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Abstract In previous work, the generalized pattern search (GPS) algorithm for lin-
early constrained (continuous) optimization was extended to mixed variable problems,
in which some of the variables may be categorical. In another paper, the mesh adaptive
direct search (MADS) algorithm was introduced as a generalization of GPS for prob-
lems with general nonlinear constrained. The convergence analyses of these methods
rely on the Clarke calculus for nonsmooth functions. In the present paper, we general-
ize both of these approaches by proposing an algorithm for problems with both mixed
variables and general nonlinear constraints, called mized variable-MADS (MV-MADS).
A new convergence analysis is presented which generalizes the existing GPS and MADS
theory.
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1 Introduction

In this paper, we generalize the class of mesh adaptive direct search algorithms to
mixed variable optimization problems and establish a unifying convergence theory, so
that the existing theorems act as corollaries to the results presented here. This is done
in a relatively straightforward manner, somewhat similar to the work of Audet and
Dennis [6] in their extension of pattern search algorithms to bound constrained mixed
variable problems.
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Mixed variable optimization problems are characterized by a combination of contin-
uous and categorical variables, the latter being discrete variables that must take their
values from a finite pre-defined list or set of categories. Categorical variables many be
nonnumeric, such as color, shape, or type of material; thus, traditional approaches in-
volving branch-and-bound for solving mixed integer nonlinear programming (MINLP)
problems are not directly applicable. There are cases where a problem modeled using
categorical variables may be reformulated using nonlinear programming. For example,
see [1] for a non-trivial reformulation of the problem presented in [16]. Such reformu-
lations are impossible in the cases where the functions are provided as black-boxes.

To be as general as possible, we allow for the case where changes in the categorical
variable values can mean a change in problem dimensions. We denote the maximum
dimensions of the continuous and discrete variables by n¢ and nd, respectively, and we
partition each point z = (z¢, :cd) into its continuous and categorical components, so
that ¢ € 2° CR™ and 2% € 2% C 7" We adopt the convention of ignoring unused
variables.

The problem under consideration is given by

min f(z 1
min /(2) (1)
where f: 2 — RU{oo}, and the domain (2 (feasible region) is the union of continuous
domains across possible discrete variable values; i.e.,

2= J @@ x{z%),

zdeNd

with the convention that z = z¢ and 2 = 2° if n? = 0.

We treat the constraints by the extreme “barrier” approach of applying our class
of algorithms, not to f, but to the barrier objective function f = f + ¢, where
1) is the indicator function for 2; i.e., it is zero on {2, and infinity elsewhere. If a
point z does not belong to 2, then we set fo(z) = co, and f is not evaluated. This
is important in many practical engineering problems where f is expensive to evaluate.
In fact, this approach is suitable for general set constraints, in which the only output
of a constraint evaluation is a binary response to indicate feasibility or not.

The class of MADS algorithms was introduced and analyzed by Audet and Den-
nis [9], as an extension of generalized pattern search (GPS) algorithms [7,17,21] for
solving nonlinearly constrained problems, in the absence of categorical variables. Rather
than applying a penalty function [18] or filter [8] approach to handle the nonlinear con-
straints, MADS defines an additional parameter that enables the algorithm to perform
an exploration of the variable space in an asymptotically dense set of directions. Under
reasonable assumptions, this enables convergence to both first-order [9] and second-
order [3] stationary points in the Clarke [12] sense, depending on assumptions made
on the smoothness of the objective function.

The paper is divided as follows. Section 2 describes the mixed variable MADS (MV-
MADS) algorithm in detail, Section 3 contains new theoretical convergence results for
the MV-MADS algorithm, and Section 4 offers some concluding remarks.

Notation. R, Z, and N denote the set of real numbers, integers, and nonnegative
integers, respectively. For any set S, int(S) denotes its interior, and cl(S) its closure.
For any matrix A, the notation a € A means that a is a column of A. For z€ € R™
and £ > 0, we denote by Be(z°) the open ball {y € R™ : |y — 2°|| < €}.



2 Mixed Variable MADS (MV-MADS)

Asin [2,5,6], local optimality is defined in terms of local neighborhoods. However, since
there is no metric associated with categorical variables, the notion of a local neighbor-
hood must be defined by the user. This is well-defined for continuous variables, but
not for categorical variables; special knowledge of the underlying engineering process
or physical problem may be the only guide.

We can define a general local neighborhood in terms of a set-valued function N :
2 — 29, where 2% denotes the power set (or set of all possible subsets) of 2. By
convention, we assume that for all x € 2, the user-defined set A/ (z) is finite, and
x € N(z). As an example, one common choice of neighborhood function for integer
variables is the one defined by NV(z) = {y € 2 : y¢ = z°, ||[y? — 2?1 < 1}. However,
categorical variables may have no inherent metric, which would make this particular
choice inapplicable.

With this construction, the classical definition of local optimality is extended to
mixed variable domains by the following definition, which is similar to one found in [6].

Definition 1 A point x = (€, xd) € (2 is said to be a local minimizer of f on {2 with
respect to the set of neighbors N'(z) C §2 if there exists an € > 0 such that f(z) < f(v)
for all v in the set

2nl U (B (")

yeN (z)

Each iteration k of a MADS algorithm is characterized by an optional SEARCH
step, a local POLL step, and an EXTENDED POLL step, in which f¢ is evaluated at
specified points that lie on a mesh M, with the goal of finding a feasible improved mesh
point; i.e., a point y € My, for which fo(y) < fo(z), where zj, € 2 is the current
iterate or incumbent best iterate found thus far. The mesh is purely conceptual and
is never explicitly constructed; instead, mesh points are generated as necessary in the
algorithm. Consistent with [5], the mesh is described as follows. For each combination
i =1,2,...,imax of values that the discrete variables may possibly take, let D' =GiZ!
be a set of positive spanning directions [14] (i.e., nonnegative linear combinations
of D must span Rnn), where G € R" *"" is a nonsingular generating matrix, and
7zt e g ¥IPl.

The mesh M}, at iteration k is formed as the direct product of 2% with the union
of a finite number of lattices in 2°, i.e.,

tmax i c
My, = | Mix Q% with M = |J {z°+A7D'z:ze NP} ¢ R™, (2)
i=1 z€Vy

where A" > 0 is the mesh size parameter and V}, denotes all previously evaluated trial
points at iteration k (Vp is the set of initial trial points). Furthermore, the neighborhood
function must be constructed so that all discrete neighbors lie on the current mesh;
i.e., N () C My, for all k.

The SEARCH step allows evaluation of f(; at any finite set of mesh points. Any strat-
egy may be used, including none. The SEARCH step adds nothing to the convergence
theory, but well-chosen SEARCH strategies, such as those that make use of surrogates,
can greatly improve algorithm performance (see [4,10,11,19]).



The POLL step includes both a traditional MADS [9] POLL with respect to the
continuous variables, and an evaluation of the discrete neighbors. In the MADS pPOLL

step, a second mesh parameter Ai > 0, called the poll size parameter, is introduced,
which satisfies A} < Ai for all k, such that

lim Ap' =0 < lim AP = 0 for any infinite subset of indices K. (3)
keK keK

Thus, GPS becomes the specific MADS instance in which A = Az = A}", where A
is the mesh size parameter using the notation from [7].

At iteration k, let Dy(z) C D% C D denote the positive spanning set of poll
directions for some x € V}, corresponding to the ig-th set of discrete variable values.
The set of points generated when polling about x with respect to continuous variables
is called a frame, and x is called the frame center. The formal definition given below
(generalized slightly from [9]) allows more flexibility than GPS, which requires Dy, to
be a subset of the finite set D?.

Definition 2 At iteration k, the MADS frame is defined to be the set:
Pi(x) = {(a° + AP, 2%) : d € Dy(z)} C My,
where Dy (z) is a positive spanning set such that for each d € Dy,

— d # 0 can be written as a nonnegative integer combination of the directions in D :
d = Du for some vector u € N"P that may depend on the iteration number k

— the distance from the frame center x to a poll point x + Aj'd is bounded by a
constant times the poll size parameter : A7||d|| < A} max{||d|| : d’ € D}

— limits (as defined in Coope and Price [13]) of the normalized sets Dy (x) are positive
spanning sets.

In [9], an instance of MADS, called LTMADS, is presented in which the closure of
the cone generated by the set of normalized directions [ J3- 4 {”%:ll” :d € Dk} equals R™
with probability one. In this case, we say that the set of poll directions is asymptotically
dense in R™ with probability one.

Thus the POLL step consists of evaluating points in Py (zy) U N (zy). If the POLL
step fails to generate a lower objective function value, then the EXTENDED POLL step
is performed around each promising point in A (zj) whose objective function value
is sufficiently close to the incumbent value. That is, for a fixed positive scalar &, if
y € N(zyp) satisfies fo(zr) < fo(y) < fo(zg) + & for some user-specified tolerance
value &, > £ (called the extended poll trigger), then a finite sequence of POLL steps about
the points {yi}jil is performed, beginning with y,g = yr € N(z}) and ending with
2, = y,‘c]’“. The extended poll endpoint zj, occurs when either fo(z;+A}'d, zg) < folzy)
for some d € Dy(zi), or when fo(zi) < fao(zp + A}'d, zg) for all d € Dy(zx). In
Section 3, we make the common assumption that all iterates lie in a compact set,
which ensures that Jj, is always finite, i.e., that any EXTENDED POLL step generates a
finite number of trial points.

The set of EXTENDED POLL points can be expressed as

T '
X&) = U U P (4)

ykEN;fk J=1



where N,f’“ ={y e N(zk) : folzr) < foly) < folzk) + &} In practice, the param-
eter & is typically set as a percentage of the objective function value (but bounded
away from zero), such as & = max{¢,0.05|f(zy)|}. Higher values of & generate more
extended polling, which is more costly, but which may lead to a better local solution
since more of the design space is searched.

As soon as any of the three steps is successful in finding an improved mesh point,
the iteration ends, the improved mesh point becomes the new current iterate x4 € 2,
and the mesh is either retained or coarsened. If no improved mesh point is found, then
Py (xy,) is said to be a minimal frame with minimal frame center xj, the minimal frame
center is retained as the current iterate (i.e., zj 1 = x), and the mesh is refined.

Rules for refining and coarsening the mesh are the same as in [9] and [6]. Given a
fixed rational number 7 > 1 and two integers w~ < —1 and w™ > 0, the mesh size
parameter A7" is updated according to the rule,

m w m
Ak+1 =T kAk

{0,1,... ,w+} if an improved mesh
for some wy, € point is found (5)
{w™,w™ +1,...,—1} otherwise.

The class of MV-MADS algorithms is stated formally in Figure 1.

0. INITIALIZATION: Set £ > 0 and & > &. Let zo € {2 such that fo(xo) < oo, set Ag >
AP > 0. Set iteration counter to k = 0.

1. SEARCH step: Evaluate f(; on a finite subset of trial points on the mesh My (see (2)). If
an improved mesh point is found, then the SEARCH may terminate, skip the next POLL
step and go directly to Step 4.

2. POLL step: Evaluate fq on the set Pg(xg) UN (z) C My until an improved mesh point
is found or until all points have been exhausted. If an improved mesh point is found, go
to Step 4.

3. EXTENDED POLL step: Evaluate f on the set X' (&) until an improved mesh point is
found or until all points have been exhausted (see (4)).

4. PARAMETER UPDATE: Update A}", | and A£+1 according to (5) and (3). Update & > &,
increment k <— k + 1, and go to Step 1.

Fig. 1 A general MV-MADS algorithm

3 Convergence Results

In this section, we establish convergence results for the new MV-MADS algorithm.
Many of these results will appear very similar to results from either the MADS al-
gorithm [9] or mixed variable pattern search [6]. Before we present our main results,
we review some definitions, assumptions, preliminary results, followed by a subsection
that extends some Clarke calculus ideas to mixed variables.

3.1 Preliminaries

The convergence analysis relies on the following standard assumptions.



A1l. An initial point zg with f(zg) < oo is available.
A2. All iterates {z}} generated by MV-MADS lie in a compact set.
A3. The set of discrete neighbors N (z},) lies on the mesh M.

Under these assumptions, the following results are obtained by proofs that are
identical to those found in [2,6] for mixed variable GPS:
— liminf AY = liminf A" = 0;
k—+oc0 k— 400
— there exists a refining subsequence {zj}rcx of minimal frame centers for which
there are limit points £ = lim zy, § = lim y, and 2 = (3¢, 74) = lim z , where
P iz, § = lim y, (25,9%) = lim 2

each 2z € {2 is the endpoint of the EXTENDED POLL step initiated at y, € N (xy),
and lim Ai =0.
keK

The notation used in identifying these limit points will be retained and used throughout
the remainder of this paper. Some of the results that follow require the additional
assumption that § € V().

For the main results, the following four definitions [12,15,20] are needed. They have
been adapted to our context, where only a subset of the variables are continuous. The
standard definitions follow when all variables are continuous, i.e., when n? = 0 and
T = x°.

Definition 3 A vector v € R™ is said to be a hypertangent vector to the continuous
variables of the set {2 at the point x = (:cc,acd) € 2 if there exists a scalar € > 0 such
that

(y+ tw,z%) € 2 for all y € Be(z) with (y,z%) € 2, w € B-(v) and 0<t<e.

The set T_g (z) of all hypertangent vectors to §2 at x is called the hypertangent cone to
2 at x.

Definition 4 A vector v € R™ is said to be a Clarke tangent vector to the continuous
variables of the set 2 at the point © = (2, 2%) € cl(2) if for every sequence {yr} that
converges to x¢ with (yk,xd) € 2 and for every sequence of positive real numbers {ty}
converging to zero, there exists a sequence of vectors {wy} converging to v such that
(yr + tkwk,xd) € 2. The set Tgl(z) of all Clarke tangent vectors to {2 at x is called
the Clarke tangent cone to {2 at x.

Definition 5 A vector v € R s said to be a tangent vector to the continuous vari-
ables of the set 2 at the point x = (x¢, ) € cI(£2) if there ewists a sequence {yy} that
converges to x¢ with (yk,md) € 2 and a sequence of positive real numbers {\} for
which v = limg A (yx — z€). The set Tgo(a:) of all tangent vectors to §2 at x is called
the contingent cone to {2 at x.

Definition 6 The set (2 is said to be regular at z if TS () = TS (x).

3.2 Extension of the Clarke Calculus to Mixed Variables

For the results of this section, we make use of a generalization [15] of the Clarke [12]
directional derivative, in which function evaluations are restricted to points in the
domain. Furthermore, we restrict the notions of generalized directional derivatives and
gradient to the subspace of continuous variables. The generalized directional derivative



of a locally Lipschitz function f at z = (z¢,2%) € 2 in the direction v € R™" is defined
by

f(ertv,xd) — f(yaxd)
t

(6)

fo(z;v) = lim sup
y—z°, (yz!) e
t10, (y+tv,z?) €

Furthermore, it is shown in [9] that if T_g(x) is not empty and v € Tgl (z), then

fPlav) = lim  f(z50). (7)

u— v,
u e TH (x)

We similarly generalize other derivative ideas. We denote by Vf(z) € R and
of(z) C R"", respectively, the gradient and generalized gradient of the function f
at = (2°,2%) € £ with respect to the continuous variables z° while holding the
categorical variables 2% constant. In particular, the generalized gradient of f at z* [12]
with respect to the continuous variables is defined by

of(x) == {s ER™ o (z;v) > v's for all v € Rnc}.

The function f is said to be strictly differentiable at x with respect to the continuous
variables, if the generalized gradient of f with respect to the continuous variables at z
is a singleton; i.e., df(z) = {V f(z)}.

The final definition, which is adapted from [9] for the mixed variable case, provides
some nonsmooth terminology for stationarity.

Definition 7 Let f be Lipschitz near x* € 2. Then 2" is said to be a Clarke, or
contingent, stationary point of f over {2 with respect to the continuous variables if
fo(z*;v) > 0 for every direction v in the Clarke tangent cone, or contingent cone, to
2 at x*, respectively.

In addition, ™ is said to be a Clarke, or contingent, KKT stationary point of f over
Q if =V f(z*) exists and belongs to the polar of the Clarke tangent cone, or contingent
cone, to 2 at =, respectively.

If 2¢(z%) = R™ or 2™ lies in the relative interior of £2°(2%), then a stationary point
as described by Definition 7 meets the condition that f°(z*;v) > 0 for all v € R™ .
This is equivalent to 0 € df(z™).

3.3 Main Results

Our main convergence results consist of four theorems, all of which are generaliza-
tions of similar results from MADS [9] or mixed variable pattern search [2,5,6]. The
first result establishes a notion of directional stationarity at certain limit points, and
the second ensures local optimality with respect to the set of discrete neighbors. The
remaining two results establish Clarke-based stationarity in a mixed variable sense.

Theorem 8 Let w be the limit point of a refining subsequence or the associated subse-
quence of EXTENDED POLL endpoints, and let v be a refining direction in the hypertan-

gent cone Tg(w) If f is Lipschitz at W with respect to the continuous variables, then
fe(w;v) > 0.



Proof. Let {wy }rck be a refining subsequence converging to w = (w°, @%). Without
any loss of generality, we may assume that wy, = (wj, wd) for all k € K. In accordance
with Definition 3.2 in [9], let v = limkeLm € TH (@) be a refining direction for w,
where dj € Dy, for all k € L and L is some subset of K.

Since A’; converges to zero and Definition 2 ensures that { A7 ||dg|| }rer is bounded
above, it follows from (3) that {A}"|dg||}xer must also converge to zero. Thus, it
follows from (6) and (7) that

f (y+tu, ) = f(y,0)
t

(s v) = lim sup
y — ¢, (y,w?) € 2
t10, (y+tu,w?) e N
u— v,u € TH ()

1 (w§ + ARyl g, 07) = (g, i)

> limsup

kel Agl”dkH

i fwk+ A?dk,@d> — flwy) -
= lim sup > 0.

The last inequality holds because (wg+ A" dy, %) € 2 and fwp+ATdg, ) > f(wy)
(since wy, is a minimal frame center) for all sufficiently large k € L. n

The next result gives sufficient conditions under which Z is a local minimizer with
respect to its discrete neighbors.

Theorem 9 If f is lower semi-continuous at & and upper semi-continuous at § € N'(Z)
with respect to the continuous variables, then f(Z) < f(9).

Proof. Since k € K ensures that {x}rcx are minimal frame centers, we have f(xy) <
f(yx) for all k € K. By the assumptions of lower and upper semi-continuity on f and
the definitions of & and ¢, we have f(2) < limgec i f(zg) < limpeg f(yg) = f(§). =

The next theorem lists conditions that ensure that & satisfies certain stationary
conditions, under various smoothness requirements.

Theorem 10 Assume that Tg(i) # 0 and the set of refining directions is asymptoti-
cally dense in TH (2).

1. If f is Lipschitz near & with respect to the continuous variables, then & is a Clarke
stationary point of f on {2 with respect to the continuous variables.

2. If f is strictly differentiable at & with respect to the continuous variables, then & is
a Clarke KKT stationary point of f on 2 with respect to the continuous variables.

Furthermore, if {2 is regular at &, then the following hold:

1. If f is Lipschitz near & with respect to the continuous variables, then & is a contin-
gent stationary point of f on §2 with respect to the continuous variables.

2. If f is strictly differentiable at & with respect to the continuous variables, then & is
a contingent KK'T stationary point of f on (2.



Proof. First, Rockafellar [20] showed that if the hypertangent cone is not empty at Z,
then TS (2) = cI(TH (2)). Since the set S of refining directions for f at & is a dense
subset of TH (2), S is also a dense subset of T_gl (). Thus, any vector v € Tgl (Z) can
be expressed as the limit of directions in S, and the first result follows directly from
(7) and Theorem 8.

Strict differentiability ensures the existence of V f(&) and that V f(2)Tv = £°(&;v)
for all v € Tgl(:ﬁ). Since f°(#;v) > 0 for all v € Tgl(i), we have (=Vf(2))Tv <0,
and the second result follows from Definition 7.

Furthermore, if £2 is regular at &, then by Definition 6, TS (2) = TS°(#), and the
final two results follow directly from Definition 7. [

The next result is similar to Theorem 10 but considers the limit of EXTENDED POLL
endpoints Z instead of Z.

Theorem 11 Assume that § € N(), Tg(é) # 0, and the set of refining directions is

asymptotically dense in Tg (2).

1. If f is Lipschitz near 2 with respect to the continuous variables, then Z is a Clarke
stationary point of f on 2 with respect to the continuous variables.

2. If f is strictly differentiable at Z with respect to the continuous variables, then % is
a Clarke KKT stationary point of f on {2 with respect to the continuous variables.

Furthermore, if (2 is regular at Z, then the following hold:

1. If f is Lipschitz near Z with respect to the continuous variables, then % is a contin-
gent stationary point of f on §2 with respect to the continuous variables.

2. If f is strictly differentiable at Z with respect to the continuous variables, then Z is
a contingent KK'T stationary point of f on (2.

Proof. The proof is identical to that of Theorem 10, but with Z replacing . u

We have shown conditions under which the limit points & and 2 satisfy certain
necessary conditions for optimality. We now tie these results together with the notion
of local optimality given in Definition 1.

Remark 12 If § € N(2) is the limit point of discrete neighbors {yy }rer, where y;, €
N (zy) for k € K, then Theorem 9 ensures that f(2) < f(§). If this inequality is strict,
then & is locally optimal (i.e., Definition 1 is satisfied) with respect to .

On the other hand, suppose f(&) = f(9). Then, since the EXTENDED POLL triggers
are bounded away from zero, an EXTENDED POLL step must have been performed around
Yy for infinitely many k € K. Since f(xr) < f(zr) < f(yx) for oll k € K, it follows
that f(z) = f(2) = f(4), and Theorem 10 ensures first-order stationarity at z with
respect to the continuous variables.

4 Concluding Remarks

This paper fills an important gap in the convergence theory for the class of MADS
algorithms. We have introduced a new class of MADS algorithms for mixed variable
optimization problems and proved that it possesses appropriate convergence proper-
ties, which are consistent with previous results for less general algorithms. We hope
that these results will serve as a springboard for extending MADS to other classes of
problems, such as those with stochastic noise and multiple objectives.
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