωγ,R.

By the definition of RV , the parameters λα[νG](t) belong to B
2(n+m)
RV

. For e ∈ Rn+m with |e| ≤ 1,

set qe(z) = e · z. Since sup|e|≤1 |e · a| = |a|, Kantorovich–Rubinstein (KR) duality [47, Thm. 5.10,

Rem. 6.5], Condition (C3), and Assumption (H4)(i) give

|λα[νG](t)− λα[νG](s)| ≤ |λlocα (t)− λlocα (s)|+ |λnetα (t)− λnetα (s)|

≤ (1 +MW) sup
β∈[0,1]
|e|≤1

⃓⃓⃓⃓∫︂
Rn+m

qe(z)(νβ,t − νβ,s)(dz)

⃓⃓⃓⃓

≤ (1 +MW) sup
β∈[0,1]

W1(νβ,t, νβ,s) ≤ (1 +MW)Ch|t− s|ϑ.

(25)

Taking R = RV and β = α in (21), and using (25), proves (22), with CV = CK,RV (1 +MW)Ch.

3.2 Well-posedness of the parameterized constrained HJB equation

Fix an admissible joint flow νG ∈ V[0,T ] and write

λα(t) = λα[νG](t), ˆ︁fνα(t, x, u) := ˆ︁f(x, u, λα(t)), ˆ︁lνα(t, x, u) := ˆ︁l(x, u, λα(t)). (26)

The constrained HJB equation is

−∂tV α(t, x)− σ2

2
∆V α(t, x) = Hα

(︁
t, x,∇V α(t, x), νG

)︁
, V α(T, x) = g(x),

Hα(t, x, p, νG) := min
u∈Kα(λα(t))

{︂ ˆ︁fνα(t, x, u) · p+ ˆ︁lνα(t, x, u)}︂ . (27)
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Lemma 3.2 (Regularity of the Reduced Coefficients). Under Assumptions (H1), (H2), and (H4), fix

νG ∈ V[0,T ] and ˆ︁h ∈ { ˆ︁f,ˆ︁l}, define hα(t, x, u) := ˆ︁h(︁x, u, λα[νG](t))︁. Then, for all α ∈ [0, 1], s, t ∈ [0, T ],

x, y ∈ Rn, u, v ∈ K, and λ, η ∈ B
2(n+m)
RV

,

|hα(t, x, u)− hα(t, y, v)| ≤ C
(︁
|x− y|+ |u− v|

)︁
, (28a)

|hα(t, x, u)− hα(s, x, u)| ≤ C|t− s|ϑ, (28b)

|ˆ︁h(x, u, λ)− ˆ︁h(x, u, η)| ≤ C|λ− η|. (28c)

The constant C is uniform over α ∈ [0, 1] and νG ∈ V[0,T ].

Proof. Estimates (28a) and (28c) are the (x, u)- and λ-Lipschitz bounds in Assumption (H2), respec-

tively; combining the latter with (25) gives (28b).

Lemma 3.3 (Regularity of the Minimized Hamiltonian). Suppose Assumptions (H1), (H2), (H4), and (H6)

hold. There is a constant C > 0, independent of Ch, such that, for all νG ∈ V[0,T ], α ∈ [0, 1], t ∈ [0, T ],

x ∈ Rn, and p ∈ Rn,

|Hα(t, x, p, νG)| ≤ C(1 + |p|). (29)

Moreover, for every R > 0, s, t ∈ [0, T ], x, y ∈ Rn, and |p|, |q| ≤ R,⃓⃓
Hα(t, x, p, νG)−Hα(s, y, q, νG)

⃓⃓
≤ C

[︁
|p− q|+ (1 +R)

(︁
|x− y|+ (1 + Ch)|t− s|ϑ

)︁]︁
.

(30)

Proof. Fix α ∈ [0, 1] and νG ∈ V[0,T ]. Set At = Kα(λα(t)) and Ft(x, p, u) = ˆ︁fνα(t, x, u) · p+ ˆ︁lνα(t, x, u).
Write Ht(x, p) := Hα(t, x, p, νG) = minu∈At

Ft(x, p, u). The constant C > 0 below is generic and

uniform in α and νG.

Since |λα(t)| < RV , Assumption (H2) gives | ˆ︁fνα(t, x, u)| + |ˆ︁lνα(t, x, u)| ≤ C. Thus |Ft(x, p, u)| ≤
C(1 + |p|). Taking the minimum gives (29).

For functions F,G on the same compact set A, |minA F −minAG| ≤ supA |F −G|. The preceding
coefficient bound, (28a), and the minimum inequality give |Ht(x, p) − Ht(x, q)| ≤ C|p − q| and, for
|p| ≤ R, |Ht(x, p)−Ht(y, p)| ≤ C(1 +R)|x− y|.

For the time estimate, let us ∈ As minimize Fs(x, p, ·). Lemma 3.1 gives ut ∈ At such that

|ut − us| ≤ C(1 + Ch)|t− s|ϑ. By minimality, (28a), and (28b), |Ht(x, p)−Hs(x, p)| ≤ Ft(x, p, ut)−
Fs(x, p, us) ≤ C(1 +R)(1 + Ch)|t− s|ϑ. Interchanging s and t gives the reverse inequality.

Lemma 3.4 (A Priori Estimates for the Value Function). Suppose Assumptions (H1), (H2), (H4), and (H7)

hold. There exists C1 > 0 such that, for every νG ∈ V[0,T ], the corresponding value function of (10)

satisfies

sup
t,x,α

|V α(t, x)|+ sup
t,α

Lipx V
α(t, ·) ≤ C1. (31)

Proof. For fixed α and νG, the admissible control set is independent of the initial state. Using the same

admissible control and Brownian motion for initial states x and y, the coefficient Lipschitz bounds,

Gronwall’s inequality, and taking infima give

|V α(t, x)− V α(t, y)| ≤ (TLl + Lg)e
LfT |x− y|,

uniformly in α and νG. Bounded running and terminal costs give the L∞ estimate.
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Lemma 3.5 (Solvability and Second-Order Regularity of the HJB). Let Assumptions (H1)– (H7) hold.

Fix νG ∈ V[0,T ] and set ϑ = θ/2. For every α ∈ [0, 1], the parabolic HJB problem (27) has a unique

bounded classical solution

V α ∈ Cb([0, T ]× Rn) ∩ C1+ϑ/2,2+ϑ
loc ([0, T ]× Rn), (32)

with terminal condition V α(T, x) = g(x) specified in (27). For every R > 0,

∥V α∥C1+ϑ/2,2+ϑ([0,T ]×BR) ≤ CR. (33)

The constants CR may depend on R and Ch, but are independent of α. Moreover, there is a constant
C0, independent of α, νG, and Ch, such that

sup
α,t,x

(︁
|V α(t, x)|+ |V α

x (t, x)|+ ∥D2
xV

α(t, x)∥+ |V α
t (t, x)|

)︁
≤ C0. (34)

In particular, V α
x is globally Lipschitz in x, uniformly in t and α.

Proof. Fix α and νG, set a = σ2/2, and abbreviate H(t, x, p) = Hα(t, x, p, νG). By Lemma 3.3, H is

globally Lipschitz in p, locally parabolic ϑ-Hölder in (t, x) on bounded p-sets, and |H(t, x, 0)| ≤ C.

Thus the semilinear-parabolic argument of [9, Lem. 3.3] applies once the moving constraint has been

absorbed into H by Lemma 3.3.

For completeness, set r = T − t, W (r, x) = V α(T − r, x), and let Pr be the heat semigroup for

a∆. The mild map is Prg +
∫︁ r

0
Pr−sH(T − s, ·, Dw(s))ds. The standard estimates ∥Prh∥∞ ≤ ∥h∥∞

and ∥DPrh∥∞ ≤ Cr−1/2∥h∥∞ [38, Ch. IV, Secs. 1–2] make it a contraction on bounded uniformly

continuous (w,Dw) for small time. Iteration over finitely many intervals gives a unique bounded mild

solution on [0, T ].

For any β ∈ (ϑ, 1), the heat-semigroup Hölder estimates [38, Ch. IV, Sec. 2, (2.1)–(2.3)] give,

through the mild formula, DW ∈ C
β/2,β
loc . Thus H(T − r, x,DW (r, x)) is locally parabolic ϑ-Hölder; the

Schauder estimate [38, Ch. IV, Sec. 5, Thm. 5.1] gives, for every R > 0, ∥W∥C1+ϑ/2,2+ϑ([0,T ]×BR) ≤ CR,

with CR possibly depending on Ch. Every solution in (32) satisfies the same mild formula, hence is

unique.

The barriers ±(∥g∥∞ + Cr) and the maximum principle give ∥V α∥∞ ≤ ∥g∥∞ + CT . Lemma 3.1

and uniqueness of the Hamiltonian minimizer imply, by compactness, that ϕα is continuous and hence

Borel. Its closed-loop drift is bounded, so Girsanov’s theorem [22, Ch. V, Sec. 10, Thm. 10.2] gives a

weak solution. For any admissible u with state Xu, localized Itô verification gives

Jt,x(u)− V α(t, x) = E
∫︂ T

t

[︂ ˆ︁fνα(s,Xu
s , us) · V α

x (s,Xu
s ) +

ˆ︁lνα(s,Xu
s , us)

−Hα(s,X
u
s , V

α
x (s,Xu

s ), νG)
]︂
ds ≥ 0. (35)

The integrand vanishes for us = ϕα(s,X
u
s | νG), so V α is the value function. Lemma 3.4 gives

supα,t,x |V α
x (t, x)| ≤ C1, where C1 is independent of νG and Ch.

For the global Hessian bound, smoothly approximate H, g while preserving their spatial Lipschitz

and terminal Hessian bounds. Local Schauder compactness [24, Lemma 6.33] and uniqueness give local

C1,2 convergence of the solutionsW k toW . PutMk(r) = ∥D2
xW

k(r, ·)∥∞. The cancellation
∫︁
D2pr = 0

yields ∥D2Prh∥∞ ≤ Cr−1/2 Lip(h) [38, Ch. IV, Sec. 2, (2.5)]. Since LipxH
k(T − s, ·, DW k(s, ·)) ≤

C(1 +Mk(s)), the mild formula gives

Mk(r) ≤ ∥D2gk∥∞ + C

∫︂ r

0

(r − s)−1/2
(︁
1 +Mk(s)

)︁
ds. (36)

Iterating once and using
∫︁ r

s
(r− q)−1/2(q−s)−1/2 dq ≤ C reduces this to Gronwall, so supk,rMk(r) ≤ C

independently of Ch. Passing to the limit gives the same Hessian bound for W . The equation then

bounds Wr, proving (34); the Hessian bound makes V α
x globally Lipschitz.
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Corollary 3.6 (Regularity of the Optimal Feedback Law). Let Assumptions (H1)–(H7) hold. For every

νG ∈ V[0,T ], the feedback

ϕα(t, x|νG) = arg min
u∈Kα(λα(t))

{ ˆ︁fνα(t, x, u) · V α
x (t, x) + ˆ︁lνα(t, x, u)} (37)

is well defined, bounded, Borel measurable, and globally Lipschitz in x: there is Lϕ > 0 such that, for

all α ∈ [0, 1], νG ∈ V[0,T ], t ∈ [0, T ], and x, y ∈ Rn,

|ϕα(t, x|νG)− ϕα(t, y|νG)| ≤ Lϕ|x− y|. (38)

Proof. Compactness and strong convexity give a unique minimizer; the continuity argument in the

proof of Lemma 3.5 shows that the feedback is continuous, hence Borel. For fixed t, let ux, uy denote the

minimizers at x, y. The feasible set is common to x, y, so we may test the two variational inequalities

with uy, ux, respectively. With d = ux − uy, their sum and strong convexity with modulus κsc > 0 give

κsc|d|2 ≤ C
(︁
|x− y|+ |V α

x (t, x)− V α
x (t, y)|

)︁
|d|.

For d ≠ 0, divide by |d| and use the global Lipschitz bound for V α
x from Lemma 3.5 to obtain

|ux − uy| ≤ C(1 + LipV α
x )|x− y|/κsc. All constants are uniform over the admissible flow class, which

proves the asserted uniformity.

4 Existence of the consistent joint measure flow

A perturbation of νG affects the optimization through the feasible set Kα(λα), the Hamiltonian

coefficients, and the HJB costate V α
x . The analysis in this section controls these three effects and closes

the fixed-point argument. The first subsection establishes KKT and costate sensitivity; the second

proves FPK and path-law stability; the final subsection applies the Contraction Principle to the global

consistency map.

4.1 Stability of the feasible sets and the minimized Hamiltonian

Lemma 4.1 (KKT Stability for the Constrained Hamiltonian). Under Assumptions (H1)–(H6), the

pointwise problem defining (37) has a unique minimizer. Let µα = (µγ
α, µ

K
α ) ∈ Rnc+nK

+ denote the

associated multipliers for the moving constraints γα and the fixed constraints k, respectively. Write

ξ = (x, p, λ). For every P,R > 0, there is LP,R > 0, independent of α, such that

|(uα, µα)(ξ)− (uα, µα)(ξ
′)| ≤ LP,R|ξ − ξ′|, ∀ ξ, ξ′ ∈ Rn ×Bn

P ×B
2(n+m)
R .

Proof. Put ξ = (x, p, λ), ℓξ(u) := ˆ︁f(x, u, λ) · p + ˆ︁l(x, u, λ), and Aξ := {u : Gα(u, λ) ≤ 0}. The set

Aξ is nonempty, compact, and convex; strong convexity of ℓξ therefore gives a unique minimizer.

Full-constraint LICQ gives a unique multiplier µ = (µγ , µK) ≥ 0. Because either the moving or fixed

constraints may be active, LICQ is applied to the active rows of Gα = (γα, k). The KKT conditions are

Duℓξ(u) +DuGα(u, λ)
⊤µ = 0, Gα(u, λ) ≤ 0, µiGα,i(u, λ) = 0, ∀i = 1, . . . , nc + nK . (39)

If I is the active set, then DuG
⊤
α,IµI = −Duℓξ. The uniform LICQ modulus and the bound on Duℓξ

for |p| ≤ P hence give a uniform multiplier bound.

With z := (u, µ), the KKT system is the generalized equation

0 ∈ Fα(z, ξ) +NRm×Rnc+nK
+

(z), Fα(z, ξ) =

(︃
Duℓξ(u) +DuGα(u, λ)

⊤µ

−Gα(u, λ)

)︃
. (40)
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Let Lξ(u, µ) := ℓξ(u)+⟨µ,Gα(u, λ)⟩. Convexity of the constraints and µ ≥ 0 imply ⟨D2
uuLξ(u, µ)h, h⟩ ≥

κscP,R|h|2 for every h ∈ Rm. Since this estimate holds in all directions, it implies the second-order

condition [5, eq. (5.83)]. Combined with LICQ, [5, Prop. 5.38] then gives strong regularity [5, Def. 5.12]

of (40).

Fix P,R > 0. The preceding bound and the uniform convexity, LICQ, and derivative bounds

make the strong-regularity radii and moduli independent of x and α. On these neighborhoods,

|Fα(z, ξ
′)− Fα(z, ξ)| ≤ CP,R|ξ′ − ξ|. Robinson’s implicit-function theorem [44, Thm. 2.1 and Cor. 2.2]

therefore gives a locally single-valued map zα(ξ) = (uα(ξ), µα(ξ)) and constants rP,R, LP,R > 0,

independent of x and α, such that |zα(ξ′)− zα(ξ)| ≤ LP,R|ξ′ − ξ| whenever |ξ′ − ξ| < rP,R. Subdividing

the segment between two parameters into pieces shorter than rP,R and summing these local estimates

proves the asserted bound. Uniqueness makes the local branches agree.

Lemma 4.2 (Costate Stability). Let Assumptions (H1)–(H7) hold. Let V α and ˜︁V α be the HJB solutions

generated by flows νG, ˜︁νG ∈ V[0,T ]. Then there exists Cp > 0, independent of α, the two flows, and Ch,

such that

sup
α∈[0,1]

sup
t∈[0,T ]

sup
x∈Rn

|V α
x (t, x)− ˜︁V α

x (t, x)| ≤ CpdV(νG, ˜︁νG). (41)

Proof. Let δ = dV(νG, ˜︁νG) and set a := σ2/2. Write Hν
α(t, x, p) = Hα(t, x, p, νG) and define H˜︁ν

α

analogously. By (11) and Assumption (H4)(i), supα,t |λα[νG](t) − λα[˜︁νG](t)| ≤ (1 +MW)δ. For a

minimizer under νG, Lemma 3.1 selects a feasible comparison point under ˜︁νG at distance O(δ); applying

this construction in both directions and using Assumption (H2) gives, on the common bounded costate

range,

sup
α,t,x,|p|≤P0

|Hν
α(t, x, p)−H˜︁ν

α(t, x, p)| ≤ Cδ. (42)

Set Z = V α − ˜︁V α, q(t, x) = ∇V α(t, x), and ˜︁q(t, x) = ∇˜︁V α(t, x). Define

b(t, x) :=

⎧⎨⎩
Hν

α(t, x, q(t, x))−Hν
α(t, x, ˜︁q(t, x))

|q(t, x)− ˜︁q(t, x)|2 (︁
q(t, x)− ˜︁q(t, x))︁, q(t, x) ̸= ˜︁q(t, x),

0, q(t, x) = ˜︁q(t, x),
S(t, x) := Hν

α(t, x, ˜︁q(t, x))−H˜︁ν
α(t, x, ˜︁q(t, x)).

Subtracting the two HJB equations and using these definitions gives

−Zt − a∆Z − b(t, x) · ∇Z = S(t, x), Z(T, ·) = 0. (43)

Boundedness of ˆ︁f on the relevant parameter range implies that Hν
α is globally Lipschitz in p, and hence

∥b∥∞ ≤ C. Moreover, (42) gives ∥S∥∞ ≤ Cδ. Apply the Duhamel and heat-semigroup argument from

the proof of Lemma 3.5 to (43). With G(t) = ∥∇Z(t)∥∞ and (Pr)r≥0 denoting the heat semigroup

generated by a∆, Duhamel’s formula gives

Z(t) =

∫︂ T

t

Ps−t

(︁
b(s, ·) · ∇Z(s) + S(s, ·)

)︁
ds,

The heat-semigroup bound used above, namely ∥∇Prh∥∞ ≤ Cr−1/2∥h∥∞, yields G(t) ≤ C
∫︁ T

t
(s −

t)−1/2(G(s) + δ) ds. Iterating once, as in the argument after (36) in Lemma 3.5, and using
∫︁ r

t
(s −

t)−1/2(r − s)−1/2ds = π, gives G(t) ≤ Cδ + C
∫︁ T

t
G(r) dr. Gronwall’s inequality therefore gives

suptG(t) ≤ Cpδ, where Cp is independent of α, the two flows, and Ch.

Lemma 4.3 (Sensitivity of the Best Response). Let Assumptions (H1)–(H7) hold, and let νG, ˜︁νG ∈ V[0,T ].

Let ϕα(·, ·|νG) and ϕα(·, ·|˜︁νG) be the feedback laws generated by the corresponding HJB equations.
Then there is Cϕ > 0 such that

sup
α∈[0,1]

sup
t∈[0,T ]

sup
x∈Rn

|ϕα(t, x|νG)− ϕα(t, x|˜︁νG)| ≤ CϕdV(νG, ˜︁νG). (44)
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Proof. By Lemma 4.1, there are constants Lϕ
p , L

ϕ
λ with

|ϕα(t, x|νG)− ϕα(t, x|˜︁νG)| ≤ Lϕ
p |V α

x (t, x)− ˜︁V α
x (t, x)|+ Lϕ

λ|λα[νG](t)− λα[˜︁νG](t)|. (45)

By Lemma 4.2 and (4.1), the conclusion holds with Cϕ := Lϕ
pCp + (1 +MW)Lϕ

λ. In particular, Cϕ is

independent of Ch.

Lemma 4.4 (Temporal Hölder Stability of the Feedback Law). Under Assumptions (H1)–(H7), there

exists a constant Aϕ > 0, independent of α, νG, and Ch, such that

|ϕα(t, x|νG)− ϕα(s, x|νG)| ≤ (Aϕ + CϕCh)|t− s|ϑ. (46)

The feedback is also bounded and globally Lipschitz in x, uniformly in α.

Proof. The spatial properties follow from Corollary 3.6. Put pα = V α
x and λα = λα[νG]. The difference-

quotient argument and (34) give |pα(t, x) − pα(s, x)| ≤ Ap|t − s|ϑ, where Ap is independent of Ch.

Conditions (C3) and (H4)(i) give |λα(t) − λα(s)| ≤ (1 +MW)Ch|t − s|ϑ. Applying the optimizer

estimate used in (45) and the definition of Cϕ proves (46) with Aϕ = Lϕ
pAp, since

|ϕα(t, x|νG)− ϕα(s, x|νG)| ≤
(︁
Lϕ
pAp + CϕCh

)︁
|t− s|ϑ.

Lemma 4.5 (Generalized FPK Well-Posedness). Under Assumptions (H1)– (H7), fix νG ∈ V[0,T ] and set

bα(t, x) = ˆ︁f(︁x, ϕα(t, x|νG), λα[νG](t))︁.
With initial density p0, the FPK equation

∂tρα − σ2

2
∆ρα +∇ · (bαρα) = 0 in QT (47)

has a unique generalized solution ρα ∈ V2(QT ). Its C([0, T ];L2(Rn)) representative is nonnegative, has

unit mass at every time, and satisfies energy bounds uniform in α.

Proof. The drift bα is bounded and Borel, uniformly in α. In the energy formulation of [38, Ch. III,

Sec. 5], the solution obeys, for every ψ ∈ C∞
c ([0, T )× Rn),∫︂

QT

(︃
−ρα∂tψ +

σ2

2
∇ρα · ∇ψ − bαρα · ∇ψ

)︃
dxdt =

∫︂
Rn

p0(x)ψ(0, x)dx. (48)

Uniform ellipticity and boundedness of the lower-order coefficient give existence and uniqueness by [38,

Ch. III, Sec. 5, Thm. 5.2]. For completeness, take smooth approximations brα, p
r
0 preserving the uniform

drift bound, nonnegativity, unit mass, and the L2 and second-moment bounds. Testing the smooth

equation with ρrα and using Young’s inequality give

1

2

d

dt
∥ρrα∥22 +

σ2

4
∥∇ρrα∥22 ≤ C∥ρrα∥22, sup

t≤T
∥ρrα(t)∥22 +

∫︂ T

0

∥∇ρrα∥22dt ≤ C. (49)

The equation also bounds ∂tρ
r
α in L2(0, T ;H−1). Weak and local compactness permit passage to (48),

while the Lions–Magenes time-continuity theorem, namely the continuous Gelfand-triple embedding

L2(0, T ;H1)∩H1(0, T ;H−1) ↪→ C([0, T ];L2), gives the continuous representative [19, Sec. 5.9.2, Thm. 3,

p. 287]; the difference estimate proves uniqueness.

Testing with the negative part gives ρrα ≥ 0. Testing with truncated versions of |x|2 and applying

the Gronwall’s inequality yield

sup
r,α,t

∫︂
Rn

|x|2ρrα(t, x)dx ≤ C

(︃
1 +

∫︂
Rn

|x|2p0(x)dx
)︃
. (50)

Thus the limit is nonnegative. Finally test against cutoffs χR ↑ 1 with |∇χR| ≤ C/R and |∆χR| ≤ C/R2,

first passing r → ∞ and then R→ ∞. The moment bound eliminates escape of mass, while the drift

and diffusion errors vanish. Thus the representative has unit mass at every time.
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4.2 Generalized McKean–Vlasov map

For a fixed candidate mean-field distributional environment νG and its constrained feedback, ΦV maps
a path-law ensemble to the closed-loop law generated by its induced moments. Its fixed points satisfy

inner moment-parameter consistency. Such a fixed point is a GMFGC equilibrium exactly when the

outer condition also holds: νnewG := Marg(Pν
G) = νG.

Definition 4.6 (Generalized McKean–Vlasov Mapping on Path Space). Fix νG ∈ V[0,T ] and its feedback

ϕα(t, x|νG) from (37). For PG = (Pα)α ∈ VG
T , set, for every (α, t),

µP
α,t = Margxt (Pα), νPα,t =

(︁
id, ϕα(t, ·|νG)

)︁
#
µP
α,t, λ

P

α (t) = λα[ν
P
G](t). (51)

For each α ∈ [0, 1], let Xα : [0, T ] × Ωα → Rn be the unique Fα-adapted strong solution, with

Xα(0) = ξα, of

dXα(t) = ˆ︁f(︁Xα(t), ϕα(t,Xα(t)|νG), λ
P

α (t)
)︁
dt+ σdBα(t), t ∈ [0, T ],

then the associated control process is defined by

Uα(t) = ϕα(t,Xα(t)|νG), t ∈ [0, T ], (52)

and ΦV[PG | νG] :=
(︁
L(Xα(·), Uα(·))

)︁
α∈[0,1]

, with ΦV[ · | νG] : VG
T →

(︁
P1(CT )

)︁[0,1]
. □

Definition 4.6 uses strong solutions on the prescribed nodewise stochastic bases; the globally Lipschitz

closed-loop drift gives the stated unique adapted solutions. Lemma 4.9 proves that ΦV[VG
T | νG] ⊆ VG

T ,

so the map is a self-map on VG
T , but equality of the two sets is not asserted.

Lemma 4.7 (Continuity in the Node Label). Under Assumptions (H1)–(H7), fix νG ∈ V[0,T ]. For every

R > 0, as β → α,

sup
t≤T

|λβ [νG](t)− λα[νG](t)| −→ 0, (53a)

sup
t≤T
x∈BR

(︁
|V β(t, x)− V α(t, x)|+ |V β

x (t, x)− V α
x (t, x)|

)︁
−→ 0, (53b)

sup
t≤T
x∈BR

|ϕβ(t, x|νG)− ϕα(t, x|νG)| −→ 0. (53c)

Proof. Put qγ(t) =
∫︁
Rn+m z νγ,t(dz). The uniform moment bound makes qγ(t) bounded, and Condi-

tion (C1) makes γ ↦→ qγ(t) continuous. At each grid point tj , the local moment term converges by Condi-

tion (C1), while the graphon term converges by Assumption (H4)(ii). Consequently |λβ(tj)−λα(tj)| → 0.

On a time grid of mesh h, the common temporal modulus then implies

sup
t≤T

|λβ(t)− λα(t)| ≤ max
j

|λβ(tj)− λα(tj)|+ 2Chϑ.

First let β → α and then h ↓ 0. The reduced coefficients and feasible sets consequently converge

locally uniformly. For every R > 0, the uniform Schauder estimate of Lemma 3.5 bounds {V β}β in

C1+ϑ/2,2+ϑ([0, T ]×BR+1). Hence, for every 0 < ϑ′ < ϑ, the compact embedding of parabolic Hölder

spaces yields a subsequence converging in C1+ϑ′/2,2+ϑ′
([0, T ]×BR). Passing to the limit in the HJB

equation, using the local-uniform convergence of the reduced coefficients and feasible sets, shows that
the subsequential limit solves the HJB equation at node α. Uniqueness identifies this limit with V α

and removes the need to extract a subsequence. Consequently, V β → V α, V β
x → V α

x locally uniformly

as β → α. Finally, the KKT stability estimate of Lemma 4.1 gives, on [0, T ]×BR,

|ϕβ − ϕα| ≤ CR

(︁
|λβ − λα|+ |V β

x − V α
x |+ ωγ,R(|β − α|)

)︁
.

Assumption (H6) and uniform strong regularity imply the third limit in (53).
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Because the next lemma concerns only path laws and their marginals, a weak realization of the

closed-loop SDE is sufficient for its estimates.

Lemma 4.8 (Self-Mapping Regularity of the Consistent Marginal Flow). Let Assumptions (H1)–(H7) hold,

and fix νG ∈ V[0,T ]. Suppose PG = (Pα)α∈[0,1] ∈ VG
T is a consistent closed-loop path ensemble for

this fixed environment, in the sense that, with νnewG := Marg(PG), the canonical process (Xα, Uα) on

CT under Pα is a weak solution, i.e., admits a realization on a filtered probability space carrying an

Rn-valued Brownian motion Bα, of

dXα(t) = ˆ︁f(︁Xα(t), ϕα(t,Xα(t)|νG), λα[νnewG ](t)
)︁
dt+ σdBα(t),

Xα(0) ∼ p0, Uα(t) = ϕα(t,Xα(t)|νG). (54)

Then there are constants M0, A0 > 0, independent of Ch, such that

sup
α,t

∫︂
Rn×K

|(x, u)| νnew
α,t (dx, du) ≤ M0, W1(ν

new
α,t , νnew

α,s ) ≤
(︁
A0 + CϕCh

)︁
|t− s|ϑ. (55)

And then, under the condition Cϕ < 1, νnewG ∈ V[0,T ] whenever MV ≥M0 and Ch ≥ A0/(1− Cϕ).

Proof. For each α, fix a weak realization of (54). The following estimates depend only on its law.

Conditions (C2) and (C3). We first verify the moment and temporal conditions. For t ≤ T ,

set Q(t) = supα E supr≤t |Xα(r)|2. The moment definition, Assumption (H4)(i), and compactness of

K give the bound C(1 +Q(t)) for the squared moment parameter; hence the global drift growth in

Assumption (H2) and the Burkholder–Davis–Gundy inequality give Q(t) ≤ C(1+
∫︁ t

0
Q(s)ds). Gronwall’s

lemma and Assumption (H5) yield, independently of Ch,

sup
α

E sup
t≤T

|Xα(t)|2 + sup
α,t

E|Uα(t)|2 ≤ C.

This gives the first estimate in (55) for some M0 independent of Ch. Moreover, E|Xα(t)−Xα(s)| ≤
CT |t− s|ϑ since ϑ ≤ 1/2. By spatial Lipschitz continuity and (46),

E|Uα(t)− Uα(s)| ≤ LϕE|Xα(t)−Xα(s)|+ (Aϕ + CϕCh)|t− s|ϑ. (56)

Coupling the two joint marginals along the same path therefore gives

W1(ν
new
α,t , ν

new
α,s ) ≤ (A0 + CϕCh)|t− s|ϑ,

where A0 is independent of Ch. If Cϕ < 1, the choices stated in the lemma make this bound at most

Ch|t− s|ϑ.

Condition (C1). This follows directly from PG ∈ VG
T . Indeed, the time-t evaluation map from

(CT , dT ) to Rn ×K is 1-Lipschitz. Hence, for every t ∈ [0, T ],

W1(ν
new
β,t , ν

new
α,t ) ≤ DT (Pβ , Pα) −→ 0 as β → α,

which is Condition (C1).

Lemma 4.9 (Existence and Uniqueness of the Consistent Path Law). Under Assumptions (H1)–(H7), for

any fixed νG ∈ V[0,T ], the map ΦV[·|νG] admits a unique fixed point Pν
G ∈ VG

T ; that is,

ΦV[Pν
G | νG] = Pν

G in (VG
T , DT ). (57)

Proof. Self-map. Let PG ∈ VG
T . The DT -continuous image of [0, 1] is W1-compact and hence has

uniformly integrable path norms. Together with compactness ofK and Lemma 4.7, a standard truncation

argument gives supt≤T W1(ν
P
β,t, ν

P
α,t) → 0 as β → α. For qPγ (t) =

∫︁
z νPγ,t(dz), Assumption (H4)(ii)

and dominated convergence then give
∫︁ T

0
|λPβ (t) − λ

P

α (t)|dt → 0. Couple the output SDEs with the
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same initial state and Brownian motion. The preceding parameter convergence, the Lipschitz estimates,

truncation, and Gronwall give convergence of both state and control paths in L1 of the supremum

norm. The same moment estimate gives a uniform first moment; hence ΦV[PG|νG] ∈ VG
T .

Contractive iterate. For PG,QG ∈ VG
T , the map x ↦→ (x, ϕα(t, x|νG)) is (1 + Lϕ)-Lipschitz. Hence

the induced marginal and parameter differences are bounded by CDt(PG,QG). A synchronous coupling

and the Lipschitz drift give

Dt

(︁
ΦV[PG|νG],ΦV[QG|νG]

)︁
≤ C

∫︂ t

0

Ds(PG,QG)ds. (58)

Its r-fold iterate has Lipschitz constant (CT )r/r! by induction. Choose r so this is below one. Banach’s

theorem on the complete space VG
T gives a fixed point of the iterate, also fixed by ΦV. Equation (58)

and Gronwall give uniqueness.

Lemma 4.10 (Path-Law Sensitivity). Under Assumptions (H1)–(H7), let Pν
G and P˜︁ν

G be the fixed-point

path ensembles corresponding to νG, ˜︁νG ∈ V[0,T ]. There is CV ≥ 1, independent of Ch, such that

DT (P
ν
G,P

˜︁ν
G) ≤ CV sup

α,t,x
|ϕα(t, x|νG)− ϕα(t, x|˜︁νG)|. (59)

Proof. Set ∆ϕ = supα,t,x |ϕα(t, x|νG) − ϕα(t, x|˜︁νG)| and synchronously couple the two fixed-point

systems. The common spatial Lipschitz bound gives

W1(ν
ν
α,t, ν

˜︁ν
α,t) ≤ (1 + Lϕ)Dt(P

ν
α , P

˜︁ν
α) + ∆ϕ,

|λνα(t)− λ
˜︁ν
α(t)| ≤ C

(︁
Dt(P

ν
G,P

˜︁ν
G) + ∆ϕ

)︁
. (60)

Writing Yα(t) = E supr≤t |Xν
α(r)−X˜︁ν

α(r)|, the Lipschitz drift and feedback estimates yield

Yα(t) ≤ C

∫︂ t

0

(︁
Yα(s) +Ds(P

ν
G,P

˜︁ν
G) + ∆ϕ

)︁
ds,

E sup
r≤t

|Uν
α(r)− U˜︁ν

α(r)| ≤ LϕYα(t) + ∆ϕ.

Taking the supremum in α and applying Gronwall gives DT (P
ν
G,P

˜︁ν
G) ≤ C∆ϕ. By (34), Lϕ, and hence

C, is independent of Ch; take CV = max{1, C}.

4.3 Contraction and equilibrium existence

Let

KG
T := {PG ∈ VG

T : Marg(PG) ∈ V[0,T ]}. (61)

For PG ∈ KG
T , define Ψ(PG) as follows. Put νG = Marg(PG) and let Ψ(PG) be the unique consistent

path law generated by ΦV[·|νG] in Lemma 4.9. Thus Ψ first solves the moment-parameter consistency

problem with the mean-field distributional environment νG frozen; its fixed-point condition then enforces

mass–environment consistency.

Theorem 4.11 (Well-Posedness and Existence of a Generalized Nash Equilibrium). Under Assumptions

(H1)–(H8), there exist admissible-class constants MV , Ch > 0 such that:

(i) (KG
T , DT ) is a nonempty complete metric space, and Ψ : KG

T → KG
T is a strict contraction.

(ii) There exists a unique fixed point P∗
G ∈ KG

T . With ν∗G = Marg(P∗
G) and ϕ

∗
α(t, x) = ϕα(t, x | ν∗G),

the pair (ν∗G, ϕ
∗) is a generalized Nash equilibrium: ϕ∗α is optimal for the representative problem

with environment ν∗G, and the law of (X∗
α, ϕ

∗
α(·, X∗

α)) has time-t marginal ν∗α,t.
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(iii) For every α ∈ [0, 1], the equilibrium closed-loop FPK equation admits a unique generalized

solution ρ∗α ∈ V2(QT ).

Proof. (i) By Lemma 4.10, CV ≥ 1. Set q := CVCϕ. Assumption (H8) gives q < 1, hence Cϕ < 1.

Lemma 4.8 therefore shows that choosing MV ≥M0 and Ch ≥ A0/(1− q) ensures that every output

marginal flow belongs to V[0,T ]. The class KG
T is nonempty: for any u0 ∈ K, the Dirac ensemble

concentrated on the constant path (Xt, Ut) = (0, u0) has a constant marginal flow satisfying (C1)–(C3).

It is complete because the marginal projection is 1-Lipschitz and the defining continuity and Hölder

bounds of V[0,T ] are closed under uniform W1 convergence. Lemmas 4.9, 4.10, and 4.3 show that Ψ is

a self-map and, for all PG, ˜︁PG ∈ KG
T ,

DT (Ψ(PG),Ψ(˜︁PG)) ≤ q dV(Marg(PG),Marg(˜︁PG)) ≤ q DT (PG, ˜︁PG). (62)

Thus Ψ is a strict contraction with contraction modulus q < 1, proving (i).

(ii) The Banach fixed-point theorem applied to Ψ on (KG
T , DT ) gives a unique fixed point P∗

G.
Its fixed-point identity makes the closed-loop law consistent, and the verification argument proves

that ϕ∗ is optimal in the induced environment ν∗G. Therefore (ν∗G, ϕ
∗) is the stated generalized Nash

equilibrium.

(iii) For each α ∈ [0, 1], Lemma 4.5 gives existence and uniqueness of the generalized solution

ρ∗α ∈ V2(QT ) of the equilibrium closed-loop FPK equation.

5 Finite-network and finite-population approximation

The limiting graphon MFG equilibrium is approximated by games with finite networks and agent

populations, using the same local and graphon-weighted joint state–control statistics. The key convention
is a leave-one-out empirical distributional environment: agent i’s parameter excludes its own state–

control pair, avoiding a self-referential feasible set at the single-agent error quantified below.

5.1 Finite approximation assumptions

The finite game is defined in Section 2.2.1; here we add the approximation and feasibility-transport

hypotheses.

For u ∈ Kα(λ) and λ ∈ R2(n+m), define the feasibility-transport map

Rα(u, λ, λ) := arg min
v∈Kα(λ)

1

2
|v − u|2, ∀u ∈ Kα(λ). (63)

Here Gr(K·) = {(α, λ, u) : α ∈ [0, 1], λ ∈ R2(n+m), u ∈ Kα(λ)} is the feasible graph, λ is the source

parameter, and λ is the target moment parameter. The following are the finite approximation hypotheses.

(F1) [Growing clustered networks and populations] Mk → ∞, nk
min ≥ 2, and nk

min → ∞.

(F2) [Finite-network graphon approximation] The sectional error

satisfies

ekW = max
1≤ℓ≤Mk

Mk∑︂
r=1

⃓⃓⃓⃓
⃓W k

ℓr

Mk
−
∫︂
Ik
r

W(αk
ℓ , β)dβ

⃓⃓⃓⃓
⃓ −→ 0. (64)

Consequently, by Assumption (H4)(i), W := supk,ℓ
1

Mk

∑︁Mk

r=1 |W k
ℓr| <∞.

(F3) [Global finite-system coefficients] The finite dynamics, costs, and constraints use the same ˆ︁f,ˆ︁l, g,
and Kα(λ) as the limiting model. The maps ˆ︁f and ˆ︁l are globally Lipschitz in (x, u, λ), with

constants independent of k.
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(F4) [Global uniform constraint regularity] The bounds in Assumption (H6)(ii) can be chosen inde-

pendently of R, and the maps DuGα and DλGα are globally Lipschitz in (u, λ), uniformly in

α. Moreover, there is a constant κfin > 0 such that σmin

(︁
DuGα,Iα(u,λ)(u, λ)

)︁
≥ κfin whenever

λ ∈ R2(n+m), u ∈ Kα(λ), and the active set is nonempty.

(F5) [Finite-feedback contraction] With LΛ,u := 1 +W and LR,λ denoting the transport constant

furnished by Lemma 5.1 below, assume qc := LR,λLΛ,u < 1.

Because ν∗G ∈ V[0,T ], conditions (C1) and (C3), a finite time-grid argument, and compactness of

[0, 1] imply the uniform spatial modulus

ων(h) := sup
|α−β|≤h
t∈[0,T ]

W1(ν
∗
α,t, ν

∗
β,t) −→ 0. (65)

Empirical moments can make the limiting feedback infeasible in a finite game, motivating the

feasibility transport and feedback construction that follow.

5.2 Feasibility transport and finite feedback

Lemma 5.1 (Feasibility Transport). Under Assumptions (H1), (H6), and (F4), Rα has a jointly measur-

able, single-valued version. More precisely, there is a constant LR,λ <∞ such that for every α ∈ [0, 1],

λ, η, λ, η ∈ R2(n+m), u ∈ Kα(λ), and v ∈ Kα(η),

|Rα(u, λ, λ)− u| ≤ LR,λ|λ− λ|, (66)

|Rα(u, λ, λ)−Rα(v, η, η)| ≤ |u− v|+ LR,λ|λ− η|. (67)

Proof. Fix α and write Pα,θz for the unique minimizer of 1
2 |w − z|2 over Gα(w, θ) ≤ 0. Its KKT

Lagrangian has w-Hessian at least I, since the constraints are convex. Uniform LICQ and the bounds

in (F4) therefore give uniform strong regularity [5, Prop. 5.38]. Robinson’s implicit-function theorem

[44, Thm. 2.1 and Cor. 2.2] then yields |Pα,θz − Pα,ϑz| ≤ LR,λ|θ − ϑ|.

Projection onto a fixed closed convex set is nonexpansive; hence |Pα,θz−Pα,ϑz
′| ≤ |z−z′|+LR,λ|θ−ϑ|.

Since Pα,λu = u for u ∈ Kα(λ), these two estimates give (66) and (67). Joint continuity makes the

feasible graph Borel; measurable projection and uniqueness give the jointly measurable version.

Recall from (11) and Theorem 4.11 that λ∗α(t) = λα[ν
∗
G](t), ϕ

∗
α(t, x) = ϕα(t, x | ν∗G) are, respectively,

the limiting equilibrium local-network parameter and feedback. Although ϕ∗α(t, x) ∈ Kα(λ
∗
α(t)), it

need not be feasible for an agent’s empirical parameter. Define the finite constrained implementation

implicitly by ˆ︁UN,k
i (t) = Rαk

i

(︂
ϕ∗αk

i
(t, ˆ︁XN,k

i (t)), λ∗αk
i
(t), ˆ︁λN,k,−i

i (t)
)︂
. (68)

Here ˆ︁λN,k,−i
i (t) uses the current finite profile, including other agents’ controls. Thus (68) is a fixed

point in the finite control vector.

For state and control vectors, direct averaging in (3)–(5) gives

max
i

⃓⃓ˆ︁λN,k,−i
i (t;x,u)− ˆ︁λN,k,−i

i (t;y,v)
⃓⃓
≤ LΛ,x∥x− y∥∞ + LΛ,u∥u− v∥∞, (69)

LΛ,x = LΛ,u = 1 +W. (70)

Lemma 5.2. Under Assumptions (F2), (F4), and (F5), for every t and state vector x, (68) has a

unique feasible solution ˆ︁UN,k = ΦN,k(t,x). Moreover, ΦN,k is jointly Borel and globally Lipschitz in x

uniformly in k, its closed-loop control is FN,k-progressively measurable, and

max
i

⃓⃓ ˆ︁UN,k
i (t,x)− ϕ∗αk

i
(t, xi)

⃓⃓
≤ LR,λ

1− qc
max

i

⃓⃓ˆ︁λN,k,−i
i (t;x, ϕ∗(t,x))− λ∗αk

i
(t)

⃓⃓
, (71)

where ϕ∗(t,x) := (ϕ∗
αk

1
(t, x1), . . . , ϕ

∗
αk

Nk

(t, xNk
)).
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Proof. For fixed (t,x) define the map on finite control vectors by

(Tx(u))i = Rαk
i

(︂
ϕ∗αk

i
(t, xi), λ

∗
αk

i
(t), ˆ︁λN,k,−i

i (t;x,u)
)︂
. (72)

Lemma 5.1 and (69) give ∥Tx(u)−Tx(v)∥∞ ≤ qc∥u−v∥∞. Thus Banach’s theorem gives a unique fixed

point, which is feasible by (63). Let D = ∥ˆ︁UN,k −ϕ∗(t,x)∥∞ and let B = maxi |ˆ︁λN,k,−i
i (t;x, ϕ∗(t,x))−

λ∗
αk

i
(t)|. By (66) and (69) with x fixed, the corresponding parameter difference is at most LΛ,uD. Hence

D ≤ LR,λ(LΛ,uD +B) = qcD + LR,λB, proving (71).

Picard iteration from a Borel initial vector proves Borel measurability. For two state vectors, the
same estimates give ∥Tx(u)− Ty(v)∥∞ ≤ C∥x− y∥∞ + qc∥u− v∥∞. Absorbing qc gives the uniform

state Lipschitz bound. The resulting closed-loop SDE has a unique strong solution, and its Borel

feedback is progressively measurable.

5.3 Approximation error and ϵ-generalized Nash equilibrium

The ϵ-generalized Nash proof compares the finite feasible profile (68), the finite system after an

admissible unilateral deviation, and independent limiting representatives

dY∞
i (t) = ˆ︁f(Y∞

i (t), V∞
i (t), λ∗αk

i
(t))dt+ σdBi(t), V∞

i (t) = ϕ∗αk
i
(t, Y∞

i (t)). (73)

Define ηk = 1/
√︂
nkmin + ekW + ων(1/Mk). The three terms are the cluster sampling, graphon

approximation, and cell discretization errors. The influence of one agent is measured by ak :=

1/(nkmin − 1) + maxℓ,r
(︁
|W k

ℓr|/(Mk(n
k
r − 1))

)︁
. The row-sum bound (F2) gives ak ≤ C/(nk

min − 1) → 0.

For each α, let A∗
α contain the progressively measurable K-valued controls on any filtered basis

carrying an initial state with density p0 and a Brownian motion that remains Brownian in that filtration,

with U(t) ∈ Kα(λ
∗
α(t)) for (dt⊗P)-almost every (t, ω). On this basis, J∗

α(U) is defined by the right-hand

side of (10) with νG = ν∗G and expectation under P. HJB verification on every such basis includes

auxiliary randomization and the transported deviations below; finite deviations range over (8).

Lemma 5.3 (Finite GMFGC Consistency). Under Assumptions (H1)–(H8) and (F1)–(F5), let ( ˆ︁XN,k
i , ˆ︁UN,k

i )

and (Y∞
i , V∞

i ) be the finite-implementation and limiting representative state–control pairs at node αk
i ,

respectively. Then some C > 0, independent of i, k, satisfies

sup
i

EN,k
[︂

sup
0≤t≤T

| ˆ︁XN,k
i (t)− Y∞

i (t)|
]︂
+ sup

i
EN,k

∫︂ T

0

|ˆ︁UN,k
i (t)− V∞

i (t)|dt ≤ Cηk,

sup
i

⃓⃓
JN,k
i (ˆ︁UN,k)− J∗

αk
i
(ϕ∗αk

i
)
⃓⃓
≤ Cηk.

Proof. Couple the finite system and independent limiting representatives using common initial states

and Brownian motions. Set dX(t) = supi EN,k| ˆ︁XN,k
i (t)− Y∞

i (t)| and define dU (t) analogously. Also

set DX(t) = supi EN,k sups≤t | ˆ︁XN,k
i (s)− Y∞

i (s)| and DU (t) = supi EN,k
∫︁ t

0
|ˆ︁UN,k

i (s)− V∞
i (s)|ds.

For Z∞
j = (Y∞

j , V∞
j ), let λ

N,k,−i

i be defined by (3)–(5) with q(Xj , Uj) replaced by Z∞
j .

Put mα =
∫︁
z ν∗α,t(dz) and, for i ∈ Ck

ℓ , define λW,k
i = (mαk

i
,M−1

k

∑︁
rW

k
ℓrmαk

r
) and λC,k

i =

(mαk
i
,
∑︁

r

∫︁
Ik
r
W(αk

i , β)mαk
r
dβ), suppressing t. Then

λ
N,k,−i

i − λ∗αk
i
=(λ

N,k,−i

i − λW,k
i ) + (λW,k

i − λC,k
i ) + (λC,k

i − λ∗αk
i
). (74)

The terms are, respectively, the sampling, graphon, and cell errors. Uniform second moments, (64)–(65)

and the row-sum bound give

sup
i,t

EN,k|λN,k,−i

i (t)− λ∗αk
i
(t)| ≤ C

⎛⎝ 1√︂
nkmin

+ ekW + ων(1/Mk)

⎞⎠ = Cηk. (75)
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Coupling the finite and limiting pairs then bounds the actual parameter error by C(dX(t)+ dU (t)+ ηk).

The Lipschitz properties of Rα and ϕ∗α give dU ≤ CdX +qcdU +Cηk. Absorbing qc < 1, synchronous

state comparison yields DX(t)+DU (t) ≤ C
∫︁ t

0
DX(s)ds+Cηk. Gronwall gives DX(T )+DU (T ) ≤ Cηk,

proving the first claim. The Lipschitz bounds for ˆ︁l and g then give the cost estimate.

Lemma 5.4 (Lower Bound for Finite Deviations). Under Assumptions (H1)–(H8) and (F1)–(F5), fix an

agent ι. Let UN,k
ι be any finite-admissible deviation, and suppose all agents j ≠ ι use the finite-feasible

GMFGC implementation. Then there is C > 0, independent of k, ι, and UN,k
ι , such that

JN,k
ι (UN,k

ι , ˆ︁UN,k
−ι ) ≥ inf

U∈A∗
αk
ι

J∗
αk

ι
(U)− C(ηk + ak). (76)

The infimum equals J∗
αk

ι
(ϕ∗αk

ι
) by optimality.

Proof. Population Response. Denote the baseline finite system by A and the system with agent
ι’s deviation by B. Thus UA

j = ΦN,k
j (t,XA), while UB

ι = UN,k
ι and UB

j = ΦN,k
j (t,XB) for j ̸= ι.

Couple the nondeviators synchronously and set ∆X(t) = maxj ̸=ι EN,k sups≤t |XA
j (s) − XB

j (s)| and
∆U (t) = maxj ̸=ι EN,k|UA

j (t) − UB
j (t)|. Linear growth and compactness give uniform first moments.

Since the deviator carries only weights (nkr − 1)−1 and |W k
ℓr|/[Mk(n

k
r − 1)], the definition of ak and the

row-sum bound give a field difference at most C(∆X(t) + ∆U (t) + ak). Transport and qc < 1 imply

∆U ≤ C(∆X + ak); synchronous state comparison and Gronwall yield ∆X(T ) +
∫︁ T

0
∆U (t)dt ≤ Cak.

Transported Deviation. Let ˆ︁λBι be the deviator’s leave-one-out parameter. The preceding response

bound and Lemma 5.3 give EN,k
∫︁ T

0
|ˆ︁λBι −λ∗αk

ι
|dt ≤ C(ηk+ak). Set ˜︁Uι(t) = Rαk

ι
(UN,k

ι (t), ˆ︁λBι (t), λ∗αk
ι
(t)).

This control is progressively measurable and belongs to A∗
αk

ι
. Couple its state ˜︁Xι with XB

ι using

the same Brownian motion. Transport, linear growth, and Gronwall yield EN,k
∫︁ T

0
|UN,k

ι − ˜︁Uι|dt +
EN,k supt≤T |XB

ι − ˜︁Xι| ≤ C(ηk + ak).

Cost Comparison. Global Lipschitz continuity of ˆ︁l and g and the above estimates give

|JN,k
ι (UN,k

ι , ˆ︁UN,k
−ι )− J∗

αk
ι
(˜︁Uι)| ≤ C(ηk + ak). Since ˜︁Uι ∈ A∗

αk
ι
, optimality proves the claim.

Theorem 5.5 (Finite ϵ-Generalized Nash Equilibrium). Assume (H1)–(H8) and (F1)–(F5). Let ˆ︁UN,k be

the exactly feasible strategy profile from (68). For each k, there is an error ϵ = ϵ(k) ≥ 0, with ϵ(k) → 0,

such that, for every agent i and every finite-admissible deviation UN,k
i ,

JN,k
i (ˆ︁UN,k) ≤ JN,k

i (UN,k
i , ˆ︁UN,k

−i ) + ϵ, ϵ ≤ C(ηk + ak) −→ 0. (77)

Thus ˆ︁UN,k is a finite-network, finite-population ϵ-generalized Nash equilibrium. Moreover, (F2) gives

ak ≤ C/(nk
min − 1).

Proof. For any agent i and finite-admissible UN,k
i , Lemmas 5.3 and 5.4 give

JN,k
i (ˆ︁UN,k) ≤ J∗

αk
i
(ϕ∗αk

i
) + Cηk ≤ JN,k

i (UN,k
i , ˆ︁UN,k

−i ) + C(ηk + ak). (78)

As i, UN,k
i are arbitrary and ηk + ak → 0 by (F1)– (F2) and (65), (77) follows.

6 Conclusion

This paper develops a constrained GMFGC model with law-coupled admissibility. Under the stated

regularity and contraction conditions, its GNE is unique and its generalized FPK flow is well posed.

Feasibility transport yields finite-network, finite-population ϵ-generalized Nash profiles satisfying the

shared constraints. Equilibrium existence and uniqueness under weaker conditions than contraction

remain open, as do measure-dependent constrained problems.
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