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Fixed-Charge Multicommodity Min—Cost Flow Problem

@ Graph G = (N, A), commodities K = {(s*, tk, d*)}
@ Weak Formulation (WF): routing costs c , design costs f;;

DDkt D fivi
keK ( ,J)eA (,J)GA
dooxE— > xf=bf €N, keK
(ij)EA U,EeA
() .
Z x,f < ujjyjj (i,j)eA
keK
ng,jfgufj‘- (i,j)) €A keK
y,JE{O,l} (Ia./)EA

bf‘ = dkif i = sk, bf‘ = —d¥ if i = tk, and 0 otherwise
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FC-MMCF: Strong Formulation (SF)

e WF : |K|(|A| + 1) variables, |K||N| + |A| constraints (+ bounds)
e SF = WF + |K||A| (redundant) individual capacity cuts
xi <ufy;  (iLj)EA keEK
(effective if ufj‘- < ujj)
@ Continuous relaxations WF, SF

@ SF: rather difficult to solve when |K| large (telecommunications) +
rather weak bound

@ Decent bound (to start with ...), but extremely difficult to solve
(efficiently) ... even with row generation
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Column Generation
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Weak Formulation

@ S = set of all (extreme) solutions s = [x%5,..., x5 ] of the
pricing problem

@ Dantzig-Wolfe (DW) reformulation of WF

min

ST X dnt e X a)e

s€ES N keK (ij)eA (ij)eA

> <Zi§ uuy,,>9 <0 (ij)eA
se§ “keK

d bs=1, 0,20 se8

seS

@ Exponential number of variables, only |A| + 1 (non-bound) constraints
= column generation

@ (Small) subset B of S, master problem with s =0 for s € S\ B
@ In theory, |B| < |A| + 1 could suffice
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Weak Formulation — Pricing Problem

@ Pricing problem P(«) of (WF)

Z Z (CU+aU Xu + Z i — CjUif)Yij

keK (i) eA (i,j)EA
Z Z xf=bf ieN,kekK
P(a) (ieA (i)

0<XU<U (hj)eA, ke K
vij €{0,1}  (ilj) €A

@ Decomposed into |K| (SPT)s/(MCF)s + one trivial problem

o DW is equivalent to WF (fully)
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Strong Formulation

@ Same thing for SF (S exactly the same)

min (X X ant X ).

s€S M keK (i j)eA (iJ)eA

Z(Z%ﬁ-’ ”uyu>9 <0 (i)eA
(As) seS “keK

cks

Z<XJ Uyu>9 <0 (ih))eA keK

seS

d bs=1, 0,20 se8

seS

. but |A|(]K| 4+ 1) 4+ 1 (non-bound) constraints
@ Turn-based row and column generation

@ Now one expects B ~ |K||A| at least (although it may be less)
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Strong Formulation — Pricing Problem

@ Pricing problem P(«, ) of (SF)

> > (e +ay+ Bx+

keK (i j)eA
> (fi — ajuy — Buf)y;
(w)eA
P(a, B) Soxk— 3 xi=bf €N keK
(iJ)EA (,i)eA

ng,jgu,j (hbj)eA, ke K
yi €{0,1}  (i,lj) €A

@ Solvable exactly as the previous one

@ DW is equivalent to SF
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Disaggregated Dantzig—Wolfe

@ Sk = extreme points of commodity k (paths), §¥ = extreme points
of fixed charges (2‘A| vertices of the unary hypercube)

o Disaggregate formulation (of WF to keep it simple)

> a(SH)+ > o )

keK (ij)eA seSk (i,j)EA seS

> (T Aw) <u(Tre)  Gaea
(As) kEK N sesk seS

d bs=1, >0 se8 kek

sESk

d bs=1, 620 se&

SESY

@ Slightly more constraints, but sparser + much sparser columns
@ |K|+ 1 times more columns ... but |B| & 2|A| in the best case (SF)
@ Usually (much) more efficient
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Even more disaggregated Dantzig—Wolfe

@ The unitary hypercube is a cartesian product: why not

V= ®(i,j)eA (yij = {0, 1})?

yij€[0, 1] (no, .. .really?!)

@ Arc-path formulation with original arc design variables

min Z Cpfp + Z fiiyii
pE'P:UkeK'Pk (i’.j)GA
Y o< uyy (i) eA
pEP : (ij)Ep
> f=d keK
pEPkK
fp >0 pGP:UkeKPk
}/ije[ovl] (’7./)6’4
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Even more disaggregated Dantzig—Wolfe(cont.d)

@ The standard DW approaches use a blatantly “wrong” representation
of V: 2lAl variables and one constraint of the form

yi — Y ¥ifs, > bs=1, 620 se8&
seSY seSY

versus 2|A| variables and |A| constraints of the form

yi — 0-09041.991 9049l —1  9i0>0  il>0

@ This is a special case, in fact it corresponds to decompose the unitary
hypercube ) in A components. What could you do when this trick
doesn’'t work? (e.g. adding Z(iJ)eA yij < C) = "Easy” components
approach

@ Our approach does not “column generate” the ) set and uses a full
decription of it
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Stabilized Column Generation
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Stabilized Dantzig—Wolfe

@ Drawbacks of DW approach: possible unboundedness, instability and
slow in pratice (see [Frangioni, 2002])

@ Using a compact notation rewrite the problem as
() max{c(u): Au=b, uec U},
u

with ¢ concave and U convex

@ To overcome these convergence problems = Stabilized Dantzig—Wolfe
(see [Frangioni, 2009]) = Generalized Augmented Lagrangian of Q

(Apxt) ml?x{c(u) + x(b— Au) — D{(Au — b) : u € coB}
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Disaggregated stabilized Dantzig—Wolfe

Consider the following decomposable problem:

(Q) max{ch(uk): ZAkuk:b, uk e U, kEK}

keK keKk

Then, the corresponding disaggregated master problem is

(Apzt) max { ZkeK Ck(uk) + Xx(b — ZkeK Akuk)—
D (X yex Akuk —b) 1 uecoB, ke K}
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Stabilized Column Generation

+ “Easy” Components
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What's special here?

Consider the following structured optimization problem:

(Q) Ta}lx{clul + C2(U2) U € Ul, G(U2) <g,Au+ A = b}
1,U2

where
max{(c; — XA1)u1 : 11 € Ul}
u

is “difficult for some reason” (efficient but “totally obscure” black box),
while

max{cy(uz) — (xAz)uz : G(uz) < g}
“easy” because a compact convex formulation is known

@ Usual approach: disregard differences. Our approach: treat “easy”
components specially

@ Easy: insert explicit “full” description of second component in the
master problem

@ Master problem larger (at start), but with “perfect” information
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In formulae

The master problem: abstract form

max ciug + &(w2) + Xz — Dy (—z)
Z,uy,un

(QB,)‘(,t) z=b— A1u1 — A2u2
U € coBB, up € U?

and implementable form

max ¢ (D5 cp 0bn,) + c2(u2) + Xz — Dj(—2)

z,0,up
(AB,i,t) z=b— Al (ZMGB [119[,1) — A2U2
NS ev G(U2) <g
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Extensions

@ Multiple easy/hard components: trivial
@ Constrained case: x € X = {x: Hx < h}
max a(Ygepbs) + cu2) + wh+ Xz — D (-2)

up,w

(AB,R,t) = z=b+ wH — Al(zﬂleB L_llgal) — Aoup
0cO,Guw)<g,w>0

@ Global lower bound / < minf : (c; and G linear)

nzqglx cl( Z D10i—,1) + Czué —1(1—=p)+Xxz—D{(-2)
ué,,p meB

(AB,)_(,t) = zZ= pb - AI(ZL_UGB 1_119:—,1) - A2Ué
Ymestn =p
0>0, Guy < pg,pecl01]

(0=0/p, v2=u3/p)
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Computational results
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Computational results - FC-MMCF

@ Which type of master problems do we solve?

<

a fully aggregated (FA) version

a partly disaggregated with easy y (PDE) version
a disaggregated (DD) version

a disaggregated with easy y (DE) version

<

©

©

@ 48 randomly generated instances:

group| 1 2 3 4 5 6 7 8 9 10 11 12
[N| | 20 20 20 20| 30 30 30 30/ 50 50 50 50
|A] {300 300 300 300{600 600 600 600({1200 1200 1200 1200
|K| |100 200 400 800{100 200 400 800 100 200 400 800

Description of the instances

@ Stopping criterion: c(u*) + X(b — Au*) — Df (Au™ — b) < ef(X)
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Computational results — weak formulation

DE PDE DD FA-1 FA-2

fiter| time f iter gap f iter gap| f iter gap f iter gap|
0.00 5 0.01 6 2.54 6200 1e-7 3.9791051e-3 0.7523831e-7
0.01 6 0.01 12 2.94 3153 6e-3 4.4347723e-2 1.371931 6e-9
0.01 7 0.12 521e-7 2.791365 2e-7 10.575579 3e-3 1.9911175e-7
0.03 7| 1.06 0.23 503e-7 2.27 4829e-3 14.493201 8e-3| 7.7417147e-7
0.01 7| 0.30 0.03 39 4.925799 4e-3 6.1575388e-3 0.50 8343e-7
0.02 10| 1.81 0.21122 3.371899 7e-8 9.76 5599 3e-3 1.06 664 1le-6
0.04 8 1.934832e-7 1.81 4152e-2 2.58 6385e-2 15.00 3795 6e-7
0.08 9| 5.17 1.091201e-7 3.48 3782e-2 10.081134 4e-2 26.192905 8e-7
0.02 11 0.784495e-9 1.39 7465e-3 2.2312054e-2 2.7716301e-6
0.05 9 2.39 0.26 89 6.231647 3e-2 8.5123435e-2 5.261414 8e-7
0.10 11| 16.03 2.342711e-7 6.18 717 2e-2 11.3113214e-2 16.4818488e-7
0.18 10-13.95 8116e-7 5.05 2782e-2 14.63 8386e-2 50.47 2851 8e-7

Results for the weak formulation

® ¢ = le — 6 [relative accuracy] , maximum running time = 1000 seconds

@ FA-1, PDE, DD and DE are solved with a general-purpose LP solver by Cplex,
while in FA-2 the specialized quadratic solver by [Frangioni, 1996] is used
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Computational results — strong formulation (cont.d)

le-6 le-8 le-10 le-12

f additer gap| time iter gap| time iter gap| time f add
0.05 0.96 77 1le-7| 57.73 143 4e-9| 62.07 170 3e-11 0.11 1.10
0.04 2.04 30 3e-7| 51.22 33 2e-9| 51.37 33 0.05 2.06
0.07 2.70 24 2e-7| 29.15 25 29.15 25 0.07 2.74
0.14 6.58 20 3e-8| 65.67 21 65.68 21 0.15 6.61
0.04 0.89 47 8e-8| 28.28 51 3e-9| 32.00 57 32.00 0.06 0.93
0.09 1.48 36 4e-7| 55.43 51 4e-10| 56.01 52 le-11 0.12 1.60
0.09 1.80 21 2e-8| 20.84 21 2e-9| 25.69 24 25.69 0.11 1.84
0.24 10.03 23 8e-8|132.74 23 132,76 23 0.24 10.09
0.06 0.48 26 2e-10| 2.47 26 2e-10| 2.57 27 3e-12 0.06 0.49

0.26 4.18 59 le-7
0.43 7.24 39 T7e-8
0.52 11.85 24 2e-11

29556 72 4e-9
44256 55 2e-9
241.88 24 2e-11

333.22 84 2e-11
506.83 63 5e-12
241.92 24 2e-11

337.38 0.39 4.54
0.71 7.78
253.59 0.55 11.98

iter
181
33
25
21

24

63
25

Results for DE with varying precision

@ Four accuracy settings: le — 6, le — 8, 1le — 10 and 1e — 12 for DE approach
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Computational results — strong formulation (cont.d)

2.04 30 3e-7 7.67 1585 3e-4| 1564.82 4.99 803 4e-5
2.70 24 2e-7 6.73 726 4e-7| 2585.05 7.82 796 le-6
6.58 20 3e-8 6.68 203e-8 28.00 2121 8e-5

opt 20- K| Rmv = 20 Sep = 10
add it gap time add it gap time add it gap| time add it gap
0.96 77 1le-7| 289.412.27 8417e-7| 104.60 1.20 2182e-7| 72.96 1.35194 le-6

363.67 4.12159 3e-7
141.61 551 651e-6
669.34 18.82 78 be-7

Effect of different algorithmic parameters settings on DE

@ Opt: maximum size of bundle is set to 50iK|, constraints violation is checked at

every iteration (Sep = 1) and constraints whose Lagrangian multiplier is zero are

never removed (Rmv = 0)
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Computational results — strong formulation (cont.d)

Cplex DE FA-2 FA-V
primal dual net. barr. le-12 f add it gap| time f add it gap
12 10 11 15 63.78 12 7148809e-7| 2.50 0.47 0.45875
64 53 61 71 51.38 19 16111413e-6] 5.83 1.15 1.15842
139 114 132 157 29.16 32 20 90351e-6| 11.91 2.28 2.24796
559 456 531 587 65.69 100 67129401e-6| 25.76 5.07 4.96760
46 39 43 60 32.00 12 10103201e-6| 5.53 0.88 1.13871
147 132 144 209 56.28 15 9 53001e-6| 11.88 2.13 2.38831
509 301 478 648 25.69 16915527231 1e-6| 25.91 4.50 5.37794
23291930 2302 2590 132.78 192169 14547 1e-6| 51.35 8.5810.63 760
196 131 156 304 2.66 20 12 71691e-6| 11.61 1.99 2.30827
926 708 862 1174 337.38 11111817034 2e-5 28.50 4.95 6.08869
27062167 2542 3272 507.52 19224915061 3e-6| 57.86 9.2313.00817
111568908 1167511683 253.59 34941313953 1e-6|108.7516.78 24.07 765

Comparison with Cplex and Volume for the strong formulation

@ Fa-V: a fully disaggregated model solved with the volume algorithm

@ Sep is set to 100 and 10, respectively, for FA-2 and FA-V
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Conclusions
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Conclusions

@ The new approach is based on decomposable structure of some NDO
problems, in particular the combinatorial ones solved via Lagrangian
relaxation

@ The structure of the “easy” components is highly beneficial, as the
comparison between FA-2, PDE, DD and DE shows. The “easy”
versions far outperform the “difficult” ones

@ The DE approach significantly outperforms Cplex in most cases

@ The exploitation of the “easy” structure can be beneficial in other
applications (e.g. Unit Commitment)
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