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« RCSPP preliminaries:

e problem description and

« standard DP techniques.

» Strengthening of dominance criteria using
support structures.

* An arc-based relaxation of RCSPP.
* An iterative relaxation + bounding scheme.
* Preprocessing by aggregation.

« Computational results on networks > 10° nodes,
arcs and resource constraints.
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Problem Description

Given network & =(N,A), where :
e n° and n' are the source and sink nodes respectively,

e c_, — cost of traversing arc e,

e g —non - negative integer amount of resource k e {L. : .,K}
consumed when traversing arc e,and

e b* — amount of resource k that is available,
find P* s.t.

( M)

P is a path from n® to n', and
P*eargminic(P)= > C.:gkpy= 3 gk <b* ke fl...K)

ecA(P) ecA(P)

'

J
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SOlVlng RCSPP uS|ng DF) Ge%;%ﬁ .
Example: Find shortest path from n, to n, The DP algorithm

that does _not exceed 40 units of resource Enumerate possible paths in a tree search
consumption: while checking for:

1. FEASIBILITY, and
2. DOMINANCE.

Dominance

Given feasible paths P, and P, from source to
node n, P, dominates P, if:

1. ¢(P,) <c¢(P,), and

2. any feasible extension of P, to the sink is
also feasible for P,. Typically recognized

The Search Tree: P, P, if gk(P,) < gk(P,) forall k = 1,...,K.

X -Infeasible path
P1 = (nO: ny, nﬁ)
c(P,) =-2.1 and g(P,) =17
P; = (ng, ny ny)
c(P,) =-2.0 and g(P,) =19

= P, dominates P,
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Solving RCSPP using DP Cogaia i

Example: Find shortest path from n, to n, The DP algorithm

that does _not exceed 40 units of resource Enumerate possible paths in a tree search
consumption: while checking for:

1. FEASIBILITY, and
2. DOMINANCE.

Dominance

Given feasible paths P, and P, from source to
node n, P, dominates P, if:

1. ¢(P,) <c¢(P,), and

2. any feasible extension of P, to the sink is
also feasible for P,. Typically recognized
if gk(P,) < gk(P,) forallk=1,....K.

The Search Tree:

X -Infeasible path
X -Dominated path

=

P1 = (nO: n1! nﬁ)

c(P,) =-2.1 and g(P,) =17

@
| N ® P2 = (no, n,, n5)

9 ) /@ ) ¢(P,) = -2.0 and g(P,) = 19
(1)) 8@ = P, dominates P,
) O
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If ¢(P,) < ¢(P,) but gk(P,) > gX(P,), then we
cannot say P, dominates P,.

However, if gk(P,) + g¥(P’,) < b* for all P’,
from n to the sink, then we do not need to
check dominance with respect to resource k.
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/ Support of resource k

Support of resource k

Nk cN is a support of resource k if it contains
all nodes neN for which there exists path
P, from source to node n and P’, from n
to sink with:

1. gX(Py) + gX(P’y) > b*
g“(P,) >0, and

g“(P’;) > 0.
) . Strengthened Dominance
If C(P1) < C(PZ) but g (P1) >9g (PZ)’ then we Given feasible paths P, and P, from source to
cannot say P, dominates P,. node n, P, dominates P, whenever:
’ £ gH(P.) + gH(P".) < bk for all P 1. ¢(P,) < ¢(P,), and
owever, if gk(P,) + g(P’;) < bk for all P’ 2. g*(P,) < g*(P,) for all k = 1,...K
from n to the sink, then we do not need to g(PJ)sg(Pr)iora G

check dominance with respect to resource k.
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An Arc-Based Relaxation IR
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path P c(P) gk(P)
[(P,n,) 0.0 5
‘(Po,nz) 1.5 11
(Pg,ny,n,) -1.1 9
(Pg,ny,ns) -1.1 16
(Pg,n,,n;) -2.6 25
(Pg,n4,n,,n0,5) -2.2 23
(Pg,n,,ny) -1.0 15
(Pg,nyny) -2.5 22
(Pg,n4,n,n0,) -2.1 20
(Pg,n4,n3n0),) -2.6 33
(Ppnypns,n,) 4.1 42X
(Pg,n;,n,n45n0,) -3.7 40
(Pg,n,,n5) -1.0 15
(Pg,n,,ny5) -2.5 26
(Pg,n4,n,n5) -2.1 24
(Pg,n,,n) -3.0 16
(Pg,nyng) -4.5 22
(Pg,n4,n5n04) -4.1 20
(Pg,n4,n5n0;) -5.0 31
(Pg,nynsng) -6.5 42)(
(Pg,n;,n,n5n0) -6.1 40
No. of feasible states (b* = 40) 19
No. of non-dominated paths 19
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An Arc-Based Relaxation Georgial =i
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path P c(P) g{P) | Ss(gP))
lP,n,) 0.0 5 5
(P,,ny) 1.5 11 10
(Pg,n4,n,) -1.1 9
(P,,n,,n,) 1.1 16 15 )
(Pg,nyn,) -2.6 25
(Pg,n4,n,,n0,5) -2.2 23 15
(P,,n,n,) 1.0 15 15 X
(Pg,nyn,) -2.5 22 20
(Pg,n4,n,n0,) -2.1 20 15
(P,,n,nyn,) -2.6 33 30 )
(Pyn,n,n,) 4.1 22X | 35
(Pg,n;,n,n45n0,) -3.7 40 30
(Pg,n4,ny) -1.0 15 15
. . (Pg,nyny) -2.5 26 25
Uniform sc_:allng of resource Ponnony o1 o4 20
consumption: (Pyn,ng) -3.0 16 15 X
y - positive integer (Pgn,) 4.5 22 20
K (Pg,n4,n5n04) -4.1 20 15
S ( gk )= 9e <y (P,,n,,n5ny) -5.0 31 30
y\Je (P,,n,N5ny) -6.5 a2) [ 40
(Pg,n;,n,n5n0) -6.1 40 35
S (g Z S ( (95) No. of feasible states (b*=40)| 19 17
ecA(P) No. of non-dominated paths 19 17
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An Arc-Based Relaxation Georgial =i
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path P c(P) gk(P) | S,(gk(P))
(Pg,n,) 0.0 5 4
(Pg,n,) 1.5 11 10
(Pg,ny,ny) -1.1 9 8
(Pg,ny;n;) 1.1 16 14
(Pg,nyn5) -2.6 25 24
(Pg,n,,n,n,) 2.2 23 22
(Pg,ny,n)) 1.0 15 14
(Pg,n,n,) 2.5 22 20
(Pg,n,,nyn,) 2.1 20 18
(P01n11n31n4) '2-6 33 30
(Ponynsn,) 4.1 22X | 40
(Pg,n,,n,n;n,) -3.7 40 38
(Pg,ny,n5) 1.0 15 14
i - (Pg,n,,ny) 2.5 26 24
Uniform sc_:allng of resource (Pononond by iy i
consumption: (Py,ny) B T 2
y - positive integer (Pgn ) 4.5 22 20
Kk (Pg,ny,n5ng) -4.1 20 18
S ( k ) — g_e X (Poin11n5:n6) -5.0 31 30
e )= 4 (Pgn,nsny) -6.5 42)( 40
(P01n11n21n51n6) '6-1 40 38
S (g Z S ge No. of feasible states (b* = 40) 19 21
ecA(P) No. of non-dominated paths 19 21
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An Arc-Based Relaxation e e

The H. Milton Stewart School of Indus

path P c(P) gX(P) | S,(gX(P)) | F,<(g*(P))
[(P,,n,) 0.0 5 4 0
(P,,n,) -1.5 1 10 10
(Pgnyny) -1.1 9 8 0
(Pg:n4,n5) 1.1 16 14 o X
(Pg,nyny) -2.6 25 24 1
(Pg,n,,n,n,) 2.2 23 22 0
(Pg:ny,ny) -1.0 15 14 0
(Pg,n,ny) 2.5 22 20 11
(Pgnyn,ny) -2.1 20 18 0
(Pg,n4,n5n0),) -2.6 33 30 0
(Pynpngn,) 4.1 22X | 40 11
(Pg,n,,n,,n;n,) -3.7 40 38 0
(Pg:n4,n5) -1.0 15 14 0
. (Pg,n,,ny) -2.5 26 24 26
An arc based relaxa_tlon of (Pononony by " i -
resource consumptlon: (Pyn,,n,) 3.0 16 14 0 x
A - subset of arcs (Ppunpny) 4.5 22 20 1
(Pgny,n,ng) -4.1 20 18 0
Kk s K
F k) 19, ifecA (Pg,n ;0504 -5.0 31 30 16
a\Ge )= 0 oth : (Ppynynsny) -6.5 42 ) 40 42X
O (Pgn,,n,ngng) -6.1 40 38 31
F k(gk(P)): ZF k(gk) No. of feasible states (b = 40) 19 21 14
A A e
ecA(P) No. of non-dominated paths 19 21 14
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B / Support N* of resource k

- ll Observation

If the nodes in Nk are reachable from

An Arc-Based Relaxation

Q
v

. only a small number of arcs in Ak then
 } L . alarge reduction in state-space can be
n, . obtained.
a
P, . n
4
@\/\/\2 () ,
ns
—.i;nz —
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A Relaxation based DP Cogaia i

An iterative relaxation based search procedure

Input: Network .# =(N,A), source n®,and sink n’;

— Ignore all resource consumption.
c,forallec Aandg* forallec Aand k e {L....,K};

Initialize : UB < cand LB « «; Run DP to find min-cost path
A¥  {g}forall k {L...,K};} from source to sink when only

1 whileUB=LB> ¢ keeping track of resource k on

9 (P* UB) = DP(‘/I/}AI’.”AK)} arcs in Ak for each ke{1,...,K}.

3 LB « c(P*) } Update LB.

4 if P *isinfeasible then

5 add arcs to A“ for one or more k so that P*is no} Refine relaxation by adding arcs
6

longer feasible in relaxation to Ak for one or more k.

end
7 end
Output: P*
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The Search Tree:

- Infeasible pa
Infeasible path P
¥ - Dominated path s

X -Fathomed path

@ 5 M X X X & 5 ()
/{/ JO S T U A W AU
(n) @ »‘fo ‘I @
Cng T KW v v RN
@ ) Q™) 8,
\
@ O \
- 2t(n,)
\
J
-
Ve

Let {(n) be a lower-bound on the cost of a min-cost path from n to the sink.

= If ¢(P) + t(n;) > UB, then P can be discarded (i.e. search fathomed at P)

Q: How to compute £(n) for each n?

A: Bounds obtained for FREE as a natural byproduct of relaxation scheme
and alternating search directions.

F.G. Engineer Solving RCSPP on large networks with many resource constraints



Computing Bounds for Fathoming %m0

The Backward Search Tree:

f(n) = min{c(P) : P is a non - dominated path}

from n to sink.

t(n) is a valid bound for pruning search
from source to sink.
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Computing Bounds for Fathoming Georgial -
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The Forward Search Tree:

py- P is a non - dominated path
" from source to n.

s(n) is a valid bound for pruning search
from sink to source.

The Backward Search Tree:

t(n) = min{c(P) : P is a non - dominated path}

from n to sink.

t(n) is a valid bound for pruning search
from source to sink.
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A Relaxation + Bounding based DP Gechotalm it

An iterative relaxation + bounding search procedure

Input: Network .# =(N,A),source n®,and sink n’;

Ignore all resource
consumption.

c, forallec Aandg’ forallec Aandk € {1,...,K};

Initialize : UB < wand LB <« x;
AC {plforallk e fL...K}; } Initialize bounds for

s(n) <« —oand t(n) < —woforalln e N\ {ns,n‘} } fathoming.

s(n®) < 0and t(n') « O;

Alternate between Forward

1 whileUB-LB>¢ and Backward searches
2 if pass is even then only keeping track of
3 (P*UB,s(n)vneN)= FWADP(# AL,...AX t(n)vne N)| | resource k on arcs in A* for
4 else each ke{1,...,K}.
* 1 K

5 l(P UB,t(n)vneN)= BWADP (7, A',... A%, s(n)vn e N) Update bounds for
6 ehd fathoming.
7 LB « c(P*) }
8 if P *isinfeasible then —— Update LB.
9 add arcs to A for one or more k so that P* is no

longer feasible in relaxation l Refine relaxation by adding
10 end ~ | arcs to A* for one or more k.
11 end
Output: P*
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Preprocessing by Aggregation
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Impact of Aggregation on Network Gegrgia =i
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no. of nodes min, max, and average size of supports

= -

. k
No. No. |No. |, IN| |) 1A] m" max(N N D
Jets |Ports |Reqgs 99 N0 (x109) | (x109) T — (x1)06) 2vali

No 0.22 0.37 | 0.24 1 0.11 10
10 15 60

Yes | 0.01 0.11 | 0.14 1 0.004 2

No 0.52 0.97 | 0.50 2 0.26 24
25 20 173

Yes | 0.03 0.38 | 0.35 1 0.014 3

No 124 | 2.50 | 1.05 2 0.62 56
50 30 356

Yes | 0.09| 114 | 0.84 1 0.043 8

No 1.94 411 | 1.33 2 0.97 105
75 30 559

Yes | 015 | 2.04 | 1.13 1 0.073 15

No | 279 | 6.22 | 1.69 4 1.39 160
100 35 751

Yes | 0.24 | 3.33 | 1.51 1 0.12 24

No 3.77 8.67 | 2.00 5 1.89 240
125 41 956

Yes | 0.34 | 489 | 1.88 2 0.17 36

No | 4.60 | 10.80 | 2.11 5 2.30 328
150 41 1172

Yes | 0.41 | 6.20 | 2.01 1 0.20 47

No 5.56 | 13.33 | 2.23 6 2.78 429
175 41 1364

Yes | 0.50 7.75 | 213 2 0.25 62

No 5.90 | 14.28 | 2.25 5 2.95 474
185 41 1448

Yes | 0.54 | 8.39 | 2.17 2 0.27 70

No 6.40 | 15.64 | 2.28 6 3.2 534
200 41 1457

Yes | 0.58 9.23 | 2.20 2 0.29 78
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Computational Tests Cogaia i

Refinement schemes

S0 — Standard DP with
proposed dominance
scheme.

S1 — Start with relaxing
all resource consumption
and refine relaxation over
a large number of
resources and arcs.

S2 — Start as in S' and
then switch to a more
conservative strategy by
only tracking resources
and arcs that are part of
infeasible paths that are
used to compute bounds
for pruning.

F.G. Engineer Solving RCSPP on large networks with many resource constraints 14/17



Computational Tests

Refinement schemes

S0 — Standard DP with
proposed dominance
scheme.

S1 — Start with relaxing
all resource consumption
and refine relaxation over
a large number of
resources and arcs.

S2 — Start as in S' and
then switch to a more
conservative strategy by
only tracking resources
and arcs that are part of
infeasible paths that are
used to compute bounds
for pruning.
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Impact on speed

60

50 -
0
5
'g 40
2
= a
g o o No Agg - SO
s 30 - A No Agg - S1
g o o No Agg - S2
o
£ o 8 9
- A
> 20 1 %o ol
o o A
S
) 4

10 - RaA

a g a
o 0O ggg
[E a
o 7_’ g T T T T T
0 1 2 3 5 6 7
No. nodes in un-aggregated network (x10°)
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Computational Tests

Refinement schemes

S0 — Standard DP with
proposed dominance
scheme.

S1 — Start with relaxing
all resource consumption
and refine relaxation over
a large number of
resources and arcs.

S2 — Start as in S' and
then switch to a more
conservative strategy by
only tracking resources
and arcs that are part of
infeasible paths that are
used to compute bounds
for pruning.

Georgialsiiiuie
The H. Milton Stewart School of Industrial and Systems Engineering
Impact on speed
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o - - e | ANoAgg-S1
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£ 30 U o0 o a9
5 [ m Yes Agg - SO
o ° A Yes Agg - S1
g m] 8 L4 o ° 99
= g ° ° e Yes Agg - S2
= N
% 20 Hp -y °*°
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<
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o m
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Computational Tests

Refinement schemes
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Impact on memory requirement

S0 — Standard DP with
proposed dominance
scheme.

S1 — Start with relaxing
all resource consumption
and refine relaxation over
a large number of
resources and arcs.

S2 — Start as in S' and
then switch to a more
conservative strategy by
only tracking resources
and arcs that are part of
infeasible paths that are
used to compute bounds
for pruning.

% memory occupied by unprocessed paths (x102)

o No Agg - SO
A No Agg - S1
o No Agg - S2

0.9
o % memory occupied by
0.8 - network
0.7 -
0.6 - "
m]
0.5 A A o
(o]
g A
0.4 - o
o A
M 0©
0.3 .
o A o
(o]
0.2 1 o 4 0 ©
i} AAA - o
0.1 - g] A ooo
g o2
0 74 T T T T T T
0 1 2 3 4 5 6 7

No. nodes in un-aggregated network (x10°)
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Computational Tests

Refinement schemes
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Impact on memory requirement

S0 — Standard DP with
proposed dominance
scheme.

S1 — Start with relaxing
all resource consumption
and refine relaxation over
a large number of
resources and arcs.

S2 — Start as in S' and
then switch to a more
conservative strategy by
only tracking resources
and arcs that are part of
infeasible paths that are
used to compute bounds
for pruning.

% memory occupied by unprocessed paths (x102)

©
—

© © ©o o o o o
w EN (&)} » ~ o ©
L L L L L L

o
(V)
Il

o
o 4

(g n]

- % memory occupied by
network
o No Agg - SO
a A No Agg - S1
° A o No Agg - S2
o [ ]
A 5 e m Yes Agg - SO
d A o AYes Agg - S1
i A ‘A ° e Yes Agg - S2
2 0© L
A . °
A o u
o o u® °
o a oo "
& Aé ‘ [ ] ° [
A » R °°
o
= s ot
v Y 03‘ 6o
1 2 3 4 5 6 7

No. nodes in un-aggregated network (x10°)
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No. | No. No. No Ag_g. Yes Ag_g_
Jets | Ports | Requests 0 Scheme1. 2 0 Scheme1. 2
) ) ) ) ) )
) 5 5 5 5 5 5 No. of solved
Refinement schemes w0 | 15 60.80 3.06 0.52 0.63 0.66 0.08 0.13 instances
[60,80] 000 225 395 000 212 358
S0 — Standard DP with 0-82 0-12 0.12 o.o; o_og 0.0; Average time (s)
i 7.75 1.97 2.21 2.45 0.67 0.77 | per pricing
proposed dominance 25 | 20 [ [173,199] 0.00 oles ais 0.00 293 3.86 lteration
scheme. 2.15 0.58 0.41 0.23 0.07 0.06 i
5 5 5 5 5 5 " -
) ) 19.42 5.71 5.94 6.89 2.11 2.35 verage no. o
S1 — Start with relaxing 200 [ 900 [396,369) 000 278 509|000 248 474 refinements per
all resource consumption 2 s s s s 5 pricing iteration.
' ) 33.83  10.04 1021| 13.84 3.42 3.54
and refine relaxation over | 75 | 30 | [543585 | “,'\0 585 523 o000 275 497 . S
a large number of 10.11 3.38 1.21 1.32 0.46 0.23 at’r(‘ "‘("1006? oré
0 5 5 5 5 5 paths (x
- 2078 22.68| 2015 7.29 7.36
resources and arcs. R - 2.87 5.52 0.00 2.51 5.23
- 5.70 2.52 1.98 0.74 0.42
S2? — Start as in S" and 0 0 5 5 5 5

53.87 31.19 10.86 10.74

then switch to a more 1251 41| 1934.968] szl b g e
conservative strategy by 0 0 0 o 2 5
only tracking resources | 150 | a1 |m135,1182 : : : > e W
- - - - 4.37 1.78

gnd arcs that are part of 0 0 0 0 i 5
infeasible paths that are 175 | 41 |[1312,1382] ) ) ) ) ) 122?
used to compute bounds : : : : - 338
. 0 0 0 0 0 5

for pruning. 185 | 41 |[1385,1487] ) - ) ) ) 22:;?
- 4.55

0 0 0 0 0 4

- 31.26

200 41 |[1516,1613] 6.97

5.60
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