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Coluna.jl : in Julia with Mozilla Public Licence (MPL)

Open-source branch-and-cut-and-price framework

To optimize integer linear programs where the coefficient matrix is block structured.

constraints ]
- variables

- Tractable subproblems

Dantzig-Wolfe Benders
decomposition decomposition

>~ Code available at https://github.com/atoptima/Coluna.jl
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Model : Original formulation with JuMP , ex GAP

Original formulation Dantzig-Wolfe reformulation

Each job assigned once q Each job assigned once

Knapsack on m
machine 1 /1 <lmeM
o z;;”l e {0,1)

JuMPjl BlockDecomposition.jl
Knapsack on

machine 3 MathOptinterface.|l

Knapsack on
machine 2

luna.jl
@variable(model, x[ j in Jobs, m in Machines], Bin) Coluna.j

@objective(model, Min,
sum(cost[j,m] * x[j,m] for j in Jobs , m in Machines,))

@constraint(model, cov[j in Jobs], Julia code, MathOptinterface.l
sum(x[j,m] for m in Machines) >= 1) Rust code,

@constraint(model, knp[m in Machines], Ct. ... Cplex.jl Gurobi.jl -
sum(weight[j,m] * x[j,m] for j in Jobs) <= Capacity[m]) ) ’
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Algorithms & Strategies

4+ « Text book » implementation |
TreeSearchAlgorithm

+ call-backs , f.I.
= Pricing callback / \\

ColGenConquer

StrongBranching DepthFirstStrategy
= Cut callback O P |
| ColumnGeneration SolvelpForm ColGenConquer
= Branching callback 7 \\_  (utCallbacks
: : SolvelLpForm SolvelpForm
4+ Customisation %
= | evel-0: callbacks
m) - _1 coluna = optimizer_with_attributes(
Level-1: re-implement a ol Ot imren
method "params" => Coluna.Params (
solver=Coluna.Algorithm.TreeSearchAlgorithm( ## default branch-and-bound of Coluna
=) . ' maxnumnodes=100,
Level 2 ContrOI methOd via conqueralg=Coluna.ColCutGenConquer() ## default column and cut generation of Coluna
« context » parameter ) ## default branch-cut-and-price
) s
= Level_s. re_implement an "default_optimizer" => GLPK.Optimizer # GLPK for the master & the subproblems
' )3

algorithm using
« composition »
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Packages & AP
+ Coluna

= (ColunaBase : Data Structures i

. _ Coluna
= MathProg : managing formulations  §==============-

and reformulations

TreeSearch

= Algorithm : solver implementation

DWColGen

ColunaBase

4+ BlockDecomposition

= Modelling language extensions (to

. » Branching
JUMP) to define your decomposition

BendCutGen|
PrimalHeur| .

+ API

= Nodular methods

= « Must-implement » interface DynamicSparseArray
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Algorithms API : ColGen

function run_colgen_iteration!(context, phase, stage, enyv, ip_primal_sol)

master = get_master(context)
mast_result = optimize_master_Ip_problem!(master, context, env)
mast_dual_sol = get_dual_sol(mast_result)

pricing_strategy = get_pricing_strategy(context, phase)
sp_to_solve_it = pricing_strategy_iterate(pricing_strategy)

while lisnothing(sp_to_solve_it)
(sp_id, sp_to_solve), state = sp_to_solve it
optimizer = get_pricing_subprob_optimizer(stage, sp_to_solve)
pricing_result = optimize_pricing_problem!(context, sp_to_solve, env, optimizer, mast_dual_sol)

for primal_sol in primal_sols # multi column generation support.
if push_in_set!(context, generated_columns, primal_sol)
nb_cols_pushed += 1
end
end

sp_db = get_dual_bound(pricing_result)

sp_to_solve_it = pricing_strategy _iterate(pricing_strategy, state)
end

col_ids = insert_columns!(get_reform(context), context, phase, generated_columns)

valid_db = compute_dual_bound(context, phase, master_lp_obj_val, sps_db, mast_dual_sgl},..is vanderbeck - (c) Atoptima - www.atoptima.com 6
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TUTORIAL: Location routing

Notations

Let 2 denote a customer k
Let 7 denote a facility H

Let k denote a route index numberinl,..., K

b

Let (u,v) denote an arc between locations =g

Let p denote a position in the route

Data

Let f; be the fixed cost for openeing a facility in j. k

Let ¢, be the cost for travelling from u to v. k /
Variables k

Let z;;,1 = 1 if customer 7 is in position p in the kth route starting from facility j .

Let y; = 1if facility 7 is open.

Let z,, = 1if a vehicle traverse arc (u, v).

Francois Vanderbeck - (c) Atoptima - www.atoptima.com 7
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TUTORIAL: Location routing

Original Formulation

Objective: min Zj fiyi+ Zu,v Cuv Zun

Covering: ijk:vijpk > 1 V1

}
/ ft

Opening: ) .z;ix <y; Vjk
Sequence: ) . Tiipk < D . Tiip—1k Vi, k,p>1
StartingArc: z; > x5k V1,7, k

ArcSetup: 2z,, > Tyjp—1k + Tujpr — 1 Vu,v,k,p > 1

) )
} k/ﬂ

https://atoptima.github.io/Coluna.jl/stable/start/advanced_demo/
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TUTORIAL: Location routing

Original Formulation

# y[j] equals 1 if facility j is open; 0 otherwise.
@variable(model, y[j in facilities], Bin)

# z[u,v] equals 1 if a vehicle travels from u to v; O otherwise
@variable(model, z[u in locations, v in locations], Bin)

# x[i,j,k,p] equals 1 if customer i is delivered from facility j at position p of route k; 0 otl
@variable(model, x[i in customers, j in facilities, k in routes_per_facility, p in positions],

# each customer visited once
@constraint(model, cov[i in customers],
sum(x[i, j, k, p] for j in facilities, k in routes_per_facility, p in positions) == 1)

# each facility is open if there is a route starting from it
@constraint(model, setup[j in facilities, k in routes_per_facility],

sum(x[i, Jj, k, 1] for i in customers) <= y[j])

# flow conservation
@constraint(model, flow_conservation[j in facilities, k in routes_per_facility, p in positions;
sum(x[i, j, k, p] for i in customers) <= sum(x[i, j, k, p-1] for i in customers))

# there is an arc between two customers whose demand is satisfied by the same route at consecut
@constraint(model, route_arc[i in customers, 1 in customers, j in facilities, k in routes_per_f
z[i, 1] >= x[1, j, k, p] + x[1, j, k, p-1] - 1)

‘' a\

# there is an arc between the facility ‘j‘ and the first customer visited by the route ‘k‘' from
@constraint(model, start_arc[i in customers, j in facilities, k in routes_per_facility],

Z[j, i] >= X[ia Js k, 1]);

Francois Vanderbeck - (c) Atoptima - www.atoptima.com 9
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TUTORIAL: Location routing

Original Formulation

Objective: min Zj fiyi+ Zu,v Cuv Zun

Covering: ) ipk Tijpk = 1 V1

Opening: ) .z;ix <y; Vjk

Sequence: ) . Tiipk < D . Tiip—1k Vi, k,p>1
StartingArc: 2z; > z;1 V1,7, k

ArcSetup: 2z,, > Tyjp—1k + Tujpr — 1 Vu,v,k,p > 1

Dantzig-Wolfe Reformulation
Objective: min}_; f;y;+ Zj’quj(Zu,v Cuv Zuw) Agi
Zj,quj(zj,p,k mgjpk))“ﬁ =1 Ve

ZQEQ]‘ )‘Qj < Ky, ¥

Covering:

Convexity:

Dantzig-Wolfe Subproblem for 7

Opening: > .z;; =1

Sequence: ) . Tip < D . Tiip-1 Vp > 1
StartingArc: 2z, > z; V1

ArcSetup: 2zy, > Tyjp-1+ Tyjp — 1 Vu,v,p > 1

Francois Vanderbeck - (c) Atoptima - www.atoptima.com10
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TUTORIAL: Location routing

—

@axis(facilities_axis, collect(facilities))' Dantzig-Wolfe Reformulation
# We declare a ‘BlockModel’ instead of ‘Model. Objective: min Z]’ fiy;+ Zj,quj(Zu,v Cuv Zuwv) Agj
model = BlockModel(optimizer) . . .
Covering:  » ., 0 (D, kTijpr)Aej = 1 Vi
¢t ZP tJp Convexity: ) 10 A S Ky V7

@variable(model, x[i in customers, j in facilities_axis], Bin)

@dantzig_wolfe_decomposition(model, dec, facilities_axis) Dantzig-WoIfe Subproblem for ]

Opening: T |
subproblems = BlockDecomposition.getsubproblems(dec) P g D Tijl

specify!. (subproblems, lower_multiplicity=0, upper_mt Sequence: ZZ Tiip < Zz Tiip—1 Vp > 1

# We define ‘z‘ are a subproblem variable common to : StartingArc: =zj; > z;; Vi

subproblemrepresentative.(z, Ref(subproblems)) ArcSet - N ’ v 1
rcoevup: 2.y Lyjp—1 Lyip — u,v,p

Francois Vanderbeck - (c) Atoptima - www.atoptima.com1 1
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TUTORIAL: Location routing

Pricing callback

mutable struct Route
length::Int # record

path::Vector{Int} #
end;

routes_per_facility = Dict(

j => best_route_forall_cust_subsets(arc_costs, customers, j, nb_positions) for j

)

function pricing_callback(cbdata)
# Get the id of the facility.

j = BlockDecomposition.indice(BlockDecomposition.callback_spid(cbdata, model))

# Keep route with minimum reduced cost.
red_costs_j = map(r -> (
T,
x_contribution(r, j, x_red_costs) + z_contribution(r, z_red_costs)
), routes_per_facility[j]
)
min_index = argmin([x for (_, x) in red_costs_j])
(best_route, min_reduced_cost) = red_costs_j[min_index]

# Submit the solution of the subproblem to Coluna.

MOI.submit(model, BlockDecomposition.PricingSolution(cbdata), sol_cost, sol_vars, sol_vals)

Dantzig-Wolfe Reformulation

Objective: min) ., f;y; + Zj’quj(zu,v Cuv Zuw) Agi
Covering: » ;0 (D i,k T ) Agj > Vi
Convexity: » .o Ag < Ky; V73

Dantzig-Wolfe Subproblem for 7

Opening: > .z;; =1

Sequence: ) . Tip < D . Tiip-1 Vp > 1
StartingArc: 2z, > z; V1

ArcSetup: 2., > Tyjp-1 + Tyjp — 1 Vu,v,p > 1

Francois Vanderbeck - (c) Atoptima - www.atoptima.com2
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TUTORIAL: Location routing
"robust" cuts z; <y, VieIlvjeJ

struct OpenFacilityInequality
facility_id::Int
customer_id::Int

end

function valid_inequalities_callback(cbdata)

for j in facilities
y-j = y-vals["y_$(j)"]
for i in customers
x_i_j = x_vals["x_$(i)-$(j)"]
if x_i_j > y_]
push! (inequalities, OpenFacilityInequality(j, i))
end
end
end

# Add the valid inequalities to the model.
for ineq in inequalities

constr = JuMP.@build_constraint(x[ineq.customer_id, ineq.facility_id] <= y[ineq.facilit)

MOI.submit(model, MOI.UserCut(cbdata), constr)
end

Dantzig-Wolfe Reformulation

Objective: min}_; f;y;+ Zj’quj(Zu,v Cuv Zuw) Agi
Covering: » ;0 (D i,k Cl?szk))\q] > Vi
Convexity: quQj Nj S Ky Vg

Dantzig-Wolfe Subproblem for 7

Opening: > .z;; =1
Sequence: ) . Tip < D . Tiip-1 Vp > 1
StartingArc: 2z, > z; V1

tup: 2y > Tyjp—1 + Tojp — 1 Vu,v,p > 1

Francois Vanderbeck - (c) Atoptima - www.atoptima.com13
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TUTORIAL: Location routing

"non'rObUSt" Cuts' tha 53’?-)%] < LZ“J C c J struct RicVarData <: BlockDecomposition.AbstractCustomData
‘ C 1,7 —_— C | —_

visited_locations::Vector{Int}

keK ieC eC
(|C|=3) a=(0.5,0.5,0.5). end
struct RicCutData <: BlockDecomposition.AbstractCustomData
Z&(C’ k)/\k <1CcCl, |C’\ — 3 cov_constrs::Vector{Int}
end
keK
MOI.submit(

model, BlockDecomposition.PricingSolution(cbdata), sol_cost, sol_vars, sol_vals,
RicVarData(best_route.path)

function Coluna.MathProg.computecoeff(
: :Coluna.MathProg.Variable, var_custom_data::RicVarData,
: :Coluna.MathProg.Constraint, constr_custom_data::RicCutData

return floor(1 / 2 % length(var_custom_data.visited_locations n constr_custom_data.cov_cons
end

function ric_contrib(route::Route, custduals)
cost = 0O
if !isempty(custduals)
for (ric_cov_constrs, dual) in custduals
coeff = floor(1 / 2 % length(route.path n ric_cov_constrs))
cost += coeff % dual
end
end
return cost
end;

Francois Vanderbeck - (c) Atoptima - www.atoptima.com14
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TUTORIAL: Location routing

lambdas = Tuple{Float64,Coluna.MathProg.Variable}[ ]
'rank-one cut callback: for (var_id, val) in original_sol
if Coluna.MathProg.getduty(var_id) <= Coluna.MathProg.MasterCol
push! (lambdas, (val, Coluna.MathProg.getvar(cbdata.form, var_id)))
end

end
for cov_constr_subset in collect(combinations(cov_constrs, 3))

lhs = 0
for lambda in lambdas
(val, var) = lambda
if !isnothing(var.custom_data)
coeff = floor(1 / 2 % length(var.custom_data.visited_locations N cov_constr_suk
lhs += coeff % val
end
end
if lhs > 1
# Create the constraint and add it to the model.
MOI.submit(model,
MOI.UserCut(cbdata),
JuMP.ScalarConstraint (JuMP.AffExpr(0.0), MOI.LessThan(1.0)),
RicCutData(cov_constr_subset)

end 1 Atoptima - www.atoptima.com15
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TUTORIAL: Location routing

Original Formulation Benders Reformulation
Objective: min)_ . f;jy;+ >, , Cuw Zuw Objective: min) . f;y;+n
Covering: ) ik Tigpk > 1 \Z) Benders-Cut: Zj Tiy; + mon > 1 V7

Opening: ) .z;ix <y; Vjk

Sequence: > Tk <D .. Tip-1kx Vi, kp>1 Benders Convexified Subproblem
StartingArc: zj > xijk Vi, J, k SecondStageCost: 7> > ; o (2. ,,Cuw Zuw) A g
ArcSetup: 2z,, > Tyjp—1k + Tujpr — 1 Vu,v,k,p > 1 Covering: Zj,quj(Z - %pk))‘fu > 1 4

Convexity: quQj Aj < Ky i

Francois Vanderbeck - (c) Atoptima - www.atoptima.com16
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TUTORIAL: Location routing

fake = 1
@axis(axis, collect(fake:fake))

coluna = JuMP.optimizer_with_attributes(
Coluna.Optimizer,
"params" => Coluna.Params(solver=Coluna.Algorithm.BendersCutGeneration()

)

"default_optimizer" => GLPK.Optimizer

)

model = BlockModel(coluna);

@benders_decomposition(model, dec, axis)

@variable(model, 0 <= y[j in facilities] <= 1) ## 1st stage

Benders Reformulation

Objective: min) . f;y;+ 7

Benders-Cut: ) my; + mon > 1 v

Benders Convexified Subproblem

SecondStageCost: 7 > Zj’quj(Zu,v Cuv Z20) Agi

Covering: . o0 (X xTijp)Aei =1 Vi

Convexity: ) <0, Naj < Ky i

@variable(model, 0 <= A[f in axis, j in facilities, k in 1:length(routes_per_facility[j])] <= 1

# Linking constraints

@constraint(model, open[fake in axis, j in facilities, k in 1:length(routes_per_facility[j])],

y[j] >= A[fakes Js k])

(c) Atoptima - www.atoptima.comq7
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Use Case of Location Routing
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