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Abstract

We study a transformation of pseudo-Boolean functions which, when applicable, amounts to
constructing from a graph G = (V, E) a new graph G’ = (V’, E') with the same stability number
and such that | V'| = | V| — 1. This transformation provides a polynomial time algorithm for the
computation of the stability number of graphs which contain neither an induced chordless cycie
with four vertices, nor its complement. The transformation might also be useful for reducing the
size of a claw-free graph while preserving its stability number.
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1. Introduction

In a simple graph G = (V, E), a set S of vertices is stable (or independent) if no two
vertices in S are linked by an edge. A stable set S is maximum if its cardinality |S| is
maximum. The maximum cardinality of a stable set in G is denoted «(G) and is called
the stability number of G. For a weighted graph G, the maximum weight of a stable set
is denoted «,,(G).

Given a positive integer k, finding whether an arbitrary graph contains a stable S set
with |S| > k is NP-complete [9]. However, there are special classes of graphs for
which «(G) can be computed in polynomial time (e.g. [1, 5, 6, 11, 12, 14, 15, 18-22,
24, 25]).

Ebenegger et al. [7] have described the relation between the maximization of
a pseudo-Boolean function and the determination of a stable set having maximum
weight in a graph. In the same paper, the authors consider the computation of the
stability number «(G) of a graph G (unweighted case) and describe a transformation of
an associated pseudo-Boolean function which amounts to constructing another graph
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G’ with a(G') = a(G) — 1. By repeatedly applying this construction, one may compute
a(G) in at most «(G) < | V| steps. Unfortunately, the number of vertices is generally
increasing when the transformation is applied. However, specialized versions of this
construction have provided polynomial time algorithms for some classes of graphs
[11,14, 15, 18].

More recently, Hammer and Hertz [13] have studied a simplification of pseudo-
Boolean functions which, when applicable, amounts to constructing from a graph
G = (V, E) another graph G’ = (V', E") with |V'|=|V|— 1 and a(G’) = a(G). This
construction provides a polynomial time algorithm for the computation of the
stability number in some classes of graphs.

We study, in this paper, another simplification of pseudo-Boolean functions and it
is shown that the proposed transformation, when applicable, also amounts to con-
structing from a graph G = (V, E) a new graph G’ = (V', E'y with |[V'| = |V| — 1 and
a(G) = a(G).

In the next section, we briefly recall the relation described in [7] between
the maximization of a pseudo-Boolean function and the determination of the
stability number. Previous studies based on the use of Boolean methods for
the computation of the stability number are summarized in Section 3. The new
graph transformation is described in Section 4 and applied to classes of graphs in
Section 5.

Let G=(V,E) be a graph and W <V a subset of its vertices. We denote
by E(W) the subset of edges in E having both endpoints in W. The subgraph induced
by W is the graph G = (W, E(W)) and is denoted by G[W]. A graph H =(V', E)
is a partial subgraph of G =(V,E) if V' =V and E' < E(V'). The complement of
G which is denoted G has the same vertex set V as G, while two vertices are linked in
G if and only if they are not linked in G. A clique is a set of pairwise adjacent vertices.
Hence, a set of vertices is a clique in a graph G if and only if it is stable in G. The
maximum cardinality of a clique in G is denoted w(G) and is called the cligue number
of G.

A graph G =(V, E) is bipartite if its vertex set V can be partitioned into two sets
V, and V, such that each edge of E has one endpoint in V; and the other in V,; such
a graph will be denoted G = ((Vy, V,), E). A bipartite graph G = ((Vy, V,), E) 18
complete if each vertex in V; is adjacent to each vertex in V,. A star is a complete
bipartite graph G = ((Vy, V>), E) with |V{| =L or |V,]| = 1.

For two sets 4 and B, A\ B denotes the set of elements which are in A4, but not in B.
For a graph G = (V, E) and vertices 4, b and ¢ in V, we denote

[a, b] an edge linking the vertices a and b;

Ng(a) the set of vertices which are adjacent to a in G (i.e, {v|[a,v]€E});
Ngla] the set Ng(a)u{a};

%cla, b, ) the set Ng(a)nNg(b)nNg(c);

2 (5c) the set Ng(a)\(Ng[b]wNg[c]);

Og(pe) the set (Ng(b)nNg(c)\Ng[a].
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We denote P,(vy, ... ,v,) the chordless chain on g vertices with edges [v;, v;4 ]
(1 <i<gq), while Cy(vy, ... ,v,) denotes the chordless cycle on g vertices with edges
(v viv 1] (1 <i < q) and [vg, v,].

All graph-theoretical terms not defined here are borrowed from [2] while for
pseudo-Boolean definitions, the reader is referred to [16].

2. Posiforms and conflict graphs

It is known that a pseudo-Boolean function f can always be written in a polynomial
form ie.,
P

fxy, o x) =K+ Y wT,

i=1

where Ti = l—[ X; H .)Ek with A,', Bi = {1, e ,n} and AiﬁBi = Q)
jed, keB;
If all w; (1 <i<p) are strictly positive and K =0, we say that f is a
posiform. To a posiform f we associate a weighted conflict graph G = (V, E) defined as
follows:

V ={1, ...,p} and each vertex i has a weight w,,
E = {[i,j113ke(AinB)u(4;nB))}.

In other words, two vertices i and j of G are linked by an edge if x, appears in T; (or
T;) while x, appears in T (or T;). It is clear from the definition of G that the maximum
value of f is equal to the maximum weight o, (G) of a stable set in G.

Conversely, for each graph G = (V, E) with positive weights w, associated with each
vertex ue V, there exist posiforms f such that G is the conflict graph of f[7]. Indeed,
consider an arbitrary covering of the edge set E by complete bipartite partial
subgraphs G;((V;, V;,), E;)) of G,i=1, ... ,q. Then set

f= Yy wT,

ueV
where T, = [Tje 4,X;[ Tkep %k With A, = {ilueV, }, B, = {ilueV,}.

Let T, and T, be two terms of the posiform f such that x; appears in T, and
X; appears in T,. Then ueV; and veV;,. Hence, the edge [u, v] belongs to E; < E,
showing that G is the conflict graph associated with f.

Notice that given a graph G = (V, E), there might exist different coverings of E by
complete bipartite partial subgraphs. Each covering corresponds to a posiform f'such
that G is the conflict graph of f. Consider, for example, the two different coverings of
the graph G represented in Fig. 1. These coverings induce two posiforms f and f
having the same maximum value which is equal to 5. The maximum value of f is
obtained by setting x; = x, =0, whichmeansthat T, =T, =x, =0, T, = X;%, = 1,
T;=x,%; =0and T, = X, = 1. For f’, the maximum value is reached for x;, = 0 and
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associated posiforms {l=x1 +3X1 Xp+ Xq + dx2 Xy + 2 f'=Xy X2+ 3xpX] + Xy Xg + 4XpXg + 2,
Fig. 1.

Xy = X3 = 1, heIlCC, Ta = xle = 0, Tb = x2f1 = 1, Tc = XIX3 = 0, Td = _)sz:, = 0
and T, = x, = 1. Both settings of the variables of fand f’ correspond to the stable set
S = {b, e} of weight 5 in G.

3. Known graph transformations based on Boolean methods
We describe, in this section, two known graph transformations which are based on

Boolean methods, and which have been exploited for the computation of the stability
number of graphs. The first one can be applied to any graph G = (V, E) and amounts
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to building a new graph G’ with «(G") = 2(G) — 1. The second transformation, when
applicable, amounts to constructing from a graph G =(V, E) another graph
G' = (V',E}ywith |V'| = V| — 1 and o{G") = a(G).

3.1. The Struction

The Struction (for STability number RedUCTION) [ 7] is a procedure which, given
a graph G = (V, E), constructs a new graph G' = (V', E') with a(G’) = a(G) — 1. Let
a, be any vertex in V and let Ng(ao) = {ay, ... ,qa,} and W =V \Ng[ae] =
{ap+1, ..., a1} The Struction is based on the following covering of E with | V| — 1
stars:

— For each vertex a;e Ng(ao) (1 < i< p) consider the star G; = ((V;,
V,, = {a;} and V}, = {ao}u{a;e Ng(a;)nNglao)lj > i}u{a;e No(a)nW}.
— For each vertex a;e W(p + 1 <i<|V|—1) consider the star G; = ((V;, V), E))
with ¥V, = {a;} and V,, = {a;e No(a)nW | j > i}.

This covering defines the following terms of the associated posiform
f= S5 e, T

V). E) with

w 1 % (1<i<p)
a,eNg(a)
Ta = 1<j<i<p
aje Ng(a)nNg(ag) a;eNglaynW
p<j<i<|V|

It is proved in [7] that

P

To=1+ Y xx [[ % [] %
=0 a,¢Ng(a,) 1<s<q a¢Nga,)
1<g<r<p g<t<r

t

Hence, in the case where all weights are equal to 1 (unweighted case), f can be
rewritten as 1 + g where g is also a posiform. The conflict graph G’ associated with
g satisfies (G') = «(G) — 1 and it is shown in [7] that it can be obtained directly from
G by the following transformation:

(a) For each q (1 < q < p) define the layer L, = {(¢,r)|q < r < p and a,¢ Ng(a,)}.
(b) The vertex set V' of G’ is equal to WU (| ), <4<, L,

(c) The edge set of G’ consists of

all edges of G[W ;

all edges linking vertices in different layers;

edges linking two vertices (g, r) and (g, s) in the same layer L, if a, ¢ Ng(a,);
edges linking a vertex (q,r) in L, (1 <g<p) with a vertex geW if
a;€ Ngla,)UNg(a,).
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Graph G »  Graph T(G;ag)
V11 ={a,} \/12 = {aq, ag} V4‘ ={a,} VILa ={aq, ag}
Vo, = {2y} Vo, ={ap} Vs, ={as} V5, ={as}
Vg, ={a5} V32 ={a,, a4} Ve, =13} Ve, ={a7}

L= {(1.2.013L(14)  L,={23).24)}  W=(ag ag,a,}

Fig. 2.

We shall denote G' = F5(G; ao). An example of this transformation is represented in
Fig. 2. Notice that the number of vertices of G’ is in O(]V|?). For certain classes of
graphs, one can avoid this potentially exponential growth of the number of vertices,
thus giving a polynomial time algorithm for the computation of the stability number
of graphs in those classes [11, 14, 15, 18]. The Struction can be extended to the
weighted case as well. For more details, the reader is referred to [7].

3.2. Magnets

Hammer and Hertz {13] have studied a transformation which, when applicable,
amounts to building from a graph G =(V,E) a new graph G =(V’, E') with
V'l =1V|-—1 and a(G') = a(G).

A magnet in a graph G = (V, E) is defined as a pair (g, b) of adjacent vertices with
the same weight and such that each vertex in Ng(a)\Ng(b) is adjacent to each vertex in
Ng(b)\Ng(a). Let G be a graph containing a magnet (a, b). The edges incident to a or b can
be covered by the two following complete bipartite partial subgraphs G, and G, of G:

Gy = ((V1,, V1,), Ey) with W, = Ng(b)\Ng(a) and Vi, = Ng(a)\Ne(b),
G, = ((V,,. V3,), E;) with V, = {q, b} and V,, = Ng(a)nNg(b).

Let us now consider any covering of the edges in E\(E; UE,) by complete bipartite

partial subgraphs G, ..., G,. The graphs G, ..., G, cover all the edges of E and the
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Graph G - Graph rIM(G;a,b)

Vi, =fae} Vi, ={bcd Vo, =fabl Vs, ={g}
Va ={efl Vg ={dg}

Fig. 3.

associated posiform f=Y,.yw,T, satisfies T,=x;x, and T, = x;x,. Hence,
T, + Ty ={(x; + X)x; = x,. It follows that f has the same maximum value as the
posiform g = ¥,y (a,0; Wo T,y + Wax,. This means that the conflict graph G’ = (V', E')
associated with g satisfies o, (G') = o, (G) and |V'| = |V]| — 1.

The graph G’ can be obtained directly from G by replacing the vertices a and b by
a new vertex ab having the same weight as a and b, and linked to every common
neighbor of ¢ and b in G (hence, NGV(ZI\Z;) = N¢g(a)nNg(b)). We shall denote
G = Iu(G; a. b). An example of this transformation is represented in Fig. 3. More
details on magnets are given in [13].

4. A new graph transformation
We describe in this section a new graph transformation which is based on the
following Boolean equality:
Xy+x+y=1+xy.

Let us consider a posiform f=YF_ w,T; with T; = [];c4,%; [Tk X and let us
assume that there exist three terms T,, T;, T, with equal weight w, = w, = w. and two
indices g and r such that the two following conditions are satisfied:

(1) 4y = A,u{q} and A, = A,0{r};
(i) r¢ By, g¢ B, and B, = B, u{q.r} = B.u{q. r}.
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The sum of the three terms T,, T, and T, of the above posiform f can be reduced to
the sum of two terms T, and T, as follows:

T,,+T,,+Tc=iqi,<nxj I1 xk>+xq< I1 x,-]‘[xk>

jed, keBi{q.r jea\{g}  keB,

+x,( IT % l_[ik)

jeAN{r} keB,

= (X%, + X, +x,)< Il x; nik)

jeA, keB,

=(1 +qur) ( ij H£k>

jeA, keB,

=<ij ka>+< IT x H’Ek)

jeA, keBy jeA,u{q,r} keB,
= Ta + Tbc-

Now, let us consider the posiform g =%, <; < ,wiT; + wa(Ts + To).
i#ab,c

The conflict graph G’ =(V’, E') associated with g has one vertex less than
the conflict graph G = (V, E) associated with f and «,(G) = 0, (G’), since f and
g have the same maximum value. The vertex set V' is obtained from V by replac-
ing vertices a, b and ¢ by two new vertices 4 and b associated with the terms T, and
Ty of g.

In the graph G, the vertex 4 is adjacent to each vertex i (1 <i < p, i #a, b, c) such
that 4,1 B; # 0 or B,nA; # 0, and the vertex be is adjacent to each vertex i (1l <i < p,
i # a, b, ¢) such that (4,0{q, r})NB; # 0 or Byn4; # 0.

This means that the edge set E' of G’ is obtained from G by removing all edges
incident to a, b or ¢ and by linking 4 to each vertex in Ng(a)nNg(b)nNg(c) =
%gla, b, c) and b¢ to each vertex in (Ng(b)uNg(c)\{a, b, c}.

Relations (i) and (ii) satisfied by the terms T,, T, and T, of f induce relations
between a, b and ¢ in the conflict graph G = (V, E) associated with f. First notice that
a is adjacent to b and ¢ since g€ A,n B, and r€ A.nB,. Moreover, b is not adjacent to
¢, since B, = B,. Hence, G contains an induced P;(b, g, ¢).

If v is a vertex in #;(£) then q or (not exclusive) r belongs to A4,. So, let us partition
the set #;() into the three following subsets:

P = {ve S0 An{g, 1} = {q}},
Q = {ve S (sl 4in{g, r} ={a,7}},

R = {ve (s A,n{q, r} = {r}}.
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4.1 considered partition of the edges of G incidentto a, b or ¢

4.2 constramnts on the set PUQUR= {;(Sc) 4.3 constraints on the sets %( e:;) and OG(:b)

means that each vertex in A is adjacent to each vertex in B

aBAT (&)

Fig. 4.

According to conditions (i) and (ii), we have g € B, for each ve Z5( 2 )u0g(£)ul6(5)
and re B, for each ve .Z5(5)u0s(2)u0(L). Hence, we have the following configura-
tion (see Fig. 4.2):

— each vertex in P is adjacent to each vertex in Jg(2)uls(5)uCs(5);
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— each vertex in Q is adjacent to each vertex in J5(2)uds(5)V0s(5) LwO(2)v
O (ap);
— each vertex in R is adjacent to each vertex in

jG(aCb)U(DG(I::)UCOG(:c)‘

Let us now consider any vertex v in Og(2.). Since, v is adjacent to a and ¢, but not to
b we know that g € 4,,. It follows that each vertex in Og(..) is adjacent to each vertex in
Fe(LYu06(£)u06(5). By symmetry between b and c, each vertex in Og(5) is adjacent
to each vertex in 5(5)uls(2)uls(L) (see Fig. 4.3).

It can be observed in Fig. 4 that the vertices in V'\{a, b, ¢} which are adjacent to a,
b or ¢ induce two configurations in G which look like the letters Band 4. We shall say
that a, b and ¢ induce a BAT({,) in G (for BA-triplet).

Definition. A BAT(;%) in a graph G is a set of three vertices a, b, ¢ with equal weight
and satisfying the following properties:

— G contains an induced P;(b, a, c);

— each vertex in Fg(£) is adjacent to each vertex in (2 )u0s(2)u0s(5) or (not
exclusive) to each vertex in Z5(5)U0s(£)u0(L);

— each vertex in Ug(L) is adjacent to each vertex in Jg(2)UCs(2)u0s(S);

— each vertex in Og(5) is adjacent to each vertex in £g(5)u0s(2)uls(2).

Notice that there are graphs which contain a BAT but no magnet. This
is, for example, the case for any chordless cycle with at least five vertices. Con-
versely, the graph G =(V,E) with V ={a,b,c,d, e} and E = {[a,b], [a,c],
[a,d],[a,e], [b,c], [d,e]} has no BAT while each pair of adjacent vertices is a
magnet.

Let us now consider the transformation which has been applied to the conflict
graph G of ffor getting the conflict graph G’ of g (see Fig. 5 for an example of such
a transformation).

Given a graph G = (V, E) and a BAT(;;) in G, we define G’ = (V',E’) = J5(G; ) as
follows:

— the vertex set ¥ of G’ is obtained from V by removing the vertices g, b, c and adding
two new vertices & and bc with weight w,( = w, = w,);

— the edge set E’ of G’ is obtained from E by removing all edges incident to a, b or
¢ and by linking 4 to each vertex in Cgla, b,c) and bc to each vertex in
(N(B)UNG(c)\{a}.

Up to this point, we have observed that if fis a posiform containing three terms T,
T, T. satisfying conditions (i) and (ii) then the associated conflict graph G contains
a BAT(4.). Moreover, we have noticed that 7(G; ;) is the conflict graph of a posiform
g having the same maximum value as f; hence, a,,(G) = «,,(75(G; &) in that case. We
prove now the following stronger theorem.

Theorem 1. Let G=(V,E) be a graph containing a BAT({,). Then a,(G)=
(T B(G b))
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P={e}
I{se) ={ef}  with { Q-
R=(f}
Il o) =la}
[G(acb) ={ij}
Q(se) ={n}
% (:c) ={k}
Q; (;:c) =0
Gfave) ={d

; = {a,b,c} V12 = {d}
={b.ek} V% ={ag.h}
) ={c.i} V32 = {a,h,i,jik}
=) Ve =K
L=l Vg, ={agm)
VG1 ={e} V62 = {f,m}

Fig. §.

Proof. We shall give two proofs of this theorem, one having a Boolean and one
having a graph theoretical flavour.

Boolean proof. Let us consider the two following subsets of V:
- K = {ve Ng(a)\{b, ¢} |v is adjacent to all vertices in F;(2)U06(5)006(5)};
— L = {ve Ngla)\{b, c} |v is adjacent to all vertices in I4(5)V0s(5)u0s(L)}.
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Since the vertices a, b and ¢ induce a BAT(;,) in G, it follows that .%;(5) = KUL,
Og(2) < K and 0g(5) < L. So, let us consider the following covering of the edges

1n01dent to a, b or ¢ by three complete bipartite partial subgraphs G; = ((Vy, Vi2), E))
(1<i<g<3)of G

Vll = {a’ b’ C}’ V12 = CG(a’ b’ C),
= {b}UK, Va, = {a}UjG(:c)U(QG({:c)U(OG(;b),
Vi, = {c}uUL, Vi, = {a}Ufc(acb)U(QG(fc)U@G(fc)-

Let us now consider any covering of the edges in E\(E,;UE,UE;) by complete
bipartite partial subgraphs G,((V;, V;)), E), (4 < i < q) of G. For each ve V we define

A,={ill<i<gandveV;,} and B,={i|ll <i<gqandveV,}

T, = [ljca,%;[Txes, Xx-

As observed in Section 2, G is the conflict graph associated with the posiform
f=Y,eyw,T,. By construction, we have A,= {1}, B,={2,3}, A4,={1,2},
A.={1,3} and B, = B, =0. It follows that T, = x;X,X5, Tp = x1X2, T, = X1X3.
Hence, T, + Ty + T, = x1(X3%3 + X5 + x3) = x1(1 + x,x3) and the posiform f has
the same maximum value as the posiform g =Y ,cp ywap.c Woly + WoX1 + WoX1X3X3.

The conflict graph G’ associated with g is the graph obtained from G[V\{a, b, c}]
by adding two vertices @ and be of weight w, (= w, = w,) and such that

— d is adjacent to every vertex v (v # a, b, ¢) such that X, appears in T,. So, by
construction, d is adjacent to v if and only if ve Vi, = €5(a, b, ¢).

~ be is adjacent to every vertex v (v # a, b, ¢) such that X, X, or x; appears in T,.
Hence, bc is adjacent to v if and only if ve(Vy,uV,,uVy\{a, b, c}
= (No(b)UNG(e)\{a}.

This shows that G' = 75(G; 2). Hence G and G’ are conflict graphs associated with
two posiforms having the same maximum value.

Graph-theoretical proof: Let us denote G’ = J3(G; &) and let us consider any stable
set S of G. If Sn{a,b,c} =0, then S is stable in G' and if |Sn{a, b, c}| =1, then
(8\{a, b, c})u{a} is stable in G'; otherwise Sn{a, b, ¢} = {b, ¢} and (S\{b, c})u{q, bc}
is stable in G'. In each case, we have found a stable set §” of G’ having the same weight
as S. This shows that «,(G) < a,,(G).

Let us prove now that «,(G) = a,(G’). For this purpose, consider any stable set §'
having a maximum weight in G'. Notice that §'n{d, bc} # {be} else S'U{a} would be
a stable set of G’ having a weight larger than S'.

- If $'n{d, bc} =0 then S’ is stable in G
~ If S'n{d b} = {d, b} then S\{4, bc }u{b, c} is stable in G.
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- If §'n{a, /b\c/} = {a} and S§'N(Os(4)V06(5)UCc(5)) # 0, then there is a vertex v in
S’n(V’\{d,’l;E}) such that [Ng(v)n{a, b,c}| =2 and (S"\{a})u({a, b, ¢} = Ng(v)) is
stable in G.
— I S'n{a, b} = {a@) and §'N(O6(2)006(E)uCe(S)) = 0, then

 if 'nFe(4) = 0 then S\{a}u{b} is stable in G;

Af ') = 0 then S'\{a}u{c} is stable in G;

AF S (I )uIe()) # O then S\{a}u{a) is stable in G.
In each case, we have found a stable set S of G having the same weight as §'. [

5. Some applications

Let G and H be two graphs. We shall say that the graph G is H-free if it does not
contain an induced subgraph isomorphic to H. We denote 2K,(a, c; b, d) the comp-
lement of the chordless cycle C,(a, b, ¢, d) on four vertices and claw(a; b, c, d) the star
((Vy, V,), E) with V; = {a} and V, = {b, ¢, d} (see Fig. 6).

In this section, we first prove that each connected C,-free and 2K,-free graph
G which is not a clique contains a BAT(%) such that J3(G; 2) is also C,-free and
2K,-free. As a corollary, the stability and clique numbers of any C,-free and 2K,-free
graph can be computed by repeatedly applying transformation 5.

We shall then prove that if a claw-free graph G contains a BAT(§,) but no pair of
adjacent vertices u, v with Ng(u) S Ng(v), then F5(G; £) is also claw-free.

5.1. Cy-free and 2K,-free graphs

The structure of C,-free and 2K,-free graphs has been characterized by
Blazsik, et al. [3]. This class of graphs contains all threshold [10, 4] and split
graphs [8, 17]. A linear-time recognition algorithm has been proposed by Maffray
and Preissmann [23]: this algorithm provides a maximum stable set with no extra
work. We propose in this section a different approach for the computation of the
stability number of C,-free and 2K,-free graphs. Instead of developing specific
tools which take into account the structure of these graphs, we prove that their
stability number can be obtained by repeatedly applying transformation 5 until
each connected component of the transformed graph is a clique: the number of
connected components in the final graph is then equal to the stability number of the
original one. The proposed algorithm is more complex than the one described in [23].
It provides, however, an example of the various contexts in which transformation
I can be applied. Another application of this general tool will be given in the next
section.

Notice that the complement G of a C,-free and 2K,-free graph is also C,-free and
2K,-free. Hence, every algorithm which computes the stability number of a C,-free
and 2K,-free graph G can also be applied to its complement G for the computation of
the clique number w(G) = a(G).
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In order to prove that the stability number of C4-free and 2K,-free graph can be
obtained by repeatedly applying transformation 5, we have to show that every
connected C,-free and 2K,-free graph which is not a clique contains a BAT. We prove

the following stronger lemma.

Lemma 1. Every connected Cy-free and 2K,-free graph G which is not a clique contains

a BAT(Z) such that Og(2) = 0 or Og(5) = 0.

AN
a

a0

@ O
-0
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Proof. Let G be a connected C,-free and 2K,-free graph which is not a clique and let
us consider any subset W = {a, b, ¢} of vertices in G such that W induces a Ps(b, g, ¢)
in G. We first notice that (%) = 0 else G contains an induced C, (b, 4, ¢, v) for any
vin Og(%). Moreover, if (g(2) is not empty, then we have

— Js(L) =0 else G contains an induced 2K,(c, u; b, v) or C4(b, a, u,v) for any u in
C(a) and any v in F5(z);

— each vertex in (g(2.) is adjacent to each vertex in 0g(5) else G contains an induced
2K, (c, u; b, v) for any u in Og(2) and any v in Og(5) such that [u, v]¢E.

By symmetry between b and c, we also have 5(5) =0 if Cg(5) # 0. Hence,
each vertex in Gg(L) is adjacent to each vertex in Zg(2)ulg(2)ul(5) and each
vertex in (Ug(5,) is adjacent to each vertex in .#4(5)u0s(2)uUg(L). This means that
the vertices g, b and ¢ induce a BAT({,) in G if and only if each vertex in .#;(,) is either
adjacent to each vertex in JG(2)uls(5) or (not exclusively) to each vertex in
F6 (i) o ge)-

Let us assume that Cg(,)=90. If F(5) =0 then we are done, since
Fe(5)006(L) = 0. Otherwxse, we have observed that Og(5) =0, and we have
Ie(L)=10 or F5(L)=0 else G contains an induced 2K, (b, v; ¢, t), Cula, b, v, w),
Caila, ¢, t,u) or 2K,(a, u; v, t) for any ue #5(2), ve F(2) and te FG(5); so, either
F5(8) =0 or F(2)uls(5) =0 and G contains a BAT(Z).

Up to this point, we have proved that if G contains an induced P;(b, a, ¢) with
¢ ( ) { then it contains a BAT(%). So let us consider any induced P (b, a, ¢) in G. If
Ce(l)y =0 or Og(5) =0 then the lemma is proved. Otherwise, let us consider any
VCfthCS uelg(l) and vely4(S). We have already shown that [u,v]eE. Hence,
G contains an induced P;(u, v, b) and Og(4%) = 0 else G contains an induced 2K, (b, t;
¢, u) or Cy(c, u.v, t) for any te Cg(,p). O

It can be observed in Fig. 7 that if G is a Cs-free and 2K,-free graph which contains
a BAT(£,), then the transformed graph Z3(G; ) is not necessarily 2K,-free. However,
we prove now that J3(G; &) is 2K,-free if the BAT(2) in G satisfies 0s(2) = 0 or
C(5) = 0. We next show that J5(G; ) is Cy-free for any BAT(Z) in G.

Lemma 2. Let G be a C,-free and 2K,-free graph and let a, b and c be three vertices
which induce a BAT() in G such that Og(2) =0 or Og(5) =0. Then T5(G; £) is
2K,-free.

Proof. Let us assume without loss of generality that Og(2) =0 and suppose that
Ts(G; §) = (V', E') contains an induced 2K, (p, g; r, s).

- If {p,q,r. s}n{dq, ’b\E} =@ then G contains an induced 2K,(p,q; r,s), a contra-
diction.

- If {p, q,r, s}n{a, bc} = {a} then we may assume that p = a The vertex q is adjacent
to a, b and ¢ in G, since [d, g] € E". Moreover, [c,r] € E or [c, s] € E else G contains an
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this C4-free and 2K2-free graph contains a BAT( gc) T5(G; ,i,) contains a 2K, {t.au.v)

Fig. 7.

induced 2K, (c, g; r, ). So, let us assume without loss of generality that [c, r] € E. Now,
[a,r]¢E else [d,r]eE or Og(L) # 0. Hence, [b,r]1¢E else G contains an induced
Cy(b,a,c,r). We now have [b,s]eE and [a,s]€E else G contains an induced
2K, (b, q; 1, 5) or 2K, (a, g; r, s). Since [d, s]¢ E', we have [c, s]¢ E. Hence, G contains
an induced Cy(a, c, 1, s), a contradlctlon

-If {p,gq.r s}m{a bc} = {bc} then we may assume that p= bc. Since
[bc qleE, [bc r]¢ E’ and [bc s]¢ E’, we know that r and s are adjacent neither to
b nor to ¢ in G while [b,q]€eE or [c,q]€eE. Hence, G contains an induced
2K, (b, g; 1, s) or 2K,(c, g; 1, 5), a contradiction.
~ The case {p, 4,1, 5}n{d bc,} = {@,bc} is not possible since [4 bc]¢E’ and each
vertex adjacent to 4 is also adjacent to be. O

Lemma 3. Let G be a Cy-free and 2K,-free graph and let a, b and c be three vertices
which induce a BAT(%,) in G. Then T3(G; §) is Cy-free.

Proof. Let us assume that 93(G; ;) = (V', E') contains an induced C,(p, g, 1, s).

- If{p, q,r,s}n{4, FE} = () then G contains an induced C,(a, b, ¢, d), a contradiction.
~ If {p, q,r, s} {4, ’b\c/} = {a} then we may assume that p = 4. Since [4, g]€ E' and
[a, s]1e E’, we have [u, q] € E and [u, s]€ E for all u in {a, b, c}. Moreover, there exists
a vertex u in {a, b, ¢} such that [u, r]¢ E else (4, r] e E'. Hence G contains an induced
Ci(u,q,r,5), 2 contradlctlon

- If {p,q,r,s}n{q, bc} = {bc} then we may assume that p = bc. Now [b, r]¢ E
and [c, r] ¢ E, since [bc 7] ¢ E’ and we know that ¢ and s belong to (Ng(h)uNg(c)\{a},
since [bc, gleE and [bc, s]eE'. We may suppose that [b,gq]leE, the case
[¢, q] € E being symmetrical. Now [b, s]¢ E eise G contains an induced Cy(b, g, 1, s).
Hence, [¢, s]€ E and G contains an induced Cy(c, g, 1, s) or 2K, (b, g; c, 5), a contra-
diction.

- If{p, q, 7, s}n{a4, bl = {a, EE} then we may assume that p = bc and r = 4. Since
[d, q]e E' and [4, s]e E', we know that each vertex in {a, b, ¢} is adjacent to g and s.
Hence, G contains an induced C,(b, ¢, ¢, s), a contradiction. []
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Theorem 2. The stability and clique numbers of Cy-free and 2K,-free graphs can be
computed in polynomial time by repeatedly applying transformation Jp.

Proof. Let G be a Cy-free and 2K,-free graph. We know by Lemma 1 that if
G contains a connected component which is not a clique then G contains a BAT(;,)
such that €g(2) =0 or €5(5) = 0. Moreover, for such a BAT(Z), we know by
Lemmas 2 and 3 that J(G; ) is also C4-free and 2K,-free. By repeatedly applying
transformation 5 with this kind of BAT it is, therefore, possible to transform G into
a graph G’ in which each connected component is a clique. Since transformation
I preserves the stability number, it follows that o(G) = «(G’). Hence, the stability
number of G is equal to the number of connected components in G'.

Since w (G) = a(G) and G is also C,-free and 2K,-free, the clique number of G can be
determined by computing the stability number of G with the above technique.

Given a Cy-free and 2K,-free graph in which at least one connected component is
not a clique, it is easy to determine a BAT(Z) such that Gg(2) =0 or Og(S5) = 0.
Indeed, following the proof of Lemma 1, it is sufficient to find an induced P, (b, a, ¢) in
G with (g(2)=0. We first detect any induced P;(b,a,c) in G. If Og(L)=90 or
Cs(5) = 0 then g, b and ¢ induce the desired BAT in G; otherwise, there are vertices
uely(l) and veCg4(S). It has been shown in lemma 1 that G contains an induced
P;(u, v, b) with Cg(s4) = 0 which means that G contains a BAT(,},) with Og(%) = 0.
This search can thus easily be performed in time complexity O(V |*). [

5.2. Claw-free graphs

It has been proved by Minty [24] and Sbihi [25] that the stability number of
claw-free graphs can be computed in polynomial time. Both authors have described
an algorithm based on augmenting chains techniques. Boolean methods have also
been applied to the computation of the stability number of claw-free graphs. They
turn to be useful for reducing the size of the considered graph or for finding the
stability number in subclasses of claw-free graphs.

As described in Section 3, the Struction is a procedure which, given a graph
G = (V, E), constructs a new graph G’ such that a(G’) = «(G) — 1. Given an arbitrary
vertex g, the vertex set of the transformed graph G' = (V', E') = J5(G; a) consists of all
vertices in V\Ng[a] as well as “new” vertices contained in layers L, (1 < g < |Ng(a)]).
We have noticed that | V'|e €¢(|V|*). When G is a claw-free graph, it is easy to see that
the subgraph induced by the vertices in the layers is a clique. Hence, at most one new
vertex may belong to a maximum stable set in G'. In order to avoid the potentially
exponential growth of the number of vertices, specialized versions of the Struction
have been proposed which ensure that the new graph does not contain more vertices
than the original one. It has been proved that by choosing either (i) one vertex per
layer [14, 15], or (ii) all the vertices of one layer [86], or (iii) all the vertices of two
layers [86], then the stability number of (i) claw-free and N-free, (ii) claw-free, H-free
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and H,-free and (iii) claw-free, B-free and Hs-free graphs can be computed in
polynomial time (see Fig. 6).

Notice that if G is a claw-free graph, then the transformed graph Z5(G; a) is not
necessarily claw-free. Indeed, for the graph B(vy, v,, v, v4, Us, Vs, 07) (see Fig. 6), the
transformed graph Z5(G; vy) contains an induced claw((3, 4);(2, 5), ve, v4). It can,
however, be proved easily that if a graph G = (V, E) is claw-free and B-free then
Ts(G; a) is claw-free for all g in V.

It is a simple exercise to prove that if G is a claw-free graph and (a, b) a magnet in
G (if any), then T4(G; a, b) is also claw-free. Hence, when applicable, the transforma-
tion ) can be used for reducing the size of a claw-free graph while preserving its
stability number. However, there are claw-free graphs, such as chordless cycles with
more than four vertices, which do not contain any magnet.

If a graph G contains two adjacent vertices a and b such that Ng(a) < Ng(b), we
shall say that b dominates a. In that case, we have a(G) = a(G[V\{b}]), since for each
stable set S of G containing b, there is a stable set (S\{b})u{a} in G[V\{b}]. In fact,
the pair (a, b) is a magnet in G and G[V\{b}] = Z4(G; a, b). Let # be a class of
graphs characterized by a set of forbidden induced subgraphs. Then, by removing
a dominating vertex in a graph G € #, one gets an induced subgraph of G which also
belongs to #. Hence, given any claw-free graph G, one can first remove each
dominating vertex of G before applying any procedure for the computation of the
stability number of G. We prove in this section that if a claw-free graph contains
a BAT(;) but no dominating vertex, then the transformed graph J3(G;s.) is also
claw-free.

Lemma 4. Let G be a claw-free graph which contains a BAT(,) but no dominating
vertex. Then T5(G;y) is claw-free.

Proof. Let us assume that J5(G; ) contains an induced claw(p; ¢, r, s).

Case 1: {p,qrs}n{d, bc}=9. G contains an induced claw(p;q,r,s), a
contradiction.

Case 2: {p, q, 1, s}n{d, bc} = {a). We may assume that either p = d or g = .

Case 2.1: p = a. Since [a,qle E, [d4,r]e E' and [4, s]e E, it follows that g, r and
s are adjacent to @, b and c. Hence, G contains an induced claw(y; g, r, s) for all u in
{a, b, ¢}, a contradiction.

Case 2.2: q = a. Since [d, p] € E', we have [u, p]e E for all u in {a, b, c}. At least one
vertex u in {a, b, c} is not adjacent to r else [d, r]e€ E'. For this vertex u, we have
[u, s] € E else G contains an induced claw(p; u, r, s).

Case 22.1: u=b.

Case 22.1.1: [a,s]¢ E. We know that [a,r]€E else G contains an induced
claw(p; a, r, s). Hence, [c,r]¢E else re0g(l) and se.#5(2)u0s(£) while [r, s]¢E,
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contradicting the fact that a, b and ¢ induce a BAT({) in G. Now [c,s]€E else
G contains an induced claw(p; c,r, s). So, re #;(5) and se@g(s) while [r,s]¢ E,
contradicting the fact that a, b and ¢ induce a BAT(;,) in G.

Case 22.1.2: [a,s]eE. We have [c,s]¢E else [d, s]e E'. Hence, [c,r]€E else
G contains an induced claw(p; c,r,s). So reZ(5)ul(L) and sel4(S) while
[r, s]¢ E, contradicting the fact that a, b and ¢ induce a BAT(;,) in G.

Case 2.2.2: u = c. This case is symmetrical to case 2.2.1.

Case 2.2.3: u = a. It follows from 2.2.1 and 2.2.2 that [b,r]€E and [c,r]€E. By
symmetry between r and s, we have [b, s]€ E and [c. s] € E. It follows that [d, s]€ E',
a contradiction.

Case 3: {p, q,r, s}n{a, ’11\5} = {/I;c/} We may assume that either p = be or q= be.

Case 3.1: p = be. At least one vertex among ¢, r and s is not adjacent to a else
G contains an induced claw(a; g, r, s). We may assume that [a, ¢] ¢ E (the other cases
being symmetrical). Since [fb\cJ, qle E', we have [b, q]€E or [c, q] € E. By symmetry
between b and ¢, we may suppose that [b, g] € E. Now either [b, r] ¢ E or [b, s] ¢ E else
G contains an induced claw(b; g, r, s). By symmetry between r and s, we may assume
that [b,r]¢ E. We have [c,r]€E else [fb\c’, rl¢ E'. Moreover, [a,r]¢E else
gelig(£)u.g6(L) and re Og(L) while [¢, r]¢ E, contradicting the fact that a, b and
¢ induce a BAT({) in G. It follows that [c,q]¢E else G contains an induced
claw(c; a,q, r). Since [7)\5, s]¢ E', we have [b,s]eE or [c,s]€E. So, [a,s]€E else
G contains an induced claw(b; a, g, s) or claw(c; a,r, s). We may assume that [b, s]€ E
(the case [c, s] € E being symmetrical, permuting the role of b and g with ¢ and r). Now
[c, s]€E, since each vertex in Og(5) is adjacent to re.#(4;). There exists a vertex
u such that [a, u] € E and [s, u] ¢ E else s dominates a. We have [b, uJe E or [¢c, u]€E
else G contains an induced claw(a; b, ¢, u). We may assume that [b, u] € E (the case
[c, u] € E being symmetrical, permuting the role of b and g with ¢ and r). Hence,
[q, u] € E else G contains an induced claw(b; g, s, u). So, [r,u]¢ E and [c,u] ¢ E else
G contains an induced claw(y; a, g, r} or claw(c; u, r, s). Finally, ue 0g(5,) and r € #5( %)
while [, u] ¢ E, contradicting the fact that a, b and ¢ induce a BAT(;,) in G.

Case3.2:q = bc. Since [fb\c/, r]¢E, [fb\cJ, s]¢ E and [/b\cf, ple E’, we know that r and
s are neither adjacent to b nor to ¢, while p is adjacent to b or c. Hence, G contains an
induced claw(p; b, r, s} or claw(p; c, r, s), a contradiction.

Case 4:{p,q,r, s}m{,bVC, a} = {’b\(_j a}. Since [be, d)¢ E', we may assume that g = d
and r = bc. Now p is adjacent to b and c since [d, p]€ E’ and s is neither adjacent
to b nor to ¢ since [7)\5, s]1¢ E'. Hence, G contains an induced claw(p;b,c,s), a
contradiction. [

Notice that transformations Z,,, 93 and the specialized version of J5 men-
tioned above are not sufficient for designing a polynomial time algorithm for the
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Fig. 8.

computation of the stability number of claw-free graphs. As an example, the graph
represented in Fig. 8 has no magnet and no BAT while it contains induced subgraphs
isomorphicto a N, B, H,, H, and H. Transformations 95, 7 and 9 can, however,
be used as preprocessing procedures before applying Sbihi’s or Minty’s algorithm.

6. Conclusion

We have studied a simplification of posiforms which, when applicable, amounts to
reducing the size of the corresponding conflict graph while preserving its stability
number. This graph transformation can be used in various contexts. We have proved
that it provides a polynomial time algorithm for the computation of the stability and
clique numbers of C,-free and 2K ,-free graphs. Moreover, we have observed that if
the transformation is applied to a claw-free graph G which contains a BAT but no
dominating vertex, then the transformed graph is also claw-free.
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