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RESUME

L'optimisation non lisse s’applique aux pr@phes ne pogslant pas la structureed
rivative usuelle requise par lesétodes d’optimisation classiques. Ces peais se
rencontrent dans divers domaines, notammenté&imerie. En effet, la plupart des situa-
tions teelles se maglisent ou se simulent par des fonctions comgiieg) typiguement

des codes informatiques, dont on ne peut exploiter la structure.

Une Eecente famille d’algorithmesdelopgiee en 2006, leecherche directe sur treillis
adaptifs(MADS) [20], est sggcialement congue pour ces prefnles, et assure des pro-

priétes de convergence lies sur le calcul de Clarke des fonctions non lisses.

Cette these propose des @liorationsa MADS, sous la forme de trois extensions cor-
respondand autant d’articles accegg ou soumis pour publication : la presre [12] per-
met de coupler MDs a la neta-heuristique decherche voisinage variabléV Ns) [68,
100] utilisee habituellement en optimisation combinatoire. L'aspect cemghtaire des

deux nethodes acciibla stabili€ des esultats.

La deuxeme extension [22]é&trit PSD-MADS, une paraklisation de M\DS asyn-
chrone permettant désoudre des probines de plus grande taille, pour la premifois

de 'ordre de plusieurs centaines de variables.

La dernere extension [6] donne une alternatieatministe, @THOMADS, a I'implé-
mentation originale de Mbs donrée en [20], TMADS, qui comportait une compo-
sante aatoire. Elle assure aussi urgpartitionégalement distribge des directions de

recherch& chaque #ration de M\DS.

Chacune de ces extensions est soutenue par une analyse de convergence rigoureuse
base sur le calcul non lisse de Clarke [35]. Elle est de plugéestungriquement sur
des ensembles de prébhes tests comprenant des pavbes analytiques de la Bitature

ainsi que des probmes eels tiés de diverses application damje. Les ésultats obtenus



Vi

permettent d’avancer que les extensions de cedteethonstituent bien des ahorations

de MADS.
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ABSTRACT

Nonsmooth optimization applies to problems that do not possess the derivative structure
usually required by conventional optimization methods. These problems occur in a wide
variety of fields, including engineering, where real situations are modelled or simulated

using complicated functions, usually computer codes without exploitable structure.

A recent class of algorithms developed in 2006, the Mesh Adaptive Direct Search, or
MADS [20], is specially designed for these problems, with a hierarchical convergence

analysis based on the Clarke calculus for nonsmooth functions.

This thesis suggests improvements tab4, through three extensions corresponding
to three papers accepted or submitted for publication: The first extension [12] describes
the introduction of the Variable Neighborhood Searcin§y metaheuristic [68, 100],
commonly used in combinatorial optimization, intoAlds. The complementarity of the

two methods increases the stability of the results.

The second [22] describesB-MADS, an asynchronous parallelization ofAds and
targets problems with a large number of variables, for the first time in the order of several

hundred variables.

The third extension [6] provides a deterministic new implementation abs) OR-
THOMADS, the previous and original onetMADS) being defined with a random com-
ponent. It also provides a better distribution of search directions in the space of variables

at every iteration of MDS.

Each of these extensions is backed by a rigorous convergence analysis based on the
Clarke calculus for nonsmooth functions and is tested on sets of problems including
analytic problems from the literature as well as real problems originating from various
applications of engineering . The results obtained support the conclusion that the pro-

posed extensions are improvements ofs.
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INTRODUCTION

Diverses disciplines, dont lI'ir@nierie, consisterit concevoir ogtudier des sysimes
complexes (une aile d’avion, un pixE de fabrication, etc.). Pour mener &sdes de
la facon la plus efficace possible, on va construire unétecdhati@matique, qui dcrit
le syséme, en identifiant des variables et des fonctions de ces variables qui mesurent
la réalisabilie et I'efficacié du systme. Une fois que cettetape de maglisation est
achewe, et que le sysine est dcrit matlematiquement, on obtient un prebhe d’op-
timisation : on va chercher les valeurs des variables (les solutions) qui font en sorte que
I'efficacité (I'objectif) du syséme est la plus grande, tout en respectanéddisabilie

du syséme (les contraintes).

Les techniques usuelles d’optimisation supposent que lesgunalsi ont une certaine
structurelissg c’esta-dire que les fonctionsédrivant le prol#me posadent des gra-
dients indiquant leurs variations. Le gradient est explpér ces rathodes, qui I'utilisent

pour diriger une recherche vers les bonnes solutions.

La plupart des prokimes qui simulent des situatiorsetles n’ont pas de structure
lisse. Ceci peut provenir par exemple du fait que certains comportementséswits d
par des systmes dequations diférentielles dont la solution ne pektre cetermirée que
numeriguement. Les fonctions quédrivent ces proeimes non lisses peuvent ne pas
étre continues ni difirentiables, ou Bmeétre non éfinies en certains points, consti-
tuant ainsi des contraintes cé&es. Elles peuvent en outre contenir du bruit rendant
difficile toute approximation de gradients, dont I'existend&nme peuétre compromise.
Une bonne facon de voir de telles fonctions est de les céraiccomme des fies
noires, des oracles auxquels on donnerait un point ebwgmtuellement retourneraient
des valeurs. En pratique, ces fonctions sont des simulations informatiques, ou peuvent
meéme correspondra des expriences manuelles. Ce derngé&ment illustre le fait que

I’ évaluation de ces fonctions pegire tes cditeuse en terme de temps. Le terme de



fonction est en lui-rame abusif car pour certains prebies, deuvaluations au Eme
point donnent parfois deg€sultats diferents (nous continuerons toutefois d’utiliser le

termefonction).

Pour donner une &k du largeventail des proBimes non lisses, on donnele-nele
les exemples suivants : la conception d’un bouclier thermique [3, 79 datfrie de
molécules [8], 'optimisation de paragtres algorithmiques [23], la conception d’un ro-
tor d’hélicoptre [27, 28], le placement de puits [58], la combustion catalytique [71],
le traitement des brasques dans la production d’aluminium [11], et la conception a
acoustique [96]. Une grande famille de pratoles non lisses souvestoqlee concerne
les probémes d’optimisation multidisciplinaires (i [114]) qui decrivent des sysimes

complexes comp@s de plusieurs disciplines pés&nt des interactions complexes.

Pour ces prol@mes non lisses, les techniques usuelles ne sont pagasdalph effet,
elles pourront rarement identifier des solutions optimales correspoadkest points 0
les cerivees ne sont pasefinies. Nous nous iBtessons ica I'approche consistarit

definir des neéthodes spcialiges pour I'optimisation non lisse.

Tout algorithme ambitionnant désoudre un probBime non lisse ne peut qu'inter-
roger les oracles, sans pouvoir exploiter aucune de leurs éasdicfues. Il doit en
plus étre robuste et capable de fournir une bonne solutioesapn nombre raison-
nable dévaluations. Afin de garantir son efficaipratique, une conditionécessaire
que doit remplir un tel algorithme est&tre muni d’'une analyse de convergencegkas
sur une hérarchie de diférentiabilie fournissant des garantiegtriques, reme sur les

problemes lisses et facileésresoudre.

La récente famille d’algorithmes de recherche directe sur treillis adaptdée,\20],
dont I'analyse de convergence repose sur le calcul de Clarke [35], est @theda

congue pouré&pondrea ces exigences.

L'objectif de cette tese édigee par articles est deedrire certaines extensions am



liorant I'efficacitt de MADS, tout en en conservant les progés de convergence. Ces
extensions sont au nombre de trois, chacune correspoadardrticle : le premier article
propose de coupler MNbs a la néta-heuristique Ms (MADS-VNS). Le deuxeme dcrit

la paralklisation BD-MADS de MADS permettant de traiter des prébhes de grande
taille, et le dernier donne une nouvelle irapientation @terministe de I'algorithme,

ORTHOMADS.

Dans un premier chapitre, nouségenterons une revue de laditaiture sur les al-
gorithmes de recherche directe dont fait partiat, qui sera lui-n@me dtaille. En-
suite, au chapitre 2, nous introduirons nos articles, en exposant restrarche de re-
cherche, I'organisation du travail, et lessultats escom@s. Les trois articles seront
ensuite donés a raison de un par chapitre, suivis d’une discussieremple et d’'une

conclusion.



CHAPITRE 1

REVUE DE LA LITT ERATURE SUR LES METHODES DE RECHERCHE
DIRECTE POUR L'OPTIMISATION NON LISSE

Ce chapitre écrit les principales &thodes de recherche directe pour I'optimisation
du probEme
min f(x) (P)

z€eQ

avecf : X — R U {oo} la fonction objectifa minimiser,Q2 = {z € X : g(z) < 0}
I'ensemble ealisableg : X — (RU{oc})™, et X un sous-ensemble d&". Au dek
de ces éfinitions, nous ne formulons pas d’autres hygsts sur les fonctions et g
(on rappelle que le terme de fonction est un abus de langage dans leisampaintz
peut engendrer des valeurs fleu g différentes). Les fonctions peuvedite telles que
déecrites dans l'introduction, br@es, non continues, non difentiables, ou nonafinies
en certains points d& . Pour de tels points, quigdinissent des contrainteachees on
consicere que les fonctions valent I'infini. On doit en plus cogsat que lévaluation
de f et g est caiteuse en terme de temps. Lensemidalisable) est c&fini a I'aide
de I'ensembleX dans le but de distinguer deux types de contraintes : les contraintes
de X sont appetesferméeset inviolables. Les autres contraintes de I'ensenibkont

qualifieesd’ouvertesdans le sensiof et g sonta priori cefinies surX \ €.

Les nethodes que nousvoquons sont uniquement celles pour lesquelles un cadre
théorigue et une analyse de convergence existent, prenant en compte la nature non lisse
du probEme (et donc, on ne consgiek pas les gthodes dont la premie hypotse sur

f est gu’elle est diffrentiable).

Dans un premier temps, no@soquerons la liirature @rérale des rathodes de re-

cherche directe, puis nougtdillerons trois algorithmes en particulier : la recherche par



coordoniees, I'algorithme grérali€ de recherche par motifsrS, et MADS. Ce choix
s’explique par le fait que MDS, qui constitue le sujet de cettegibe, est Bvolution et
la gereralisation des deux preares neéthodes, et seéttrit tres clairement en exposant

cetteévolution.

1.1 Les nethodes de recherche directe

Nous entendons paréthodes de recherche directe destmodes qui chercheatmi-
nimiser? uniguement e@valuantf et implicitementy. Des revues etaillant certaines

de ces methodes sont domes dans [37, 78,81, 89].

Une premere famille de rathodes que I'on identifie est com@asde néthodes ten-
tant de construire un mete de la fonctiora optimiser. Ce magle est souvent un po-
lyndme interpolantf, construita partir d’'unéchantillonage de pointsiof a dgja ete
évallee. Le moéle est ensuite lui Bme optimig (par exemple avec un algorithme de
régions de confiance). Cesthodes, leméthodes sansativees ou DFo sampling me-
thods sont ccrites dans [36—39,104,105]. Dans cettégatie, on trouvégalement des
méthodes qui vont tenter d’approcher les gradientg det d’utiliser cette information

afin de éterminer quels sont les points prometteur€waluerf (voir [31,42-44,78)).

Les autres rathodes de recherche directe ne tentent pas d’approcher de gradients ni
de construire un made def, bien qu'il soit possible de le faire avecA®s, comme
dans [43] @ des approximations de gradients sont @#is pour ordonner les directions
de recherche, ou encaiida section 1.6 sur les fonctions substitut. Parmi cethodes se
trouvent I'algorithme de Nelder-Mead [101, 107], I'algorithme de Hooke et Jeeves [73],
I'algorithme DIRECT [54,62,77], ainsi que la recherche par coordeem[45], ®S[18,
29, 120], et MaDs [20]. Une version paradle de @s, APPS est dbcrite dans [64, 74,
80,83, 84].

L'analyse de convergence de ces deres néthodes repose sur I'hypatbe que les



points dévaluation se situent sur une structure diserde I'espace (le treillis) dont on
contdle la finesse. Une autre solution consteatiliser des conditions deedroissance
suffisante, comme pour les algorithmesgGenerating Set Searthle [81,82] ou les

méthodes de cadres de [40, 106].

Concernant des exemples de pgohes du type d@ résolus par des @thodes de

recherche directe, on peut mentionner les exemples de [3,8,23,27,58,71,76,79,95-98].

Il n'y a pas d'article fournissant de comparaison exhaustive desrdiffes rathodes.

Citons toutefois [59] qui en compare quelques-unes sur unémubparticulier.

Nous pouvons maintenant exposer leéthhodes de recherche par coordees et

GPSs qui conduisend MADS.

1.2 Lalgorithme de recherche par coordonrees

Nous consiérons ici le cas sans contraintés & X = R"), et le probéme P
s’ecrit ;relIiRl}L f(z). L'algorithme tes simple de recherche par coordees Coordinate
Searchou Compass Searclen peface de [45]) est un cas particulier de I'algorithme
Gps étudé a la prochaine section, lui€eme étant un cas particulier des algorithmes
MADS. Il n'est pas souvent efficace sur des pashes eels, mais garantit tout deéme
des Eésultats de convergence du premier ordre lorsfjest strictement diféfrentiable.
L'analyse de convergence conduisartes esultats ne sera pas abeedici car elle est

un cas particulier de I'analyse effeégipour MaDs en 1.4.2.

1.2.1 Description de 'algorithme de recherche par coordonees

L'algorithme est pesengé a la figure 1.1. C’est un algorithmeeitatif, qui,a chaque
itérationk, vaévaluerf autour de I'ieré courantr;, a une distance dA; suivant le®n

directions de base d&", {+e;}!" |, avece; laieme colonne de la matrice idesttt,. Les



itéres se situent sur une digtisation de I'espace apgé le treillis, et), sera appé&
plus tard leparametre de treillis qui va tendrea étre infiniment petit plus I'algorithme
progresse. Cette recherche, uniquement locale, sur un espacigisesst appé une

sonde localeouPoLL. L'ensemble des points de sonde esfii par

P ={zy £ Are; : i =1,2,...,n}

et appet cadre Cette terminologie est empr@aa Coope et Price [40] quiédinissent
des cadres pluségéraux. L'ittré courant eségalement ésigré centre de sondeSi la
sonde locale permet déterminer un point € P, meilleur query, alors l'itérationk est
qualifiee desuc@setz sera le prochainé@re. Dans le cas contrairé¢hed, ;. varester le
centre de sonde pour ltation suivante, maid,, sera divig par deux, ce qui permettra
d’explorer I'espace plus ps dez,. Plusieurs conditions d’a&t sont possibles, les deux
plus courantegtant une taille de treillis minimale et un nombre maximugwvdluations

de f (notion debudget dévaluation.

[0] Initialisations
| 2o € R", Ag € R,k —0
[1] It ération k& (sonDE LocALE)
PkH{xk:I:Akei:izl,...,n}
évaluerf sur les points dé’;
[2] Misesa jour
siil existex € Py tel quef(x) < f(zr) (Suces)
T+l < T
Apy1 — Ag
sinon (échec)
Tk41 < Tk
AR Ak/2
k—kLk+1
aller en [1] si aucune condition d'aét verifiee

Figure 1.1 — L'algorithme de recherche par coordeems



1.2.2 Ameliorations possibles

Plusieurs araliorations simples sont possiblesgfigurant la grande flexibikt des

algorithmes pesenés dans ce document.

Tout d’abord, I'utilisation d’'une cache est souvent avantageuse penmamiser tous
les points pour lesquels oné&valle f, pour éviter d’avoira effectuer plusieurs fois
la mémeévaluation (qui peuétre caiteuse). Cette striggie est rentable car pour les
problemes consigrés, on n’aura jamais un grand nombre de points dans la cache. Cette

cache peuétre éutilisee d’'un lancement de I'algorithnzel’autre.

Ensuite,a l'itérationk, on peut ne pagvaluerf pour tous les points d&,, mais
cesser legvaluations de I'ération és qu’'un meilleur point: a éte trouve. C’est ce

qu’on appelle la recherche incongpd, ou la stradgie opportuniste.

A priori, 'examen des points dB, se fait selon I'ordre des directions selon lesquelles
ces points onete geréres. Cet ordre peldtre modife de margre dynamique : sa
I'it érationk le pointz est tel quef(z) < f(zx) et qu'on axy; < x, alors la direction
utilisée pour @rérerz est plaée en éte de la liste des directions pour la prochaine
itération. On peut @me faire mieux en ordonnant toutes les directions selon les valeurs

croissantes d¢.

1.2.3 Exemple pathologique de la recherche par coordomes

Il est facile de pesenter un prokime simple pour lequel la recherche par cooréasn
ne fournit pas un borésultat : 'exemple de la figure 1.2, repris de [2], conséstaini-
miser la fonctionf : + — ||z||.. avecz € R?. La courbe de niveafi = 1 est repésenée

en gras sur la figure.

L'optimalité est atteinte au point* = [0 0]7 avec f(z*) = 0, mais si on lance

I'algorithme avec un point initiak, tel quex, # z* et |xle;| = |zles|, alors toutes



les iterations seront deschecs. En effet, pour todt > 0 et pour toutj € {1,2}, on

a f(xo £ Ae;) > f(zo). Le probbme est quef n’étant pas diffrentiable, on n'a pas

de garantie que I'algorithme converge vers un point stationnaire. Ici, on converge en un
point (zy) ou le gradient n'est paséfini, mais ai il existe des directions de descente

stricte.

Ceci a donc mis en lurare deux incon@nients de la recherche par coordees :
tout d’abord, le nombre des directions possibles pour la sonde e, liebiensuite, on
n'utilise qu'une recherche locale, et pas de && de recherche au niveau global (sur
notre exemple, il aurait facile de trouver des point&geres au hasard meilleurs que

zo = [1 1]%).

{reR?:fl@)=1} | 0= m

—e1 €1

Figure 1.2 — Recherche par coordées aved || ..

1.3 Lalgorithme Gps

L'algorithme Generalized Pattern Searchurecherche gréralisee par motifsaété
introduit par Torczon [120], puis reform&ipar Bookeet al.[29] dans un format proche
de l'algorithme Gsdont il est question ici. L'algorithmeé&geralise la recherche par
coordonees et la rathode de Hooke et Jeeves [73]. Le concept de bases positives pro-

venant de [46] fut irkg© a I'algorithme dans [85] (une base positive est un ensemble
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minimal de vecteurs dont des combinaisongdimes positives peuvent engendrer tout
I'espace). @s constitue unetvolution de I'algorithme de recherche par coordesms
auquel il ajoute un plus grand nombre de directions de recherche, une plus grande flexi-
bilité dans leur choix, ainsi gu’une recherénan niveau global, laecherche globale

Ou SEARCH Pour un historique @taillé des nethodes ayant ménaux algorithmes de

type Ges voir [81]. Dans un premier temps, nousepenterons I'algorithme en lui-
méme, puis, comme pour l'algorithme de recherche par coogks)ymous donnerons

un exemple pathologique pour lequeb&ne donne pas de bonssultats. On revient ici

dans le cadre du pradrine contrain, et la gestion des contraintes sera aberdn 1.5.

1.3.1 Description de I'algorithmeGprs

L'algorithme est pesengé a la figure 1.3. Deux types de recherches ontdiehaque
itérationk : la recherche globale, et la sonde localeS@pporte plus de libegtque
la recherche par coordoges dans le choix des directions de sonde. L'ensemble des
directions possibled), okeéit a certaineségles, dont la @cessi¢ aéteé justifiee par Au-
det [10] : D doit étre de la formeD = GZ avecG € R™"*™ non singulere etZ € Z"*?,
tandis que I'ensemble des directioagitérationk, Dy, = {d;,d3,...,dY*} C D doit

étre un ensembleagérateur positif (ona& + 1 < p, < p = |D|).

Une itrationk est qualifee desuc@ssi on a troue un pointz tel quef(x) < f(xx),
sinon I'itération est urechec A ['it érationk, on cefinit le treillis M/, commeétant une
discretisation deR™ sur laquelle tous lesétés doivent se trouver. Plusgm€ment, le

treillis est 'ensemble ainsiéfini :
My ={x+ AyDz : z €V, z € NP} |

ou V, est I'ensemble des pointaida fonction f a dgja été évallee. L'ensemble des
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points de la recherche locale (le cadrécsit

La condition sur le paragtre de treillisA;, est la suivante :

Ajpr =74,

avecr € Q etw; un entier fini, positif ou nul si l'ierationk est un suces et strictement
négatif sinon (ceci est assupar les choix d’'un entier positif™ et d’'un entier @gatif

w~, voir figure 1.3).

Moins de egles egissent la recherche globale, qui doit uniqueménéger un nombre
fini de points du treillis. La strégie de recherche globale est l&sa la discetion de
I'utilisateur, ce qui apporte une grande flexil@ld I'algorithme : en effet, il peut alors
utiliser sa connaissance du prebiie pourdcher de trouver des points prometteurs sur le
treillis courant),.. D'autres stratgies pedetermirees sonégalement possibles, comme
une recherche ahtoire ou une recherche kassur les hypercubes latins{)1{117,118].
La recherche globale permettra d’autres choses par la suite, par exemple I'emploi de

fonctions substitut (section 1.6), ou le couplage avec I'algorithme {¢hapitre 3).

L'analyse de convergence est un cas particulier de celle effegiaur I'algorithme
MADS (résunge en 1.4.2), en se restreignant aux direction®denais elle peuétre

effectlée uniguement dans le contexte &omme dans [18].

On peut remarquer que la recherche par coordesarest bien un cas particulier de

GpsavecD = I, — I,],7=2,w” = —1etwt =0.

Les straggies vues la section 1.2.2 sont encore applicables ici. ledhnde paradle
APPS[64, 74, 80, 83, 84] constituegalement une agtioration de &s. Abramsonet

al. [5] ont decrit des argéliorations supg@mentaires possibles lorsque I'on pads de
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I'information (méme incompte) sur les @rivées partielles d¢ : dans letape de sonde,
par exemple, si la direction du gradient au centre de sonde est connue, il sera possible de

ne conserver qu’un seul point dans le cadre.

[0] Initialisations
‘ zo, Do, Vo, kb — 0, w™, wh

[1] It ération k
RECHERCHE GLOBALE(optionnelle)

| évaluerf surS, C M;
SONDE LOCALE (optionnelle si laBRECHERCHE

GLOBALE a réussi)

choisir D, C D ensemble grérateur positif
évaluerf sur P, C M,
[2] Mises a jour
siil existex € Si U Py tel quef(x) < f(xg) (Suc@s)
Tyl < X
choisirwy, € {0,1,...,w"}
sinon (échec)
Th1 < Tk
choisirwy, € {w™,w™ +1,..., -1}
Apq1 — TR Ay
k—k+1
aller en [1] si aucune condition d’aét verifiee

Figure 1.3 — L'algorithme de recherche par motifsss

1.3.2 Exemple pathologique pouiGPs

Prenons I'exemple tir de [81] avec la fonction

f(@) = (1= 1) max {Jla = eI,z = dI*} |

r € R?etec = —d = [30 80]7 (courbes de niveau repsentesa la figure 1.4 reprise
de [20]). Loptimum estr* = [0 0|7 pour f(z*) = 0. f est Lipschitz et strictement

différentiable pgs der*. Trois essais sont effeds, avecr, = [—3.3 1.2]7, et, Vi,
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— D =D ={e', e —e!, —e*} ou

- Dy=D={p0o", 01", [-vV2/2 - \/5/2]T} ou

- Dy=D={no" [-1/2 v3/2]" [-1/2 - \/E/Q}T}
(directions repesenéesa la figure 1.5). Chaque essai converge viers [—3.2 1.2]7 ol
f n’est pas diférentiable. On a bien que l&dvée gréralige de Clarke [35] est non
négative pour toutes les directions Bemaisz n’est pas un optimum. On peut constater,
sur la figure 1.4, gu’'au point, aucune direction de descente ne p&tneé ¢eréree par
I'algorithme Gps. Cet exemple met eevidence, de la Bme mariére qu’en 1.2.3, que le
fait d’utiliser un nombre fini de directions peut conduirde mauvaisasultats. D’autres
exemples pathologiques sor#atits dans [10], dont @me le cas de I'optimisation d’'une
fonction contiiment diferentiable suR? et ai une sous-suite dérés de Gsconverge

vers un point a le gradient est non nul.

Figure 1.4 — Courbes de niveau ée- e‘”‘”“2> max {||z — ¢|]?, |z — d||?}.

1.4 Lalgorithme MADS

L'algorithme MADS est tie de Audet et Dennis [20]. Il correspond en faitine fa-

mille d’algorithmes dont plusieurs im@nentations pratiques sont possibles0\d est
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d? d? d2
d> dt dt dt
d* d? d?
essail essaR essaB

Figure 1.5 — Directions utilises pour minimisef avec G°s

une gereralisation de l'algorithme 6s auquel il apporte un ensemble de directions de
sonde dense. Trois codes informatiques deDig sont disponibles : le premier avec le
logiciel NoMAD [15], le deuxeéme dans la biblioggue G\DS de MATLAB [119], et

le troisieme dans [1]. Nous psenterons d’abord I'algorithmeggral, puis son analyse
de convergence, et nous terminerons earyant 'impleémentation LMADS suggréee
dans [20].

1.4.1 Description de I'algorithmeMADS

Les contraintes sontégees par un macanisme dit de bagie extéme, qui sera @
taille en 1.5. L'algorithme possle la néme structure que celui de la figure 1.3. La
difféerence majeure avecrS se situe au niveau des directions uéks dans la sonde
locale : 'ensemble des directions de sorden’est cesormais plus un sous-ensemble
de D, 'ensemble des directions qui sertcefinir le treillis. Il en €sulte que les en-
sembles de direction®,, peuventétre choisis de fagoa cefinir un ensemble dense de
directions normalises, ce qui signifie que n’importe quelle direction sur le cercleunit
est susceptible 8tre approcée par une des directions de sonde norraalisitii€ea

une ieration donge de I'algorithme.

Le role du pararatre de taille de treillis de s est cecoupé : tandis qued, est

désormais n@ A}*, un nouveau paraétre est introduitA?, le paranétre de taille de
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cadre. A l'iterationk, Vj, est 'ensemble des pointaig a éte évallee, et on reéfinit le
treillis de la sorte :

My ={x+Al'Dz : x €V}, z e N’} .
L'it éré courantr;, estégalement appekentre de sondejui devient :

Les conditions pour les directions sont :

— D = GZ € R™? doit étre un ensembleggerateur positif , ave¢; € R™" non
singuliere etz € Z"*?,

— At érationk, D, doit aussietre un ensembleggérateur positif.

— Pour toute direction de sonde= D, il existe un vecteur d’entiers € N? tel que
d = Du.

— Les limites (telles queé&finies dans Coope et Price [40]) des ensemblgsior-
malises sont des ensemblesrgrateurs positifs.

— La distance entre;, et un pointz, + A’d de P, (d € Dy) est boree par un

multiple deA :

dist(zy, T, + ATd) = AP||d]|oc < A? max {||d|| : d’ € D} .

L'observation primordiale faire ici est qu’on n'a plu®, C D. Les paramtres de

treillis, quanta eux, doivent &rifier

AP < A} pour toutk
lim A7 =0 < lim A} = 0, pour tout ensemble infini d’indices.
keK keK

La figure 1.6 montre un exemple de cadres et de directiénsrges selon MDS,

selon diferentes valeurs dA7* et A?. Les points du cadres', p? et p?, peuventetre
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choisis partout sur le treilli& I'intérieur des lignes en gras. Le nombre de points de
sonde distincts est potentiellement de 24 dans la gnensituation de la figure, de 80

dans la deuxime et de 288 dans la dezne.

A =1, AP =2 i A =1 AP =1 A =L AP =
p

N[

Figure 1.6 — Exemple de cadres de\bs P, = {p', p?, p*}.

Notons que la stragie de recherche incongé vue en 1.2.2 peut s’appliquer, tandis
que la stratgie d’ordre dynamique des directions deite adaite : elle consistaia
promouvoir une direction de sues enéte de la liste des directions pougtape suivante
de sonde. On ne peut plus le faire avead$ parce qu’'un point greré selon cette
direction ne serait pas foement sur le treillis. Il est possible toutefois de mimer ce
comportement, enérérant un point suppimentaire pour étape de recherche globale,

plus loin selon la direction de sues.

1.4.2 Analyse de convergence ddADS

Nous esumons lessultats de convergence des algorithmes de typedtel qu'ils
apparaissent dans [20]. L'analyse de convergence eselsas le calcul de Clarke [35]
et sa @finition de drivee gréralisee moins contraignante sur les hypgeghs que doit

veérifier f (typiquement il suffit quef soit Lipschitz pour que saédiveée geréralie de
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Clarke soit @finie).

Cette analyse de convergence expose les @@grde MADS de facon herarchige,
en supposant de plus en plus de preg@s pourf, pour montrer au final que si Ms est
utilisé pour minimiser une fonction défentiable, il fournira un point ou le gradient est
nul (méme si MADS n’est pas conc¢la la base dans le but d’optimiser des fonctions

differentiables).

Tout d’abord, les paraéiresA}, et A" vérifient

ligglfAZ = hgngZl =0.

A T'it érationk, si pour toutr € P, on af(z) > f(x), I'it & courants;, est apped
un optimum local du cadreUne sous-suitéx; }.cx d’optima locaux du cadre est dite
raffinantesi { A} }.cx converge ver$. Il est monté dans [18] qu'il existe au moins une
sous-suite raffinante convergente (ceci est le prerdgultat de MDS, qu’on appelle

résultat de convergence d’ordrern).

On notez € (2 le point obtenu par I'algorithme Wbs. Autrement dit;z est la limite
d’une sous-suite raffinanter; } e . Si on suppose qug est Lipschitz pes dez et que
le cOne hypertangerit 2 enz est non vide, alorg est un point stationnaire de Clarke,
c’est-a-dire que la drivee grerali€e de Clarke dé¢ en: selon toutes les directions du
cone tangent de Clarke énsont non ggatives (les difrentes dfinitions de énes sont

donrées dans [20]).

Il en decoule que sjf est strictement diéfrentiable ent, alorsz est un pointkkT
de Bouligand def sur 2 (la dérivee directionnelle d¢ dans les directions dwboe de
Bouligand sons nonégatives), et si en pluQ = R"”, & est un points stationnaire :
Vf(z)=0.

Contre toute intuition, puisque les algorithmes de recherche directe n’utilisent pas
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les premeres @rivées, on montre que dessultats de convergence d’ordre deux sont

disponibles dans [4] (€taitégalement le cas pourrG[2]).

1.4.3 Une premere implementation deMADS : LTMADS

Les resultats majeurs de I'analyse de convergence que nous venoasuheer re-
posent sur I'hypotlse que I'ensemble des directions raffinantes (les directionsédes it
rations qui ontechoue) doit étre dense. Toute impinentation pratique de Mbs doit
donc faire en sorte que cette condition soit regpecC’est le cas de I'impmentation

LTMADS donree dans [18] (L pourLower Triangula).

Le logiciel NOMAD [15] est co@ selon cette im@imentation. Leglements suivants

sont cefinis :
( p = n+ 1ou2n (nombre de directions)
= [, 1) (G=1I,etZ=][I, —1,])
T = 4
w- = -1
wh =1
| A = Aj =1.

Lorsquez;, est un minimum local du cadre, on a donc la mise a jfir, « Aj*/4, et
dans le cas contraird}”, , — 4“*A7" avecw;, € {0,1}. SIA7 < 1, on prendu;, = 1,

et sinonw;, = 0. Ainsi A}* est une puissance dene cepassant jamais Un entier non
negatif¢ verifiant A7 = 4= est introduit. Il sera plus grandement questior{ dans le

chapitre 5 proposant une alternatavéTM ADS.

A l'it érationk, le choix des directions est lasur une matricé3 triangulaire iné-

rieure (d’ai le nom de I'impémentation), que I'on construit de cette facon : @firtt
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d’abordB = (b;;) € R™*" telle que

bZ]::lIQKSlZ:j
pourtousi,j € {1,2,...,n}, § by € {-2'+1,-2+2,...,2 —1}sii>j

b;; = 0 sinon.

Tous lestlements de la partie i&fieure deB, plus la diagonale, sont des entiergsiau
hasard avec la &me probabili. Les lignes et les colonnes Besont ensuite permées :
les lignes pour faire en sorte que la direction selon un seul axe ne soit pas toujours sur
ce meme axe, et les colonnes pour qu’il N’y ait pas d’ordre implicite dans les directions.
La matrice ainsi obtenue est getB’, qui, telle que construite, est une basektequ’il
faut compéter pour obtenip,, un ensemble&rérateur positif. On donne le choix entre
des ensembles de+ 1 ou de2n directions :
— Compktion a une base positive minimale : posey = [B’ d}"'] avecd}™" =
— Z;;l di € R" et au chaque vectem’% correspond la jeme colonne de3’,
j=1,2,....n.
— Compktiona une base positive maximale : posgr = [B' — B/|.
Le lien entreA} et A7* dépend du choix du nombre de directions :
— n + ldirections :A} = n /A7 = n27¢ > AP,
— 2n directions :A} = /AT =27 > AT,
Il est dmonté dans [16, 20] quetMADS est bien une instance valide deaMs, et que
I'ensemble des directions de sonde nornédsest dense dans le cercle @mivec une
probabilie de un. On note aussi qu’un erratum corrigeant une des preuves de I'analyse

de convergence pourrMADS est dong dans [16].

1.5 Traitement des contraintes ave€&rPset MADS

On rappelle que les contraintes auxquelles le gnolgP est sujet sont repsenées

par 'ensemble} = {z € X : g(x) <0} C X. L'algorithme Grsavec contraintes de



20

bornes et contraintes kaires (éfinissant 'ensembl&’) aété decrit dans [86,87,92],10
des directions conformesla geonetrie deX sont gerérees. Cette technique étendue
pour les contraintes lemaires @égererées en [7]. Une @hode de gnali€ pour traiter
les contraintes @rérales, base sur un lagrangien augménestégalement propé@e
dans [88]. Enfin, les contraintes parti@res que sont les variables deégairie sont
traitees dans [2,3,17,24,79].

Deux autres stragies peuverigtre emploges pour traiter les contraintesrgrales :
la barrere exteme et le filtre. La rathode de la bamre extéme consista rejeter sy&-
matiqguement tout point en dehors du domaiadisable). Ceci revient optimiser sans

contraintes une nouvelle fonctigh : R* — R U {400} définie de la fagon suivante :

f(z) sizeQ

400 sinon.

fa(z) =

La méthode de la bamre extéme est celle utilise par MaDs dans [20], tandis que
la méthode du filtre est utilse pour &s Les algorithmes de filtre oréte pesengs
par Fletcher et Leyffer [55-57]. lls sont plus simples qu’'unethde de enalig, car
ils n’exigent pas la gestion d'un paratne de @gnali€. Un algorithme de filtre consiste
a introduire une fonctioh qui accumule les violations des contraintes de fagdrai-
ter le probéme commeetant biobjectif, un point @tant acce@ comme candidat au
prochain ieré que s'il diminue I'objectiff ou la violation des contraintgs (avec une
priorité donreéea la ealisabilig). La nethode du filtre &t adapte pour les algorithmes

Gpsdans [19], qui comprenégalement une analyse de convergence.

Il esta noter que le traitement des contraintes dan®Blpar la methode du filtre
a évolue en notion de bamre progressive dans [21], qui traite les contraintesXde
avec la bargre exteme et les autres avec un nouveagcanisme permettant degris
non €alisables (ce pourquoi les contraintesXesont nomnges fernges et les autres

ouvertes).
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1.6 Utilisation de fonctions substitut

Nous avons vu que les algorithmesabis traitent des prokdmes pour lesquels les
colts d'évaluation des fonctions composant le pesheP (f etg) sontélewes. Lidée ici
est d'utiliser des fonctions substitifrogate functionsfs et g5 approchant la fonction

objectif f et les contraintes, et qui sont peu diteuses évaluer.

Les fonctions substitut ne sont pas obkg détre de bonnes approximations. Ce
point est illuste dans [23] a les fonctions substitut utiges sont d’ordres de gran-
deur totalement diéfirents des fonctions originales. Elles constituent toutefois de bons
substituts car elles miment le comportement des fonctionsegart (optima et allure

sensiblement proches).

Dans le cas idal, de bonnes fonctions substitut pourraieétre deja disponiblesa
I'avance : elles sont fournies par I'utilisateur, c’@stlire, la personne quigdinit le pro-
blemeP, et ainsi il N’y a pas besoin de les construire. Sinon, lorsqu’aucun substitut
n’est disponible, leur construction et calibrage doivetre effectésa partir de rien.
C’est exactement ce que font legthodes travaillant sur des nids def, évoqlees au

debut de ce chapitre.

Des fonctions substitut sont utiliss, par exemple, dans [27, 28] pour optimiser la
conception d’'un rotor d’élicopere, et elles sont ieg€es dans I'optimiseur B(Boeing
Design Explorey [13, 29, 30]. Lemploi de fonctions substitut dans un contexdeecal
d’optimisation esévoqe dans [9, 29,48, 110].

Les fonctions substitut peuvent sagrer aifment dans MDS, gracea la flexibilite
de I'étape de recherche globale. Des sigas sont exp@es dans [23], comme utiliser
fs pour ordonner les points de la sonde (au lieu d'utiliser laé&giatd’ordre dynamique
des directions), ou éliminer des points de la recherche globaleggigon prometteurs.
On peut aussi, lors de la preené recherche globale, @suter une autre instance de

MADS avecf = fs. Nous proposons au chapitre 3 une nouvelle fagcon d’employer les
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fonctions substitut.

1.7 References additionnelles

Pour clore ce chapitre, nous indiquons au lecteur que &éegences additionnelles
se trouvent digsmirées dans le reste du texte : on trouvera &8rences sur la éta-
heuristique de recherchee voisinage variable (MS) dans le chapitre 3, ainsi qu’une

revue compte sur les rethodes paratles de recherche directe dans le chapitre 4.
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CHAPITRE 2

DEMARCHE ET ORGANISATION DE LATH ESE

Nous pésentons ici la @marche et I'organisation du travail de recherche accompli
dans le cadre de cettegtbe. On exposegalement les motivations et |léssultats initia-

lement esprés.

Au précedent chapitre, I'algorithme WDs a éte peseng. Cette nethode se propose
de esoudreP et plusieursé&ferences comme [20,23,98] suggnt son efficadi Le ca-
racere ecent de la rathode (2006) indique clairement que des apports sont possibles. Ce
que propose cettedise est donc d’apporter des extensiadADS afin d’en angliorer

certains aspects.

La these esté&digee par articles, au nombre de trois, constituant les chapitres 3, 4,
et 5. Cette pesentation &t établie selon I'ordre chronologique, du travail le plus an-
cien au plus&cent. Chaque article @sente un apport nouvealMADS. Le travail com-
muna chaque article est triple : tout d’abord, chaque nouvelle extension est é&gétju
justifiee. Ensuite, on prouve que lI'analyse de convergence aiedvst pésenee. En-
fin, des tests nuariques doivent confirmer que I'extension remplit son office et permet

d’améliorer certains aspects deAds.

Nous exposons maintenant lardarche relativa chaque article. L'article [12] corres-
pondant au chapitre 3 est pubtians la revudournal of Global Optimizationl propose
d’intégrer une rathode heuristique dansAbs. Pour Esoudre des probines du type
de P pos&dant beaucoup d’optima locaux, on observe quedh| et sa seule imgH
mentation existante1M ADS, produisent dessultats tés leterogenes. Ceci s’explique
par le fait que LM ADS comporte une composant&atoire qui fait que deux éxutions

successives ne donneront pas énent le néme esultat, et donc certaineséoutions
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de l'algorithme conduiserd des optima locaux meilleurs ou pires que d’autres. Une
idée pour reradier a la diversié des esultats obtenus, gagner en stabjliet donc
avoir plus souvent de bonnes solutions, est d'utiliser uneégfi@atde recherche glo-
bale avant chague sonde locale (voir algorithme 1.3). Deuxegiest @rériques et
simplesévoqlees dans la liirature pour Btape de recherche globale denbys sont
une recherche aatoire et une recherche assur lechantillonnage d’hypercubes la-
tins [117,118]. Ces deux stégies ne fournissant pas la stakilde esultats ésige,
nous avons cheréhune nouvelle thode @rérique de recherche globale. C’est ici
gu’est entee en jeu la rata-heuristique Ms [68, 100]. Cette rathode, principalement
utilisée en optimisation combinatoire, e&tdillee au chapitre 3, mais ce que nous pou-
vons ceja en dire est qu'elle estés efficace justement pour les préfles possdant
beaucoup d’optima locaux. En effet, laéthode possde un necanisme dit de per-
turbation permettant de &happer de ces bassins locaux. De plus, on a céngitet
MADS et VNS pos&daient un comportement corgépientaire : alors que MdS ex-
plore I'espace des variables de plus en plus proche @és itourants aps defchecs,
VNS fait le contraire et explore I'espace des variables de plus en plus loin des solu-
tions courantes (justement pcechapper aux optima locaux sur lesquels on est l@pqu
L'article du chapitre 3 consiste dorcutiliser VNS comme néthode de recherche glo-
bale de MaDs. La réunion des deux &thodes est nom@e MADS-VNS. On montre
en outre une nouvelle facon d’utiliser les fonctions substitut dansNe atlapé que
nous utilisons. L'analyse de convergence de ce couplage utilise la flexitditetape

de recherche globale deAws, qui montre que tant queNs gérere un nombre fini de
points dévaluation du treillis, toutes les proptés de convergence deAds résungees

en 1.4.2 sont conseees. Des tests nuariques sont effecés sur trois pro@mes dont
un correspona@ un probéme Eel d’'ingenierie, et un autra un probéme d’optimisa-
tion multidisciplinaire (MbO). Les €sultats esprés sont une plus grande stal@ldans

la quali€ des solutions et des meilleures performances que étisoales de recherche

globale usuelles.
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Le chapitre 4 corresporal[22], qui aéte accep# pour publication dans la revueam
Journal on OptimizationDeux autres aspects deAds nécessitaient une atioration :
premirement, il n'en existe pas de version paal] et deuxdmement la taille des
problemes traiés de facon efficace n'e&de pas I'ordre de quelques dizaines de va-
riables. L'article sur la dcomposition paradle des variables (B) de Ferris et Manga-
sarian [53], bien qu’en dehors du contexte de I'optimisation non lisse, semblait apporter
la réponsea ces deux proBmesa la fois. Les auteurs de [53] proposent éeamposer
le probEme initial en plusieurs sous-preihes de plus petite dimension, et ésaudre
ces sous-probimes en parale. Ainsi, chaque processeur travaille uniquement sur un
sous-ensemble des variables du peof initial. Uneétape de synchronisation permet
de diriger la recherche et de distribuer I'information aux processeurs. Ce prinétee a
entierement adaptpour MADS, dans le but de traiter des prebhes de plus grande taille
(de I'ordre de centaines de variables). L'algorithrasultant, BD-MADS, est donc pa-
rallele, maiségalement asynchrone, caethpe de synchronisation qui constituait une
barriere parakle (c’esta-dire qui imposaita chaque &ration de I'algorithme, d’at-
tendre que tous les processeurs soient @srvla nemeétape), &t transfornée de
mankerea ne plus bloquer aucun processeur. L'analyse de convergence de &tttelen
est moins triviale que dans le cas du couplageDV Ns. Elle est itanmoins assae
par l'introduction d’'un processeur &pial, qui, lorsque I'on se place de son point de
vue, execute un algorithme MDs valide (.e. respectant les conditions de convergence
de MADS), alors que legvaluations des autres processeurs constituent enétapg
de recherche globale de cet algorithme. L'objectif de l'article est ésegmter BD-
MADS, son analyse de convergence, et des premiers testérigques. Les stragies
pour cecider quelles variables sont distrdmsa quels processeurs n’'est pas agercet
les variables sont distrilees de fagcon ahtoire. Des tests nugriques sont effecés sur
des probdmes analytiques, et I'algorithme est congzaune version paralle synchrone
et simple de MDs et a APPS la version parallle asynchrone de &% déja évoqlee

enl.l.



26

Le chapitre 5 correspond au dernier et plesant article [6], soumia la revue $Am
Journal on Optimizationll propose une nouvelle impinentation de MDS, ORTHO-
MADS, en remplacement deTMADS. ORTHOMADS a éte congu spcialement pour
combler deux failles de tMADS : la premere, @&ja constate plus dt, est que II-
MADS est une rethode non éterministe et que deux esutions successives ne don-
neront pas la @me solution. Ce nonéaferminisme eségalement un freira la re-
productibilitt des expriences (rame avec la @me gréne akatoire, deux machines
differentes ont peu de chances d’obtenir Enme Esultat). Le deuxime dfaut de l1-
MADS est que les directions utiees, bien que formant un ensemble dense (sous une
hypottese probabiliste), ne sont pas orthogonales. Ceci peufimstran pratique, si
I'on interrompt I'algorithme au bout d’'un certain temps, de grands trous dans les di-
rections utili€es, c’esta-dire de largesagions de I'espace qui n'auront jamais e
explo€es. La nouvelle impmentation @THOMADS corrige ces deux&fauts en uti-
lisant une suite eterministe au comportementeatoire, la suite de Halton [65], qui
permet la @rération d’'un ensemble dense de directions, en se passant d’Bgpqiio-
babiliste. La transformation de Householder [75] permet ensuite d’obtenir des directions
orthogonales, tout en conservant la préfiride densé. Alors que les deux premiers ar-
ticles de la tiese exploitaient la flexibil de I'etape de recherche globale pour prouver
leur convergence, RTHOMADS procde autrement. En effet, comme c’est une nou-
velle implementation de MDs, il faut prouver que les nouvelles directions uéks se
conforment aux conditions introduites dans [20], principalement qu’elles constituent un
ensemble dense.K¥HOMADS se cetacheégalement des deux premiers articles dans
le sens @ les ésultats nurariques sont effecés de facon moinsé&aillée mais sur un
plus grand nombre de pradrthes (45). Notre poirétait de comparer exhaustivement la
nouvelle impémentatiora I'ancienne, et, ayant constaque rares sont leséthodes de
recherche directe bonnes ou mauvaises sur tous lesepmeb| un plus largéventail
de probémesétait recessaire. Ce que I'on aimerait voir ressortir de ces tests est que

ORTHOMADS fasse au moins jeegal avec LMADS, tout en restant si@pieura Gps.
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Nous exposons maintenant les trois articles composant cette ttans les trois pro-

chains chapitres.
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CHAPITRE 3

NONSMOOTH OPTIMIZATION THROUGH MESH ADAPTIVE DIRECT
SEARCH AND VARIABLE NEIGHBORHOOD SEARCH !

Charles Audeét  Vincent Bechard Sébastien Le Digabél

August 2007

Abstract

This paper proposes a way to combine the Mesh Adaptive Direct SearchgMilgo-
rithm, which extends the Generalized Pattern Searcts|@lgorithm, with the Variable
Neighborhood Search (\&) metaheuristic, for nonsmooth constrained optimization.
The resulting algorithm retains the convergence properties ab$4 and allows the
far reaching exploration features oiNg to move away from local solutions. The paper
also proposes a generic way to use surrogate functions in tises€arch. Numerical

results illustrate advantages and limitations of this method.

Keywords: Nonsmooth optimization, Mesh Adaptive Direct Search, Generalized Pat-

tern Search, Variable Neighborhood Search.
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3.1 Introduction

The paper considers optimization problems of the form

min f(z) (3.1)

reQCR"

wheref : R" — RU {00}, @ = {2 € X : ¢j(z) <0, j =1,2,...,m} andX C R"
represents closed constraints, i.e. constraints that necessarily need to be satisfied in order
for the functions to evaluate. The closed constraints often include bound constraints
L <z < U with L andU in (R U {£o00})", and possibly boolean constraints that
indicate if they are satisfied or not, and in the latter case, there is no quantification by

which they are violated.

The functionsc; : R* — R for j = 1,2,...,m represent the other constraints and are

referred to as the open constraints.

The objective functiory and the different functions defining the setre typically pro-

vided as black-boxes in the sense that the way to obtain a function value from a given
x € R™ is not provided in an analytical way, or may be time consuming or expensive to
evaluate. The black-boxes may also fail to return a value at some points. One way to
model this is by setting the function value to infinity. This is calledibeier approach

The case where some properties, differentiability for example, can not be exploited, are
considered. Such black-box functions are widely used in different engineering disci-
plines [3, 8, 23, 27, 28,58, 71, 79, 96]. Black-box functions are typically evaluated by
running computer code. Approximations of the black-box functions can also be made
through easier to evaluate surrogate functions (see [29]), and this paper proposes a dif-

ferent way to exploit such surrogates.

Different derivative-free direct search methods are designed for problem (3.1), such as
GPs[29,120], MADS [4,20] and DRECT [54, 77]. The reader may consult [81, 89] for
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surveys of direct search methods. Under appropriate conditions, these methods ensure
convergence to a point satisfying necessary optimality conditions based on the Clarke

calculus [35].

In the present paper, we exploit the flexibility of theabls algorithm so as to include
the far reaching searches of the Variable Neighborhood Seamb [88, 100]). The
fundamental structures of Mbs and WNs are complementary: on the one hand, in case
of failure to identify improved points, Ms explores increasingly larger regions, and on
the other hand, MDs explores smaller and smaller neighborhoods. The purpose of this
paper is to present a generic coupling okivs and Ws that may be applied to the class

of problems for which MDs was designed.

The main reason why we chose to combingsyvith the MADS algorithm instead of
another optimization method is that the convergence analysis of the resulting method
follows directly. Each MDs iteration is partitioned into ZEARCH and aPOLL step.
The seARCHSstep is intended to be flexible (but still must satisfy some minimal require-
ments), and theoLL step must follow strict rules. The M>s algorithm was conceived

in such a modular way precisely to allow the user to create and use hisemmRCH
strategies. In the present paper we take advantage of the flexibility sEthrcH step

by proposing a generic s SEARCHstep. The way in which Ms generates trial points
makes it easy to verify that trteEEARCHrequirements are satisfied. Theabls POLL step

and the update rules are the same as in [20], and thus gmsMonvergence analysis
holds.

The paper is divided as follows. Section 3.2 proposes an overview of #keshnd

VNS methods. Section 3.3 presents a generic algorithm that coupdesMnd WS

and allows the use of surrogate functions. Section 3.4 describes a practical implementa-
tion. Finally some numerical results, including the detailed description of an engineering
problem, are presented in Section 3.5. The proposed algorithm is compared to the classic

MADS algorithm and to M\Ds with a classicSEARCH strategy.
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3.2 Descriptions of theMADS and VNs algorithms

3.2.1 MADS

The MAaDs algorithm [20] for problem (3.1) extends the Generalized Pattern Search
(Gp9) algorithm for linearly constrained optimization [29,120]. Both$and MADS are
iterative algorithms where the black-box functions are evaluated at some trial points,
which are either accepted as new iterates or rejected. At any iteration (denoted by the
integerk), all trial points generated by these algorithms are constructed to lie on the
mesh

M(k,A) = | J{z+AcDz: 2z €N} CR”

z€V},

whereV}, is the set of points evaluated by the start of iterafipr, € R is the mesh
size parameter, anb is a fixed matrix whose columns arelif. In most casesD is
chosen to be the x 2n matrix [—I I] where! is then x n identity matrix. We make
the standard assumption that all the trial points are in a compaCct Sétis assumption,
together with the fact that the mesh is constructed using integer combinatiangof

ensures that' N M (k, A;) contains a finite number of points.

In order to simplify the notation of the present paper, the parandetes equivalent to
A7 in [20].

Each iteration is divided into two main steps, theaArRCH and thepoLL, followed by
an update step that determines the success of the iteration. The new mesh size, the new

current iterate and the stopping criteria are updated or verified at the end of the iteration.

The closed constraints defining the sétare handled by the barrier approach, as in
MADS, consisting in rejecting trial points outsidé. For the other constraints,( j =
1,2,...,m), afilter approach is used [19, 56]: if the points are&inthey are stored and
classified, using their objective function value and a measure of the constraints violation,

which permits the acceptance of promising points and the rejection of the others.
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The poLL evaluates the functiong andc;’s at mesh points near the current iterate

The convergence analysis of [20] relies on the rigid rules thabthie. step needs to
follow. The PoLL step remains unchanged in the present paper. The way of choosing
the directions used to generate #@LL points makes the difference betweer<and
MADS: in GPs the normalized set a¢foLL directions is finite, whereas it may be asymp-
totically dense in the unit sphere withA®s, allowing a better exploration of the space

of variables. At iteratiork, the set containing the trigloLL points is called the frame

Py, given by P, = {x, + Axd : d € Dy}, with Dy, the set of directions used to construct
Py.. Dy is a set formed by taking positive integer combinations of the columiis &¥/e

will not say more about theoLL.

ThesEARCHSstep is very flexible and gives the algorithm the opportunity to generate trial
points anywhere on the mesh: the way of generating these points is free of any rules, as
long as they remain on the current meghik, A;) and that theSEARCH terminates in

finite time. This partition of an iteration into 8EARCH and aPOLL steps is the key

feature of MADS which is exploited in the present paper

SomesEARCH  strategies are tailored for a specific application: for example if the prob-
lem is to optimize a wing shape, then some known wings models or configurations may
be used. OtheBEARCH strategies are generic, as the use of Latin Hypercube sam-
pling [117,118]. Furthermore, different types ®EARCHes may be combined. This

paper introduces a genes&ARCHinspired by the Ws metaheuristic.

A high level description of the algorithm is summarized in Figure 3.1. The®Blpa-
rameters taken for the tests of Section 3.5 are the default parameters used onoam N
software [15]. The values of critical parameters (such as the initial mesh size parameter
Ap) will be given in that section. We encourage the reader to consult [20] for a complete

description of the algorithm.

A hierarchical convergence analysis is available foxd, based on the black-boxes

differentiability: the main convergence result is that under local Lipschitz assumptions,
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POLL step
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k—k+1

check the stopping conditiongoto [1]

Figure 3.1: MaDS Algorithm.
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the algorithm produces a Clarke stationary point, i.e. a poiat(2 at which the gener-
alized Clarke derivative of is nonnegative for all directions in the Clarke tangent cone
atz (see [35]). A corollary of this result is that, in the case without constraints, ahd if

is strictly differentiable, thelV f(z) = 0.

3.2.2 VNS

The Variable Neighborhood SearchN8) is a metaheuristic proposed by Hansen and
Mladenovt [68, 100]. It is applied to combinatorial problems [34, 67,69, 70], but it is

possible to use it with continuous variables as in [14, 33,51] and in the present work.

Two fundamental elements are required to definenas ¥hethod: a descent method and

a neighborhood structure. The descent is a method executing moves with respect to the
neighborhood structure, which defines all the different possible trial points reachable
from the current solution. The objective of these moves is to improve the current so-
lution, and they are repeated until no improvement is possible. The last point of the

descent is a local optimum with respect to the neighborhood structure used.

Local searches often terminate in the vicinity of a nearby local optimums Mses

a random perturbation method to attempt to move away from a local optimal solution,
far enough so that a new descent from the perturbed point leads to an improved local
optimum, located in a new and hopefully deeper valley. The perturbation method relies
on the neighborhood structure, and is parametrized by a nonnegative&c#ha VNS
amplitude at iteratiork, which gives the order of the perturbation (it is not necessarily
small, as the term “perturbation” might suggest, and “shaking” will be used for the
routine executing it). The implementation details of the perturbation method has to be
defined specifically for each type of problems, as long as the idea of amplitude is defined
and is dependent of).. For examplée;, could be a minimal desired distance between

the two points before and after the perturbation, or the number of random elementary
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moves leading to the perturbed point. The most efficient perturbation methods are often
linked to the problem properties. In the present paper, a generic perturbation method is

described.

A description of the Ws metaheuristic is given in Figure 3.2. The algorithm essentially
consists of two loops. Each iteration of the inner loop is decomposed into two steps: first
the current solution (typically a local optimum) is perturbed with an amplitude fggtor

and then a descent is performed from the perturbed point. If a better solution is obtained,
it becomes the new iterate, and the amplitude is reset to its initial value. Otherwise the
amplitude is increased by a valde> 0 (called the Ws increment) so that the next
perturbation will lead to a point further away than the previous one. Finally, the inner

loop terminates after a maximum amplituglg,.. is reached.

The outer loop consists in repeating this prodgess, times. Theit,,,. parameter of the
first level loop is crucial for the efficiency of mostNg implementations. However, in
our context, this loop will implicitly be made by the Abs algorithm, and therefore we

fix it,00 = 1.

3.3 Coupling theMADs and VNs algorithms

The VNs algorithm and the MDsS POLL step have a complementary behavior: when
no success has been made during an iteration, theraaxt step generates trial points
closer to theeoLL center, while the Ws algorithm explores a more distant region with a
larger perturbation amplitude. This paper proposes to incorporatenbenéthod in the
MADS algorithm, as asEARCHSstep (called the MsS SEARCH. ThePOLL step remains

unchanged so that the convergence analysis mbdstill holds.
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[1] while (it < ity,q)
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Figure 3.2: \WWs metaheuristic for minimizing : R* — R.
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3.3.1 General description

The MADsS mesh provides a natural neighborhood structure to be used by thenwo V
components (descent and perturbation) and only the update of the perturbation amplitude

&, has to be made outside of theN®¥ SEARCHStep.

The entire convergence analysis oiabis is preserved when the two following condi-
tions are met: first, at iteratioh, all the VNS SEARCHtrial points must lie on the mesh
M (k, Ay), and second, their number must be finite. The general way to define the pertur-
bation and the descent is now given, and in the next section, a practical implementation
will be described and proved to be a vaidARCH, by verifying that the two conditions

are satisfied.

Adding a Ws exploration in thesEARCH step of a MaDs algorithm can be done by
introducing two new parameters. One parametehjs > 0 and relates to the N's
shaking method, as described in the next paragraph. The other parametertisind

defines a stopping criteria for the descent. It is introduced at the end of this subsection.

The shaking at iteratioh generates a point belonging to the current mesW (k, Ay.).
The amplitude of the perturbation is relative to a coarser mesh, whose coarseness is

independent of\,. We need to introduce theNs mesh size parameter

Ay > 0 and the Ws meshM (k, Ay). (3.2)

This parameter is constant and independent of the iteration numidére reason why
the VNs perturbation needs to be independent of the current mégh A) is that it
should not be influenced by the specificabs behavior (which is in fact the contrary

of the VNS behavior, as was said in the introduction of this section). Only the fact that
an iteration succeeds, or the number of successive failed iterations, can ruleishe V
amplitude, as in the original N's algorithm. Another way of viewing that fact is that for

a given value of,, the perturbation has to be the same regardless of the mesh fineness
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Oor coarseness.

The shaking may be viewed as the function

shaking : M(k,Ay) x N —  M(k,Ay) C M(k,Ay)

(v,&) +— ' = shaking(z, &)

where¢, € N is the perturbation amplitude.

As will be illustrated in the next section, theNg mesh size parametéy,, can also be

used as a criteria to decide if aNg¢ SEARCHshould be performed at a given iteration.

VNS descent is viewed as a function

descent : M(k,Ay) — Mk, Ay)

¥ — 2" = descent(x)

and has to generate a finite number of mesh points. While the shaking randomly changes
a point in hopes of moving away from a local optimum, the idea of the descent is to ob-
tain an improved point” from 2’ (in the filter sense of [19], i.e. in terms of objective
value and constraints violation). Ideally, a descent step must lead toward a local opti-
mum. The descent step inN is important because, as a randomly perturbed point,

has a weak probability of being an interesting point.

In the MADS context, local optimality is defined with respect to the mesh. The descent
step ideally leads to a mesh local optimum, with respect to the current step\gize

and the directions used. The descent method described here is generic, but it is easy
to see that a specialized descent method could be used for a given type of problem so
as to exploit some inner properties. In order to reduce the overall number of functions

evaluations, the descent step may terminate as soon as it generates a trigl, ptost
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to another pointg, previously considered by the algorithm, i.e. whan— y||.. < p,

where p >0 s called the Descent Stop @pparameter. (3.3)

The idea of this Descent Stop criteria is to avoid exploring a region previously visited.
We believe that this strategy of terminating prematurely a descent could be exported to
the general Ws metaheuristic. Figure 3.3 gives a description of the algorithm. In the
update steps;., 1 is set tas, if no success has been achieved ar,if,. has been reached.
This last point allows us to mimic the outer loop of the originald/algorithm, the loop

onit in Figure 3.2.

3.3.2 Use of a static surrogate

Surrogate functions may be used in several ways in the contextpsfalgorithms

(see [29] for a generic framework using surrogates). They are useful when the func-
tions defining the problem are costly to evaluate, because they are less complicated and
give an approximation of the true functions. Surrogates do not need to be good approxi-
mations of the true functions: in [23], the surrogate function differed ffooy a factor

of roughly 200, but bothf and the surrogate shared some similarities.

Two types of surrogates can be defined: static surrogates, tailored for a specific prob-
lem (see [28] for example), and dynamic surrogates, constructed dynamically during the
execution of the algorithm through previous evaluations and possibly with some inter-

polation technique (kriging for example, see [91, 110]).

In [23], three strategies are proposed for the use of surrogates withAbs Blgorithm:

first an entire run of an optimization algorithm on the surrogate may lead to a good
starting point for another run with the true function. A surrogate may be used to order
the POLL andSEARCH rial points. The more promising points are evaluated first, and

if an improvement is made, the others are not considered. Finally a surrogate may be
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on M (k,Ay))
z" — descent (z') (descent oM (k, Ag))
S}, < finite number of
points of M (k, Ay) (possibly empty)
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k—k+1
check the stopping conditiongoto [1]

Figure 3.3: General algorithm of the coupling ofAMs and WNs.

40



41

used to determine if aEARCHpoint is valuable enough so that the true function is to be

evaluated.

The use of surrogates in this paper can be seen as a fourth way to use them. The descent
step can be entirely performed on the surrogate function. The true function can then be
evaluated only once, at the final point produced by the descent. This strategy reduces
the cost of a descent to a single expensive evaluation of the true function, and some less

expensive surrogate functions.

3.4 Implementation

The algorithm presented in the previous section is generic and flexible. We now present
a specific implementation, using theMADs implementation of [20], by specifying

some parameter values and defining the perturbation and descent methods

shaking : M (k,Ax) x N — M(k,Ay) C M(k, Ag)

and

descent : M (k, Ax) — M(k,Ay) .

For the perturbation’ < shaking(xy, &), at iterationk, two conditions are imposed:
first, the pointz’ € M(k, Ay) is chosen so that the distancedin norm between:
andz’ is £,Ay. This distance is not based on the current mesh Aigdecause the
perturbation amplitude should only be linked to the valu€,ofas in the original Ws.

This is the case a4y is a parameter fixed by the user at the beginning of the algorithm.
Secondly, in order to ensure thétbelongs to the current mest (k, A;), theshaking
procedure is triggered at iteratidgnwhen the \WWs mesh size parameter is an integer
multiple of the mesh size parametay, i.e., there exists a nonnegative integesuch

thatAy = (A,. Under the TMADS mesh size update rule and the basicdirections
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D = [—1I IJ, this condition is met as soon ds, < Ay, andz’ necessarily belongs to
M(k, Ay) sinceM (k,Ay) = M(k,tA;) € M(k,Ay). The choice of the Ms mesh

size parametef,, directly influences at which iterations aN¥¢ SEARCHiIs performed.

Figure 3.4 shows two examples of meshes of sixgsand A, with possible choices for
a perturbation, witm = 2. The perturbation algorithm used in Section 3.5 is given in

Figure 3.5.

shaking(zy, 1) € {x!,... 2%} shaking(zy, 3) € {z!,... 2?4}
Ak[ e RianEn e nza BANE
x3 x4 2 ' 5
2 IAV
] - - = : i H
Ay 3
zl 8 z7 £
Ay =24y, Ay = 24, Ay =44y, Ay = 124,

Figure 3.4: Two examples of mesh&&k, Ay) (gray), M (k, Ay) (black) and possible
perturbation choices (pointg on the bold frame at distanggA from ;).

shaking (xr, &)
generate randomhy € Z" such thal|w||- = &k
for eachvariable index € [1;n|
if lower boundL' is finite and(z}, + Ayw’ < L)
ot [ —ay/ay]
if upper bound/" is finite and(zj, + Ayw' > U*)
| w' — [(U" = x})/Av ]
' — xp + Ayw

Figure 3.5: Practical implementation for the perturbation mettiéd; R U {—oo} and
U’ € RU{+o0} respectively refer to the lower and upper bounds of varighle [1;n).

A final remark concerning the choices of the amplitudesnd¢,,... and of the \Ws
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increment is that they are chosen so that a perturbation of o2ddrom a point at its
lower bound generates a perturbed point on its upper bound. This value has been chosen

as it is empirically good for Ws codes.

Since theroLL step is efficient in identifying mesh local optima, it is natural to use it for

the VNS descent step. However the current mesh size cannot be reduced so that all the
points evaluated during the descent step belong to the current mesh. NEheéegcent
terminates when theoLL fails on the current mesh size (this is similar to the extended
PoOLL of [17]). It uses the MDs directions of the LM ADS implementation and its own

mesh size parameter, called the descent mesh size. The initial value of the descent mesh

size is taken to be the current mesh size at that point.

The descent works on its own filter for the constraints management (the descent filter),
and is reset each time a new descent is performed. Each descent may be opportunistic
(the evaluations are stopped at the first success) or complete (they are completed regard-
less of any earlier successes). The mesh update is made ablimds, for the descent

mesh size.

The LTMADS optimistic strategy is also used: if, duringeaLL iteration of the descent,
an improved point in the directiathis found, the next descent iteration will evaluate the

functions at a point further along the directién

With this practical implementation for the perturbation and descent methods, the follow-
ing pair of propositions ensures that th&!¥ SEARCHis valid as aSEARCH step of the

MADS algorithm.

Proposition 3.4.1 At iteration k, if the VNS SEARCHoOccuUrs, it generates trial points

lying on the current mesh/ (k, Ag).

Proof. At iteration &, it has already been shown that the perturbed pdifies on the

current mesh, sincé/ € N* such thatA, = /A, (a pre-condition for the MS SEARCH
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to occur). By applying the rules of the Abs poLL for the descent, all the trial points
will also belong to the mesh. Even if surrogates are used for the descent, the unique final

evaluation will be made for a point on the mesh. .

Proposition 3.4.2 At iteration k, if the VNS SEARCHoOccuUrs, it generates a finite num-

ber of trial points.

Proof. Proposition 3.4.1 ensures that all thel¥ SEARCHtrial points are on the current
mesh. Combining this with the assumption that all the trial points are in a compact set
implies that their number is finite (see Proposition 3.4 in [18] for a more detailed proof).

In practice, one may simply limit the number of differenti¥'trial points. For example,

in the numerical tests of Section 3.5, a limitGdf trial points is imposed.

3.5 Numerical Tests

This section describes numerical results for three different problems on which the algo-
rithm was tested. The first one is a bound constrained analytic two variables problem,
the second is a multidisciplinary optimization problem with ten variables and ten con-
straints, and the last one is an engineering problem from the chemical industry with
eight variables and eleven black-box constraints. Surrogate functions are used in the last
two problems. All source codes for these three problems are available on the web site

www.gerad.ca/Charles.Audet.

3.5.1 Algorithm parameters and testing protocols

The MAaDs implementation used is the research version of the codeAb [15], with

the following parameters: theoLL step uses the MDS 2n directions and is complete
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(i.e., black-box functions are evaluated for eéLL trial points). The MADS dynamic
ordering of thepoLL directions is performed after each successful iteration (see [20]
for details). Scaling of the variables is done in a way that the mesh size parameters
Ao, A, and Ay, are always presented as proportions of the variable ranges. For ex-
ample, for an = 2 problem with. = [-1 0] andU = [1 10], an indicated value of

Ay = 0.1 corresponds in fact to the scaled vemxgd = [0.2 1] (the same for\,,,;,, and

Ay). Scaling can also be done directly into the black-box code.

The VNS mesh size parametéyy, is rounded so that the conditiak, = ¢Ay, is verified
whenA,; < Ay so that the user does not need to compute the exact valii¢ abm-
patible with some)\;). For example, without scaling, if the user chooggs = 0.001

andA, = 1, Ay will be rounded tol /1024, the closest integer power of

The filter [19, 56] is used for open constraints with the squdredorm to define the
constraint violation. The algorithm terminates wh&p drops below a parametéy,,,;,,

or when a limit on the number of true evaluations is reach€gj). In the present
work, we usen’%7=10000. These MDs parameters remain unchanged throughout the

numerical tests, as it is not the point here to analyze th®$4alone behavior.

The Latin Hypercube (k [117,118])SEARCHStrategy is also used with two parameters
Ninir = 100 andn;.., = 10 : n;,; IS the number of H trial points generated at the first
iteration of MADS, andn;., the number of i trial points generated at each subsequent
iterationk > 1. The initial LH step is complete while the other steps are opportunistic

(i.e., the iteration terminates immediately after a success).

An upper limit of 60 trial points is imposed for every NS SEARCH For the descent

step of Ws, the evaluations are opportunistic and the directions used are the standard
MADS 2n directions{iei 1 =1,2,... ,n} wheree; is theith column of the identity
matrix. When the premature descent stop techniqu®) (B used, the parameterof
equation (3.3) is given. If available, surrogates are used in the descent steys@isV

described in Section 3.3.2, and not in the othexd components.
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Six algorithmic variants defined by different combinations of parameters are tested. The
different algorithms configurations are detailed in Figure 3.6 and Table 3.1. For com-
parison purposes, the first two algorithms do not use the new features proposed in this
paper: algorithm A uses only Mbs without aseEARCH strategy and algorithm B com-
bines MADS and Latin Hypercube () SEARCH All other algorithms use Mps and

VNS, and differ only in their use of H SEARCH, surrogates (Sgte = “yes” or “n0”) or®
strategy p value or “no”). Latin Hypercube (H) SEARCHalways uses the parameters

Ninit — 100 andniter = 10.

MADS algorithms

*
| MADS+LH :
S MADS

M v [ algorithm C j;
Glgoritms. MADS+VNS
algorithm D algorithm E algorithm F
MADS+ MADS+ MADS+
WsHLH

VNS+Sgte VNS+Ds

Figure 3.6: Schematic description of thenain types of algorithms. Algorithms C,D,E,
and F are variations of the new algorithm proposed in this paper.

Because MDs directions are randomly chosen and two runs with the same parameters
can give different results30 runs are made for each algorithm. Throughout the tests,
algorithms D,E, and F, which useN$ and one additional feature @)LH or surrogates)

can be mixed into other variants. These variants are denoted by D+E, D+F, and E+F
(algorithm D+E uses MDs, VNS, surrogates, andH, the same logic applies to D+F

and E+F).

Results are summarized in Figures 3.8, 3.9, and 3.11 and are presented thsulggh

graphs. Each subgraph represents the objective function vAlug(sus the number
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Tableau 3.1: Detailed parameters description of the 6 main algorithms. Rimes [da-
rameters are default [15] parameters plug = 0.001 or 0.05 and A,,,;, = 1072 or
1077,

[ algorithm || LH \ VNS | Sgte | Ds \
A no no no no
Ninit = 100
B i = 10 no no no
Ay = 0.01
C no or 0.05 no no
or 0.1
Ay = 0.01
D no or 0.05 yes no
or 0.1
_ Ay = 0.01
E Minit = 100 or 0.05 no no
Riter = 10 or 0.1
Ay = 0.01 p=0.005
F no or 0.05 no or 0.01
or 0.1 or 0.1

of black-box evaluationsnfeval) for the 30 runs of each series. One black-box evalu-
ation is counted for the call of all the black-boxes defining the problem (objective and
constraints). Note that when no surrogate is usedul denotes the number of true
evaluations. With surrogates, another statistic (specific for each problem) must be used,
taking also into account the surrogate cost. The last subgraph gives a summarg of the
tests (one for each main algorithm) with average values. This larger subgraph allows one
to compare directly the algorithms, in terms of quality of the solution and evaluations
cost. Results for variants D+E, D+F, and E+F are not shown in thesfagbgraphs but

appear in the summary subgraph.

Finally, Tables 3.2, 3.4, and 3.7 present the numerical values of all the tests. Each row
of these tables is dedicated to one algorithm, the first columns give the parameters used,
and the other columns give average, best and worst valugsdadneval over the30

runs. The runs above the horizontal line do not use the algorithmic features proposed in

this document.
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3.5.2 An analytic problem with many local optima

This problem is taken from [121],[problem 4]. It hasvariables and the function to
minimize is
fla,b) = €% 4 sin(60e”) + sin(70 sin a) + sin(sin(80b))

—sin(10(a + b)) + 1(a? + b?).

The closed bound constraints$) < a,b < 5 are added since it can easily be shown that

f(a,b) > f(0,0) whenever(a, b) lies outside these bounds.

The graph of the objective function is shown in Figure 3.7. One may observe the numer-
ous local optimal solutions. The plot on the top part of the figure shows the function on

the entire domain, and the one on the bottom zooms in on the rectaégi@a, b < i

f(ab)

f(a,b)

Figure 3.7: Graph of the analytic problem function with boundss;5] and
[—0.25;0.25].
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Since the function is analytic and not costly, no surrogate function is used. Our first set
of results used:; = [0 0]” as starting point. Unfortunately, this starting point is very
close to the global optimal solution*( ~ [—0.024 0.211]7 with f ~ —3.307), and alll

runs converged trivially to the global solution. Therefore, a new starting point far from
the optimum was chosen;, = [3 3], for an objective function value gf ~ 4.721. The

initial mesh size parametek, is set to be).05 times the variable ranges and,,;, to

102 times the ranges. Two different values fy; are used in the different rung:01

and0.05 times the variable range.

MADS oo
algorithm A algorithm B | algorithm C
1 1 1 1
¥
0 0 0
+
;- : ‘
¥ +
27, 2 '*b; 2
+ * +
+ it
31+ -3 ft P +€;¢jh + L
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 : 0 2000 4000 6000 8000 10000
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
algorithm E algorithm F
1 1
0 0
no algorithm D
-1 1
(no surrogate) f
-2 2
T
/TS o
* ErTe S A
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
MADS+VNS e
ffffffffffffff summary: average values
1 T T T T
ol i
£ i
+A B
2+ -
* (E+F)
F, E
3+ + + n .
L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

neval

Figure 3.8: Analytic problem:f (objective function value) versuseval (number of
black-box evaluations).

Results are shown in Table 3.2 and Figure 3.8. ThebBlalone and MDs with LH
(algorithms A and B) performed well in terms of number of function evaluations, but did

not often terminate near the global optimum. ThesSalgorithms C and E (Ms and
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VNs+LH) seem very appropriate in terms of global quality of 89euns (best average
values forf). This quality came at the cost of additional evaluations. Tests usingshe D

strategy have fewer evaluations, but a lower quality of solution.

Tableau 3.2: Analytic problem: testing parameters and numerical results.

parameters average objective (f) neval
algorithm | LH VNS Ds | obj. (f) neval best worst| best worst
Av) ()
A no no no| -1.865 321 | -3.063  0.453 266 436
B yes no no| -2.248 1283 | -3.307 -1.596 916 1823
C no 0.01 no| -3.009 5182 | -3.307 -2.575 | 3399 9016
E yes 0.01 no| -3.055 6146 | -3.307 -2.705 | 3708 10000
F no 0.01 0.01 -2.837 2809 | -3.307 -2.413 | 2202 4088
E+F yes 0.01 0.01 -2.778 3171 | -3.307 -1.964 | 2401 4258

On a problem with a large number of local solutions, it is not surprising to see that the
VNS SEARCHStrategy is useful, since N5 is a metaheuristic designed to move away

from local solutions.

We have also observed that the larger value reached lgy trerameter is almost always
below 10, for an allowed maximum of,,... = 20. This means that the outer loop an

in the original Ws algorithm (Figure 3.2), which is implicitly made in the update step
of the new algorithm (Figure 3.3), is not useful for this problem. This remark holds also

for the other two problems.

3.5.3 AMDO problem: aircraft range optimization

This problem is a Multidisciplinary Design Optimization (&) problem taken from [102,

113] from the mechanical engineering literature. Three coupled disciplines (structure,
aerodynamics, and propulsion) are used to represent a simplified aircraft model, with
10 variables. The objective function is to maximize the aircraft range under bound con-

straints and 0 open constraints. The black-box performs an iterative fixed point method
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through the different disciplines in order to compute the aircraft range. A natural sur-
rogate consists in using a greater relative error as stopping criteria, and a smaller limit
on the maximal number of fixed point iterations. The total number of fixed point iter-
ations (from surrogates or true functions evaluations) is used instead of the number of

black-box evaluations in the resultgt).

The starting pointz,, the best known point* and the bounds are given in Table 3.3.
The parameterd, A,.;,, andAy are taken respectively &€)01, 10-7, and0.1 times

the variables ranges. Note that this problem can be solved more efficiently by other
MDo-specialized optimization methods, as in [113], but the purpose of the results shown
here is to make a comparison between the basioMalgorithm and the coupling of

MADS and WS.

Results on Figure 3.9 and Table 3.4 show the same trend as the ones for the analytic
problem: the use of the s improves the global quality of the solutions, at the cost of
additional evaluations. Here, the runs that stand out as the best ones are for algorithms D
and D+F (\Ws with surrogates). The use of thesBtrategy and surrogates in algorithm
D+F gave excellent results by lowering the number of evaluations for almost the same
quality of objective function value. For this problem thel SEARCH seems not very
appropriate, even when combined with th®4/SEARCH

3.5.4 An engineering problem: styrene process optimization

The problem is to optimize is a styrene production process simulation. Optimization
of chemical processes simulation using an outside optimizer has previously been studied
in[11,32,52]. The styrene production process is divided into four steps: reactants prepa-
ration (pressure rise and evaporation), catalytic reactions (as in [112]), styrene recovery
(first distillation), and benzene recovery (second distillation). There is also an important

recycling of unreacted ethylbenzene. All these steps appear in Figure 3.10.

A chemical process simulator was developed based on the SMS (Sequential Modular
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Tableau 3.3: NbO problem: starting pointa(,), best known point«£*), and bounds
(L, U € R").

’ o x* \ L U ‘
0.25 0.40 | 0.10  0.40
1 0.75 0.75 1.25
1 075 | 0.75  1.25
0.5 0.156244 0.1 1.0
0.05 0.06 0.01 0.09
45000 60000 | 30000 60000
1.6 1.4 1.4 1.8
5.9 2.5 2.5 8.5
55 70 40 70
1000 1500 500 1500
f -535.82 -3964.20
(infeasible)

Simulation) paradigm. SMS is a widely used approach [50, 103, 111], mostly because
it relies on fast iterative methods. For some given operating parameters, each block
can compute its output only when its input has been calculated. The main deficiency is

recycling loops: the first blocks of the loop require the evaluation of the lasts ones.

The black-box simulator uses some common methods such as Runge-Kutta, Newton,
Wegstein (fixed point), secant, bisection, and many other chemical engineering related
solvers. The objective is to maximize the NPV (Net Present Value) of the styrene pro-
duction process project, while satisfying industrial and environmental regulations. This

is given by

—~ (S, —C)(1-T,) = I; + D;
NPVZZZ:;( )((1+Tr§i
where the index denotes a year betweérandn, S; the sales(; the operating costg,,
the income tax ratel; the investmentD; is the depreciation, arifl. is the actualization
rate. The source of difficulty in the optimization problem is tegtC;, I;, andD; are
functions of the simulator output. This output contains information such as equipment

sizing, flow rates and compositions, units efficiencies, power needs, and so on. The sim-
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Figure 3.9: Mbo problem: f (objective function value) versugpit (number of fixed
point iterations).

ulation of the process must be successfully performed before the constraint and objective
functions are evaluated. Tables 3.5 and 3.6 give additional information on the problem

characteristics.

The surrogate is obtained by using greater tolerance values and smaller maximum num-
bers of iterations in the various numerical methods. As opposed to the pob-

lem of the previous subsection, computational comparison between true and surrogate
functions is not trivial. Intensive tests suggest that one true evaluation has approxima-
tively the same cpu-time of three surrogate evaluations. For the results in Figure 3.11
and Table 3.7, therfeval” value is then an approximation of the evaluations cost, ob-
tained byneval defined to be the sum of number of true evaluations, plus a third of

the number of surrogate evaluations. Because of thisg! exceeds in some cases the
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Tableau 3.4: Nbo problem: testing parameters and numerical results.

FEED

preparation
HEATER

PUMP

MIXFEED

reactor

"@—l

PFR

parameters average objective (f) fpit
algo.| LH VNS Ds Sgte| obj. (f) fpit best worst|  best worst
(Av)  (p)
A no no no no| -3101.39 54253 | -3964.20 -1588.35 | 27273 94815
B yes no no no| -3443.09 94881 | -3964.20 -1355.66 | 18328 201797
C no 0.1 no no | -3954.30 91963 | -3964.20 -3685.85 | 51513 152713
D no 0.1 no yes| -3964.16 38193 | -3964.20 -3964.03 | 18339 125261
E yes 0.1 no no| -3962.66 113342 | -3964.20 -3937.25 | 56589 165063
F no 0.1 0.25 no | -3952.61 108393 | -3964.20 -3640.72 | 55429 175015
D+E | yes 0.1 no yes| -3961.38 65586 | -3964.20 -3881.93 | 26220 148164
D+F | no 0.1 0.1 yes| -3950.60 30200 | -3964.20 -3657.49 9984 69839
Reactants Catalytic Styrene recovery

DEGASOR

SPLITER

SEP-STY

COOLER

upper bound ot 0000. The scaling is this time done directly in the black-box code with

OUT-STY

Figure 3.10: Flowsheet of the styrene production process.

new unified bounds of0 1]. The fixed parameters used for these serie3¥)dests are
[Ag A Ay]T =10.001 107 0.05)7.

Figure 3.11 and Table 3.7 do not suggest a clear domination of aisesiategy over all

others. However, one may observe that algorithms C and E usisgye the more sta-

ble runs in the sense that they very often produce a good solution with only a few outliers

(this is mostly apparent in the plots of Figure 3.11). Runs usirgp®and MADS with

LH SEARCH could not reach the best objective function valuesns\systematically

generated the best solutions.
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Tableau 3.5: Styrene problem: variables and objective description, starting pgint (
best point found«*), and boundsi, U € R").

] description units| Zo ot | L U |
outlet temperature in block HEATER K 870 1100 600 1100
length of reactor (block PFR) m 13.88 16.9836 2 20
light key fraction in block SEP-STY  — 0.086014 0.0968282 | 104 0.1
light key fraction in block SEP-BZ  — 0.008092 0.0001 | 1074 0.1
outlet pressure of block PUMP atm 7.22 2 2 20
split fraction in block SPLITER — 0.2599  0.224742 | 0.01 0.5
air excess fraction in block FIRE ~ — 1.668 1.96261 0.1 5
cooling temperature of block COOLER K 330 403.025 300 500

f=—-NPV -$ | -10942600 -33539100

3.6 Discussion

This paper proposes a generic way to incorporate theetaheuristic into theEaARCH
step of the M\Ds algorithm. Notice that a similar combination was recently detailed

in [123] where a generic particle swarnP& SEARCHstrategy is defined.

Our proposed algorithm belongs to the generalid framework, and thus preserves all

of its convergence properties. The algorithm remains simple, with only two additional
parameters: the N's mesh size parametek, used in the shaking, and the optional
descent stopping parameter In the numerical results presented we either uded

to be one tenth, one twentieth or one hundredth of the range of the variables. In our
software packages we will use one tenth as the default value. We observed that the
algorithm was more sensitive to the descent parametand will not attempt to suggest

default values.

The algorithm was applied to three problems and compared to classixsMith or
without the classic Latin Hypercube ) SEARCHstrategy. Good results were obtained

in terms of quality: the random aspect of theabk directions is attenuated, leading

to more stable solutions. This improvement in terms of quality generally comes at the

price of a higher number of black-box evaluations, buts\6eems to use these additional
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Tableau 3.6: Styrene problem: constraints description, with partition into three groups.

| group

|

| description of constraint;

|

simulator

true if the simulation has succeed

process

J
1
2
3
4

true if column SEP-STY is structurally acceptable
true if column SEP-BZ is structurally acceptable

regulations orCO and NO,, are met
minimal purity of produced styrene
minimal purity of produced benzene

true if mixture in FIRE can burn and if environmental

minimal overall ethylbenzene conversion into styrene

economics

maximal payout time
minimal discounted cashflow rate of return
maximal total investment

maximal annual equivalent cost

evaluations more efficiently, compared to other methods suchasERRCH
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Figure 3.11: Styrene problent: (objective function value) versusval = true evalua-
tions+ surrogate evaluatiors.

Tableau 3.7: Styrene problem: testing parameters and numerical results.

parameters average objective (f) neval
algo. | LH VNS Ds Sgte obj. (f) neval best worst| best  worst
(Av) (»)

A no no no no| -28334450 2036 | -29189900 -26104800 | 722 7159

B yes no no no| -29397777 4612 | -32650700 -24822000 | 1236 10000

C no 0.05 no no | -31974893 4919 | -32932200 -28417900 | 1503 10000

D no 0.05 no yes| -30382607 2811 | -32783500 -28266000 | 775 11193

E | yes 0.05 no no | -32339227 6145 | -33539100 -28566200 | 2410 10000

F no 0.05 0.005 no | -31278540 5001 | -33046500 -28765300 | 1538 10000
D+E | yes 0.05 no yes| -30302470 4562 | -32881500 -26903100 | 911 10681
D+F | no 0.05 0.005 yes| -30132383 2703 | -32793100 -26222400 | 783 11280
E+F | yes 0.05 0.005 no | -32304503 7184 | -33063200 -29173800 | 1898 10000
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CHAPITRE 4

PARALLEL SPACE DECOMPOSITION OF THE MESH ADAPTIVE DIRECT
SEARCH ALGORITHM !

Charles Audeét  J.E. Dennis Jt. Sébastien Le Digabél

October 2007

Abstract

This paper describes a Parallel Space Decompositiem)(Eechnique for the Mesh
Adaptive Direct Search (MDs) algorithm. Mabs extends Generalized Pattern Search

for constrained nonsmooth optimization problems. The objective here is to solve larger
problems more efficiently. The new methods@MADS) is an asynchronous parallel
algorithm in which the processes solve problems over subsets of variables. The conver-
gence analysis based on the Clarke calculus is essentially the same as feichaliglo-

rithm. A practical implementation is described and some numerical results on problems

with up to 500 variables illustrate advantages and limitationsso-M ADS.
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4.1 Introduction

The paper considers optimization problems of the form

min f(z) , (P)

€N

where the objective functiofi: 2 C R* — RU{oc}. The feasible regiof is assumed

to satisfy a nonsmooth constraint qualification, and we only assume the presence of an
oracle to tell whether or not a givenc R" is feasible. We are concerned primarily with
cases wher¢(x) or the oracle are given by black-box computer simulations, which are
assumed to evaluate in finite time. This is common in engineering design. Indeed, the
reason we allovyf (x) to take on the valuec is that for many such problems, no value of
f(z) isreturned, even for somec (2, because of the internal workings of the simulation
used to drive the design. See [3,8,23,27,58,71,79, 96].

There are other useful derivative-free direct search methods designed for problems sim-
ilar to P. These include the Nelder-Mead simplex [101], th@ EcT algorithm [54, 62,

77], frame based methods [40, 106], the Generalized Pattern Seareh[18, 29, 120],

the Asynchronous Parallel Pattern Searclr#8 approach [64, 74, 80, 83, 84], and the
Mesh Adaptive Direct Search (Mbs) [4,20]. Related is the implicit filter method [78],
though it does use a coarse difference gradient approximation. The reader may con-

sult [78,81,89] for a survey of some of these direct search methods.

Using these methods to solve expensive problems with more than a few dozen variables
may be impractical since they may need a large number of costly black-box evaluations.
One possible approach is to use parallelization. Dennis and Wu [49] reviewed differ-

ent parallel methods for continuous optimization and concluded that a combination of
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Gpsand the Parallel Variable Distribution {B) of Ferris and Mangasarian [53] should

be considered.

PvD is an evolution of the block-Jacobi technique of [25] which optimizes in parallel a
series of reduced subproblems on subspaces of the original varialiesltie present

paper is based on the remark of Dennis and Wu. Dennis and Torczon [47] described a
first parallel version of s which evaluates the black-box evaluations in parallel and
synchronizes at each iteration to compare solutions and update the current iterates. The
Asynchronous Parallel Pattern Searclep5[64, 80], removes this synchronization bar-

rier. In APPS each process explores the space of variables using its own set of directions
and does not wait for the other processes to terminatersAs expected to be more
efficient than the synchronous version of [47], especially if the black-boxes have hetero-
geneous behavior that depends on the point where they are evaluated. A convergence

analysis is presented in [84] for the smooth case.

Our work applies a decomposition of the variable$dbased on the block-Jacobi tech-
nique of [25] that inspired the\® method of [53]. This allows a natural parallel appli-
cation of MADS to smaller subproblems, in an asynchronous way. The new algorithm,
called BSD-MADS, can be interpreted as a particular instance afdd, thus inheriting

the main results of the WDs convergence analysis.

The paper is divided as follows: Section 4.2 gives an overview of the Parallel Space
Decomposition and MDs methods. Section 4.3 presents the new asynchronous paral-
lel algorithm, BSD-MADS, and Section 4.4 shows that the main convergence results of
MADS are maintained by showing that the entiredPMADS algorithm may be inter-
preted as a specific Mds instance. An implementation ofS®-MADS is described in
Section 4.5, with some numerical results on problems with a number of variables rang-
ing from 20 to 500. Finally, Section 4.6 gives some conclusions and proposes possible

extensions of BD-MADS.
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4.2 Relevant literature

This section presents an overview of parallel space decomposition methods, and the
Mesh Adaptive Direct Search algorithm. Ads, its convergence analysis and its-L
MADS implementation are described in detail, since Sections 4.4 and 4.5 depend on

them.

4.2.1 Parallel space decomposition methods

Parallel space decomposition methods decomgdseto a finite number of smaller
dimension subproblems, which can be solved in parallel with one process assigned to

each subproblem.

DefineN = {1,2,...,n} wheren is the number of variables of the optimization prob-
lemP, and@ = {1, 2, ...,q} whereq is the number of available processes. Each process
p € @ works on a nonempty subsat, C N of the variables. The other variables are
fixed, based on the incumbent solutioh € (2, the current best known solution. More

precisely, process € () works on the optimization subproblem

min f(x) (Pp(z7))

x€Qp(x*)

with Q,(z*) = {z € Q : 2; = 2} Vi € N,} andN, = N\ N,. The subprobler®,(z*)
containsn, = |N,| free variables, indexed hy,. In Section 4.5 we propose a strategy
to build the subsets/,,.

The block-Jacobi method in [25] is an iterative two-steps algorithm and may be de-
scribed in a very general way as follows. At each iteration, the first steppdtad-
lelization, consists of solving the subproblems in parallel, and the second stegyrthe
chronization gathers the subproblems solutions and constructs the next iterate. Similar
methods are described in [66, 94, 122].
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A variant of the method was introduced by Ferris and Mangasarian [53], as the Parallel
Variable Distribution (RD) for a differentiable objective functiorf with continuous
partial derivatives. In order to solve the subproblems more efficiently, ¥merRethod
allowsa priori fixed variables to change in a limited fashion, along directions typically

based orV f. These variables are denoted as “forget-me-not” terms.

The convergence analysis in [53] requires that subproblems be solved to optimality. In
the unconstrained case,Vff exists and is Lipschitz, then the accumulation points of
the generated sequences are stationary points. In additibis issumed to be convex,

the convergence rate is shown to be linear. Whiés nonempty, closed, convex, block-
separable, and the functions defining it are also continuously differentiable, convergence
results are still available. When there are general constraints, Ferris and Mangasarian
recommend transforming the problem into unconstrained problems via penalty functions

or exploiting possible block-separable constraints.

These are parallel synchronous algorithms because the synchronization step waits for
all the processes to end. The conclusion of [53] is that an asynchronous version of the
algorithm would increase efficiency. This is done in [90] for unconstrained problems,

where the synchronization step is dropped at the expense of the convergence analysis.

Extensions of the b method are given in [109, 115, 116] with similar convergence
results to those in [53] under less restrictive conditions. For example, subproblems do not
need to be solved to complete optimality, as for example when one Newton-like iteration
is used. A convergence analysis for the constrained case is given with either block
separability or convexity assumptions on the structur@.ofThese are not reasonable

assumptions for our target class of engineering design problems.

In the above references, no practical and generic strategy is given concerning the choice
of the subproblems variables (s€¥s). However, the sets do need to form a partition
of N, and they are fixed throughout the entire process. In the parallel space decomposi-

tion [60] the subspaces can be chosen differently at each iteration.
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In Fukushima [61], the D method is extended to a more general framework for uncon-
strained problems. The sets of subproblems variables are not fixed through the iterations,
are not required to form a partition @f, but they must spafv. In particular, an over-
lapping of the subproblems variables is allowed. Some experiments with such methods

are given in [124].

More recently, the MoVars algorithm [26] combines thesGmethod with the syn-
chronous RD framework (including the “forget-me-not” terms from [53]) on fixed sub-

setsN,, but there is no convergence analysis.

In most of the references of this sectighis assumed to be at least differentiable, and
constraints, if they are considered, are block-separable or convex. These assumptions are
not reasonable for the problems of interest to us, and thus, our convergence analysis does
not rely on the analysis of [53] or its extensions. Rather, by incorporating $Mwith

its weaker hypotheses, we will inherit theAds convergence analysis. It will also

give us greater flexibility concerning the choice of the subsétsthe way we handle
constraints, the amount of work we must devote to the subproblems, and the lack of

necessity for a synchronization step.

4.2.2 Mesh Adaptive Direct SearchMADS)

We now summarize the Nbs algorithm [20] for problen, which extends the Gener-

alized Pattern Search (GS) algorithm for linearly constrained optimization [29, 120].

The constraints defininf are handled by the extreme barrier approach, as in [20, 86,
87]. This means that trial points outsifleare simply rejected by setting their objective
function value tooo. Of course, this requires that the user provides a feasible initial
pointz, € Q2. We make the standard assumption that all the trial points generated by the

algorithm lie in a compact set.

MADS is an iterative algorithm where the black-box functions are evaluated at some trial
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points that are either accepted as new iterates because they are feasible and decrease the

objective, or they are rejected.

All trial points generated by these algorithms are constructed to lie on a mesh

M(A) = | J{zr+ADz:zeN""} CR" (4.1)
zeV

where the sel/, called thecache is a data structure memorizing all previously evaluated
points so that no double evaluations ocelire R* represents a mesh size parameter,
and D is an x np matrix representing a fixed finite set of, directions inR". More
precisely,D is called the set of mesh directions and is chosen solthat GZ, where
G is a non-singulan x n matrix, andZ an x np integer matrix. The definition given
by (4.1) differs slightly from the one in [20]. There the mesh was indexed by the iteration
number instead of being parameterizeddyThe reason for this difference is that our
parallel algorithm will be working simultaneously on different size meshes originally
generated at different iterations. Note also that in order to simplify the notation, the

mesh size parametéx used here is the equivalent &f" in [20].

Each iteration is divided into three steps, $heARCH the POLL, and an update step
determining the success of the iteration and producing the next iteratsERRCHand

POLL are treated specially in that tireLL needs not be carried out at an iteration if the
SEARCH finds a better point. At each iteration, the algorithm attempts to generate an
improved incumbent solution on the current mégkiA,), whereA, is the mesh size
parameter at iteratioh. The SEARCH step is very flexible and allows for trial points
anywhere on the mesh. The way of generating these points is free of any rules, as long
as they remain on the current mesh(A;) and that thesEARCH terminates in finite

time. SomesEARCHStrategies can be tailored for a specific application, while others are
generic, such as the use of Latin Hypercube sampling [118], or Variable Neighborhood

Search [12]. In summary, if one wants to define a neadd algorithm with its specific
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SEARCH, all that needs to be done to ensure convergence is to show thegrcH

requires finite time and generates a finite number of trial points lying on the mesh.

ThepoLL step explores the mesW (A, ) near the current iterate, and its rules ensure
theoretical convergence of the algorithm. The way of choosing the directions used to
generate theoLL points is the difference betweenrGand MaDs. In GpPs, the nor-
malized set of potentisg#oLL directions must be chosen from a finite set that is fixed
across all iterations. In kDS, the directions may be chosen to be asymptotically dense
in the unit sphere, which allows better coverage. We use the terminology of [40, 106]
and say that at iteratiok, the set of trialPoLL points is called the fram&,. The set of

directions used to construg, is denotedD,,, and it is not a subset db.

In the last step of théth iteration, the mesh size parameter is updated according to
Ay — Ay, wherer > 1 is a fixed rational number and, an integer that depends

on the success of the iteration. When no improvement is made, the iteration is said to
fail, andwy, is taken to be an integer in the interyal—; —1] with w= < —1, forcing the

next trialPOLL points to be closer to the current iterate. When a new best iterate is found,
the iteration is said to succeed, af\d is possibly increased withy, in [0;w™], with the
integerw™ > 0. In the LTMADS implementation of [20]7 is fixed to4, w~ = —1, and

wt =1.

A high level description of the algorithm is summarized in Figure 4.1. We encourage the

reader to consult [20] for a complete description.

4.2.3 MADS convergence analysis

We will summarize the main convergence results foxid given in [20]. These results
assume that constraints are treated by the extreme barrier approach, and they constitute a
hierarchical series of results relying on the Clarke calculus [35] for nonsmooth functions.

Cone definitions are also given in [35].
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MADS

[0] Initialization
| 20€ QA0 >0,k 0
[1] POLL and SEARCHSteps
objective: find ay € M (A) N Q2 such thatf(y) < f(zk)

SEARCHSstep(optional)
evaluate the functions on a finite number

of points of M (Ayg)
POLL step(optional if thesSeARCHSstep succeeded)
computeng;, MADS directionsd; € R™
evaluate the functions on the A s frame

Py ={xp+ Agd; :i=1,...,ng;} S M(Ag)

[2] Updates

xi+1 < y (iteration success) aty, (iteration failure)
Aji1 — Tk A (reduced if iteration fails)
kEe—k+1

goto [1]

Figure 4.1: High level description of the Abs Algorithm. The directiong); are positive
integer combinations of the columns bf The SEARCHOr POLL steps can be stopped
before all evaluations are terminated (opportunistic strategy).
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The main theorem is that under a local Lipschitz assumptiorf,cend under the as-
sumption that the set of all normalizeLL directions is dense in the unit sphere, the
algorithm produces a Clarke stationary point. More preciselypBlgenerates a point

z € Q at which the Clarke generalized directional derivativeg af all the directions

in the Clarke tangent cone atare nonnegative. The only assumptions needed are that
f is Lipschitz near: and the constraint qualification that the hypertangent core atf

Z iIs nonempty. A corollary to this result in the unconstrained case is thfasistrictly

differentiable neat;, thenV f(z) = 0.

The convergence result that requires the least assumptiofisuod(?, the zero'th order
result, is that M\Ds generates a limit poirit, which is the limit of mesh local minimizers

on meshes that get infinitely fine. The notion of local optimality is with respect to the
currentPoLL set, defined using a positive spanning set of directions. More formally,
MADS generates a convergent subsequence of itefaigscx C 2 such thatr, — z,

and f(zy) < f(xx + Agdy) for all directionsd,, in a positive spanning s€b,, and
|Axdk| — 0.

The price to pay for our new capability to handle a large number of variables is that
this last convergence result will be lost. We will consider at$ algorithm whose

POLL set contains a single element instead of being built using a positive spanning set
of directions. We will refer to this assingleoLL MADS algorithm, and it still retains

the property of generating asymptotically dense polling directions.

The next section discusses theNLADS implementation of the MDs algorithm. Lt-

MADS uses positive bases to construct HeaL sets. It is stated that the union of theses
normalized directions forms a dense set because if one looks closely at the proof in [20],
one sees that it is the subset of singletL normalized MADs directions that grows
dense in the unit sphere. Thus, with the assumption of local Lipschitz continuity, the

main convergence result guaranteeing a Clarke stationary point holds.
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4.2.4 TheLTMADS implementation of MADS

The SEARCHandPOLL steps need to satisfy certain conditions for the convergence re-
sults to hold. In particular, one of these conditions is that the total set of normalized
PoLL directions used by the algorithm be dense in the unit sphere. In [20] there is a

practical way of accomplishing this through theNMADs implementation of MDs.

LTMADS fixes T to 4 and the set of mesh directiois = [—1,, I,,] wherel, represents
the n x n identity matrix. The mesh is based on the nonnegative integer Valde
—log,(Ay), Ax = 47¢, and directions are constructed randomly using a lower triangular
matrix. One of these directions is a special case and fixed for each valueTdfis
direction, called(¢), has one coordinate (the largest in absolute value) se2tso that

POLL points are withiny/A,, of thepPoLL centerz,, in the/,, norm.

The result stated in [16, 20] is that with probability one, the series of normalized direc-
tionsb(¢) grows dense in the unit sphere. ITMADS, the directiorb(¢) is augmented at
each iteration with other directions to form a positive spanning set of polling directions.
We will, as explained in the preceding section, construct a singla- MADS algo-
rithm with dense polling directions using only th¢/) directions, but the zero’th order
convergence result of Mbs is lost. Also, because we are not polling at each iteration
in a positive spanning set of directions, the mesh size might drop too quickly with this
singlePoLL version of MADS, and so thesEARCH step is of extra importance. This

is the key to the BD-MADSs algorithm described in the next section: one process ex-
ecutes a singleoLL MADS algorithm, while the work of the other processes may be

interpreted as aEARCHSstep.
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4.3 Parallel Space Decomposition d#1ADS

This section describes the combination oAlYs with a parallel space decomposition
method. The resulting algorithm is called®MADS. It is an asynchronous parallel
algorithm where a master process decides on the subSets N and assigns the re-
sulting optimization subproblen’8,(z*) to slaves. The slaves applyAds to attempt

to improve the incumbent solutiort. No synchronization step is performed. When a
slave completes its assigned task, the master assigns a new subproblem with a possibly

new N, andz*.

4.3.1 General description ofPsb-MADS

While PSD-MADS is an asynchronous parallel algorithm, the notion of iteration is kept,
and corresponds to two successive calls by the master to one special slave, called the
pollster slave, described more precisely in Section 4.3.2. The pollster slave executes a
singlePoLL MADs algorithm on the entire problef, while the other slaves, called the

regular slaves, work on the subproble®s(z*).

Each subprobler®,(z*) is a subproblem oP with a reduced number of variables in-
dexed by the se¥,. When an optimization process terminates, the slave communicates
its progress to the master. If it has found an improved solution, then that becomes the
new incumbent solution. The slave immediately starts work on a new subproblem as-

signed by the master. There is no need to synchronize all the slaves.

With several MADS instances executing in parallel, it is necessary to define different
mesh size parameters: firét] corresponds to the mesii(A’) used at iteration of the
MADs algorithm performed by a regular slavg This mesh size parameter is denoted
differently for the pollster slave, with ] (notice the same iteration counteused both

for the pollster slave andd®»-MADS). Al is called thepollster mesh size parametat

iterationk of Psb-MADSs. Finally, an additional mesh size paramet®}!, is called the
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master mesh size parametdihe mesh\/ (A) is never used explicitly, but it is useful
for comparing the two other mesh&s(A}) and M (AY). At iterationk of Psp-MADS,
and at iteratiory of the MADs algorithm performed on a subproble(z*) by a regular

slaves, for p € {2,3,...,¢ — 2}, the BSD-MADS construction ensures that
Ap <A< AY (4.2)

Inequalities (4.2) are formally proved in the convergence analysis of Section 4.4, where
PsD-MADSs is interpreted as a valid singlsaLL MADS instance performed by the poll-
ster slave. An additional hypothesis on the different meshéa}’), M(A}), and

M (AY) is necessary:

Hypothesis 4.3.11f two mesh size parametefs and A’ satisfyA = A’ wherew €
N, thenM (A) C M (A').

This assumption holds for thesB-M ADs implementation given in Section 4.5.

The g processes are partitioned into a masjer, 2 slaves, and a cache server (process
numberq — 1), which memorizes all points that have been evaluated.qThe slaves
include the pollster slave (process numbgrandqg — 3 regular slaves. The notation
s, Withp € @\ {¢ — 1, ¢} is used to identify theg — 2 processes assigned as slaves,
andQ,., = {2,3,...,¢ — 2} is the set of indices of the — 3 regular slaves. Theth
process is used as the master, which defines the lower dimensional subprghlers

and communicates them to the slaves.

An advantage of applying the parallel space decomposition method\tushvhstead of
another optimization method is that most of the conditions necessary for convergence
in the other parallel space decomposition methods mentioned in Section 4.2.1 can be

relaxed:

e { and the functions definin need not be differentiable, and there are no con-
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ditions on the constraints other than requiring a feasible initial pgirg €2, and
a nonempty hypertangent cone at a limit point. Constraints are easily handled by

the extreme barrier approach;

e There is no synchronization step [53]. Each process takes the current best solution

as its starting point without waiting for another process to terminate;

e The choice of setd/,, p € Q,, U {1}, is completely flexible and dynamic. More-
over, setsV, do not have to define a partition of the variables, and some variables
can belong to more than one set. An example for a practical strategy deciding the

setsN, is given in Section 4.5.

This new algorithm is not a particular case of the method in [61], which generalizes
many parallel variable decomposition methods, since general constraints are allowed,
andf is not assumed to be smoothsB2MADS is also different from the recent MoVars
algorithm [26], which does requir&/, to partition the variables, because it provides

a convergence analysis, dynamically changes the Sgtsand it is an asynchronous

parallel method. The next sections describe precisely the role of each process.

4.3.2 The pollster slaves;, on M (A})

The pollster slave; has a special role; its set of variables is always fixe¥te= N, so
that it works on the original problerR. Due to its greater impact on the algorithm and

to distinguishs, from the other slaves, we call it the pollster slave, or simply the pollster.

To reduce the expected high number of evaluations done by the successive pollster in-
stances, a singleoLL MADs algorithm is used (theoLL directions are reduced to a
single element), with the conditions that the union of all the normalized directions used
throughout the algorithm are dense in the unit sphere, and that the norms of those direc-

tions is in the proper relation with the mesh size parameter.
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Moreover, the pollster is limited to only one Abs iteration, with noSEARCH step and
onePoOLL step. It follows that at most one function evaluation will be performed (zero
function evaluation if the uniqueoLL trial point is in the cache), and the pollster mesh

size parametef; will not be updated (this is done by the master).

The notation M\DS(pollster) or MADS(s;) refer to the singleeoLL MADS algorithm
performed by the polister. Mbs(polister) is defined so that its mesh size paramater

cannot be larger than the master mesh giZeat iterationk of Psp-MADS (see (4.2)).

The pollster pseudocode is shown in Figure 4.2. The pollster mesh size is updated by
the master. The best obtained solution is describedl, byhich is sent to the master.
The convergence analysis in Section 4.4 is based on the pollster, and on the fact that

consecutive runs of MDS(s;) form a valid singleroLL MADS instance orP.

Pollster (p = 1)
given the master data (pollster mesh sizg starting pointz)
solve problen: MADSs(pollster)
— terminate after a single evaluation
send optimization data to master (pollster solutigh

Figure 4.2: Pseudocode for pollster slavead(polister) considers att variables with
the singlepoLL directiond(?), and terminates after one iteration.

4.3.3 The regular slaves:; to s, 5, on M(Af)

The regular slaves,, p € Q,.,, work on subsetsv, of NV, and use positive spanning
sets of directions. The Wbs algorithm working on probler®,(z*) and performed by

slaves,, is designated by MDS(s,).

Subproblen,(z*) is defined as &V,,| variable problem since all the variablesii\ NV,
are fixed. Trial points generated byA#Ws(s,) are then inR", with some coordinates

fixed. The values of these fixed coordinates are directly taken from the starting point for
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MADS(s,), i.e.,z*, the incumbent solution. The user supplies a paraméigy,,.. > 0,
that indicates the maximum allowed number of black-box calls for the application of

MADS to the optimization of a subproblem.

The pseudocode for the regular slaves is shown in Figure 4.3D9¢%,) generates
trial points on meshes of sizes], wherej is the iteration counter of the subproblem
algorithm. The initial mesh siz&f for MADS(s,) is set by the master. The value of
the parameteA? . also is supplied by the master, and equal$, wherek is the Psp-
MADS iteration at which M\DS(s,,) started. Finally, we impose that no mesh size for
MADS(s,), p € Qreq, €XCEEdS the $D-MADS initial mesh size A§*", provided by the
user. MADS(s,) terminates ifbbe,,,, evaluations are made, or if a minimal mesh size
AP

min

is reached. The final mesh siz&Y,,), and the best solution found), are sent

to the master.

The union of all regular slaves Ms(s,) instances is interpreted assaARCH step for
the total problem singleoLL MADS algorithm. This is important to the convergence

analysis in Section 4.4.

Slaves,, (p € Q)

given the master dat

starting solutione,, set of variablesV,
solve subprobler®,(z*): MADS(s,)

— terminate whem\? < A? ;or afterbbe, . function evaluations

send optimization data to master

(final mesh size\?,, ,

initial and minimum mesh size&}, A” )

slave solution,, )

Figure 4.3: Pseudocode for slaves processes. Does not include pollster slave, which is
specifically described in Figure 4.2.
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4.3.4 The cache server(f — 1) process)

The cache server is a specialized process that simply memorizes all evaluated points.
Each time a process generates a trial point, the cache server is interrogated in case this
point has already been evaluated, to avoid unnecessary expensive functions evaluations.
The cache server provides the global availability of any improvement made by any slave.
This is interpreted in Section 4.5 as8ARCH step (thecacheseARCH) by the regular

slaves on their subproblems.

4.3.5 The master {" process)

The master process coordinates the work of¢he2 slaves. It waits for slave results,
updates data, and assigns work to slaves. It only evaluates the black-box functions at the

starting pointz.

The master process provides the master mesh/sjZeat iterationk of PSD-MADS,
which is the link between the mesh siz&$ andA? on which the different MDs(s,),

p € Qo Work. The initial master mesh size)’ = Ays" is set by the user.

The master process updates the pollster mesh/sjzefter a pollster instance termi-
nates. If no improvement is made by any slayéo s,_; during iterationk, the iteration

is a failure and the pollster mesh size is reduced. If the iteration succeeds, then the poll-
ster mesh size is increased. In all cases, the pollster mesh size is smaller than the master
mesh size (4.2). The value of the pollster mesh size is also kept less than or equal to
Auser

For all regular slaves, to s,_1, the minimal mesh sizA? . is set to the current value

of AM. This, as is explained in more detail in the convergence analysis, leads to the fact
that at iterationt of PSD-MADS, no regular slave can generate trial points on meshes

finer than)M (A}), and that all the slaves work in fact on the pollster mesh of Aize
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The master process pseudocode is described in Figure 4.4, and the pollster mesh size
update is detailed in Figure 4.5. The pseudocode for the master process implies that
when the master mesh size is updated, it is always possible to find an integ€0; w]|
such thatr** A} < min,eq,,, AP ,;,. The next proposition shows that = 0 is always

a candidate.

Proposition 4.3.2 At iterationk of thePsD-MADS algorithm, there exists a nonnegative
integeray, such thatr** A, < minyeq,., AY

min"®

Proof. At iteration 0, we defined (Figure 4.4); = A} = Ay (= minyeq,., AV;)
soay = 0 satisfies the hypotheses. Then, following the algorithm in Figure 4 —
AR andminyeq,,, A}, at iterationl is equal toA§**". The algorithm in Figure 4.5

m

ensures thaf\] is bounded above byx¢**", and thereforev, = 0 is a possible value.

Suppose, by way of induction, that for soe> 2, the proposition is true at iteratidn-

1. It follows thatAY = 7oA} | < minyeq,., AD

man’?

and as it corresponds possibly
to a new value fol\? . . p € Q,.,, the new smaller possible valuewin,cq,., Al ., at

iterationk remainsA. The largest value thak} may take is alsa\}?, which shows

ay = 0 again applies, thus validating the result by induction. .

This proof allows all values af, to be zero, but in practice, non-zero values are likely.
For example, if iteration failed andAl = Ause”, then the following mesh updates are

preferred:A) — Ay (a; = 0) andAj} «— Ay /4. Note thatmin,eq,., A?

min

is still

equal toA§*" at iteration2, and s, can be eithef or 1.

4.4 Convergence analysis dPSD-MADS

It is shown here that the entire algorithm may be interpreted as a shagleMADS al-

gorithm applied to the original problef and that conditions are met so that the main
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Master

[0] initialization
r*— 20 € QAL — AY — AW >0,k —0,w” < -1, w0t >0
start MaDs(pollster) with A§*°", xo)

forall (p € Qrey)
construct the set of indice§, and setA? . — A)

| | start MADs(s,) with (Ag*", A7, o, Np)
[1] iterations
given values from a slave, (A%, ,)

if (f(zp) < f(z*)) (success)
‘ Tr— 1)
if (p=1) (pollster,AﬁtOp corresponds tm&}C)
AP — T AL < pre%in AP with oy € [0;w™]
A}, « %A} (detailed in Figure 4.5)
k—Fk+1
start MADS(pollster) with A, z*)
else(regular slave)
constructi,

AP A{y

Af — T AL, with v € Z and so that\)! < Af < Apser

start MADS(s,) with (Af, AP .. x*, N,)
goto [1]

Figure 4.4: Pseudocode for master proces¥.andA; are the master and pollster mesh

sizes at iteratiork, andA?,  the last mesh size of a slawg. If p = 1, AL, = A} <

AM and elseAy;,, > AM_ The master evaluates the black-boxes just once for
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pollster mesh size update\;  ; «— 79A;
if (iteration success)
wp = oy € [0;w ] (AL — AM )
(pollster mesh size increas&; ,; > A})
else
wg € [w™; —1]
(pollster mesh size decreask},,, < A})

Figure 4.5: Update of the next pollster mesh size ,. In any case, the pollster mesh
size verifiesA} < AM,

convergence results from [20] hold. These conditions are that the regular slaves gen-
erate a finite number of trial points lying on the pollster mesh, and that all these trial
points can be interpreted assgARCH step with the pollster slave providing tireLL

step. This is detailed in Figure 4.6, and we refer to it asygarent pollster algorithm

This algorithm is another way of interpreting thed®*M ADSs algorithm described by the
pseudocodes in Figures 4.2, 4.3, 4.4, and 4.5. Iteratiohthe apparent pollster algo-
rithm corresponds to the iteratidgnof Psb-MADS (used by the master process), and the

notions of iteration success and failure remain the same.

The convergence analysis in this section proves that the apparent pollster algorithm is a

singlePoLL MADSs algorithm with the following components:

e A seARCHSstep performed by regular slaves ss, ..., s,_» on meshes of coarse-

ness larger than or equal f5);

e A POLL step at iteratiork (the same: used by the master process in Figure 4.4)

performed by one call to the pollster slasieon a mesh of siz&\! < AM;

e A mesh update performed by the master process with, — 7*A; and the

_ [0;w*]  iteration success
integerw;, €
[w™;—1] iteration failure.
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Apparent pollster algorithm

[0] Initialization
| 20 € QAY — Af — Ay >0,k —0

[1] POLL and SEARCHSteps
SEARCHstep(by other slaves, opportunistic)

| ask cache server far, € M(AM) C M(A})
SinglePOLL step

| construct and evaluat®, = {z,0} C M(A})
[2] Updates
determine type of success of iteratibn
A}« T+ AL (cannot be larger thaA}’ )
Tpq1 « (25 OF Tpoy OF 1)
kE—Lk+1
goto [1]

Figure 4.6: Detailed pseudocode of the apparent pollster algorithm, the algorithm from
the point of view of the pollster slave. At every moment, a finite numbeb/gf\})

points are evaluated in parallel by other slaves. These evaluations are considered within
the opportunistisEARCHstep.AY is updated by the master after theLL step.

The master mesh size paramete} at iterationk is the link described by inequal-
ities (4.2) between the mesh size ofaBls(polister) and the different mesh sizes of
MADS(s,). Itis updated by the master with theAds(pollster) mesh (via\},,, = Al),

in such a way that, at every iteratignof the apparent pollster algorithm, satisfies

Al < AM. This AY update by the master in the apparent pollster algorithm occurs
when the mesh siz4; is updated, and while its value does not change during the
step, it can possibly be updated during #EBARCH step, since that is performed in par-
allel. This possible change of th&®) value within thesEARCH step of the apparent
pollster algorithm is governed by the fact thaf’ cannot be exceeded by any regular

slave mesh sizeX} < min,cq,,, A?

To show that the apparent pollster algorithm is a valid simghet MADS algorithm

applied to the original probler?, and that the convergence conditions of [20] hold, the
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SEARCHTtrial points, whose evaluations are performed at any time in parallel by the other
slaves, must remain finite in number and on the current pollster mesh at itgratidn

This will be shown via the following propositions.

Proposition 4.4.1 The mesh size parameter at iteratipof the MADS algorithm per-
formed by a slave,, p € Q,c,, On a subproblenP,(z*), satisfiesA? = 777 Ay
for some integer); > 0. This can be extended to the pollster slave at iteratiomith

1 __ ——nr Auser
Ay = TTRAG

Proof. We first show that the proposition is true for the first optimization subproblem
solved by a regular slave,, p € Q,.,. The initial mesh size parameter used for this
MADSs instance isA§*", and with the standard Nbs mesh update rules, at iteratign

AP = 71 AP = = 7X@ Agser. Thenr; = — Y1) w; > 0 because no mesh size

can be larger tharh .

Suppose now that the proposition is true for #feMADs instance performed by, .
In particular, the last mesh size parameter of this instance can be wiitign =
T stor ABSCT wheren,,, IS @ nonnegative integer. From the algorithm described in Fig-
ure 4.4, the first mesh size parameter of the- 1) MADs instance performed by, is
Af = 77AY,,, with v € Z. Then at iteration of the (r+1)" instance A = XS0 Wi AP

andn; = — 377 wi — 7 + nuop > 0 becauseN? < Auer. The proposition can be

extended to the pollster slave with the same induction prodf.on .

Proposition 4.4.2 At iteration £ of PSD-MADS, and at iteration; of the MADS algo-
rithm performed by, (p € @Q.e,) ON a subproblenP,(z*), there exists a nonnegative

integer 3; such thatA? = 7% A},

Proof. From the algorithm in Figure 4.4, the master mesh size parameter, at iteration

k of Psp-MADS, can be writtenAM = 74~ IAl with o, € N, andA} | =
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Tt AR with g, € N, from Proposition 4.4.1. From the same proposition,
the mesh size parameter at iteratipof MADS(s,), p € Q,cy, Can be writtenA’; =
T AT, n; € N ThenAl = 78 AM with 8; = ny_1 — n; — ax—1. The minimal

mesh size parametéY? . considered by MDs(s,) corresponds td\M wherei < k is
an anterior iteration of #>-MADs. The current value oA} was chosen to be smaller

thanmin,cq,., A?

in < AM. Then,Af < AM < A¥ and; is a nonnegative integes
An immediate corollary, with Hypothesis 4.3.1, is that at iteratibio$ PsD-MADS and
j of MADS(s,), p € Qregs M(AY) C M(A}Y).

Proposition 4.4.3 At iterationk of PSD-M ADS, every trial point generated by th¢ADS
algorithm performed by, p € Q,,, ON any subprobler®,(z*), lies on the pollster
meshM (A}).

Proof. From the algorithm in Figure 4.4, the pollster and master mesh size parameters at
iterationk of Psp-MADs are linked withA}Y = 72+ A}, oy, € N. With Hypothesis 4.3.1
and Proposition 4.4.2, at iteratigrof MADS(s,), M (A”) C M(A}Y) € M(A}). Since

all MADS(s,) trial points are constructed aif (AY), they also lie om\/(A}). .

This series of propositions ensures that all the trial points ofStherRCH step of the
apparent pollster at iteratidh) performed in parallel by regular slaves, lie on the current
pollster meshAL. In addition, their number remains finite as the time between two
iterations, corresponding to a single-papaLL, is finite (with the hypothesis that black-
boxes evaluate, or are terminated to retsrnin finite time). The BRb-MADS algorithm,
viewed from the perspective of the pollster slave, thus executes a valid siogle-
MADS search, and the main convergence results of [20] remain valid: betthe limit

of a subsequence ofs®-MADS incumbents at unsuccessful iterations, then:



81

e If fis Lipschitz near: € (2, then the Clarke derivative satisfi¢$(z;v) > 0 for

allv € T# (1), the hypertangent cone fvat 7;

¢ In the unconstrained case andfifs strictly differentiable at;, V f(z) = 0.

As mentioned in Section 4.2.3, the fact that the sirrgbe-L version of MADS is used
sacrifices the zero'th order result of [20], i.€.cannot be said to be the limit of local

optima on meshes that get infinitely fine.

4.5 A practical implementation of PSD-MADS

This section proposes a practical implementation of the-M ADsS algorithm described
in Section 4.3 based on the MADS implementation proposed in [20] and summarized
in Section 4.2.4. An illustrative example and some numerical tests complete the imple-

mentation description.

4.5.1 PsD-MADS implementation
Verification of Hypothesis 4.3.1

The above convergence analysis relies on Hypothesis 4.3.1. An easy way to satisfy
this hypothesis is to simply chooseto be an integer. Indeed, consider the mesh point

x € M(A), and mesh siz& € R. From the mesh definition (4.1},can be written as

y +AY P zd; wherey belongs toV/, the set of currently evaluated points, and the

are nonnegative integers. Now A = 7“A wherew € N andl < 7 € N, thenz can

be rewritten ag: = y + A’ Z?:Dl T 2zd;. It follows that,7*z; € N,i = 1,2,...,np, and
thereforer € M(A’). We have shown that/(A) C M(A') and thus, Hypothesis 4.3.1

is satisfied. In the proposedsB-MADS implementation, the TMADS fixed value of

T =4is used.
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Directions used by the pollster

The LTMADS directionb(¢) is used in the singleoLL MADS algorithm executed by
the polister slave. The union of normalized directio(g, ¢ = 1,2, ..., is dense in the
unit sphere with probability one, andAws(pollster) with theb(¢) direction respects the

conditions for a valid singleoLL MADS algorithm.

SetsN,, of subproblems variables

We take the setd/,, p € @,.,, to be randomly generated by the master using an uni-
form distribution before each subproblem parameters are sent to a regular slave pro-
cess. In order to keep an easy parametrization of tsis-MADS implementation,

the number of variables for each subproblem is fixed throughout the entire algorithm,
|No| = |N3| = ... = |N,| = ns, wherens is a parameter chosen by the user (recall
that for the pollster)N; = N). Furthermore, when MDS(s,), p € Q.4 Succeeds in

improving the incumbent, the same 3étis kept for the next run performed by the slave

Sp-

Mesh update rules

The mesh directions of definition (4.1) are the standarMhDs 2n directions,D =
[—1I, I,]. The following mesh size parameter updates are in accordance withrthe L

MADS mesh update rules:

» Regular slaves mesh siza\’ (at iteration j of MADS(s,), p € Q,c,): after an
iteration fails, the mesh size is updated wif,, «— A’/4 (v; = —1 in Fig-
ure 4.1). If aPoLL step is successfub.g.’ﬂ — 4A§? (w; = 1). In the nextSEARCH

step, if a successful point is found in the cache serveﬁ&?g — 4A cocne Where
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Acqcne 1S the mesh size used to generate this point. Equation (4.3) summarizes

these updates:

min{Ag§*", 4A%} POLL success
AL — ¢ min{A¥ 4A .} CACheSEARCHSUCCESS (4.3)
Al/4 iteration failure.

If A§+1 < AP ., or if the number of new function evaluations exceétls, ..,
MADS(s,) terminates and communicatés,,, = A’ to the master. The next
optimization performed by this slave will start with an initial mesh size parameter
Af equal to4"A%, , with v = 1 if at least one success was achieved since the
beginning of the current optimization (even by another slave), orelse —1.
However, this may lead to a value smaller thif),, = A, and in this case, set
Af — Afy.

The Af choice for the next MDs(s,) is summarized by:
min{A§*" 4AL, '} success

AP (next MADS(s,)) «— stop (4.4)
max{A}, AL, /4} else.

Master mesh sizeA}! at iteration k of PsD-MADS: the update of the master
mesh size is performed by the master after a pollster instance terminstées.

is bounded below by the mesh size parameter of the terminated palisteand
above by the minimum of al\? . values currently used by regular slaves. These

min
AP

P ., values correspond to previous master mesh sizes.

It would be possible to choose the parametgin Figure 4.4 at each update so that
A is fixed to Ag*”, with oy, equal to they, from Proposition 4.4.1. However,
such a strategy would not be efficient as regular slaves would always generate trial

points on the same mesgi (Aj**"). The master mesh size has then to be reduced
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somehow through the$®»-MADS evolution. However, it should not be reduced
too rapidly, or the algorithm would progress slowly, or even terminate prematurely

in practice.

We propose the following strategy: from Figure 44 is updated byA} | —
4ox AL with . € N, and from Proposition 4.4.1)\} = 47" Ause" with some
m. € N. If iteration & succeeded, set, = 7, = log, (Au"/A}) (maximal AM
increase), and elsey, = n, — | (mx + 1)/3] (attenuated\ increase). In both
cases, ifA} | is greater than at least one of the regular slaves mest\§jze then

A is set to the leash? ;  values. This can be summarized by the following:

min

min{ A", min AP 1 iteration success
AN — peQres (4.5)
min {4~ Lm+1)/3] Auser, min AP .} iteration failure.
PEWreg

For example, ifAjs" = AP

in = 1 for eachp € Q,., and if the pollster instance
fails with a pollster mesh size @} = 1/16, then the master mesh sizg! , is
settol/4 (n, = 2, ap, = 1; this is what happens at time= ¢; in the example

described in Section 4.5.2) .

e Pollster mesh sizeA; at iteration % of PSD-MADS: in the case of an iteration

successA;, ; is settoA) | (wy = ay € N), orelseA; ,; = A} /4 (wp = —1):

AM . =min{ Ay, min AP 1 iteration success
VIR PEQres (4.6)
AL/4 iteration failure.

MADS parameters for MADS(s,), p € Qreq

The regular slavep € Q,., solve MADS(s,) using the standard Mbs 2|N,| direc-
tions. All POLLS are opportunistic, meaning that a subproblem optimization terminates

as soon as a better point is found. The one point dyn&BikRCH strategy of [20] is
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also performed: it consists, after a successfoiL step, in evaluating, within a single-
point SEARCH, the black-box functions at a mesh point located further along the same

successful direction.

In addition to theroLL and the one-point dynam&EARCH, MADS(s,) performs a spe-
cialized SEARCH step, which simply consists in querying the cache server for the best
available feasible point. This spec&t ARCHstep generates no additional function eval-
uation and allows every regular slave to know the best points eventually obtained by
other slaves. Note that th&EARCH step has no obligation to give a point lying on the
current mesh of MDs(s,), but this does not influence the convergence analysis as it is
based on the pollstes, and as the point given by thesfe ARCHmMust come from another

slave, thus lying o/ (A}7).

Practical termination criteria

The regular slaves € @,., terminate MADS(s,) as soon as the mesh size paramét?r
drops belowA? . = AM (wherek is the PSD-MADS iteration at which MADS(s,) was
started), or after a finite number @ife, .. black-box function evaluations are made. The
PsD-MADS algorithm is stopped after an overall limit bfed°*@ black-box evaluations

max

is reached.

The PsD-MADS implementation described above is illustrated in the next section, where

an example of a few steps is presented (Figure 4.7).

4.5.2 A detailedPsD-MADS illustrative example

We consider a problem withh = 4 variables ang = 5 processes (one pollster, two regu-

lar slaves, one master, and one cache). The two regular slaves have a bimjt of = 2
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evaluations, and their sets of variables are of cardinakty= 2. The initial (and maxi-

mal) mesh size value &}**" = 1.

The progress of the four processes over time from iteratiend to the end of = 6 is
illustrated in Figure 4.7. The cache server is not represented in the figure. The grayed
rectangles illustrate the black-box evaluations and their widths represent their different

running times to return a value. Arrows represent communications between processes.

master
* iteration4 fails iteration5 fails iteration6 succeeds
aM=1 AM=1/4 AM=1/4
z*=[10; 10; 10; 10] T 2*=[10; 10; 10; 10] T x*=[10; 10; 9; 10]7]
2 f(a*)=10 f(z*)=10 f(z*)=9
T T T T T T T T
pO | |Ste I’ via cache server:
- L] Y
s||ag=1/16 A}=1/64 Al=1/4
Az T - T - T
y~=[10.0625; 10; 10; 10] y~=[10; 10; 9.984375; 10] y~=[10; 10; 9; 9.75]
; F(y!)=12.25 f(yH=13.5
stop (1it.) stop (1 it.
Asiop=1/16 Ajtop=1/64
slaves, ; ;
2_ 2_
I AS_I Ag—l
Alnin=1 Alnin=1 ALin=1/4
: No={1, 2} N2={3,4} No={3,4} ,
“10*;10%]7 yi=[10*;10*;9; 10]7 cache y2=[10*; 10*; 8; 10]7 ||y =[10*;10*;9; 11"
: fy?)=14 f(yh)=9]search f(y?)=15 :
stop (2 ev) iteration success stop (2 eV
P @1,=[10; 105 9; 10]7 p2ey)
Astop=1 AT =1 Astop=1
slavess ]
: Ad=1 Ad=1
SAS =l A3 =1 A3 =1/4
Aimin min min
B N3 = {2,3} N3 = {2,4}
yl=[10*;11;10; 10%]T y2=[10*;10;11;10*]T yl=[10*;9;9*;10]7 y2=[10%;
-~ f*)=16 fyh=16 fy*)=11 fyh)=19
. stop(2ev. stop (2 ev,
Astop=1 Astop=1
ty ta t3 tq ts te t7 time

Figure 4.7: A BD-MADSs illustrative example.

The timet; corresponds to the beginning of iteratibr= 5. The incumbent solution at
the start of iteratiot = 5isz* = [10 10 10 10]” with f(z*) = 10 and the current master

mesh size i\} = 1. This information appears in the figure in the master’s section.
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The notationy’ is used for theth PoLL trial point of one instance of MDS(s,), p €
{1, 2,3} solved by a slave. The pollster evaluates the black-boxes atfiatehepoLL

pointy! = [10.0625 10 10 10} with pollster mesh sizé\! = 1/16.

At t,, slaves; terminates and communicates to the master: the incumbent is not modi-
fied. The stopping criterid? . value of slaves; is set to the current master mesh size
valueAY. The coordinates of the regular slave trial points marked by stars indicate that
these coordinates are fixed to the ones offrbeL center. For example, the two trial
POLL points of slaves; at timet, andtz are[10* 11 10 10*]” and[10* 10 11 10*]* with

POLL centerzy = z* = [10 10 10 10]7, N, = {2,3}, and with a mesh size parameter
A} =1.

At time t3, the pollster returns information to the master, and iteraiiedeclared to

have failed. The master mesh size is setM§ = 1/4, with s = 2 andas = 1,
according to (4.5) (attenuated master mesh size increase). Also, the pollster mesh size is
reduced ta\} = Al/4 =1/64 (4.6).

At t4, the slaves, improves the current incumbent solution, and the mesh size is in-
creased:A? «— 1 = Ay (4.3). Since M\DS(s,) is opportunistic, it begins a new

iteration with a cachesEARCH

At t5, slaves; terminates and communicates to the master: the incumbent is not mod-
ified. MADS(s3) starts withN; = {2,4}, A3 = 1, andA3. = 1/4, because a new

incumbent was produced by sincess last communicated with the master (“success”

in equation (4.4)).

At time t4, the pollster returns information to the master, and iteraiisdeclared to be
successful. The maximal increase is performed¥éf, which is set taning, , AP, =
1/4 (4.5), andAl — AN,

Finally, att;, since MADS(s3) was successful, the new instance oAlVs(s;) keeps the

same free variable¥, = {3,4}.
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4.5.3 Numerical experiments

The PsD-MADS implementation described in Section 4.5.1 is tested here, on two dif-
ferent problems. The implementation ofAds used to optimize subproblems is the
research version of thedMAD C++ code [15]. The parallel master/slaves paradigm is

achieved with MPI with; = 6 or 14 processes.

PsD-MADSs is compared to three other parallel algorithms, on the same nugnbkr
processes: first, the ;& method described in [47], which corresponds to the unmod-
ified GPs method where evaluations are made in parallel. Themp$] which is the
trivial adaptation of p@sthat uses MDs instead of &@s. pGPsand pMaDs are both
synchronous parallel algorithms. The third method rPAversion 5.0 [64,80], the only

available @sasynchronous parallel algorithm.

The first problem (referred as Problem A) considered for the tests is the G2 example
from [72]. It has been chosen for its difficulty and for its variable size: our tests involve

n = 20, 50, 250 and500 variables. Problem A is written as follows:

n n
S cos z; — 2 [] cos® z;
min f(z) = —

reR™ n )
> i
=1

—J[a:+0.75<0

=1

0<z;<10, i=1,2,...n.
The problem is treated as a black-box, and an upper limitof, function evaluations

is imposed. The feasible starting point for all methods is the center of the bound con-
strained domair, = [5 5 ... 5]7 € Q. The best known value from [72], for = 20,

is f(x) = —0.803619. In [72], various genetic algorithms gave good solutions, after
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several hundred thousand of evaluations. Here, after a maximum of 2000 evaluations,

PsSb-MADs achievedf(z) ~ —0.76.

The second test problem (Problem B) was designed for the MoVars algorithm [26]. It
hasn = 60 variables and one constraint with two different versios:> 250, or

G > 500 (see [26] for a more complete description). An infeasible starting point is
provided in [26], but cannot be used in the present work since constraints are treated
with the extreme barrier approach. The feasible starting points considered here for the
two versions of Problem B have been obtained by minimizing the constraint violation
max{0, (250 — G)?} or max{0, (500 — G)*}, from the starting point of [26], with the
pMADS algorithm. These optimizations requir8cevaluations foiG > 250, with the
resulting feasible point, giving f(z,) = 3678.35 and 74 evaluations forG > 500,

and f(xy) = 3014. These evaluations costs are considered in Figure 4.9. The feasible
starting points, our source code for Problem B, and our best points are available on the
websitewww.gerad.ca/Charles.Audet. Our results for Problem B are not compared
with the MoVars algorithm results because numerical values are not given in [26]. The
best solutions found gavg(x) = 13.565 for G > 250, and f(z) = 245.866 for G >

500.

The various results of this section are measured considering two quantiteggesents
the best value of the objective function of problgM andbbe, the total number of
black-box evaluations. One evaluation is counted for the calls to both the objéctive

and constraints df.

The most representative cost of a black-box algorithm is the number of black-box evalu-
ations. For the same reason, no speedup curves are givernsakept constant for each
problem ¢ = 14 for Problem A and; = 6 for Problem B). The BD-MADS method was

not conceived in order to reduce the time to obtain a solution. Instead, we seek to obtain
better solutions than a non-decomposing algorithm for problems with a large number of

variables 20 < n < 500).
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For all our tests, the termination criteria is the maximum total number of black-box
evaluations, which igbedioe — 100n for Problem A andbes b — 3000 for Problem B

(as in [26]).

The initial (and maximal) mesh size parametefi§" = 2 for Problem A. For Prob-

lem B, due to scaling reasons, the value’gf°" differs for each variable and is set to

be 0.2 times the range of the variables (iX*" = 0.3 for the 15 first variables0.35

for the next30 variables, and.44 for the lastl5 variables). These values has been de-
cided empirically to give good results with standard i and ApPpsruns. The linear
nature of the second constraint of Problem A is exploited lpp & Since BD-MADS

and pMADs involve randomness in the polling directions, 30 runs are made for each test
Parallel execution of pE&sand Appscan affect their determinism. However, this effect

was ignored and one run was performed for each test.

To measure the quality of the solutions found, the bggt), worst Gwors)), and average
(zavg) Values ofz after thel00n evaluations, are reported. Another measurgyig,
representing the area between a curwsbbe and the linez = —0.8 for Problem A (no
run gavez < —0.8), andz = 0 for Problem B. Best runs are obtained with small values

for all these quantities.

PsD-MADS was tested on Problem A with = 20 and50 by varyingbbe,,,.., the maxi-
mum number of black-box evaluations for each regular subproblem atite number
of variables in each subproblem. The number of processes has been;set 14, in
order to fully exploit12 processors. Good results were obtained by settiag,., = 10,
and having the regular slaves working on small dimensional subspaces2. These
values are kept forn > 50. For Problem Bpbe, ... is kept to10. The best results have
been obtained by distributing tti® variables amongst regular slaves witly = 6 and
ns = 20.

Table 4.1 and Figures 4.8 and 4.9 summarize the numerical results. For all instances of

Problem A, Appsoutperforms p@s, but it does not do as well assB-MADS. In the
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three larger instances of Problem A, the wgrstlue produced by $D-MADS is always
better than all the other methodsalues. For Problem B, pgsoutperforms ApPs and
better results are obtained with pids and BsD-MADS, with a small advantage tos®-

MADS. In all the curves in Figures 4.8 and 4.9, one can notice thatpdis always

the fastest to descend, bus®* M ADS overtakes it and produces better solutions.

Tableau 4.1: Numerical results for problems A and:&s; zworst andzayg give informa-
tion on the 30 runs performed for eacB?MADS test series, anf.q gives a measure
of the area below the curves in Figures 4.8 and 4.9. Best values appear in bold.

| Algorithm | | Problem| Zbest Zworst Zavg Savg |
pGPs -0.450 -0.450 -0.450 1,010
APPS A -0.517 -0.517 -0.517 806
pMADS n =20 -0.775 -0.434 -0.592 67(
PsD-MADS -0.761 -0.430 -0.666 595
pGPs -0.279 -0.279 -0.279 3,400
APPS A -0.461 -0.461 -0.461 2,443
pMADS n =50 -0.498 -0.430 -0.457 1,939
Psbp-MADsS -0.727 -0.528 -0.663 1,553
pGPs -0.089 -0.089 -0.089 18,322
APPS A -0.193 -0.193 -0.193 16,980
pMADS n = 250 -0.449 -0.438 -0.444 9,703
PsD-MADS -0.698 -0.464 -0.603 8,568
pGPs -0.073 -0.073 -0.073 37,395
APPS A -0.129 -0.129 -0.129 35,816
pMADS n = 500 -0.447 -0.439 -0.443 19,380
PsD-MADS -0.688 -0.461 -0.576 17,660
pGPs 764.741 764.741 764.741 2,731,920
APPS B 813.237 813.237 813.237 3,906,060
pMADS G > 250 32.700 317.167 112.522 1,071,870
PsD-MADS 13.565 307.305 70.121 965,553
pGPs 869.559 869.559 869.559 3,552,910
APPS B 1,162.580 1,162.580 1,162.580 4,579,370
pMADS G > 500 417.049 948.768 662.841 2,892,140
PsD-MADS 245.866 731.023 463.969 2,603,480
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Figure 4.8: Problem A: graphs of the objective function valséghe number of evalua-

tions for all test results. $b-MADS and pMaDs plots correspond to average values of
30 runs.
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Figure 4.9: Problem B: graphs of the objective function valsthe number of evalua-
tions for all test results. $b-MADS and pMADS plots correspond to average values of
30 runs.

4.6 Discussion and possible extensions

This paper introduced$d>-MADS, a new parallel space decomposition technique with
less restrictive conditions on the functions to be optimized than ust@ahkethods. A
convergence analysis is given based on the Clarke calculus andahe tbnvergence
analysis. A practical implementation is described, with a small number of parameters
(bbe,. andns), and very encouraging results have been obtained on a difficult problem

from the literature, with up to 500 variables.

We presented a first basic implementation sbAMADS. An obvious extension is a

strategy to decide on the sets of variables in the subproblems, which is done randomly
for these tests. Of course, it is not clear how to do this in general or we would have done
it here. However, for some application, the user may have special knowledge that would
help in this task. For example, the user might put similarly scaled variables in the same

subproblem.

It would also be interesting to incorporate thetPidea of the “forget-me-not” terms,
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and allow some basic changes in the subproblems for fixed variables. A third possi-
bility would be to perform some additiongaEARCH steps in the slave subspaces. An-
other possible extension would be to reintroduce the synchronization step of the original
block-Jacobi method, but without the parallel barrier. This “recomposition” step could
be performed in parallel by one of the regular slaves, from a pool of successful points,
in order to create a problem similar to the one in [53]. Finally, constrainfsaduld be
treated with the progressive barrier [21], instead of the extreme barrier approach. This

would allow for infeasible iterates, including the starting point.
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CHAPITRE 5

ORTHOMADS: A DETERMINISTIC MADS INSTANCE WITH
ORTHOGONAL DIRECTIONS !

Mark A. AbramsoA  Charles Audét J.E. Dennis Jt. Sébastien Le Digabel

February 2008

Abstract

The purpose of this paper is to introduce a new way of choosing directions for the Mesh
Adaptive Direct Search (MDs) class of algorithms. The advantages of this ner- O
THOMADS instantiation of MaDs are that the polling directions are chosen deterministi-
cally, ensuring that the results of a given run are repeatable, and that they are orthogonal
to each other, therefore the convex cones of missed directions at each iteration are mini-

mal in size.

The convergence results foROHOMADS follow directly from those already published

for MADS, and they hold deterministically, rather than with probability one, as fer L
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MADS, the first MADS instance. The initial numerical results are quite good for both

smooth and nonsmooth, and constrained and unconstrained problems considered here.

Keywords: Mesh Adaptive Direct Search algorithms AMs), deterministic, orthogonal

directions, constrained optimization, nonlinear programming.

5.1 Introduction

This paper considers optimization problems of the form

min f(z) ,

e

wheref : Q C R* — R U {oco} is typically evaluated through a black-box computer
simulation with no derivatives available, afidis a set of feasible points also defined

by black-box nonlinear, or even Boolean, constraint functions. Because no exploitable
information on the nature gf or (2 exists, we consider direct search methods which only

use functions evaluations to drive their search.

Mesh Adaptive Direct Search (Mbs) is introduced in [20] as EARCHPOLL direct

search class of methods with strong convergence properties. It extends the Generalized
Pattern Search (85 method of [120]. The constraints are treated by the extreme barrier
approach, which simply rejects points outsfdley setting their objective function value

to co. The first instance of this class of methods is callelabps.

LTMADS behaves well in practice, but it has drawbacks that we wish to correct in this
paper. First, there is a probabilistic component to the choice of polling directions. For
each new mesh size, a random direction is chosen. That direction is completed some-
what randomly to a positive spanning set of directions from the current iterate to other
current mesh points. The resulting algorithm is shown to have Clarke stationary point

convergence with probability one. However, it has been observed [44] that this way of
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choosing polling directions can lead to undesirably large angles between some of the

members of the LM ADS polling set at a given iteration.

The purpose of this paper is to introduce a new variant @b, which we call Qr-
THOMADS, that uses an orthogonal positive spanning set of polling directions and thus
avoids large angles between polling directions. In Figure 5.3, we show some experiments

in which the QRTHOM ADS directions do seem better distributed than thdllabps.

We show that @THOMADS shares the same theoretical convergence resultsras L
MADS, except that the convergence is not qualified by being of probability one. In

the tests given here, ¥HOMADS performs generally better tharrMADS.

ORTHOMADS is detailed in Section 5.2, where we show a deterministic way to construct
a polling set on the current mesh of orthogonal polling directions (tReHOM ADS di-
rections). Section 5.2 also gives the convergence results, based on those in [20]. Finally,

we present numerical results in Section 5.3 and some concluding remarks in Section 5.4.

Notation: Throughout the text] - || denotes thé, norm,e; € R" is thei'" coordinate
vector, and: € R" is the vector whose components are all equdl tB.(z) denotes the

open ball of radius aroundz.

5.2 TheORTHOMADS algorithm

The ORTHOMADS algorithm is described in this section. We will not give details for
the MADS class of algorithms and itsTIMADS instantiation, since they are available
in [20].

Each MADs iterationk is separated into two steps, theARCHand thePoLL, where the

objective functionf and the test for feasibility are evaluated at finitely many trial points.
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These trial points lie on the mest, defined by

My, = {a+Al'Dz : x €V}, ze NP} CR",

whereV,, C R" is the set of all evaluated points by the start of the iteratidfi,c R,
is the mesh size parameter at iteratigrand D is a matrix inR™*"» composed of.
directions inR™. This paper focuses on timLL step which is characterized by the set
of trial points

Py = {zy + AJ'd:d € Dy} C My,

wherex;, is thePOLL center at iteratiok and D, is the set ofPOLL directions, which
have to form a positive spanning set and to be constructed se¢hattrial points lie
on the meshV/,. In Gps a related method, the directions containedjipare always
chosen among the columnsBf Therefore, in @s, there is only the same finite number

of possibilities for selecting the directions in evdpy.

The differences betweenmrM ADS and CRTHOMADS reside in the way to generate the
directions inD,: With LTMADS, D, is randomly generated and directions are not nec-
essarily orthogonal, possibly leading to large angles between directions and large unex-
plored convex cones of directions at a given step. However, the union of all normalized

LTMADS directions over all iterations is dense in the unit sphere with probability one.

ORTHOMADS introduces a new way to generate theLL directionsD,. This new
method is deterministic and generates orthogonal directions, which together with their
negatives formD,, and such that the union of all normalizecR€HOMADS directions

over all iterations is dense in the unit sphere. Furthermore, the components of these
directions are integer, so thabLL points lie on the mesh defined with = [I,, — I,],
wherel, is the identity matrix in dimension. The orthogonality of the @ HOMADS
directions offers a better distribution of tReLL trial points in the search space, and the

advantage of determinism is that numerical results are now easily reproducible. Because
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of the random component offMADS, we felt that numerical experiments had to be

performed on a series of several runs to show the reader the variations in the results.

At each iteration of @THOMADS, the main steps for the construction of these direc-
tions are as follows. First, the quasi-random Halton sequence produces a véetofin
(Subsection 5.2.1). Second, this vector is scaled and rounded to an appropriate length
(Subsection 5.2.2). The resulting direction is calledatigisted Haltordirection. Third,

the Householder transformation is then applied to the adjusted Halton direction, produc-
ing n orthogonal and integer vectors, forming a basisR6r(Subsection 5.2.3). Finally,

the basis is completed to a positive basis forme@byYDRTHOMADS POLL directions

Dy, by including in D, the basis and its negatives (Subsection 5.2.4). Figure 5.1 sum-

marizes these steps, and will be referred to throughout the section.

—H; pe1
: .\ H. se
‘ \ —Hy ge2
1 b ot'
: N //
: N e
H N >
4 : N 1 P
1 g AR R / ““““““““““““
| )\
1 ; 1
ut
o ' :
qt,e :
1 ] *
SUN B Hy ge2 .
(2u¢ —e) Hyex
[[2us — €]l
Halton Adjusted Halton PoLL directions
scaling and rounding Householder

Figure 5.1: Example witm = 2 and(¢,¢) = (6,3). The Halton direction is;; =
(3/8,2/9)7, the adjusted Halton direction, = (—1, —2)” with o, = 2 and the set of
PoLL directionsDy = [H;, — H,, with H,e; = (3, —4)T and H; je5 = (—4,—-3)7.
EverypoLL directiond € D, satisfiesA*||d|| = 5/64 < AY =1/8.

In this section we show that theRDHOM ADS directions meet all the conditions detailed
in [16, 20], so that @THOMADS is a valid MADS instance and thus inherits all of its

convergence properties.



100

5.2.1 The Halton sequence;

Halton [65] introduced a deterministic family of sequences that grow dense in the hy-
percube|0, 1]". We consider the simplest sequence of this family, whdselement
IS
T n
U = (Utpys Utpys - Utp,) € [0,1]
wherep; = 2,p, = 3,p3 = 5 andp, is the j* prime number, and, , is the radical-

inverse function in basg. More precisely,

[e.9]

w . — } :atmp
t,p — pl_H, )

r=0

where thes,, , € Z, are the unique coefficients of the basexpansion of:

oo

.

t = g At rpD -
r=0

Table 5.1 describes the first five elementsofor n = 4 (for exampleus; = 1 x 372+
2 x 37t = g). Our specific sequence af vectors is from this point addressed as the

sequence of Halton directions.

Tableau 5.1: The sequence of Halton directionsifes 4 andt = 0, 1, ..., 6.

; t in base Uy

2 3 b} 7 Ut,2 Ut,3 Ut,5 Ut,7
0 0 0 0 0 0 0 0 0
1 1 1 1 1 1/2 1/3 1/5 1/7
2 10 2 2 2 1/4 2/3 2/5 2/7
3 11 10 3 3 3/4 1/9 3/5 3/7
4 100 11 4 4 1/8 4/9 4/5 4/7
5 101 12 10 5) 5/8 7/9 1/25 5/7
6110 20 11 6| 3/8 2/9 6/25 6/7

In order to remove the linear correlation of the last columnsg ot is proposed in [99] to
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exclude initial points of the Halton sequence. In the present work, we start the sequence

att=n+ 1.

The following properties will be used in Subsection 5.2.2:

2uu —e=0 & n=t=1 (5.1)

|2ut7pi - 1| == ‘2Ut,pj — 1‘ < t=0. (52)

Property (5.2) follows from the fact that ,, andu, ,, can be written as reduced fractions

with denominators that are powers of different prime numpgesdp;, .

The next result shows that the union of all the directions in the sequence of Halton is

dense in0, 1]*, i.e. any directiorv € [0, 1]™ is an accumulation point of the sequence

{u}e,.
Proposition 5.2.1 The Halton sequenciu; }$°, is dense irf0, 1]".

Proof. It suffices to show that for any vectore [0, 1]* and any= > 0, there exists an
integert such that|u; — v|| < . A construction of such an integeinvolves solving a
system of: Diophantine equations, and existence of a solution is ensured by the Chinese
Remainder Theorem [41], and by the fact that prime numbers are used in the definition

of u,. We refer the reader to [65] for a detailed proof. .

5.2.2 The adjusted Halton directiong; ,

The directions inD; used in theeoLL step of MADS cannot be arbitrarily chosen, they
must satisfy precise requirements. The Halton directigrd not satisfy these require-
ments and the first steps toward generating a satisfactor;sate to translate, scale

and roundk,.
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These operations depend on another integer paranietehjch is related to the mesh
size parameteA}” (this relationship withA7" is unimportant at this point and will be
detailed in Subsection 5.2.4). The parameétes used to transform the directian
into theadjusted Halton direction; , € Z", a direction whose norm is close 26!/2.

Furthermore, the normalized directiq‘% will be constructed so that it is close to

II§ZZ:EII' We already observed in (5.1) that, — e = 0 is possible only ifr = 1 and

t = 1, and our algorithm never usés= 1 (we begin our Halton sequencetat n + 1,

see Subsection 5.2.4).

In order to definey ,, we first introduce the following sequence of functions:

2u; — e 1 11"
= dlor———) € Z"Nn |—a — =, =
q:(a) = roun <a||2Ut —e||> [ a-3 a+ 2}

whereround refers to the rounding up operatiam,c R, is a scaling factor, and, is
thet'" Halton direction. The functiop;(-) is a monotone non-decreasing step function

onR,. Leta,, be a scalar such thét, (o, )| is as close as possible 2§//2, without

exceeding it:
are € argmax ||g(a)]
acR4 (53)
st fala)] <2172,

Problem (5.3) can easily be solved using a bisection method. The adjusted Halton direc-
tion ¢, is defined to be equal 9 («; ), and the following Lemma ensures that is a

nonzero integer vector:
Lemma 5.2.2 If ¢ # 0, the adjusted Halton direction satisfigg (|| > 1.

Proof. From (5.2), ift # 0 anda = 12— then||¢, (o) =1 < 292 forall ¢. =

2||2ut —el| oo

The following lemma gives a lower bound on the valuewpf. It will be used later to

justify thato, , grows large witt.
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olel/2 1

vnoo2

Lemma 5.2.3 The optimal solution of Problem (5.3) satisfigg >

Proof. Let oy, be an optimal solution of Problem (5.3) and ggt = ¢ (a:,). Then

every feasible solution to Problem (5.3) satisfies

[2us — €|
n 2 i 1 2
= Zround (—a( Yt )>
— |2u; — el

< i<a+%)2:n(a+%>2.

i=1

2

I* =

lq:(c)

Defines = %—% Theng is feasible for Problem (5.3), sindle;(5)[|* < n(8+3)* =

2/l therefore v,y > 3. .

Table 5.2 shows elements of the sequengeasndg, , for n = 4 and eight pairst, ¢)
whose values are compatible with thekHOMADS algorithm presented in Subsec-
tion 5.2.4. The values af;, and the square norify, /|*> are also reported. One can
also notice thaty;, often differs from2/‘//2. In the example illustrated in Figure 5.1,
(t,¢) = (6,3) andg;(«) = round (\/%(—9, —20)T>. An optimal solution of (5.3) is
a0 = 2 and satisfied g, || = v5 < V8 = 2142 < ||¢,(219/2)|| = ||(~1, -3)T|| = V/10.

The following proposition gives a property of the scaling and rounding operations, which
transform a vectop into ¢ = round (av/||v||). The property states that the directions

v/||v]| andgq/||q|| are arbitrarily close for sufficient large valuescaf

2v/n  /n

Proposition 5.2.4 Letv # 0 be a vector inR™. For anye > 0, if « > — 4+ — and
9

2
q=r0und(a );«éo,then i—i‘ E
gl ol 2

(Y

o]
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Tableau 5.2: The sequence of Halton directionand the adjusted Halton directions
for n = 4 and eight pairst, ¢).

b Qi p qte HCIMHQ
Ut .2 Ut 3 Ut 5 U7 ' ' ’

5/8 7/9 1/25 5/7 1.0 0
3/8 2/9 6/25 6/7 1.0 0
7/8 5/9  11/25 1/49 1.0 1

1/16 8/9 16/25 8/49 25| =2 1 1 -1 7
0
2

S
~

o — O 0w o
RSO S R=T S

9/16  1/27 21/25 15/49 | 4.0
5/16  10/27  2/25 22/49 | 55| —
13/16  19/27  7/25 29/49 | 77| 5 4 —4 2| 6l
3/16  4/27  12/25  36/49 | 110 | -7 -7 0 5| 123

—~

—~

— = =~~~ o~ —
R W W N N T e N—

—~

Proof. Considers > 0 anda > 2v/n/e + y/n/2. The vectorg may be expressed as
q = a—— + 6, whered = (§y,09,...,5,)7 and|§;| < 1/2foralli = 1,2,... n. It

follows that
q v Q v 0 H
2 _ 2| = S ()
H gl vl ‘ H(HQH ) loll gl
|Gar =) gl + [l
gl ]l
o = Jqll ﬂ |
gl 4l
The norm ofq can be bounded Wltbz” ol — I8l < |l¢l| € « LGl + ||6|| and therefore

[v]] “lol
la — ||g||| < ||6]]. Furthermoreq > 2y/n/e ++/n/2 > y/n/2 and||d|| < v/n/2 implies

thato satisfied) < a — ||4]|. It follows that

()

HL v
lall ~ Toll

2[[o]| 2[|0| Vvn €
< < < < =.
‘ gl a—|[6]  a—vn/2 2
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5.2.3 Construction of an orthogonal integer basis

This subsection gives a way to transform a sequence of directions into a sequence of
orthogonal bases. Given an integer nonzero vegterZ", we apply the (symmetric)
scaled Householder transformation [75] to construct an orthogonal basis' foom-

posed of integer vectors:

H = ||q||*(1,, — 2vv"), wherev = ﬁ. (5.4)
q

Proposition 5.2.5 The columns off form an integer orthogonal basis f@&™.

Proof. First, the columns of are mutually orthogonal, sina€'v = 1 and

H'H = |ql|*(I, — 200") (I, — 2007)

= |lql|*(ZIn — 200" — 200" + dvoTv0T) = ||q||* L.

Second, by dividing the previous equation |by|* and applying symmetry, we reveal
the inverse of asH ! = WH. SinceH ! exists, the columns off form a basis in

R™. Finally, the entries of

4

q

= ||qll*1,, — 2q¢"

are integer, since and||¢||* are integer. .

The next proposition shows that the Householder transformation applied to a dense set

of normalized directions produces a dense set of normalized directions:
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Proposition 5.2.6 Fort = 1,2,..., letv, = (I and H, = ll@l|? (I, — 2v08 ). 1 {ve }524
is dense on the unit sphere, then the normalized sequence composed/otdiemns
of H,, {Ilg elH }OO is dense on the unit sphere, for any {1,2,...,n}.

Proof. Let w € R"™ with ||w|| = 1 be an arbitrarily unit vectog > 0 be some small
positive number, and € {1,2,...,n} be the index of a column. Far > 1 (n = 1is
trivial), we need to show that there exists an indexN such that theéth column ofH,,

H,e;, satisfies
[
I

—w < E.
Htel” H

First, observe thatH,e;|| = v/¢f H H;e; = |l.||*, and thereforeitc = e; — 2va e;.
Now, define the vectaf € R™ where

1
d — 2(1—w1‘)

€41 (mod n) otherwise.

(e; —w) ifw; <1,

Observe that ifv; = 1 then the vectod satisfieq|d|| = 1 and2d;d = 0 = ¢; — w, and if

w; < 1then

T — 1 T —
ld| = Vd'd = \/m(ei—w) (e; —w) = 1,

1

By assumption{v, }2, is dense on the unit sphere, and therefore there exists some index

t such that; = d+ §, whered € R™ is small enough to satisyy,;(d + 0) + d;0]| < /2.
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The proof may be completed as follows:

H Htel H

= He-—viTe-—wH
| Heeill oo

= |lei—2(d+8)(d+6)"e; —w

= llei = 2(di + 6;)(d + 0) — w|

= lle; — 2d;d — w — 2(6;(d + 9) + d;9)]|

= |le; — (e; — w) —w — 2(8;(d + &) + d;0)||
— 2|I6(d+ )+ dis|| < <.

In Figure 5.1, the Householder transformation is applieg, o= (—1,—2)" and pro-
3 —4
-4 =3

duces the integer orthogonal baslg, =

5.2.4 TheOrRTHOMADS instance ofMADS

The new GRTHOMADS instance of M\DS can be now defined by combining the com-
ponents introduced in Subsections 5.2.1-5.2.3. Ate. set P, used by RTHOMADS

at iterationk is entirely determined by the values of the paiand/;. Thet! element of
the Halton sequence, is used to create the adjusted Halton directign, whose norm

is as close as possible 26+//2. The Householder transformation gn ,, produces an

orthogonal integer basid;, ,,, and the norm of each column is closexto!.

The LTMADS and QRTHOMADS algorithms are identical except for the construction of
the setP, and thepoLL directionsDy. The set of direction® = [I,, — I,,] defining the
mesh/,, and the mesh update parameters 4, w~ = —1 andw™ = 1 are the same

for both algorithms. The mesh size parame¥t and thepoLL size parameted’ are
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still defined with the integef;, except that it is allowed to be negative. This extension is
not specific to @THOMADS and can be applied inTIMADS as well: at each iteration
k, thepoLL and mesh size parameters are entirely defined by the valje of
s 4=t jf 0, >0
AY =27"% and A}’ = (5.5)
1 otherwise
Atiterationk = 0, ¢; is set to0 andAj* = Aj = 1. The mesh andoLL size parameters

always satisfyA7* < AP and A2/l = AP

In the update step of iteratidn if no new incumbent is found, the iteration is said to be
unsuccessful angl.,; < ¢, + 1. Otherwise, the iteration is a success &nd « ¢, — 1.
The MADS algorithm generateBoLL trial points at a distance of ordex? from the
POLL center, on a mesh/;, of size Aj*. At an unsuccessful iteration)}" is reduced
faster thanA? and the number of possibkoLL trial points increases, allowing more

flexibility in the choice of theeoLL directionsD,.

Figure 5.2 describes our algorithm. TheLL directionsD, depend entirely on the two
integerst, and/,. These integers are chosen to ensure that there will be a sequence of
unsuccessful iterations for which the mesh size parameter goes to zero, and such that the
directions used in that subsequence will be the tail of the entire Halton sequence. In order
to accomplish that goal, we keep track of the value of the smallest size parameter
visited so far. At every iteration wher®’ is equal to that value, we sgt= ¢, +n + 1.

A consequence of this way of fixing is that the set of ordered indices
U= {ki,kg,...} = {k . iterationk is unsuccessful, andy < AT Vj=0,1,...k}

SatiSﬁeitkl,fkl) = (n+ 1,0), (th,ka) = (n+2, 1), RN (tkl,fkl) = (n+i,i— 1), and

the set of Halton directionguy, }rcu is precisely{u,; };2, . ;.

At the other iterations, those for which smalkepLL sizes were previously considered,
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[0] Initialization
‘ o € Q0 «—0,k—0
[1] Iteration &
SEARCH (optional)
| evaluatef on a setS;, C M,
POLL (optional is theseARCHwWas successful)
if thepPOLL size is the smallest one so far
(e, ifAY =min{A?:j=0,1,...,k})
|ty — e +n+1
else(i.e., smallelPoLL sizes were considered)
‘ ty «— max{t; : j=0,1,...,k—1}
computeuy,, g, ¢,» He, ¢, andDy, = [Hy, o, — Hy, 4, ]
evaluatef on P, C My,
[2] Updates
if the iteration is successful
Tpt1 < Ts € S Orzy, € Py
b1 < L — 1
else(iteration failure)
Tyl < Tk
lpg1 — L+ 1
k—k+1
goto [1] if no stopping condition is met

Figure 5.2: The @THOMADS algorithm.

we just keep increasing, so that a new Halton direction is used. Examples of pairs
(tx,?x) can be seen in Table 5.3. The boldface entries are those wherothesize
parameter is the smallest one so far. In this example, the first three indiCewoild

be{4,5,8}.

As in LTMADS, the basidd,, ,, is completed to a maximal positive basis composed of

2n directions,
D, = [Htk,ﬁk _Htk,ka

the set ofPOLL directions. A minimal positive basis with + 1 directions is not con-

sidered in order to keep orthogonal directions. Table 5.4 illustrarasHOM ADS bases
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Tableau 5.3: Example of & HOM ADS iterations fom = 4. Iterationsk € {4, 5, 8} cor-
respond to failed iterations with consecutive Halton eleménts 5, 6 and7 satisfying
tk = Ek +n+ 1.

k SucclFail (t, , ¢) AP A} || Dreil

0 S 5, 0 1 1 1

1 S 6 , —-1) 1 2 2

2 F 7, -2 1 4 4

3 F & , -1 1 2 2

4 F 5, 0 1 1 1

5 F 6 , 1) 1/4 1/2 2

6 S (7 , 2 1/16 1/4 4

7 F o , 1) 1/4 1/2 2

8 F (7 , 2) 1/16 1/4 5

9 S (8 , 3) 1/64 1/8 8
H,, 4., with possible pairsty, ().
Notice that any directiol,e; (1 < i < 2n) satisfieg| Dyes|| = ||q:.(]|? < (214/2)2 = 2/

and || Dye;|| < 2!, Therefore, thepoLL trial point z;, + A7 Dye; is at an Euclidean
distance of at mosa2/l = A? from thePoLL center. This distance is comparable to
that used in EMADS, where thepoLL trial points are exactly at a distané€’ (using

the/,, norm) from thePoOLL center.

We conclude this section with the following propositions that show threitH®MADS

has the same convergence properties as in [20] with no need for a probabilistic argument.

Proposition 5.2.7 The set of normalized directio sH;“—EH} withé =t —n—11s
ts t=1

dense in the unit sphere.

Proof. Lete > 0 andd € R™ with ||d|| = 1. Proposition 5.2.1 states that the Halton

sequencéu, }:°, is dense in the unit culjé, 1]". Therefore, there exists an indeguch

that2't7:;%”/2 — 15 20 Vi gnd

2ur—e _dH < E
— 2'

[[2us—el|
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Tableau 5.4. A sequence ofRDHOMADS bases corresponding to seven consecu-
tive failed iterations. Pairsts, ¢;) correspond to consecutive Halton elements-

(t, ) Hy, o, (t, ) Hy, o,
||Htk7ékei|| ||Htk,fk6i||
-1 0 0 0] T 14 0 0 0]
(5,0) 0O 1 0 0 (9,4) 0 —4 12 —6
. 0 0 -1 0 14 0 12 6 4
0 0 0 1) 0 -6 4 12
-2 0 0 0] T 23 —4 —20 —4 ]
(6,1) 0o 0 0 2 (10,5) —4 29 —10 -2
0 0 0 2 0 41 —20 —10 —19 —10
0 2 0 0] 4 -2 —10 29
-0 0 0 2] T 11 —40 40 —20 ]
(7,2) 0 2 0 0 (11,6) —40 29 32 —16
) 0 0 2 0 61 A0 32 29 16
2 0 0 0, 20 —16 16 53
- 1 4 4 —47 - 25 —08 0 70
(8.3) 4 5 -2 2 (12,7) —98 25 0 70
. 4 -2 5 9 193 0 0 123 0
4 2 2 5] 70 70 0 73
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glel/2

Lemma 5.2.3 ensures that, > % > Wn \/77‘ Combining this last inequality

vn €
with Proposition 5.2.4 gives
el = - mo=al =i
fTaell ~ 12, — el 120 — ]

<S4 -
2 2

This allows us to state our main result:
Theorem 5.2.8 ORTHOMADS is a validM ADS instance.

Proof. In order to show that e HOMADS is a valid MADS instance we need to show

that thepoLL directions satisfy the following four properties [16, 20]:

e Any directionDye; (1 < i < 2n) can be written as a nonnegative integer combi-

nation of the directions ab: This is the case by construction.

e The distance from theoLL centerz, to aPOLL trial point (in /., norm) has to be

bounded above bg\?: This is also the case by construction because we ensured

that || Dye;|| < 21%! for all i in {1,2,...,2n} and||A7 Dyeilloo < [|AT Dres|| <
A2l = AP,

e Limits (as defined in [40]) of convergent subsequences of the normalized sets

Dy, = {d/||d|| : d € D} are positive spanning set$his can be shown the same
way as in [16] where the proof foriMADS is detailed, since, for &' HOMADS

and withH,, ,, = {d/||d| : d € Hy, .}, det (Hy, 0, ) = —1.

e The set of normalized directions used over all failed iterations is dense in the

unit sphere The strategy chosen for the valuestpfand ¢, ensures that there
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exists a sequence of failed iterations corresponding to consecutive valtgs of
These iterationg € U can be chosen to correspond to large valugs decause,

from [20], lim Ay = 0, and A} = 4% for ¢, > 0. Fork € U, the sets
S

k—o0

of directions{ Dy },cy are constructed from consecutive directiags,, , which
are dense in the unit sphere after normalization (Proposition 5.2.7). Then, from

Proposition 5.2.6 and sinde, = [H,, ,, —H:, 1, ], the set of normalized directions

{ Dye; } is also dense in the unit sphere forad 1,2, ..., 2n.
”Dkel” keU

5.3 Numerical Tests

In this section, @THOMADS is compared to its predecessorNMADS [20] and to the
Gps method [120], on 45 problems from the literature. In theds algorithms, the
theory supports handling constraints by the extreme barrier approach: Points éutside
are simply ignored andg is not evaluated. For 5 the extreme barrier approach is
supported by the theory only for a finite number of linear constraints [87]. Still, for
comparison, we apply two different approaches: the extreme barrres-EB), and the

filter method described in [19] (& FILTER), which has stronger theoretical support.

Because of its random behavior, 30 instancestkDs are performed for each prob-
lem. Gpsand ORTHOMADS are scored by comparing them against the 301aDs
instances. A score of for GPsor ORTHOMADS means that this instance gave a value
of f at least as good asof the 30 LTMADS instances, with a relative precision Of.
The worst score i9 and the perfect score corresponds3to We consider that a bad
instance has a score less thidn an acceptable instance is betwdénand 19, and a
good instance has a score greater than or equAl.tdhis score criteria is not a perfect

measure, in terms of objective comparison between deterministic and random methods.
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In particular, if the 30 LMADS instances gave the same result as ther@MADS
solution, then the @ HOMADS score would be classified as perfect. More exhaustive

tests will be conducted in future work.

The integer;, (see (5.5)), defining the mesh ardLL size parameterd}* and A} at
iteration k, is allowed to be negative for bothtMADS and CRTHOMADS. Maximal
positive base2(: directions) are used in the three methods, as is the opportunistic strat-
egy (thepolLL is interrupted at the first success), and the optimistic strategy: after a
successful point has been foundseARCH point is generated further along the same
direction. No otheiSEARCH s performed. The stopping criteria is satisfied when the
number of function evaluations reach#¥)0n (or when thepoLL size parameteA?

drops below E-12).

The methods are tested on 45 problems divided into 4 groups: our choice of smooth
and nonsmooth unconstrained problems is the same as in [44] and [43], respectively,
with 21 smooth problems from theUGEr test set [63] and 13 nonsmooth problems
from [93], which is a compilation of nonsmooth problems from the literature. We also
tested on 9 constrained problems from [21, 22, 93], and in addition, we added two prob-

lems from [12] that correspond to real applications.

All results and problem descriptions are summarized in Tables 5.5-5.9, vfhere
corresponds to the best known minimal valugpbalue to the final value off for each
method, andwvals to the number of function evaluations that each method performed.
Tables 5.5 and 5.6 show results on the 21 unconstrained smooth problemsumen C
ORTHOMADS has a perfect score on 17 of these problems. Table 5.7 displays results on
the 13 unconstrained nonsmooth problems, wherge HOM ADS achieves good scores

on 7 problems. Table 5.8 shows results for the 9 constrained problems. The same num-
ber of problems (4) is considered good and bad fer@oMADS. Finally, Table 5.9
presents results for the two real applications, amty@MADS has perfect scores on

both of them.
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Tableau 5.5: OTEr unconstrained smooth problems (1 of 2). A score fifr a method
indicates that the finaf value is at least as good af the 30 LTMADS runs (with a
relative error ofl%).

LTMADSXx 30

Problem GPs ORTHOMADS
worst best
n f(x*) evals evals evals evals
value value value ¢ value "¢
ARWHEAD 6128 650 1039 30 660 30
10 0.00 0.00 0.00 0.00 0.00
ARWHEAD 20000 1285 2079 20 1320 30
20 0.00 0.00 0.00 0.00 0.00
BDQRTIC 6320 4497 3510 30 5763 20
10 11.9 18.3 18.3 18.3 18.3
BDQRTIC 20000 17884 17074 20 20000 30
20 35.4 58.3 58.3 58.3 58.3
BIGGS6 831 570 764 20 713 30
6 0.00 2.06 2.06 2.06 2.06
BROWNALLO0 10000 10000 10000 | 10000 3
10 0.00 0.07 0.00 0.06 0.04
BROWNAL20 20000 20000 20000 3 20000 20
20 0.00 0.34 0.00 0.16 0.01
PENALTY 1 10000 10000 10000 0 10000 20
10 7.09E-5 7.09E-5 T7.09E-5| 8.82E-5 7.09E-5
PENALTY 1 20000 20000 20000 0 20000 20
20 1.58E-4 1.58E-4 1.58E-4| 1.88E-4 1.58E-4
PENALTY 2 10000 10000 10000 20 10000 20
10 0.294E-3 | 1.280E-3 1.241E-3 | 1.243E-3 1.250E-3
PENALTY 2 20000 20000 20000 0 20000 20
20 0.829E-2 | 1.080E-2 1.078E-2|1.152E-2 1.079E-2

...continued on Table 5.6
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Tableau 5.6: OTEr unconstrained smooth problems (2 of 2). A score fifr a method
indicates that the finaf value is at least as good af the 30 LTMADS runs (with a
relative error ofl%).

Problem I;NT(')\QDSXSQS‘ GPs ORTHOMADS
n f(z*) evals evals| evals score evals score

value walue | value value
POWELLSG| 12000 12000 | 10093 20 12000 30
12 0.00 0.00 0.00| 0.00 0.00
POWELLSG| 20000 20000 | 20000 20 20000 20
20 0.00 0.00 0.00| 0.00 0.00
SROSENBR| 10000 10000 | 10000 20 10000 95
10 0.00 6.31  0.00| 0.00 0.06
SROSENBR| 20000 20000 | 20000 20 1958 20
20 0.00 16.52  0.48 | 0.00 0.00
TRIDIA 10000 7591 | 9317 20 10000 30
10 0.00 0.00 0.00| 0.00 0.00
TRIDIA 20000 20000 | 20000 20 20000 20
20 0.00 0.00 0.00|{ 0.00 0.00
VARDIM 10000 8163 | 10000 0 10000 30
10 0.00 0.00 0.00| 4.01 0.00
VARDIM 20000 20000 | 20000 0 20000 0
20 0.00 0.00  0.00(110.59 110.84
WooDSs 10951 7327 | 8433 20 9479 20
12 0.00 104.91 104.91|104.91 104.91
WooDs 20000 19181 | 20000 20 20000 20
20 0.00 174.84 174.84 |174.84 174.84

average scores 20.2 26.6




117

Tableau 5.7: Results for unconstrained nonsmooth problems from [93]. A sceferof
a method indicates that the finAlalue is at least as good a®f the 30 LTMADS runs
(with a relative error ofl %).

Problem LTMADS> 30 GPs ORTHOMADS
worst best
n f(z*) evals  evals| evals evals
value  value| walue ¢ wvalue "
ELATTAR 456 1795 2392 16 3984 20
6 0.560 8.021  0.563 1.714 1.504
EvD61 490 3280 920 5 4224 99
6 0.0349 1.6001 0.0417| 0.5443 0.0709
FILTER 1293 1761 1132 7 1332 9
9 0.00619|0.00971 0.00797 | 0.00950 0.00935
GOFFIN 50000 50000 | 24097 30 16842 30
50 0.00 1.10 0.06 0.00 0.00
Hs78 403 1026 819 13 405 13
5 —2.92 10.00 —2.88 0.00 0.00
L1HILB 17953 50000 8738 0 50000 14
50 0.00 1.84 0.04 3.95 0.22
MXxHILB 11523 20377 9384 0 20755 3
50 0.00 0.280  0.003| 0.976 0.197
OSBORNE2 2046 5414 1660 0 4555 2
11 0.0480 | 0.1703 0.0549| 0.2799 0.1089
Pecl 1211 1127 677 5 1291 17
5 0.0223 | 0.4146 0.0343| 0.3845 0.1602
PoLAK 2 1449 1742 1327 30 949 20
10 54.6 54.6 54.6 54.6 54.6
SHOR 1345 882 787 0 1087 30
5 22.6 22.9 22.6 23.5 22.8
WONG1 1161 2109 1100 20 1823 30
7 681 699 693 697 693
WONG2 5403 5403 1871 0 4977 0
10 24.3 31.4 24.8 47.4 32.8
average scores 10.2 | 18.3 ]
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Tableau 5.8: Results for constrained problems. A scorefof a method indicates that
the final f value is at least as good a®f the 30 LTMADS runs (with a relative error of
1%).

Problem LTMADSX 30 GPS-FILTER GPs-EB ORTHOMADS
worst best
n m f(z*) evals  evals| evals evals evals
value walue| wvalue | wvalue “°T¢| wvalue "¢
CRESCENTLO [21]| 1279 4473 2152 0 1172 0 5497 20
10 2 —9.00 —826 —8.95| —6.19 —2.32 —8.97
Disk10 [21] 1909 2626 2322 0 1143 0 2359 20
10 1 —17.3 —-17.2 —-17.3| —-13.0 —10.0 —17.2
B250 [22] 60000 60000 | 15412 0 27773 0 60000 0
60 1 7.95 15.41 7.99|1142.01 1116.03 16.92
B500 [22] 16705 15359| 11189 0 18912 0 29858 6
60 1 104 557 104 1235 1254 277
G2[22] 3880 6461 2056 4 2689 99 5414 99
10 2 —0.728 —0.181 —0.728 | —0.221 —0.706 —0.561
G2[22] 10877 15722 6376 3 6551 29 20000 29
20 2 —0.804 —0.203 —0.736| —0.241 —0.721 —0.711
Hs114 [93] 1506 2135 1756 0 1756 0 1661 4
9 6 —1769 —1012 —1312| —968 —968 —1016
MADG [93] 1122 1542 1378 99 1378 99 1671 7
5 7 0.102 0.113 0.102| 0.103 0.103 0.108
PENTAGON [93] 859 2525 601 0 601 0 980 19
6 15 —1.86 —1.60 —1.86 0.00 0.00 —1.81

] average scores 3.2 8.9 16.3 \
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Tableau 5.9: Results for real applications. A score @dr a method indicates that the
final f value is at least as good asf the 30 LTMADS runs (with a relative error aof%).
Displayedz values for problem 8y are divided byl07.

Problem LTMADSx30 GPSFILTER GrPsEB ORTHOMADS
worst best
n m f(z*) | evals evals| evals evals evals
score score score
value value| value value value
MDo [12] 1767 15 2719 0 2048 0 1212 30
10 10 —3964 | —2530 —3964 | —1386 —1386 —3964
Sty [12] 1590 1189 2073 99 2113 0 1214 30
8 11 —-3.35| —2.88 —3.29| —3.11 —2.82 —3.27
| average scores 11.0 | 0.0 30.0 |

Table 5.10 summarizes the results. The first observation is that bathsNhstances
outperform @s. For 25 problems out of 45 (20 without the relative error %f)1OR-
THOMADS found the same solution as the best of 3MMADS runs. For 20 of these

25 problems, the @'HOMADS solution is the same as the 3OMADS instances. The

new method solved 32 problems out of 45 problems efficiently enough that, for these
problems, the single run of @ HOMADS was better than two thirds of the 30MADS

runs. For 4 problems, the two methods performed equally well, and for 9 problems, at
least two thirds of the TMADS runs gave a better solution than the one produced by

ORTHOMADS.

Figure 5.3 illustrates the spread of the directions for batMkbs and ORTHOMADS.
Rosenbrock’s function [108] withh = 2 andn = 3 was used with 2000 and 3000
evaluations, respectively. In the two-dimensional case, all the normalized directions used
to generateoLL trial points are directly represented on the top two subfigures. Itis clear
that ORTHOMADS directions are well distributed on the unit circle. This is not the case
with LTMADS because half the directions correspond to either or +¢e,. Forn = 3,

the two plots on the bottom represent the standard angles of the normalized directions

in spherical coordinates. There again it can be seen tRaHOM ADS directions have
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Tableau 5.10: Summary for therGand QRTHOMADS performances. F, E and O cor-
respond respectively to%-FILTER, GPS-EB, and QRTHOMADS. A bad instance has a

score between 0 and 9, an acceptable (acc.) instance a score between 10 and 19, a good

instance a score higher than 20 and a perfect (perf.) instance has a score of 30.

average # of # of bad | # of acc.| # of good | # of perf.

problems . . L .
scores (on 30)| problems instances instances instances| instances
F E O F E OOF EOF E O/F E O
smooth| 20.2 20.2 26.6 21 T 7 210 0 01|14 14 19|14 14 17
nonsmooth 10.2 10.2 18.3 13 8 8 3|12 2 3|3 3 7|3 3 4
constrained 3.2 89 16.3 9 8 6 4/0 0 1|1 3 4(0 0 2
real appli.l 11.0 0.0 30.0 2 1 2 0(0 0O0O]1 0 2|0 0 2
[totaloravg 135 14.2 22.3] 45 [24 23 9|2 2 4]19 20 32[17 17 25|

a better distribution than those off MADS, since at least two thirds of theTMADS

directions possess some null coordinates. On the subfigure usMghs with n = 3,

the horizontal bar ab = 7/2 corresponds to the set of directions where- 0. The

vertical bars a# = +7/2 correspond to directions with = 0, and the one &t = 0 and

6 = m correspond to directions with = 0.

5.4 Discussion

This paper introduced FTHOMADS, an alternative instantiation of the Abs class of

algorithms. The advantages oROHOMADS over the original LMADsS are that the

MADS directions are chosen deterministically, and that those directions are orthogonal

to each other. Moreover,RrHOMADS inherits all of the MADS convergence properties,

without probabilistic arguments, and without additional parameters.

Intensive tests on 45 problems from the literature showed that bathsMnstances

outperform the @®s algorithm, and that @ HOMADS is competitive with TMADS,

with a better distribution of theoLL directions.
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LTMads n=2 OrthoMads n=2
« XX X % )x@( >§%(
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Figure 5.3: TMADS and QRTHOMADS normalizedroLL directions on the Rosenbrock
function withn = 2 andn = 3.
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DISCUSSION GENERALE ET CONCLUSION

Nous discutons dans cette den@ partie desésultats obtenus dans chaque article
des chapitres 3 (MDs-VNS), 4 (PsD-MADS) et 5 (ORTHOMADS), et comparons ces

résultats aux attentes que nous avions.

Concernant le couplage deAds avec la neta-heuristique Ws, en plus d’avoir in-
troduit une nouvelle @thode de recherche globalergrique et d’avoir introduit Ws
dans un contexte inhabituel, lessultats sont conformes aux attentes, ciesdire qu’on
a constat une plus grande stabéitlans les solutions obtenues. En effet, tout en conser-
vant un caraére non @terministe du fait de I'utilisatioa la fois de TMADS et de per-
turbations aatoires, desésies de trente @cutions donnent en moyenne de meilleurs
résultats. Ceci signifiégalement qu’une seule @&ution de I'algorithme aura plus de
chance de donner une bonne solution. Cette plus grand stabéitt toutefois au prix
d’'un nombre plus important @valuations, ce suré d'évaluationsétant reanmoins

mieux utilise par Ws que par des recherches globales plus classiques.

Pour le nouvel algorithme parale Psb-MADS décrit au chapitre 4, I'objectiétait
double : on voulait tout d’abord concevoir une pahdiation asynchrone de Mbs, et
ensuite que cette nouvelleatihode soit efficace pour traiter des pehkes de grande
taille (au deh de cent variables). Ces deux objectifs et atteints : la rathode BD-
MADS est parakle et asynchrone (les processeurs @iise sont jamais mis en attente),
et nous avons obtenu dessultats satisfaisants pour des pawbés allant jusqa 500
variables. L'algorithme @galemenéte compag a APPS la version paraélle asynchrone

de Grsdejaévoqglee en 1.1, face auquel il s’est mantromietitif.

Enfin, la nethode ®RTHOMADS du chapitre 5 propose une toute nouvelle iempén-
tation ceterministe de MDs et utilisant des directions orthogonales. L'objectif d’obtenir

un algorithme favorisant la reproductibditles expriences et utilisant de meilleures di-
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rections a donéte encore une fois atteint. De plus, des tests intensifs sur 45cmness|
ont monté que GRTHOM ADS fait au moins jelegal avec LMADS. Ces tests confirment
aussi encore une fois queAds et ses deux imgimentations existantes, est plus perfor-

mant que @s.

L'objectif de cette tleseétait d’apporter des a@fiorationsa MADS pour I'optimisa-
tion de probémes non lisses du type @ Les trois articles exp@s dans ce document
apportent trois extensiorss MADS, renforcant son effica@t De plus, une des forces
de MADs est que l'algorithme possle une certaine simpliéit et que les paragtres
sont peu nombreux et pasdent des valeurs paefaut. Nos trois extensions conservent
cet esprit de simplic# et n’ajoutent qu’'un nombre raisonnable de paraes. Ajoutons
également que les premier et tr@isie articles ont@montg I'efficacite des algorithmes
de type MADS sur un probdme caradristique d’une situatioréelle, typique de ce que
les inggnieurs veulengtudier, et parfait re@sentant des prolaines cibles de cettedhe

et du domaine de I'optimisation non lisse.

L'apport de MADS en 2006 au domaine de 'optimisation non lisse avaja@te
important, car il @réralisait etetendait s, une nethode phare du domaine, tout en
proposant une analyse de convergencééasr le calcul non lisse de Clarke. Son &scc
avaitett di a la foisa un bon comportement pratique eéthique. Cette importante
contribution au domaine a d’ailleuédé reconnue par le fait que laatihode fait partie
du populaire logiciel MTLAB [119]. Toute amglioration awerée de MADS, comme cette
these, constitue donc un apport important au domaine de I'optimisation noa lissde
de methodes de recherche directe. Les trois extensi@sepées sont d’ailleurs en cours
d’intégration dans le logiciel libre 8IMAD [15] afin d’étre rendues disponibles la

communalg.

Tandis que larecherche globale de types\ét I'implémentation @THOMADS (cha-
pitres 3 et 5) sont des travaux terrag) la para#lisation asynchrone de Mbs suivant

une distribution des variables, telle que celléeganée au chapitre 4, peut encore lar-
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gementévoluer. Par exemple, le choix des groupes de variables disé#auchaque
processeur, actuellemenéade au hasard, peudtre I'objet de nouvelles recherches.
Egalement, les trois extensiongpenkes onéte étudiees de facon irebendante. Une
prochaineétape pourraiétre de les tester ensemble, et conjointement avec ['utilisation
de la nouvelle rathode de gestion des contraintes, la leaeriprogressive de [21]. En-
fin, d’autres extensions de Abs nonétudiées dans cette ése peuveritre envisages.

Par exemple l'utilisation des progg ©cents effectess par les rathodes Bo dans la

construction dynamique de fonctions substitut.

Pour finir, il est apparu au cours de notre travail qu’il n’y a pas encore dans la
litt érature detude compite et exhaustive permettant, pour un largentail de prodmes,
de comparer les gthodes de recherche directe, lesthodes d’optimisation san€id-

vées, les rathodes traditionnelles de I'optimisation lisse et létarheuristiques.
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