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Abstract : We show that the two-stage minimum description length (MDL) criterion widely used
to estimate linear change-point (CP) models corresponds to the marginal likelihood of a Bayesian
model with a specific class of prior distributions. This allows results from the frequentist and Bayesian
paradigms to be bridged together. Thanks to this link, one can rely on the consistency of the number
and locations of the estimated CPs and the computational efficiency of frequentist methods, and
obtain a probability of observing a CP at a given time, compute model posterior probabilities, and
select or combine CP methods via Bayesian posteriors. Furthermore, we adapt several CP methods to
take advantage of the MDL probabilistic representation. Based on simulated data, we show that the
adapted CP methods can improve structural break detection compared to state-of-the-art approaches.
Finally, we empirically illustrate the usefulness of combining CP detection methods when dealing with
long time series and forecasting.

Keywords : Change-point, minimum description length, model selection/combination, structural
change
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| Proofs of the Propositions

ILA Proofs of Proposition 1

The N'ZG priors are given by:

(Bilo?.7) = (27) F|o?gM |2exp(—%i?<ﬂi—ﬂi>'*MZ(/B,—ﬂ»), (A1)
2 - (%)% o2 e oxp [ — i
fiotin) = Py oD e (<25 (A2)

(07)" K/Qexp(—l[wi—ﬂl)’ ML B ) dBdat. (ay

The likelihood function over the segment i is given by:

FyilT, Bi,0%) = (2m03) ™ % exp (2}7[ +(8; — By XiX,(8; — Bm) : (A4)

~

where s, = (y;, — X;8;) (y; — leil) Using the above expressions, the marginal likelihood reads as
follows:

flyidm)=Cl(g M:l,% 5 //Qﬂ. —7 o?) —(nitri+K+2)/2

A5
exp 211 [s; +5; +(B; — B )'g _1M1(,3i -Bi)+ (B, — 3i)/X;Xi<ﬂi - Bz)] d/@idaf . )
=F

Focusing on F', we can collect terms 3;, 3;, and Bi as follows:

F = Bi(gr "M, + XiX,)8; - 28}( 97 My + XXiB, ) + Bigr 'MiB; + BXIX,B,,  (A6)
T an M3,
where we introduce the following notation:

M, =g, 'M, + X/X;, (A7)
M,3; = MBZ—FXXBL, (A8)
52.:Mil( 'M,B; + XIX,B,). (A9)

By using (A7) to (A9), we can thus rewrite F as:

F=BM,3, + Qigfleljz —28,M,3, + B;X;Xﬁ
= Blgi 'MLB; + B X/X,B, — BIM.B; + BIM,B, — 28/M, 3, + B,M,3,
= Blgi "ML, + B, X/X.B, — BIMLB, + (8, — B,)M.(B; — B,). (A10)
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Using (A10) in marginal likelihood (A5) leads to:

Flyilr) = oM™ 21 3 // (2m) F (o2)(nituit2)/2
1 - - —
eXP( 97 [s +s; +ﬁzgz M,@ﬂ—BX B — ﬂ ﬂ])
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(9:Mi, 5 5)"
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e () Ty
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with 7, =n; + v, and 5, = 5, +5; + éigl M, 3; + B:XiX,;8; — B;M,B;.

I.B Proofs of Proposition 2

If M; = XiX; and 3; = BZ—, we have:

B ) do?

5, =s; +5 +,8911XX6 1 B.XIX,B,; ﬁ(1+gl HX/X, 3,

:§i+5i+ﬁi(gi_ +1-1-g; )XiXi/Bi

We can simplify the marginal likelihood of segment ¢ as follows:

(VI 3)?
fvm = <1+9i> %) E*

The marginal log-likelihood of segment i reads:

In f(y;|T) = —%11’1(271’) - gln(l +g;) +InT (%) InT ( > ) +1In ( 2'>

Fn(3)

Recalling Stirling’s approximation of the gamma function for real x > 0, we have:

lnF(x):xlnmfxfélner%ln(Qw)JrRN( )+(9( (2N = 1)> ,

‘
ol

(A11)

(A12)
(A13)
(A14)

(A15)

(A16)

(A17)

(A18)
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with Ry (z) = Zg:_ll W in which B,,, denotes the Bernoulli numbers (e.g., Nemes, 2015).

Applying the Stirling’s approximation as well as substituting v; = k;n; and s; = k;s; , we find that:

. (1 . (1 . (1 " 1 1 . " _ _
1nr(%) _rmtk) n(A+k) n(d+k) D14 k) + & Inam) + By (n-2w> +O((ni+2i) (2N 1)) 7
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(A19)

Using the terms in (A19), neglecting the approximation order for convenience, and recalling that
In f(y;|OmLE, T) = — % ln(zﬂfé) — 5, we get:

= n; 1 ki n; +v; king;
Al*A2+A3+A4:hlf(Yi‘@MLE’T)JF?1n(2ﬂ)+§lnbi+1+RN< 5 >7RN <T>,

which yields:

+ARy,;,

A K 1 k
In f(y;|7) = In f(y:|Omrg, T) — D) In(1+g;) + 9 In E;_:_ 1

where ARy ; = RN(%) —RN(E"QT” ). Summing over all segments and setting k; = \/%, gi = fini

2

R T O W
with f; = (W) exp(ZARy ), we find:

2
(A=+D)
m+1 =N 7n+1 -m+1 7n+1 m+1
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(A20)

The last equality holds up to an approximation order of ZmH ((@ini)f(ZNfl)) When N =4, it

7
is bounded by O (mini (ni)fﬁ) and this precision is sufficient in most applications.
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I.C Proof of Remark 1

For k;, = \/%TM we have v; = k;n; = \/7”71 and s; = k;s; = \/S;Tl Since U?|T ~ IG(%7 %)7 we have:
Si x/;Tz Si 5i : %
E 2 _ — — = > =
ST R N T ) R TN TR DL
S Si Si
Mode =

3 — 2 e
VI 2) ey M0
Il Posteriors of the Bayesian estimation in Section 5

The full conditional distribution of the Gibbs sampler is given by:
FBiy i lyrr, 7) o f(yilT, By o) f(Bilod, T) (o7 ]7)

s Li+2 PN - ’ 2 i
x (@) 7 (@) e T exp <72;?<si+<ﬁifﬁ,i> (1+gi1><xixi><ﬁfﬁi>>f;2)

i i

S; + 84 (A22)
207 )
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i N P R
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—(nityy) ) K 1 Y A
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Direct sampling is therefore achieved as follows:

07l2|y1:TzT ~1Ig (nl +2i m) )

2 72
R o2 (A23)
Bilyr.r.T,08 ~ N (51'7(1_‘_;__1)()(2)(2')_1) ,

2

TR T S
and g; = <W> exp(ZARy)n; — 1 withn; =7, — 7;_5.

with v, = \/n;, 5, = T
(T +1)2

|

S
VAL

The Bayesian simulator operates as follows:

e Sample R = 10 initial break date vectors {7;}/, from the prior distribution.
e Run an MCMC with [ iterations and at each iteration, for each j = 1,..., R, apply the D-
DREAM Metropolis move:

1. Propose a new draw of the break parameter:

5 5
z; = T; +round [7(5, m) (Z Tri(g) — ZTrz(h)> +&
g=1 h=1

with Vg,h = 1,2,...,6 and j # r1(g), r2(h); r1(.) and ry(.) denote random integers uni-
formly distributed over support [1, R]. The round[] operator picks the nearest integer and
& ~ N(0,(0.0001)I). We set (5, m) = \/2% and 0 ~ U(1,3).

2. Accept the proposal z; with probability:

win { BT 1

f("'j \y17)’

In practice, we set I = 1000 and start collecting the draws after é iterations.

11l Additional empirical analyses

This section provides additional analyses for the two empirical illustrations presented in Section 6 of
the paper.
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I1I.LA Combination of local CP methods in Fama-French factor models

To show that our CP method does not only capture time-varying volatility, we apply our CP approach
to the residuals of a linear five-factor model with GARCH(1,1) errors estimated by maximum likelihood.
Results are displayed in Figure A.1. We see that CPs are still observed when fitting the model on the
homoscedastic residuals.

Intercept (Alpha) MKT
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1960 4913 4918 4oB® 198® 1993 4908 o003 9008 L1 18 196° 4912 1918 10B® 4oR® 400® 400® 003 q0B oa¥3 1B
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Figure A.1: Mixture of marginal posterior distributions—residuals from GARCH filtering. The plots show the mixture of
marginal posteriors of the Fama-French five-factor model parameters applied to the residuals of the Fama-French five-factor
model with GARCH(1,1) errors estimated by maximum likelihood on the initial time series. The bottom-right plot displays the
series of residuals.

We now show empirically that our prior setting does not noticeably impact the posterior distribution
of the parameter in our Fama-French application. We consider a CP model in which the CP locations
are set to the estimated values found by the global approach (i.e., the CPs estimated by the best model
reported in Table 6 of the paper). For this model, we specify the priors for the mean and variance
parameters as:

1 (A24)
2
f(UZ) X =3,

i
where I denotes the K-dimensional identity matrix. We then apply 10,000 MCMC iterations for
sampling the mean and the variance parameters of each segment from their full conditional distributions
(since the posterior distribution is not a Normal-Inverse Gamma distribution).

In Figures A.2—-A.3 below, we display the comparison between the posterior distribution of the model
parameters obtained with the NIG prior (left plots) and the proper but non-informative prior (right
plots) given in Equation (A24) above. We display the median (solid line) and the 90th credible interval
(dashed lines). We see that results obtained from each prior are almost undistinguishable.
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Figure A.2: Impact of priors on marginal posterior distributions—first set of parameters. The plots show the marginal
posterior distributions (conditional on the CPs) of the various model parameters for the NIG prior (left) and the proper but
non-informative prior (right). The solid line depicts the median of the posterior and the dashed lines depict the 95% credible
interval.
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Figure A.3: Impact of priors on marginal posterior distributions—second set of parameters. The plots show the marginal
posterior distributions (conditional on the CPs) of the various model parameters for the NIG prior (left) and the proper but
non-informative prior (right). The solid line depicts the median of the posterior and the dashed lines depict the 95% credible
interval.

I1.B Forecasting the U.S. consumer price index

To assess the impact of longer-lag CP-AR specifications on the forecasting performance, we consider
two additional models: the AR(3) and AR(1,2,3,12) specifications, with and without breaks. Results
are reported in Table A.1. The AR(3) model outperforms its AR counterparts with no breaks. Never-
theless, the CP-AR(2) model remains the best prediction model in terms of both RMSFE and MAFE
across forecasting horizons. Notably, transitioning from a local to a global approach or incorporat-
ing a future break improves forecasting performance (with exceptions for the AR(3) - Local - Future
Breaks for h = 6). Note that the model confidence used below changes when less or more models are
competing. Therefore, the gray entries in Table 7 of the paper slightly differ from Table A.1.
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Table A.1: Forecasting results—additional AR specifications.

RMSFE for horizon h = MAFE for horizon h =
Model 1 3 6 12 1 3 6 12
AR(1) 3.00 360 3.77 383 216 256 267 2.72
CP-AR(1) - Local 296 3.28 341 359 208 232 242 2.59
CP-AR(1) - Local - Future Break 295 328 340 3,57 208 232 241 2.57
CP-AR(1) - Global 295 324 340 3.57 207 230 240 2.54
CP-AR(1) - Global - Future Break 295 324 339 354 207 229 239 2.52
AR(2) 298 345 3.65 381 212 245 257 2.70
CP-AR(2) - Local 291 329 341 358 205 232 241 2.58
CP-AR(2) - Local - Future Break 291 328 340 356 206 232 241 2.56
CP-AR(2) - Global 294 329 340 3.58 2.07 231 240 2.57
CP-AR(2) - Global - Future Break 294 328 338 353 207 231 238 2.53
AR(3) 293 335 350 374 207 236 246 2.65
CP-AR(3) - Local 292 333 343 3.66 206 235 240 2.59
CP-AR(3) - Local - Future Break 2.92 333 342 364 206 234 240 2.58
CP-AR(3) - Global 2.92 332 342 365 206 234 240 2.58
CP-AR(3) - Global - Future Break 292 331 341 362 206 234 239 2.56
AR(1,2,3,12) 296 347 3.73 4.14 210 247 265 2.96
CP-AR(1,2,3,12) - Local 294 341 3.60 3.8 208 241 253 275
CP-AR(1,2,3,12) - Local - Future Break 294 341 359 385 208 240 252 2.73
CP-AR(1,2,3,12) - Global 294 340 356 3.84 208 240 249 2.71

CP-AR(1,2,3,12) - Global - Future Break = 2.93 3.39 3.55 3.81 2.08 240 248 2.69

NOTE: This table reports the root mean square forecast error (RMSFE) and mean absolute forecasting
error (MAFE) for the various model specifications and forecasting horizons. We highlight in gray the
specifications belonging to the set of superior models at the 95% confidence level for a given loss function
and forecasting horizon (Hansen et al., 2011). We use the function mcsTest implemented in the R package
rugarch (Ghalanos, 2022). The forecasting exercise is conducted over 817 out-of-sample observations.

Table A.2 reports the CPs corresponding to the five largest MDL marginal log-likelihoods for the eleven
local CP methods (Panel A) and the global method (Panel B) obtained for the CP-AR(2) specification
over the full sample (in-sample).

Table A.2: Best local CP and GMDL models—AR(2) model full-sample.

Panel A: Local CP Approaches

Ranking
Best 2nd 3rd 4th 5th
Number of CPs 9 9 11 9 10
MDL MLL -2,283.29  -2,285.83  -2,286.42 -2,284.49  -2,284.62
Posterior Probability  56.68% 20.98% 6.31% 5.54% 5.17%
Panel B: GMDL Approach
Ranking
Best 2nd 3rd 4th 5th
Number of CPs 10 9 11 10 12
MDL MLL 22,276.84  -2,276.91 -2277.60 -2,279.21  -2,279.80
Posterior Probability 38.90% 36.59% 18.33% 3.67% 2.03%

NOTE: This table reports the five best local CP and GMDL models with respect to
the MDL marginal log-likelihood. Panel A reports the top five models (number of CPs)
obtained among the 11 local CP methods for the AR(2) specification. Panel B reports
the top five CPs for the GMDL approach. The GMDL approach is estimated with a
maximum of 80 regimes.

Finally, the existing literature has documented a lot the time-varying properties of U.S. inflation,
see, e.g., Groen et al. (2013) and the literature therein. In Figure A.4, we display the CPI series
(top left) and the mixture of the marginal posterior distributions for the unconditional mean (top
right), persistence (sum of AR parameters, bottom left), and variance (bottom right) obtained over
the entire time period for the global CP-AR(2) model. We notice many CPs in the (functions of the)
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AR parameters. As Groen et al. (2013, section 4.3) emphasize : “The persistence of U.S. inflation
increased during the 1970s, reaching peaks around 1974-1975 and around 1980, and subsided after
1982-1983 (...).” This is what we observe as well in our monthly U.S. CPI inflation series in the
bottom-left panel. In our case, persistence also increased during the 2007-2008 financial crisis and
further increased at the end of our sample. These authors also report a “downward shift in the U.S.
inflation variance from the late 1980s and early 1990s (...) that also happened during the 1970s (...).”
These features are clearly apparent in the bottom-right panel. In addition, we capture a large drop in
inflation variance after WWII, an upward spike in inflation variance during the first oil crisis followed
by a drop between 1975-1976, and upward shifts during the 2007-2008 financial crisis and at the end
of the sample.

CPI Unconditional Mean

154

104

19524951 1962 1967 1912 4911 1982 1987 1907 4031 9002 00T 082 90T 922

1957 951 4962 4967 4912 19T 1982 1081 4992 4997 5002 a0T 9012 9Ot 9022

Persistence Variance

1.04

60

40 4

204

-0.51

1957 1957 1967 1961 4912 4T 1987 1087 4997 4981 9002 00T 908?907 9022 1957 1951 4962 4907 4912 1911 1982 1081 4992 4997 5002 a0 9012 9ot 9022

Figure A.4: CPI series and mixture of marginal posterior distributions of (functions of) the global CP-AR(2) model
parameters. The plots show the CPI series (top left) and the mixture of the marginal posterior distributions for the unconditional
mean (top right), persistence (sum of AR parameters, bottom left), and variance (bottom right) obtained over the entire time
period for the global CP-AR(2) model. We can notice many CPs in the (functions of the) parameters. These posteriors are
computed with the full Bayesian setup of Section 5. The mixing weights are the posterior probabilities of the eleven CP local
methods.
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