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Abstract

In this paper we establish the definition of the set of e-proper equilibria of a bimatrix game. We define
a 0 — 1 mixed quadratic program to generate a sequence of e-proper Nash equilibria and show that the
optimization results provide reliable indications on strategy profiles that could be used to generate proper
equilibria analytically. This approach can be generalized in order to find at least one proper equilibrium
for any bimatrix game. Finally, we define another 0 — 1 mixed quadratic program to identify non-proper
extreme Nash equilibria.

Key Words: Enumeration, Refinement, Proper, Bimatrix Game, Extreme Nash Equilibrium, Perfect.

Résumé

Dans cet article nous établissons la définition de I’ensemble d’équilibres e-propres pour un jeu bima-
triciel. Nous définissons un programme quadratique mixte 0 — 1 afin de générer une séquence d’équilibres
e-propres et de montrer que les résultats de 'optimisation de ce programme permettent d’indiquer les
choix stratégiques susceptibles de générer un ou plusieurs équilibres propres analytiquement. Cette ap-
proche peut étre généralisée afin de trouver au moins un équilibre propre pour tout jeu bimatriciel. Nous
définissons aussi un autre programme quadratique mixte 0 — 1 afin d’identifier les équilibres de Nash
non-propres.

Mots clés : énumération, raffinement, jeu bimatriciel, équilibre de Nash extréme, propre.
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1 Introduction

A bimatriz game is a strategic confrontation of two players I and II. A bimatrix game G(A, B) is defined by
a pair of n x m payoff matrices A and B. Each player has a finite number of actions to choose from. The
deterministic choice of an action is called pure strategy. Player I has to choose between n pure strategies,
while player II has to choose between m pure strategies.

Each player attempts to maximize his own payoff by selecting a probability vector over his set of pure
strategies. These vectors are combinations of pure strategies, called mized strategies, and represented by
probability vectors z; € R™ and x5 € R™. Hence, player I's payoff is 2} Azy and player II's payoff is 2% Bxs.

A Nash equilibrium is defined as a profile of strategies such that simultaneously player I maximizes his
payoff given the strategic choice of player II and player IT maximizes his payoff given the strategic choice of
player I. An equilibrium point is a profile of strategies where neither player has an interest to unilaterally
change his strategic choice unless the other player does so. A number of papers have already solved the
problem of enumeration of all Bimatrix Game Nash extreme equilibria (see [5] and [3]).

When confronted to a situation where a huge number of equilibria can be considered to solve a game,
decision makers would have to refine their choices using some other rational concepts in addition to the
concept of Nash equilibrium. Perfect and Proper equilibria are two refinements of the concept of Nash
equilibrium based on the idea that a reasonable equilibrium should be stable against slight perturbations
in the equilibrium strategies. It is also well known that a subgame perfect equilibrium for a two-person
extensive game corresponds to a proper equilibrium for its corresponding reduced normal form bimatrix
game representation.

Lack of analytical and numerical tools that can be used to generate such equilibria with robustness
properties made these refinements rarely used in practice. This paper tries to answer the following question:
How can we automatically detect proper extreme Nash equilibria?

Section 2 recalls the definition of proper refinement concept and establishes the definition of the set of
e-proper equilibria. Section 3 proposes a mixed 0 — 1 quadratic program in order to detect e-proper equilibria.
This section details different cases of convergence results and discusses a theoretical preocedure to generate
proper equilibria and conclude on the non-properness of an equilibrium.

2 Set of e-proper equilibria

The main idea behind the proper refinement of Nash equilibria is that a reasonable player would try harder
to avoid important mistakes than he or she would try to avoid small ones. While any proper equilibrium
profile is perfect, a perfect equilibrium profile could be non-proper.

Definition 2.1 A bimatriz game profile (2, 2%) is said to be ex-proper equilibrium, for some e, > 0, if the

following conditions are satisfied:

if Ak < Apak, then o, <eah,, Vi,he{1,2,...n}, (2.1)
if xlfBj <aV¥By, then xlgj < e, Vi,1e{1,2,...m}, (2.2)
¥ >0, Vie{l,2,..,n}, a5, >0, Vje{l,2,..,m}. (2.3)

To provide a practical tool to identify e-proper equilibria and non-proper equilibria, for any € > 0 and
o > 0, we introduce the set
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0% ={ (z1,22) : Fu, v such that Ty =1, lag =1,
o < xy, Vie{l,2,..,n},
o < xg;, Vi e {1,2,...,m},
Apze < Ajxg + Lugp, Vi,h e {1,2,...n}, i # h,
1 + uip < exyp + 1, Vi,h e {1,2,...n}, i # h,
Uip + Upi < 1, Vi,h € {1,2,...,n}, i <h,
uip € {0,1}, Vi,h € {1,2,...n}, i £ h,
x1B; < x1Bj + Lvj, Vi, le{1,2,...m}, j#I,
xoj + v < exo + 1, Vi, le{l,2,...m}, j#1,
v+ <1, Vi, le{1,2,...m}, j<lI,
vy € {0,1}, Vile{1,2,..m}, j£1 1.

The following proposition ensures that each element of Q¢ is an e-proper equilibrium.

Proposition 2.2 If a strategy profile (x1,x2) € QF for some € > 0 and o > 0, then (x1,x2) is an e-proper
equilibrium.

Proof. Suppose that (x1,z2) belongs to 7, for some ¢ > 0 and o > 0. Let ¢ and h be indices in {1,2,...,n}
such that ¢ # h. Then the inequality w;, + up; < 1 ensures that the combination u;, = 1 and up; = 1 is not
possible. Furthermore,

e if u;, = 0 and up; = 0 then Apze = A;xo.

e if u;, = 1, then exy; < x1; < exyp < 21y implies that 1, > exq; and up; = 0, thus A;zo0 < Apxs,
It follows that conditions (2.1) are satisfied. In a similar way, conditions (2.2) are satisfied using binary

variables v, for all j,l € {1,2,...,m} with j # .

Finally, with 0 < o < x9;, for all j € {1,2,...,m}, the conditions (2.3) are satisfied. O

Conversely, the following proposition ensures that any e-proper equilibrium belongs to Q¢ for all suffi-
ciently small values of o.

Proposition 2.3 If a profile (x1,x2) is an e-proper equilibrium for some ¢ > 0, then there exists a ¢ > 0
such that (x1,22) € Q7 for every 0 <o < 4.

Proof. If a profile (z1,22) is an e-proper equilibrium for some € > 0, conditions (2.1) can be reformulated
using binary variables u;p, for all i, h € {1,2,...,n}, i # h:

Ajxo < Apzo + Lup,
A;x Apx Ty + uip < €x 1
If iT2 < ApTa, then 1i + Uip < €x1p + 1,
215 < €T, up; = 0,
Uip = 1.
Apxo < Ajzg + Lugp,
¢ Apzo < Ajzo, then 4 Ttk T Uni <ery;+1,
T1p < €X14, uip = 0,
Upi = 1.
Ajxo = Apwo, Ajxo < Apxo + Lupg, 215 + wn < €x1p + 1,
If ¢ 1, <1, then ¢ Apwe < Ajxo + Lugn, Tin + uni < exqy + 1,

1 < 1, up; =0, uip = 0.
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In a similar way, conditions (2.2) can be reformulated using binary variables vj;, for all 5,1 € {1,2,...,m},
J#L

And finally, conditions (2.3) ensure that there exists a & > 0, such that & < x4, for all i € {1,2,...,n}
and 7 < my;, for all j € {1,2,...,m}.

Then, for every o such that 0 <o <& and ¢ > 0:

o<y, forallie{l,2,..,n},
o <y, forallje{l,2,..,m}.

Thus, (x1,22) € Q7 for every o, such that 0 < o < & and o > 0. O

Myerson [12] and Jansen [11] define a proper equilibrium to be the limit of an infinite sequence of ex-proper
equilibria, with € converging to zero.

Definition 2.4 An equilibrium (Z1,&2) is said to be proper if there is a sequence of eg-proper equilibria
(%, 2%) such that
lim e, =0 and klim (xh, 25) = (&1, 22). (2.4)
—00

k—o0

The main difficulty in applying this definition is to find a convergent sequence {ex}, .y of positive real
numbers making the sequence {(:E’f, xlg)}keN converge to (&1, 22), where (¥, 2%) are e,-proper for each k € N.
However, since Myerson [12] showed that every bimatrix game posseses at least one proper equilibrium, we
can be sure that such a sequence exists for every bimatrix game. In Section 3 we will show how such sequences

can be obtained on some examples.

3 Detection of e-proper equilibria

In order to generate such sequence of positive real numbers, we define a family of parametrized mixed 0 — 1
quadratic programs such that their solutions define a sequence of e-proper equilibria, when the parameter o
converges to 0.

Proposition 3.1 The perfect equilibrium profile (&1, 22) s a proper equilibrium if and only if the following
0 — 1-mized quadratic program is feasible for some & > 0, and if lim+ f(o)=0.
o—0

o) = min € 3.5
f( ) (z1,22)€Q7 € ( )
s.1. T1; — € < T4 Sili—FE, Vi € {1,2,...,TL},
Toj — € < woj < o5 + ¢, Vj€{1,2,...,m},
0<e<1.

Proof. Let (21(0),z2(0),€e(c)) be the optimal solution to (3.5) for some given perfect equilibrium profile
(Z1,22). Proposition (2.2) ensures that (x1(c),22(0)), is an €(o)-proper equilibrium. Conditions (2.4) were
reformulated using the minimization of € such that

Ty —e<m; <Zi+e Vie{l, 2 ..,n},
Toj —e < a9 <doj+e€, Vi€ {1,2,...,m},

in order to make the e-proper equilibrium converge to (&1, @3).

Hence, if the mixed 0 — 1 quadratic program (3.5) is feasible for all o, when ¢ > 0 converges to 0, we can
conclude from Proposition (2.3) that there is always an e-proper equilibrium (z1,z2) € Q2.
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Moreover, if the perfect equilibrium (Z,42) is proper then the optimal objective function value f(o) =
€(o) should necessarily converge to 0, when o > 0 converges to 0, to make the solution (z1(0), z2(0)) converge
to (&1, #2) at the same time. One can also notice that f(0) = 0.

Else, if f(o) does not converge to 0, when o > 0 converges to 0, then such a sequence of (x1(0), z2(0))
e(o)-proper does not exist, when e converges to 0. In this case, we can prove that the equilibrium point is
not proper. O

In conlusion, if f(o) converges to 0, when o > 0 converges to 0, it is possible to find a sequence of
(x1(0),22(0)) €(o)-proper converging to (Z1,&2), when (o) converges to 0.

We use this result by computing the value of f(o) for some small values of o. The 0 — 1-mixed quadratic
program (3.5) is solved using the NEW-QP algorithm [15]. This algorithm is a new version of the QP
algorithm [1]. The QP algorithm provides an ¢-optimal solution for feasible quadratic programs, where & is
the precision parameter. In order to solve the 0 — 1-mixed quadratic program (3.5) using NEW-QP, we have
written the binary value constraints on the u and v variables using the quadratic constraints w;, — u?, =0
and v;; — U?z = 0. Because of the discrete values taken by these binary variables, we can be sure that the
NEW-QP algorithm provides the optimal solution to the mixed 0 — 1 quadratic program (3.5). In some
cases, the numerical noise which might appear makes it difficult to conclude numerically that an equilibrium
is proper. Therefore, it would be risky to use the result provided by the optimization to certify that an
equilibrium is proper. However the result of the optimization can be used in order to focalize on some sets
of equilibria profiles and analytically find sequences of e-proper equilibria.

Corollary 3.2 Let (z1(0),z2(0),€(0)) be an optimal solution to (3.5) for some o > 0. Then (z1(0),x2(0))
is an €(o)-proper equilibrium, and if 07 > o’ > 0, then ¢(c”) > e(o’) > 0.

Proof. If 67 > ¢’ > 0, the 0 — 1 mixed quadratic program (3.5) for o/ > 0 is a relaxation of 0 — 1 mixed
quadratic program (3.5) for ¢’ > 0. In fact the only difference between these two programs is in the
constraints of Q7" and Q7"

o <uxzy, Vie{l,2,..n},
o' <y, Vje{l,2,..,m},

d o <y, Vie{l,2,...n},
an o <y, Vje{l,2,..,m}.
= U/<U”§$1i, ViE{1,2,...,7’L},

o' <o’ <uwy;, Vje{l,2,...,m}.

Thus, Q7" C Q7 and €(0”) > €(0’) > 0. O

There are two possible outcomes when evaluating f(o) for some small values of o. The first possibility is
that f(o) appears to converge to zero. The second possibility is that f(o) appears to be bounded below by
some strictly positive value, say €.

3.1 Case 1: f(0) converges to zero

This numerical result is not enough to conclude on the properness of the equilibrium profile. However, we
can use it as an indication to find proper equilibria by focusing on some profiles. In fact, if f(o) converges
to zero one can conclude that there exists at least one sequence of e-proper equilibria that is very close to
the equilibrium profile being tested for properness. We can then analytically find a sequence of e-proper
equilibria that converges to the equilibrium profile. As shown by Myerson [13] this can be performed by
iteratively satisfying e-proper equilibrium conditions (Definition 2.1). The following example shows how this
procedure can be applied.
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Ut

Example 3.3 The following (5 x 5) bimatriz game has 7 extreme Nash equilibria identified in Table 1.

Y Y2 Y3 Ya Ys

1|2 4 5 6 7

o | 2 1 0 8 1
A=B= z3| 2 5 6 0 1
s | 0 2 5 4 7

rz5| 2 3 6 5 7

We have used the algorithms ExMIP [3] to enumerate all seven extreme Nash equilibria of this game
(Table (1)).

Table 1: Extreme Nash Equilibria for (5 x 5) bimatrix game

Eq. T y «@ 1]
1 0 0 0 0 1 0 0 O 0 1 7 7
2 0 0 0 1 0 0 0 O 0 1 7 7
3 0 0 1 0 0 0 0 1 0 0 6 6
4 0 0 1/6 0 5/6 |0 0 1 0 0 6 6
5 0 1 0 0 0 0 0 O 1 0 8 8
6 1 0 0 0 0 0 0 O 0 1 7 7
7 |78 1/8 0 0 0 |0 0 0 3/4 1/4|25/4] 25/4

This game has four mazimal Nash subsets Ty = {1,2,6}, To = {3,4}, T5 = {5} and Ty, = {7}.

The optimization results in Table (2) indicate that there exist sequences of e-proper equilibria close to ex-
treme equilibria 3, 5, 6 and 7. We will use the information provided by these extreme equilibria to analytically
generate such sequences.

a. Equilibrium 3

With extreme equilibrium 3 strategy profile player 1 plays only x3 and player 2 plays only ys. For player 1,
a sequence of e-proper equilibria would then take into account that x3 is his best choice and the probability of
playing x3 should be very close to 1. At the same time for player 2, a sequence of e-proper equilibria would
then take into account that ys is his best choice and the probability of playing ys should be very close to 1.
According to the payoff matriz, player 1 has to choose between:

2y1+  4dyot+ Sys+ byat+ Tys

21+ Y2t 8ysat  ys

Ay=| 2y1t+ 5by2t+ 6ys+ s
2ys+ Bys+ dyat Tys

2y1+  3y2+ Oys+ Syat+ Tys

Since player 1 would have to consider x3 as his first best, x5 should be his second best (because ys is very
close to 1). Thus
2y1 + dy2 + 6y3 + ys5 > 2y1 + 3y2 + 6y3 + Sya + 7ys

= 2y2 > dy4 + Tys.

Therefore, ya > y4 and ya > ys. Player 2 should have incentive to give more probability to yo compared to yq
and ys. According to the payoff matriz, player 2 has to choose between:

2I1+ 2I2+ 2I3+ 2175
41+  xo+ Dxs+ 2x4+ 35
B = S5r1+ 6x3+ bdry+ 6xs
6x1+ 8xzo+ drs+  dzs

Tr1+ a9+ xr3+ Taxg+ Txs
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Since x3 is very close to 1, one can observe that player 2 has indeed good incentive to prefer yo to y4 and
ys because the payoff provided by these strategies are:

4$1 —+ 19 + 5{E3 + 2{E4 —+ 3I5 > 6$1 + 8{E2 + 4{E4 —+ 5I5

and
421 + xo + bx3 + 224 + 325 > Tr1 + 2o + 3 + Ty + Tx5.

In order to comply with the conditions of Definiton 2.1, player 2 can play for example: (y1 = %e , Y2 =
e, ys=1—1(e+ e+ +eh), ya=3€t, ys = 56%).

At the same time, player 1 can play for example: (x1 = %62, To = %64, r3=1— %(64—62 +e+et), oy =

8, @5 = ge).

1
56

It is now made clear that we have a sequence of e-proper equilibria that converges to the extreme equilib-
rium 3 when € converges to 0.

b. Equilibrium 6

The same procedure applied to the extreme equilibrium 6 suggests that one possible sequence of e-proper equi-
libria that converges to the extreme equilibrium 6 is:

2 2 2 2 2
(@1 =1-3(+&+ 4w =36, m =2, =3¢ 75 = 20
and
2, 2 4 2, 2 2 s s
(y1:§67y2:§67y3:1_§67y4:§67 y5:1_§(6+6 +e€ +6)

These analytical results are confirmed also by the optimization results presented in Table (2).

Regarding extreme equilibria 5 and 7, we can similarly find such sequences of e-proper equilibria. Moreover
these two extreme Nash equilibria are found to be reqular. Regular equilibria have all kind of robustness
properties including properness. Jansen [10] showed that an equilibrium point of a bimatriz game is regular
if and only if it is isolated and quasi-strong. One can find at the end of this paper a short review of these
refinements of the Nash equilibrium concept.

c. Equilibrium 5

C(x1) = {2}and C(x2) = {4}, M (A, x2) = {2} and M (z1, B) = {4} = quasi-strong. The determinant of (8)
is equal to 8 # 0 = isolated. This equilibrium is reqular, essential, perfect and proper.

d. Equilibrium 7

C(x1) = {1,2}and C(x2) = {4,5}, M(A,z2) = {1,2} and M(z1,B) = {4,5} = quasi-strong. The de-
terminant of ($7) is equal to —50 # 0 = isolated. This equilibrium is also regular, essential, perfect and
proper.

As in [2] we have used a pair of linear programs to conclude on the perfectness of each extreme equilibrium.

We conclude this example by providing two other sequences of e-proper equilibria converging to non-extreme
equilibria of this game.

Using the extreme equilibria 3 and 4, if player 1 has to randomize on strategies xs and x5, in order to
comply with the conditions of Definiton 2.1 player 2 woud have to play such that 2ys = 5ys + Tys. It means
that player 2 would be indifferent between ys and y4 or between yo and ys.

The first case is only possible when 4x1 + xo + bxs + 2x4 + 325 = 621 + S8w2 + 424 + S5 Which yields
T3 = %:El + %Jig + %x4 + %x5. Since x3 + x5 is expected to be very close to 1 one can conclude that x5 should
be very close to % while x3 should be very close to % Thus player 2 would have to order his best strategies in
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Table 2: Example (5 x 5)

Eq. || Perfect || Proper € o Quasi-strong | Isolated | Regular
1 yes no 02894 | 5x10°° no no no
2 no no 0.7325 1073 no no no
3 yes yes 0.05627 107° no no no
4 yes no 0.2000 10 yes no no
5 yes yes 0.0564 107° yes yes yes
6 yes yes 0.054 107° no no no
7 yes yes 0.0776 | 6 x 107° yes yes yes

the following order G(ys) > G(ys) > G(ya) > G(y2) > G(y1). This strategic order is impossible because 2y,
would be less than Sys + Tys.

The second case is only possible when 4x1 + xo + dxs + 2x4 + 3x5 = Tx1 + 22 + 3 + Tx4 + TT5 Which
yields xs = %xl + %:al + x5. Since 3 + x5 is expected to be very close to 1 one can conclude that x3 and
x5 should be very close to % Thus, player 2 would have to order his best strategies in the following order
G(ys) > G(ys) = G(y2) > G(ya) > G(y1). This strategic order is possible when player 2 plays for example:

1.3

_ _1 5.2 _ 9 7.2 1.3 _ 1.2 _1 )
(y1 = 7€, Yo = ge+ 3€°, yz3 = 1 — ge — g — 7€, ys = 7€, ys = 7€), and player 1 plays for evample:
— 32 — 33 —1_3 32 3.3 =3 —1_ 21, 2712 3.3 ;
(11 = 5€°, a2 = 5€°, T3 =5 — 1€+ 516 — 166> T4 = 56, T5 = 5 — 7€ — 516 — 76€°) which converges to

the proper equilibrium

1 1
(xlzo, $2:0, $3:§, $4:05 I5:§)

and
(ylzov y2207 y3:15 y4207 y5:0)

Using the extreme equilibria 1 and 6 by randomizing on strategies x1 and x5 for player 1, we also find the
proper equilibrium

1 1
(1'1:5, 1'2:0, $3:07 $4:07 x5:§)and(y1:1, y?ZOa y3:07 y4:07 y5:0)

e. Discussion

Following the analysis of this game one can ask: “Do we always find at least one extreme proper equilibrium?”
The answer is “No”. One can find many examples in the litterature where no extreme proper equilibrium is
found.

In such a case we can easily proove that there exists at least one pair of perfect extreme equilibria belonging
to the same Selten subset that could be used to find a sequence of e-proper equilibria converging to a proper
equilibrium. This is mainly due to the fact that if no extreme proper equilibrium can be found, we still know
there exists at least one proper equilibrium for the bimatrix game and this proper equilibrium is by definition
also perfect. This proper and perfect equilibrium can then be obtained by a convex combination of at least a
pair of extreme perfect equilibria belonging to the same Selten subset. Since Borm et al. [6] proved that any
extreme perfect equilibrium is also an extreme equilibrium, if no extreme proper equilibrium is found we can
always find at least a pair of perfect extreme equilibria that could be used to generate a proper equilibrium.
The following example illustrates this case.

Example 3.4 In this zero-sum bimatrixz game we have two extreme Nash equilibria:

010 0 -1 0
A_(OOI) B_<O 0 —1)'

{X =(0,1) with Y = (1,0,0)} and {X = (1,0) with Y = (1,0,0)}. These two extreme equilibria are
perfect but none of them is proper. In fact the optimization of the corresponding quadratic programs (3.1)
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shows that € = min f(o) converges to % when o converges to zero. By randomizing over the two strategies
of player 1 we find the following sequence of e-proper equilibria:

1 1
X_(§’ §)andY—(1—e, )

[ NN

€
27

The generalization of this procedure makes it possible to define an algorithmic approach to find a proper
equilibrium for any bimatrix game:

Step 1. Enumerate all extreme Nash equilibria.
Step 2. Identify all Nash maximal subsets.
Step 3. Identify extreme perfect equilibria and maximal Selten subsets.

Step 4. For each extreme perfect equilibrium generate the convergence results of the corresponding
quadratic program (3.1).

Step 5. If an extreme equilibrium appears very close to a sequence of e-proper equilibria find such a
sequence analytically.

Step 6. Else randomize on the strategy profiles of extreme perfect equilibria (belonging to the same Selten
subset) closest to a sequence of e-proper equilibria to find such a sequence analytically.

3.2 Case 2: f(o)>¢€

The case where f(o) appears to be bounded below by some strictly positive value € implies that there are no
e-proper equilibrium near (Z1,Z2) for values of € less than €, and therefore (Z1,22) would not be proper.

In (3.5), let us suppose that f(o) converges to € > 0, when o > 0 converges to 0. We define a 0 — 1 mixed
quadratic program with the same conditions as 2, with € < €/2 and maximizing o. If the optimal objective
function of this program is equal to zero we can conclude that it would be impossible to find a sequence of
(x1(0),22(0)) €(o)-proper converging to this equilibrium. Therefore the equilibrium is not proper.

Theorem 3.5 If the optimal objective value of the following 0 — 1 mized quadratic program

max o (3.6)
(x1,22)€Q7 €,0
s.t. T1; — € < T4 Sili—FE, Vi € {1,2,...,TL},
Toj — € < xoj < o + ¢, VjE{l,Q,...,m},
0<e<e/2.

is zero for some € > 0, then the equilibrium (&1, &2) is not proper.

Proof. If the optimal objective value is equal to 0, it is impossible to find a sequence of (x1(c),22(0))
€(o)-proper converging to (&1, &2). The equilibrium (Z1,Z2) is not proper. O

With this result, automatic detection of non-proper extreme Nash equilibria can be carried out over any
set of extreme Nash equilibria of a bimatrix game.

The first example shows how the objective function does not converge to zero in the case of a non-perfect
equilibrium.

Example 3.6 Let A and B be the payoff matrices of a bimatriz game taken from Myerson [13]

S O =
N WO o
S O =
N O =

Both algorithms ExMIP [3, 4] and EEE [5] enmuerated five extreme Nash equilibria (Table 3).
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Table 3: Extreme Nash Equilibria for Myerson [13]

Eq. T T2 a1 | Q2
1 0 0 1 o0 1 0 6 6
2 0O 1 0 O 0 1 4 4
3 0 1 0 01]1/3 2/3]| 4 4
4 1 0 0 O 0 1 4 4
5 1 0 0 0]1/3 2/3| 4 4

As mentionned by Myerson [13], the first extreme Nash equilibrium is the only proper equilibrium of this
game. While the optimal values of € seem to converge to € = 0.618, as o approaches 0 (Figure 1) with
non-perfect extreme equilibria 2, 3, 4 and 5. We define a 0 — 1 mized quadratic program with the same
conditions as in (3.6), with € < €/2 and mazimizing o. Such a 0 —1 mized quadratic program has an optimal
objective equal to zero. For the third extreme Nash equilibrium, Figure 1 shows how f(o) = € decreases when

o decreases from min(3,1) =1 to 0.
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Figure 1: Plot of € = min f(o)

The set of extreme proper Nash equilibria defines the set of extreme points of all Maximal Myerson sets
(Jansen [11]). There is only one mazimal Myerson subset for the bimatriz game taken from Myerson [13].

4 Conclusion

In this paper we presented a mathematical programming approach for the refinement of Nash equilibria.
After complete enumeration of all extreme Nash equilibria, e-proper sequences of equilibria are found using
the indications provided by the convergence numerical results of a 0 — 1 mixed quadratic program. Even in
the worst case where no extreme proper equilibrium is found, we have shown that we can always find a pair of
extreme perfect equilibria belonging to the same Selten subset in order to find a proper equilibrium. Finally,
non-proper extreme Nash equilibria are found using the result of another 0 — 1 mixed quadratic program.
One can conclude that these results could be useful to generate subgame perfect equilibria for two-person
extensive games.
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5 Appendix

5.1 Essential equilibrium

According to Wu Wen-tsun and Jiang Jia-he [16] the Fssential refinement is based on the concept of stability
of an equilibrium against slight perturbations in the payoffs of the game.

Definition 5.1 A strategy profile (x1,x2) is an essential equilibrium of a bimatriz game G(A, B) if there
exists, with every neighborhood N of (x1,x2) a neighborhood Ng of (A, B) such that G(A’, B") has no
equilibria in N, for all (A’, B') € Ng.

It is known that every essential equilibrium is perfect [7]. Jansen [9] paid special attention to equilibrium
points that are Quasi-strong and isolated at the same time; these equilibria were found to be essential.

5.2 Quasi-strong equilibrium

For an equilibrium profile (x1,x2) of a bimatrix game G(A, B), let N ={1,...,n} and M = {1,...,m}. Then
M(A, x2) is defined as the set of pure best replies of player I against xo:

M(A,z2) = {i € N;e;Axg = %135%(6;@14:62}, (5.7)
€
and similarly,
M(z1,B) ={j € M;z1Be; = inz})}xlBej}, (5.8)
€

is the set of pure best replies of player II against x; (Harsanyi [8]).

The carrier of x1, C'(x1) is the set {i € N;x1; > 0} and carrier of o, C(x2) is the set {j € M;xq; > 0}.
Definition 5.2 Any equilibrium profile (x1,x2) is quasi-strong if

C(x1) = M(A,x2) and C(xz2) = M (21, B).

Jansen [9] showed that a quasi-strong and isolated equilibrium point is stable against slight perturbations
of the payoffs of the game.

5.3 Isolated equilibrium

An equilibrium profile (21, z2) of a bimatrix game G(A, B) is said to be isolated if there exists a neighborhood
N, of (z1,22) such that it is the only equilibrium of G(A, B) in this neighborhood N,. In other words, any
isolated equilibrium is an extreme equilibrium defining an isolated maximal Nash subset. Enumeration of all
maximal Nash subsets can be used in order to automatically detect isolated equilibria. Moreover, Jansen [9]
proposed the following definition.

Definition 5.3 Let (xz1,x2) be a quasi-strong equilibrium of a bimatriz game G(A, B) with A, B > 0. Then
(w1, 22) is isolated if and only if |C(x1)| = |C(x2)| and the matrices [aijlicc(a),jeC(ws) a0 [bijlicc(zy),jeC (zs)
are nonsingular.

While this definition applies only for bimatrix games G(A, B) such that A, B > 0, it is well known that
every bimatrix game can be modified in order to make A, B > 0 and without changing the set of maximal
Nash subsets. For example, this can easily be done by adding 1 + |amin|, With ami, = min a;;, to each
element of A and 1+ |byin |, with by, = min b;j, to each element of B.

Jansen [9] points out that an isolated equilibrium is essential if and only if it is quasi-strong. Moreover,
van Damme [7] showed that an isolated and quasi-strong equilibrium point is perfect and proper. This was
also obtained by Okada [14] for bimatrix games.



Les Cahiers du GERAD G-2010-15 11

5.4 Regular equilibrium

For any Regular [9, 10] equilibrium we can conclude that it is proper. A Regular equilibrium profile was
first defined by Harsanyi [8] such that the Jacobian of a mapping associated with the game evaluated at the
equilibrium point is nonsingular. This definition was later improved by van Damme [7] for a two-person case.
He proved that an equilibrium is regular if and only if it is quasi-strong and isolated and showed that such
equilibria are stongly stable and proper.

References
[1] ALARIE S., AUDET C., JAUMARD B., SAVARD G., Concavity cuts for disjoint bilinear programming, Mathematical
Programming, 90(2), 2001, 373-398.
[2] AuDpET C., BELHAIZA S., HANSEN P., A note on bimatrix game maximal Selten subsets, Les Cahiers du GERAD,
G—2010-03, January, 2010.
[3] AupET C., BELHAIZA S., HANSEN P., Enumeration of all extreme equilibria in game theory: Bimatrix and
polymatrix games, Journal Of Optimization Theory and Applications, 129(3), 2006.
[4] AUDET C., BELHAIZA S., HANSEN P., A new sequence form approach for the enumeration and refinement of all
extreme Nash equilibria for extensive form games, International Game Theory Review, 11(4), 2009.
[5] AUDET C., HANSEN P., JAUMARD B., SAVARD G., Enumeration of all extreme equilibrium strategies of bimatrix
games, SIAM Journal on Scientific Computing, 23(1), 2001, 323-338.
[6] Borm P.E.M., JANSEN M.J.M, POTTERS J.A.M., Tiss S.H., On the structure of the set of perfect equilibria
in bimatrix games, O-R Spektrum, 15, 1993, 17-20.
[7] vaNn DaMME E.E.C., Refinements of the Nash Equilibrium Concept, Springer, Berlin Heidelberg New York, 1983.
[8] HARSANYI J.C., Games with randomly distributed payoffs: a new rationale for mixed-strategy equilibrium points,
International Journal of Game Theory, 2, 1973, 235-250.
[9] JANSEN M.J.M., Regularity and stability of equilibrium points of bimatrix games, Mathematics and Operations
Research, 6, 1981, 530-550.
[10] JANSEN M.J.M., Regular equilibrium points of bimatrix games, OR Spektrum, 9, 1987, 87-92.
[11] JANSEN M.J.M., On the set of proper equilibria of a bimatrix game, International Journal of Game Theory, 22,
1993, 97-106.
[12] MYERSON R.B., Refinements of the Nash equilibrium concept, International Journal of Game Theory, 7 1978,
73-80.
[13] MYERSON R.B., Game Therory: Analysis of Conflict, Harvard University Press, Cambridge-Massachusetts,
London-England, 1997.
[14] OkADA A., Strictly perfect equilibrium points of bimatrix games, International Journal of Game Theory, 13,
1984, 145-154.
[15] PERRON S., Applications jointes de l’optimisation combinatoire et globale, Ph.D. Thesis, Ecole Polytechnique de
Montréal, 2005.
[16] WU WEN-TSUN, JIANG JI1A-HE, Essential equilibrium points of n-person non cooperative games, Sci. Sinica, 11,

1972, 1307-1322.



	Introduction
	Set of -proper equilibria
	Detection of -proper equilibria
	Case 1: f() converges to zero
	Case 2: f() 

	Conclusion
	Appendix
	Essential equilibrium
	Quasi-strong equilibrium
	Isolated equilibrium
	Regular equilibrium


