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Multi-commodity two-echelon vehicle routing problem with
time windows (MC-2E-VRPTW)

d1
d2

s1

s2
s3

1

2

3

4
5 6 7

8

9 10

1

2

3

4
5 6 7

8

9 10

q3 = 22 [70, 95]

text

Legend

depot (ND)

satellite (NS)

customer (NC )

qi customer demand

[ai , bi ] customer time window

first-echelon route

second-echelon route

Minimize total routing costs
First-echelon route constraints: vehicle capacity (Q1)
Second-echelon route constraints: vehicle capacity (Q2) & time windows
Every customer’s demand is available at a specific depot and is fed by a single
first-echelon vehicle
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Exact algorithms for the MC-2E-VRPTW : Dellaert et al. (2021)
Two-path formulation (MC2E-2P): solution method based on a branch-and-price
approach
Instances with up to 5 satellites and 100 customers are solved to optimality

Our goal
Develop an efficient branch-price-and-cut algorithm for multi-commodity 2E-
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Notation

First echelon
M: Set of all first-echelon routes

cm: Cost of route m
S(m): Set of satellites visited by route m

Q1: First-echelon vehicle capacity

xm: Binary variable equal to 1 if route m is chosen, 0 otherwise.
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Notation

Second echelon
L: Set of all feasible second-echelon routes

cl : Cost of route l
Pl : Set of supply-patterns that can be assigned to route l
ail : Binary parameter equal to 1 if route l services customer i
Qmp

l : Total demand serviced by route l that was provided by
first-echelon route m when supply-pattern p is assigned to l

Q2: Second-echelon vehicle capacity

ylp: Binary variable equal to 1 if second-echelon route l with
supply-pattern p ∈ Pl is selected, 0 otherwise.
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Route-based formulation

min
∑

m∈M
cmxm +

∑
l∈L

∑
p∈Pl

clylp (1)

s.t.
∑
l∈L

∑
p∈Pl

ailylp = 1, ∀i ∈ NC , (2)

∑
l∈L

∑
p∈Pl

Qmp
l ylp ≤ Q1xm, ∀m ∈ M, (3)

xm ∈ {0, 1}, ∀m ∈ M, (4)
ylp ∈ {0, 1}, ∀l ∈ L, p ∈ Pl . (5)

First-echelon routes are enumerated a priori

A very large number of second-echelon routes : apply BPC.
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Pricing problems

Reduced cost of second-echelon route variable ylp:

c̄lp = cl −
∑
i∈NC

ailσi −
∑
i∈NC

∑
m∈Mdi

δp
im(qiπm)

where σi , πm are the dual variables of constraints (2), and (3).

PP per satellite s
Modeled on a network G s

Find least-reduced-cost second-echelon route associated with s
Variant of an elementary shortest path problem with resource
constraints (on time and load)
Challenge: Handling the subset of selected πm dual values (at most
one per depot d)
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Labeling algorithm

Label E represents a partial second-echelon route R(E ) assigned to a
supply-pattern

η(E ): Last visited node on path R(E )
c̄(E ): Reduced cost
t(E ): Earliest service start time at node η(E )
q(E ): Total load
U(E ): Set of unreachable nodes
θ(E ): Time service starts at the satellite associated to R(E )

Component θ(E ) is required to retrieve information regarding the best
available πm values (per depot d , m ∈ Mds) when extending a path
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Labeling algorithm

Specificities
Initialization

One label E k for every arrival time tk ∈ Ts

Label extension
Copy time service start component
Reduced cost is updated using information derived from θ(E)

Dominance rule A label E1 dominates a label E2 when
η(E1) = η(E2)
t(E1) ≤ t(E2), q(E1) ≤ q(E2), U(E1) ⊆ U(E2)
c̄(E1) ≤ c̄(E2) + (Q2 − q(E2)) × ∆

(
θ(E1), θ(E2)

)

∆
(
θ(E1), θ(E2)

)
=

0, if θ(E1) ≥ θ(E2)
min

d∈Dθ(E1)

{
πm(θ(E1),d) − πm(θ(E2),d)

}
, otherwise

Tayeb Mhamedi BPC for the multicommodity 2E-VRPTW 13 / 21



Introduction Mathematical formulation Branch-price-and-cut algorithm Computational results Conclusion References

Additional algorithmic components

Dual inequalities
Transfer inequalities (Mhamedi et al., 2022) are used to speed-up CG convergence

Valid inequalities
Rounded capacity cuts , Laporte and Nobert (1983)
Subset-row inequalities , Jepsen et al. (2008)
(Lifted) visited satellites inequalities, Marques et al. (2020)

Hierarchical branching
1- Branch on whether or not commodities associated with a depot are allowed to be supplied

through a given satellite
2- Total flow on a back-and-forth route
3- Number of vehicles
4- Use of a first-echelon route
5- Branch on servicing a customer from a specific satellite
6- Flow on an arc
7- Branch on servicing a customer using a given first-echelon route

Tayeb Mhamedi BPC for the multicommodity 2E-VRPTW 14 / 21
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MC-2E-VRPTW instances

Generated from instances for the 2E-VRPTW (Dellaert et al., 2019)
Number of customers |NC | ∈ {30, 50, 100}
2 groups of instances per |NC | value

2 depots, 3 satellites
3 depots, 5 satellites

Q1 = 200, Q2 = 50
Each customer is randomly assigned to a depot to introduce commodities
3-hour time limit

Tayeb Mhamedi BPC for the multicommodity 2E-VRPTW 16 / 21
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Comparison with Dellaert et al. (2021)

Dellaert et al. † Our BPC algorithm ‡ BMSU
|ND | |NS | |NC | T (s) # Opt T (s) # Opt factor

2 3 30 79.8 20/20 2.2 20/20 36.2
2 3 50 2235 4/5 5.1 5/5 18.2
3 5 50 2794.2 5/5 530.9 5/5 5.3
2 3 100 10800 0/5 1514.6 5/5 7.1
3 5 100 9223.8 1/5 10800 0/5 -

† Tests ran on a computer equipped with an Intel Core i7-4770 processor
‡ Tests ran on a computer equipped with an Intel Core i7-8700 processor
T (s) Average time in seconds over the solved instances
BMSU: Biased minimal speed-up factor (bias induced by computers)
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Sensitivity analysis

Omit one component at a time (subset of 10 instances solved by our full
BPC algorithm)

Instances with |NC | = 50 Instances with |NC | = 100
Family # Opt T (s) ∆T (%) # Opt T (s) ∆T (%)
DDOIs 3/5 1711.1 847.5 5/5 2252.2 48.7
RCIs 5/5 1299.2 144.7 5/5 1553.5 2.6
SRIs 5/5 964.2 81.7 5/5 3802.4 151.1
VSIs 3/5 1941.9 342.1 5/5 1106.9 -26.9
CSBr∗ 4/5 2243.2 392.3 5/5 1311.8 -13.9

∗ CSBr: commodity-supply-through-satellite branching
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Conclusions

Efficient branch-price-and-cut algorithm for the MC-2E-VRPTW
Labeling algorithm allowing the aggregation of pricing problems per
satellite

Outperforms existing state-of-the-art algorithm

Future works
Study extensions where reverse merchandise flows are introduced
Investigate the effect of considering different synchronization
schemes
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Thank you !

tayeb.mhamedi@polymtl.ca
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