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+ not tied to the street network
+ operate faster than trucks
+ environmental-friendly

— limited capacity

— limited flight range

source: fedex.com

+ large capacity

+ can be used as a drone's
charging/replenishment station

source: dpdhl.com

= Use trucks and drones together as synchronized working units J
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m Vast amount of Literature (Recent surveys:(Otto et al., 2018; Chung
et al., 2020; Macrina et al., 2020; Moshref-Javadi and Winkenbach, 2021;

Madani and Ndiaye, 2022))

m Heuristics predominant

m Exact approaches for problems with more than one truck:
Trucks Drones
g
K il 2
g oz |83 g 5
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° ] < b} X G ]
Publication Obj [¥] o Q| %k o [ 4 a
Wang et al. (2017) Sdur v X v >1 v ' 1
Bakir and Tini¢ (2020) > dur X v v >1 X v 1
Tamke and Buscher (2021) > dur X X v >1 v v 1
Li and Wang (2022) > cost v X v >1 v v >1
Zhen et al. (2023) > cost v X v =1 v v 1
Zhou et al. (2022) S-dur v X X > 1" v v 1
Our paper | both v X v =1 v X 1
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e coblem with Drones (VRP-D)

(o 638 Given:
B A customer
ﬁ @ only truck
/@\g —3| depot
Do 63 =, trucks

m Set of customers N with demand d; Vie N
m Depot 0 with a homogeneous fleet of K trucks with capacity Q"
m Each truck T is equipped with a single drone D

Routing costs (travel times) for truck ¢ (t;) and for drone cf ()
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Assumptions:
m Fixed assignment of trucks and drones
m A drone can serve only one customer per flight

m Drone release/return: depot or customer locations

Given:

/ﬁ\ customer

@ only truck

= depot

;a trucks
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RRHIEN oblem with Drones (VRP-D)

B3 AR Given:
B A customer
ﬁ @ only truck
/@\g —3| depot
B (O3 = trucks
Task:

m Each customer is feasibly served
m Capacities are respected

m Minimize sum of routing costs
or Minimize the sum of the route durations
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Truck path:(0-4-6-0)

rones (VRP-D)
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Drone subpaths: ((4,5,6))

Given:

/ﬁ\ customer

@ only truck
%' depot

;E. trucks
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rones (VRP-D)

. /Q\g Aﬁﬁ@ Given:
/Q\ﬁ - - ; /ﬁ\ customer
: 1 g e
: =" o ="
= ' @ only truck
i e
;& W /@\g %' depot
Do B " = trucks
Truck path:(0-4-6-0) Truck path:(0-3-2-0)
Drone subpaths: ((4,5,6)) Drone subpaths: ((0,1,2))
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subject to
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reQ
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[71] VieN

VreQ

) a set of feasible routes r

¢, cost (duration) of route r

air indicates if customer i is served by route r

(1a)
(1b)

(1c)

(1d)
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m Find negative reduced-cost routes with bidirectional labeling on an
artificial network

m Artificial network was developed by Roberti and Ruthmair (2021) for the
TSP-D
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m Find negative reduced-cost routes with bidirectional labeling on an
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m Vertices i = (i, i%) represent a combination of truck and drone

positions
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m Find negative reduced-cost routes with bidirectional labeling on an
artificial network
m Artificial network was developed by Roberti and Ruthmair (2021) for the
TSP-D
m Vertices i = (i, i%) represent a combination of truck and drone
positions
m Arcs represent truck and drone operations/movements

m Three different types of arcs:

iy
®=R: Truck and Drone move together and serve a customer
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when it will return to the truck.
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m Find negative reduced-cost routes with bidirectional labeling on an
artificial network

m Artificial network was developed by Roberti and Ruthmair (2021) for the
TSP-D
m Vertices i = (i, i%) represent a combination of truck and drone
positions
m Arcs represent truck and drone operations/movements

m Three different types of arcs:

iy
®=R: Truck and Drone move together and serve a customer

®=R: Truck drives alone and serves a customer

= When truck and drone separate, it is not necessary to know in
advance which customer the drone will serve and where and
when it will return to the truck.

7 : Drone returns to the truck and serves a customer in
between

= When drone returns to the truck, it is decided which customer
it had served.
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IO Roberti and Ruthmair, 2021)
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legend: Aalone Adrone

Notation due to parallel arcs: [(i*", i), (j*",j), k]
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Resources:

Cost objective:

m Reduced costs CFo*

m Load Q;

m Visited customers S7
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Resources:
Cost objective: Duration objective:
m Reduced costs C* m Reduced costs C"
m Duration truck travels alone T;
m Load Q; m Load Q;
m Visited customers S/ m Visited customers S/
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m Resource updates when using arc [(i*", i), (j*, j%), k] depend on
the different arc types A2/one Atos Adrone

CCOSt CI-COSt —+ Cl'",j" — 7Tjtr7 If ae Aalone U AtOg
J Coost e+ €0 — i, i 2 € Ao

Q = Qi + diwr, i 2 € Alone  Atos
T Qi di,  if 2 Adrone
SP+1, if n=j and a € ATre U Ates
S/ =4 S"+1, if n=kand a€ Ao

Sr, otherwise
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m Resource updates when using arc [(i*", i), (j*, j%), k] depend on
the different arc types A2/ome Atog, Adrone

o — CEot - o jor — e, if 2 € A%lone U Atcs
CEo e+ €y, — i i 2 €AY
o _ Qi ifac Aty A
T Qi di,  if 2 Adrone
SP+1, if n=j* and a € A%one |y Atog
s = 5n+1 if n= k and a € Adrone
otherwise
Cdu +ttr tr—ﬂ'jtr’ ifaeAt"g
deur Cdur — T, ifac Aalone
Caur 4 max{t k s Ti} — Tk, if a€ Adrone
T — T + tjer S if ae Aalone
70, if a. € Adrone | Atog
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m Resource updates when using arc [(i*", i), (j*, j%), k] depend on
the different arc types A2/ome Atog, Adrone

o CEot - o jor — e, if 2 € A%lone U Atcs
Cot o+, + Cy —mh i 2 € AYRe
Q = Qi + diwr, i 2 € Alone  Atos
T Qi di,  if 2 Adrone
SP+1, if n=j% and a € Adne | Atog
SJ.”: SP+1, if n=kand a € Adrone
Sr, otherwise
C,-dur + tier jer — Tjer, if a € A8
deur _ Cidur — T, ifac Aalone

C,-d”’ + max{tﬁfr . T} — 7y, if a€ Adrone

k dra

T — 7—, + t,‘trJtr’ if ae Aalone
70, if a € Adrone U Atog

m Standard Feasibility rules and dominance 0/22



m Bidirectional labeling (Righini and Salani, 2006):
m Create forward and backward labels
m Choose a critical resource and extend both labels only up to a
halfway point (HWP) (e.g., HWP = &)

m Merge suitable forward and backward labels to obtain a
feasible route
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m VRP-D has a symmetric structure

= implicit bidirectional labeling (see, e.g., Bode and Irnich, 2012;
Goeke et al., 2019; HeBler and Irnich, 2023)
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m Bidirectional labeling (Righini and Salani, 2006):
m Create forward and backward labels

m Choose a critical resource and extend both labels only up to a
halfway point (HWP) (e.g., HWP = %T)

m Merge suitable forward and backward labels to obtain a
feasible route

m VRP-D has a symmetric structure

= implicit bidirectional labeling (see, e.g., Bode and Irnich, 2012;
Goeke et al., 2019; HeBler and Irnich, 2023)

m Only forward labeling up to HWP

m 'Reversed’ forward labels are used backward labels
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VRP-D is by definition symmetric but the artificial network is not!
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VRP-D is by definition symmetric but the artificial network is not!

Example:
Truck path P =(0,1,2,4,0") + drone subpaths D = ((1,3,2),(2,5,0"))
Reverse counterparts: P’ = (0,4,2,1,0') and D" = ({0,5,2),(2,3,1)).
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VRP-D is by definition symmetric but the artificial network is not!
Example:

Truck path P =(0,1,2,4,0") + drone subpaths D = ((1,3,2),(2,5,0"))
Reverse counterparts: P’ = (0,4,2,1,0') and D’ = ({0, 5,2),(2,3,1)).

Corresponding paths in the artificial network:

(0,0) = (1,1) - (2,1) 2 (2,2) — (4,2) - (0/,2) = (0',0)

and (0,0) — (4,0) — (2,0) = (2,2) — (1,2) = (1,1) = (0',0),

differ in the vertices (1,2), (2,1), (4,2), (4,0), (0,2), and (2,0).
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VRP-D is by definition symmetric but the artificial network is not!

Example:
Truck path P =(0,1,2,4,0") + drone subpaths D = ((1,3,2),(2,5,0"))
Reverse counterparts: P’ = (0,4,2,1,0') and D’ = ({0, 5,2),(2,3,1)).

Corresponding paths in the artificial network:

(0,0) = (11) — (2.1) ~ (2,2) = (4,2) — (0/,2) 2 (0, 0)

and (0,0) — (4.0) — (2.0) ~ (2.2) = (1,2) > (1,1) = (0, 0),

Merge at vertex (2,2) is a more or less a standard merge.
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VRP-D is by definition symmetric but the artificial network is not!

Example:
Truck path P =(0,1,2,4,0") + drone subpaths D = ((1,3,2),(2,5,0"))
Reverse counterparts: P’ = (0,4,2,1,0') and D’ = ({0, 5,2),(2,3,1)).

Corresponding paths in the artificial network:

(0,0) = (1,1) — (2.1) - (2,2) — (4.2) = (0/,2) > (@, 0)

and (0,0) — (4.0) = (2,0) > (2,2) — (1,2) > (1,1) = (0, 0),

Merge at vertices (4,0) and (4,2) results in correct truck routes but
misses the drone visit to customer 5.
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VRP-D is by definition symmetric but the artificial network is not!
Example:

Truck path P =(0,1,2,4,0") + drone subpaths D = ((1,3,2),(2,5,0"))
Reverse counterparts: P’ = (0,4,2,1,0') and D’ = ({0, 5,2),(2,3,1)).

Corresponding paths in the artificial network:

(0,0) = (1,1) — (2.1) - (2,2) — (4.2) = (0/,2) > (@, 0)
and (0.0)  (4.0) = (2,0) > (2,2) — (1,2) > (1,1) = (0, 0"),

Merge at vertices (4,0) and (4,2) results in correct truck routes but
misses the drone visit to customer 5.

= Merge over a drone arc serving the missing customer
leads to additional drone subpath (0,5, 2)
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EEREetional lobeling - Merge

Merge of two labels £ = (R) and £’ = (R’) ending at the same artificial
vertex (/,1)

Feasibility Check:

Q+Q +aq<QT
S"+S"<1 VieN\{i"}}

Reduced cost of merged path:

~ ’
& = Ccost + C cost + i
Er _ Cdur +C dur +
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Merging two labels with different drone position by adding a drone
subpath:

Label £ at (itr, i) (it # i) and label £ at (itr, jdr) (j9" # i9r)
Added drone subpath: (i, k, j4) (for some suitable customer k)

Feasibility Check:

Q+Q +aqrv+aq < QT

{1, ne N\ {it, k}

Snysn
0, n=k

IN

Reduced Cost:
~ Ccost C'cost i dr dr
Cr = + + T + Cl-,j, K + CkAjd' — Tk

& = CM 4 ' e 4 max{T + Tt + tﬁfjd} — Tk
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m Reduced artificial networks as pricing heuristics

= e
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m Reduced artificial networks as pricing heuristics

= e

m ng-path relaxation (Baldacci et al., 2011)

m Allows (specific) non-elementary paths
m Based on a neighborhood N; C V' \ {0,0'} for every node j € V

m Acceleration of Merge procedure:

m Sorting labels according to load resource
m Precomputation of drone subpaths for merge over arcs

14/22



m Hierarchical branching

Number of Trucks K

How many times is a customer j € N visited by the drone
alone?

Truck uses edge (i,j) € N x N or not?

I Drone uses edges (i, k) and (k,j) when serving customer k?
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m Hierarchical branching

Number of Trucks K

How many times is a customer j € N visited by the drone
alone?

Truck uses edge (i,j) € N x N or not?

I Drone uses edges (i, k) and (k,j) when serving customer k?

m Valid inequalities

m Subset row inequalities (Jepsen et al., 2008)
m Non-robust capacity cuts (Baldacci et al., 2007)

15/22



m Instances from the CVRP library (Augerat et al., 1995)

m Customer: |N| = {19,29,39,49}

m 20 instances per customer set

m Truck-only customers if g; > Q/5 (10 to 33 % per instance)

m Truck routing costs and travel times based on Manhattan distance

m Drone routing costs and travel times based on Euclidean divided by a
given factor 3.
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m Instances from the CVRP library (Augerat et al., 1995)

m Customer: |N| = {19,29,39,49}

m 20 instances per customer set

m Truck-only customers if g; > Q/5 (10 to 33 % per instance)

m Truck routing costs and travel times based on Manhattan distance

m Drone routing costs and travel times based on Euclidean divided by a
given factor 3.

m time limit: 3600 seconds

m MIP-based heuristic on 1st and 2nd level and after time out

16/22



I e procedure (cost objective, 5 = 3)

70 |- =
60| |— =
50 a
40 a
30 a
20 a
10 =

Merge time (%)

C—INone [JPre [Sort [1Both

Figure: Average share (in percent) of the total computation time spent in
the merge procedure for different acceleration techniques.
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IR labeling (cost objective, § = 3)

Forward labeling

Implicit bidirectional labeling

n  #Opt Gap Time #BB #Opt Gap Time #BB
19 19 <0.01 2952 19.0 20 — 419 205
29 14 0.36 2,160.4 342 17 0.07 1,046.8 723
39 6 155 3,233.0 278 11 022 2,237.8 64.3
49 2 8.45 3,400.0 8.6 3 270 32156 21.0

41 251 272721 224 51 0.75 1,635.5 445

Table: Comparison of two BPC algorithms equipped with a forward or
implicit bidirectional labeling algorithm.
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IEERIOn¢s | Routing Cost and Speed

Average percentage change in routing costs and travel durations for
different -values.

Avg. change in routing costs (%)

30
25
20
15
10

o o

—-10

Cost objective

n=19 n=29 n=39 n=49

cg=1

c4=5

Avg. change of travel durations (%)

30
25
20
15
10

o o

—-10

Duration objective

n=19 n=29

c8=1

,u‘u‘u‘u,

n=39 n=49

=5
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IEERIOn¢s | Routing Cost and Speed

Cost objective Duration objective
n p=1 p=3 pg=5 p=1 =3 pB=5
19 0 27 42 28 51 56
29 0 27 40 27 51 54
39 0 23 37 27 49 52
49 1 22 34 26 47 49

Table: Share (in percent) of drone customers in optimal/best-known
solutions.
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m First exact approach for Vehicle Routing Problem with Drones (VRP-D)
on the basis of the work from Roberti and Ruthmair (2021)

m Implicit bidirectional labeling despite asymmetric artificial network

Instances with up to 49 customers are solved

m Using drones is more beneficial for duration objective
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m First exact approach for Vehicle Routing Problem with Drones (VRP-D)
on the basis of the work from Roberti and Ruthmair (2021)

m Implicit bidirectional labeling despite asymmetric artificial network
m Instances with up to 49 customers are solved

m Using drones is more beneficial for duration objective

m Delayed resource propagation is helpful (load and cuts)

m ng-relaxation is improved because of the implicit bidirectional labeling

21/22



Thank you for your attention!

Questions or remarks?!
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Assume that g1 = g» = g4 = 10 and g3 = g5 = 1, a vehicle
capacity of @ = 38 and standard propagation of the load resource:

The forward path

(0,0)— (1,1) — (2,1) = (2,2) — (4,2) — (0',2) = (0',0)

is feasible.
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Assume that g1 = g» = g4 = 10 and g3 = g5 = 1, a vehicle
capacity of @ = 38 and standard propagation of the load resource:

The forward path
(0,0)— (1,1) — (2,1) = (2,2) — (4,2) — (0',2) = (0',0)
is feasible.

5
But the partial path (0.0) — (1.1) —(2,1) — (2,2) pass the HWP
allready at vertex (2,1).

5
Similarly, the partial path (0,0) — (4.0) — (2,0) — (2,2) passes the
HWP allready at vertex (2,0).
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IERRERIREsource Propagation

Assume that g1 = go = g4 = 10 and g3 = g5 = 1, a vehicle
capacity of @ = 38 and standard propagation of the load resource:

The forward path
(0,0)— (1,1) — (2,1) = (2,2) — (4,2) — (0',2) = (0',0)
is feasible.

5
But the partial path (0.0) — (1.1) —(2,1) — (2,2) pass the HWP
allready at vertex (2,1).

5
Similarly, the partial path (0,0) — (4.0) — (2,0) — (2,2) passes the
HWP allready at vertex (2,0).

Hence the forward path cant be obtained in the merge procedure if
resource propagation is not delayed.
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Assume N3 = N\ {4} and Ny = No = Np = Nsjpk = N:
The forward path

(0,0) = (1,0) — (2,0) = (2,2) — (3,2) — (0/,2) = (0, 0")

is ng-feasible
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Assume N3 = N\ {4} and Ny = No = Np = Nsjpk = N:
The forward path

4 4
(0,0) = (1,0) — (2,0) — (2,2) — (3,2) — (0, 2) — (0',0")
is ng-feasible
If we assume the merge is at vertex (2,2) then the two partial paths

(0,0)~(1,0)~(2,0) = (2,2)  and  (0,0)—(3,0)—(2,0) = (2,2),

are ng-feasible but cannot be feasibly merged!
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