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A framework for engineering design optimization is presented that combines generalized
pattern search (GPS) with ranking and selection (R&S) and surrogate function approxi-
mations. This framework is applied to problems with mixed variables (continuous, discrete
numeric, and categorical), that are characterized by inherent variation in system perfor-
mance. The class of algorithms will be described and illustrated on a small numerical
example.

I. Introduction

Realistic engineering design models are characterized by several distinguishing features. In the optimiza-
tion of such models, traditional approaches have assumed away some of these features, the goal being to
simplify and reduce the expense of search procedures. In this paper, we present a rigorous framework for
optimization of design models that relax some restrictions previously enforced. In particular, the approach
allows for (a) a mixture of design variable types, and (b) uncertainty in the design in the form of inherent
variability in system performance. The target problem class is defined as,

min E[F(z,w)], (1)
where the minimum long-run expected performance is sought for the performance measure F(z,w),  is an
n-dimensional design vector from a feasible set © of the design variable domain, and w is a vector of random
elements representing the inherent variation in performance. The performance F' is stochastic in the sense
that repeated evaluation for a given design vector will produce different, random values.

Variables of problem (1) include continuous, discrete-numeric (e.g., integer-valued) or discrete-categorical
variables. Categorical variables are those that can only take on values from a predefined list and have no
ordinal relationship to one another. For example, the type of material used in an engineering model may
be a categorical variable. The class of optimization problems that includes continuous, discrete-numeric
and categorical variables is known as mized variable programming (MVP) problems. Discrete-numeric and
categorical variables are grouped into a “discrete” variable class by mapping categorical variables to discrete
numerical values, even though the values do not conform to the inherent ordering that the numerical value
suggests.

For problem (1), it is assumed that the underlying geometry of the true performance measure function
E[F] is unknown and therefore cannot be evaluated analytically; it must be evaluated via “black-box”
simulation. Thus, we refer to the output F' as the response function of a simulation run. Furthermore, due
to random variation, true performance cannot be evaluated exactly but must be estimated by aggregating
repeated samples of the response F. In a sequential search strategy with a fixed sampling budget, an
important tradeoff is the need to balance improved accuracy at each design point (via increased sampling)
with a wider range of design space exploration (visiting more design points).

Rigorous gradient-based search methods, such as stochastic approximation using finite-differencing! or
simultaneous perturbations,’? exist for stochastic optimization problems. However, such methods are not
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applicable unmodified in the presence of categorical variables. Relaxation methods that iteratively solve
subproblems in which the “discreteness” restrictions are relaxed, such as branch-and-bound, are inadequate
when considering MVP problems because system performance is defined only at the discrete settings of
the categorical variables. Thus, relaxing the “discreteness” of these variables may force a situation where
performance cannot be evaluated because the design is undefined. Due to prohibitive expense, enumeration
methods that solve problem (1) for every combination of discrete variable values are impractical when the
number of categorical variables and/or the number of settings for such variables is large. More desirable is
a method that can search for optimal solutions over the mixed variable domain.

The generalized pattern search (GPS) class of gradient-free algorithms provides a useful framework to
treat MVP problems. In this paper, we present an extension to mixed-variable GPS for problems with sto-
chastic response functions. An algorithm class is defined that replaces the binary comparisons of incumbent
and trial designs used in traditional GPS methods with a class of statistical selection procedures known as
ranking and selection (R&S) in which one solution is selected from a finite number of candidates consid-
ered simultaneously. In addition, the framework allows for the incorporation of surrogate functions that
approximate the objective function of problem (1). The surrogate function is used as an inexpensive means
to evaluate potential trial points and thus accelerate algorithm convergence to a near-optimal region of the
design space without sacrifice to the convergence theory.

Section II of this paper presents the algorithmic framework in which generalized pattern search and
ranking and selection are each described and then combined to provide a search methodology. Section III
describes how a particular class of surrogates is embedded within this framework as a means to accelerate
the search. Section IV provides a detailed algorithm description and then illustrates the algorithm on a
simple numerical example. Finally, section V offers conclusions.

II. Algorithmic Framework

A general class of pattern search algorithms was introduced by Torczon® for unconstrained, deterministic
optimization problems. These algorithms are defined through a finite set of directions used at each iteration.
The direction set and step-length parameter are used to construct a conceptual mesh centered about the
current iterate (the incumbent). Trial points are selected from this discrete mesh, evaluated, and compared
to the incumbent in order to select the next iterate. If an improvement is found among the trial points, the
iteration is declared successful and the mesh is retained or coarsened; otherwise, the mesh is refined and
a new set of trial points is constructed. Torczon showed that via specific rules, the direction set may be
constructed in such a way to ensure that a component of the steepest descent direction can be captured by
at least one direction in the set when the current iterate is not a stationary point.

Audet and Dennis* extended pattern search to MVP problems by incorporating user-defined discrete
neighborhoods into the definition of the mesh. Audet and Dennis also explicitly separate the search in the
continuous domain into two distinct steps, an optional SEARCH step and a POLL step.* The POLL step
consists of a local search of mesh points in a poll set surrounding the incumbent and must be conducted
before terminating the iteration. The SEARCH step allows for a more global search of the set of possible
points on the mesh in the hope of accelerating convergence and avoiding local minima. Audet and Dennis
also allow a search in the continuous domain of discrete neighbors that are sufficiently close in objective
function value to the incumbent design. This step, called the EXTENDED POLL step, enables extension of the
convergence theory to problems with mixed variables.

These concepts are made more precise using the following notation. A design point is partitioned into
continuous and discrete components z = (2¢,2%) where 2¢ € 8¢ C O, 2¢ € ©7 C O, and O°¢ (09) is the
continuous (discrete) portion of ©. At iteration k, the mesh is defined as,

b @

where ¢ € {1,...,imax} i & combination of discrete variable values, imax is the total number of such com-
binations, Ay, is the step length parameter, and D} is the direction set for the ith combination of discrete
variable values. The columns of D,iC are search directions represented by a vector of the same dimension as
€. In the SEARCH step, a user-defined strategy is used to nominate points from M; for comparison to the
incumbent.

My, (zp,) = ©% x U {xz +ApDz€0°: 2z € ZLD;“

=1
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The continuous poll set is defined as,
P, = {x1, + Ax(d,0) : d € DL} C My, (3)

where (d, 0) denotes the partitioning into continuous and discrete variables and 0 means the discrete variables
remain unchanged, i.e., T + Ag(d,0) = (¢ + Ard, ). A discrete poll set is constructed via a user-defined
set of neighbors at xj, denoted as N (xy), where the elements of A (zy) include changes to the discrete
variable values. If the SEARCH step did not yield improvement, then points from the set {P, UN (zx)} are
evaluated during the POLL step until improvement is found or the set is exhausted.

In the event a point from {Py UN(xy)} does not yield an improvement in the objective function, the
EXTENDED POLL step is invoked in which a polling sequence is initiated in the continuous domain of any
discrete neighbor y € M () with an objective function value within &, of the incumbent design point. The
parameter & is termed the extended poll trigger.

For the stochastic case, we combine mixed-variable GPS with the ranking and selection (R&S) class
of statistical selection procedures in the selection of new iterates. Ranking and selection procedures are
methods that select the “best” system, or a subset of systems that includes the best system, from a set of
competing alternatives [5, p. 273]. We introduce notation necessary to incorporate R&S in a pattern search
framework. A detailed exposition of R&S theory is beyond the scope of this paper (see Bechhofer® for a
comprehensive coverage); however, it is constructive to think of R&S as a means of controlling the error
involved in selecting new iterates. Traditional R&S procedures are guaranteed to select an alternative from
a finite set that is at least a user-specified amount better than all others with a user-specified probability.
With the indifference-zone R&S approach, the procedures guarantee selecting the best design alternative
with probability 1 — a or better, whenever the difference between the true best and all the rest exceeds the
user-specified quantity J, termed the indifference zone parameter.

Within the pattern search framework, we employ R&S to select the estimated best candidate design from
a set of trial points considered simultaneously. Let C' = {y1,92,...,Yno } C My be a set of candidate designs,
including the incumbent, such that nc > 2. For each ¢ = 1,2,...,n¢, let f, = E[F(y,,-)] denote the true
mean of the response F'(y,, ). The collection of these means can be ordered from minimum to maximum as,

i < fia1 < < fine- (4)

If one or more candidates have true means within a practical tolerance of the true best candidate, i.e.
fii) — fry < 0 for some 6 > 0 and 2 < i < ng, then the procedure is said to be indifferent in choosing y;
as the best. The notation yj, € C indicates the candidate from C with the gth best (lowest) true objective
function value.

In an indifference-zone R&S procedure, the probability of correct selection (CS) is defined in terms of ¢
and the significance level @ € (0, 1), as

P{CS} = P{select yn | flg—fyp=d0q9=2,... o> 1—« (5)

where d and « are user specified.

Of course, when using simulation to evaluate system performance, it is necessary to work with sample
means of the response F. For each ¢ =1,2,...,n¢, let s4 be the total number of samples and let {Fqs}i‘;1 =
{F(yq,-)}:2, be the set of responses obtained via simulation. For each g, we assume the responses { Fys}5%
are independent, identically and normally distributed random variables with mean f; and unknown variance
02 < 00, where 0} # o2 whenever { # q.

In essence, the R&S procedure prescribes the number of samples s, that are required to guarantee P{C'S}
(5). After the samples have been collected, the sample means F, = sq_l >4, Fys for each ¢ are computed,
ordered and indexed the same way as in (4). The notation g, € C is used to denote the candidate with
the gth best (lowest) estimated objective function value after sampling the ne design candidates. For the
purpose of inclusion in a class of algorithms defined in Section IV, we denote procedure RS(C, «,¢) as a
generic R&S procedure that takes as input a candidate set, significance level, and indifference zone parameter
setting and returns g = arg(ﬁ[l]) as the candidate having the d-near-best mean.

In Sriver et al.,” we show that the class of Mixed-variable Generalized Pattern Search with Ranking &
Selection (MGPS-RS) algorithms produces iterates that converge almost surely to limit points that satisfy
stationary point conditions appropriately defined over a mixed-variable domain. In this paper, we emphasize
the use of surrogates during the SEARCH step to accelerate algorithm convergence. In particular, previ-
ously sampled points are used to construct a surrogate function that approximates E[F| which can then be
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optimized inexpensively to generate trial points in the SEARCH step. This technique is advantageous when
simulation responses are particularly expensive to generate, as is common for high-fidelity engineering design
analyses. Similar approaches have been previously incorporated in a pattern search setting (e.g. see Booker
et al®) without sacrifice to the convergence theory.

III. Augmenting The Search Using Surrogates

Paramount to the construction of surrogates is the selection of a family of plausible functions for use
in approximating the true objective function. Because we do not wish to assume a specific parametric
representation of the underlying structure of E[F], we use a technique from the nonparametric regression
literature; in particular, the Nadaraya- Watson estimator® ' is used to approximate the objective function
at a point x,

Fa) = i FiE (e — )
Sl Knle — ;)

where {z1,...,zy} are previously sampled design “sites” (points in the design space), F; is the mean of the
sampled responses at site =, and K, is an appropriately selected kernel function that depends on parameter
h and the distance from z to each design site. As it has its roots in probability density estimation, the
kernel function must integrate to unity, i.e., f Kp(z) = 1. We use the multivariate Guassian kernel function,
originally proposed in univariate form by Parzen.!! This results in the following regression equation,

(6)

~ I-V_l Fj ex —22—?2
o) — 2z Do P ) (7)
Zj:l exp(—5;%)

where D? = (z —x;)" (x — 2;) represents the squared Euclidean distance from z to z; and h is a smoothing
parameter that determines the width of the kernel centered at each site ;. For this reason, h is often called
the bandwidth. We refer to f as the surrogate function. The regression function (7) has also been described
in the context of generalized regression neural networks.?

The estimate f (z) can be thought of as the weighted average of all response means, Fj, where the
weight received by Fj depends on the distance between the corresponding z; and the estimation point. The
smoothing parameter h determines the degree of nonlinearity in the approximating function. A larger value
of h forces f to be a smooth function and approaches a multivariate Guassian with covariance K212 If h
is very large, f is a constant that assumes the mean value all F';, i.e., N1 Z;\Ll F;. Smaller values of h

allow more curvature in f but can cause outliers to have too great an effect on the estimate. If h is zero, f
assumes the value of Fj for the corresponding z; that is nearest the estimation point.

An advantage of the kernel regression approach is its simplicity. To evaluate a surrogate function at a
design point, all that is required is storage of the pairs (xj,Fj) and an appropriate setting for the lone band-
width parameter. However, care must be taken in the practical consideration of selecting an “appropriate”
setting. We use the well-known leave one out, cross-validation method [13, p. 152] to select the bandwidth.
Using this method, the bandwidth is set to a fixed value, then the estimator f is computed according to (7)
at design site z; except that x; is excluded from (left out of) the summand, and the squared error ( f —Fj)?
is recorded. The sum of squared error (SSE) accumulated over all sites z;, j = 1,..., N is then used as a
criterion for evaluating h. This procedure is repeated over a range of bandwidth values and the setting that
delivers the smallest SSE is selected.

In order to build the original surrogate function prior to initiating the search, it is necessary to select
design sites x1, ...,z via some appropriate experimental design technique. For this purpose, we use latin
hypercube sampling (LHS).'* In LHS, a total of p equally-spaced values for each of the n continuous variables
are used as components of the design site vectors. These values are randomly matched to form p design sites.
If N = p, then each of the p values is represented exactly once in the set of design sites x1,...,zN, and we
say that the design is of strength one. We typically use designs of strength two (N = 2p) so that the design
space is sampled more densely; the random matching operation is performed twice.

Once the surrogate function is built, it can be utilized in the pattern search framework as an inexpensive
means to nominate trial points from the mesh M} in the SEARCH step of the algorithm. After trial points
are evaluated, they are then added as design sites that enhance the accuracy of the surrogate function. A
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straightforward approach is simply to minimize f directly using any deterministic search routine. However,
such a greedy approach may inhibit improvements in accuracy of the surrogate function because the trial
points will cluster in a particular region of the design space. Alternatively, we use the technique of Torczon
and Trosset!® that seeks to find improvements in f while simultaneously seeking “space-filling” points that
could improve the accuracy of the surrogate function. They propose a bi-objective function of the form,

m(z) = f(z) - pd(x), (®)

where d(z) = min ||z — x;||2 is the distance from z to the nearest previously sampled design site and p > 0
determines the relative weight placed on the space-filling objective. We refer to m(z) as the merit function.

The surrogate function f is a smooth approximation to the unknown objective function with respect to the
continuous variables. If one or more discrete variables change, then the true objective function may have an
entirely different structure. Therefore, when using surrogates in a mixed-variable pattern search framework,
it is necessary to maintain a surrogate function for each combination of discrete variables ¢ = 1,..., imax.
Consequently, we index the surrogate function, merit function, bandwidth, and space-filling parameter as f;,
my, hi, and p;, respectively.

IV. Algorithm Listing and Example Problem

An algorithm for Mixed-variable Generalized Pattern Search with Ranking & Selection (MGPS-RS) and
surrogates may now be stated.
MGPS-RS Algorithm using Surrogates

Initialization: For each i =1,...,9max, do the following

e Select N design sites and set the number of samples s per design site.

e Perform an initial computer experiment and compute the mean responses Fj based on s samples for
each design site z1,...,zN.

e Calibrate h; using the leave one out, cross-validation method, construct fi, and set space-filling para-
meter p; > 0..

Set the iteration counter k to 0. Set the R&S counter r to 0. Choose a feasible starting point xg € O.
Set Ag >0, & >0, ap € (0,1), and J9 > 0.

Until done, do the following:

1. SEARCH step: Find a candidate y on the mesh My, that minimizes U3*m;. Use procedure RS({y, =1},
@, d,) to return the estimated best solution gj;). Add y as a design site and recalibrate the appropriate

fi, update a1 < @, 641 < Oy and 7 =7+ 1. If 1) # xk, the step is successful, update x41 = g,
Apt1 > Ag, and k =k + 1, and repeat Step 1. Otherwise, proceed to Step 2.

2. POLL step: Set extended poll trigger &, > £. Use procedure RS(Py(xy) UN (z1), oy, 6,-) to return the
estimated best solution g1;. Update a1 < i, 0pi1 < 0, and 7 =7 + 1. If gy # @y, the step is

successful, add §j1) as a design site and recalibrate the appropriate fi, update zp 11 = Jp11, Drr1 > Ag,
and k = k£ + 1 and return to Step 1. Otherwise, proceed to Step 3.

3. EXTENDED POLL step: For each discrete neighbor y € N(xy) that satisfies the extended poll trigger
condition F(y) < F(z) + &, set j = 1 and y, = y and do the following.

(a) Use procedure RS(Pk(yi), @, d,) to return the estimated best solution gj;). Update a1 < o,
041 < 0p, and r =7+ 1. If g1 # yj,, set yiﬂ = 9p) and j = j+1 and repeat Step 3a. Otherwise,
set z; = yj, and proceed to Step 3b.

(b) Use procedure RS({x, 2x}, ar, d,) to return the estimated best solution gpj. Update a;41 < o,
Opy1 < Op, and v = r + 1. If gy = 2, the step is successful, add gj1; as a design site and

recalibrate the appropriate f;, update 41 = gp), Ary1 > Ag, and k = k + 1 and return to
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Step 1. Otherwise, repeat Step 3 for another discrete neighbor that satisfies the extended poll
trigger condition. If no such discrete neighbors remain, set €11 = Tk, Agt1 < Ag,and k =k+1
and return to Step 1.

Prior to search steps 1, 2, and 3 in the algorithm, initial surrogate functions are constructed for each
combination of discrete variable values. If N design sites are selected for each combination, each requiring s
samples of the random response function, then a budget of N X s X i, response samples is required during
initialization.

The algorithm consists of a SEARCH step, a POLL step, and an EXTENDED POLL step. In the SEARCH step,
the merit functions are searched to nominate a trial point for evaluation. Any deterministic search routine
may be used for this purpose, so long as the resulting point is from the mesh Mj. We use a mixed-variable
pattern search of the mesh points to nominate a trial point. A R&S procedure is used to select the best
alternative from among the incumbent and the trial point. If the trial point is best, the incumbent is updated
and the mesh coarsened (or retained). Regardless the outcome of the SEARCH step, the appropriate surrogate
function is updated and recalibrated by adding the newly evaluated point as a design site. If the incumbent
is the best, the POLL step is executed.

In the POLL step, the R&S procedure selects the best from the set of alternative designs in the poll set P
and user-defined discrete neighbor set N. If the best is different from the incumbent, the incumbent is up-
dated, the mesh coarsened (or retained), and the appropriate surrogate function is updated and recalibrated.
Otherwise, the EXTENDED POLL step is executed.

In the EXTENDED POLL step each discrete neighbor that satisfies the extended poll trigger condition
initiates a polling sequence in the continuous neighborhood of the discrete neighbor. Each subiterate in this
sequence is selected via the R&S procedure. The terminal point in the sequence is compared to the incumbent
via an additional R&S procedure. If the best is different from the incumbent, the incumbent is updated, the
mesh coarsened (or retained), and the appropriate surrogate function is updated and recalibrated. Otherwise
the mesh is refined by setting Ax4+1 < Ag and the algorithm returns to the SEARCH step.

The update rules for Ay are the same as the deterministic case. Refinement requires that Ap1 < Ag
and is accomplished after SEARCH, POLL, and EXTENDED POLL are all unsuccessful. Coarsening requires
Agy1 > Ag and is accomplished after any successful SEARCH, POLL, or EXTENDED POLL step. Typically,
the step size is halved after unsuccessful iterations and retained or doubled after successful iterations. For
specific restrictions on these rules, see Audet and Dennis.*

The algorithm maintains a separate counter for R&S parameters «,. and 4, to provide strict enforcement
of the rules on these parameters that are updated after each execution of the R&S procedure. The rules
ensure that each parameter tends to zero as the number of iterations approaches infinity. These restrictions
are critical for convergence and are described in Sriver et al.”

An advantage of the approach is that through manipulation of the R&S parameters 6, and «., the
sampling requirements can be increased gradually as the algorithm progresses, so that excessive sampling
effort is not wasted at early iterations. Additionally, more “relaxed” settings of these parameters early in
the search may allow the algorithm to avoid entrapment near suboptimal local minimums, similar to the
cooling schedule in simulated annealing.

The space-filling parameters p; need not remain constant throughout the search. In fact, as Torczon and
Trosset!® suggest, these parameters should tend to zero to ensure convergence to a local solution. We use
initial settings that are multiples of the maximum difference between mean responses of the initial design
sites for each combination of discrete variable values. As the algorithm progresses, the parameters are halved
after each SEARCH step.

We illustrate the MGPS-RS algorithm with a very simple example that has two continuous variables and
one discrete (binary) variable where each continuous variable is bounded on the range [—10,10]. Consider
the response function

F(z) = f(x) + N(0,0%)

where N(0,0?) is a normally distributed, mean-zero noise term added to an underlying true objective func-
tion. The true objective function is of the form,

f(x) = g1(x1,22)(1 — 23) + g2(71, 22)73

where the linear function g; and quadratic function go overlap in the continuous domain. Therefore, when
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the discrete variable 3 is 0 (1), the function takes a linear (quadratic) form. The functions are defined as,

gi(z1,22) =21 — 21 — x2,

g2(x1,x0) = x% + x%

The optimum is located at z* = (xF, 25, 23) = (0,0,1) with f(z*) = 0 and the starting point was set to
xg = (=5, —5,0) with f(z¢) = 31. The standard deviation of the noise term was set to ¢ = 2 throughout
the design space although the algorithm is equipped to handle a more complicated noise structure.

A progression of the algorithm is illustrated Figure 1. For comparison purposes, the true function is
shown in the upper left of the figure. In the upper right, the initial surrogate surfaces are shown for each of
the two binary variable settings. We used a strength one LHS design with p = 10 to determine the initial
design sites and five samples at each design site. Therefore, a budget of 10 x 5 x 2 = 100 response samples
was necessary to build the original surrogates.

The lower left graphic of the figure shows the surrogate surfaces after nine iterations of the algorithm.
By this point, 500 response samples had been generated and eight new design sites had been added to
the surrogates. It can be seen how the space-filling parameter has forced the algorithm to evaluate points
relatively far from the minimal point on either surrogate surface. The lower right graphic shows the surfaces
after 17 iterations and 2000 response samples. Now, the search has begun to cluster near the optimal point,
as desired. Additionally, the form of the surface approximating the quadratic function appears to more
accurately predict the true response.

Due to its simplicity, no notable improvements in the speed of convergence are attained for this example
by using surrogates. However, the importance of improvements in surrogate accuracy is clearly illustrated.
Note, for example, that in Figure 1b, the minimum on the surrogate surfaces is actually located on the
surface corresponding to the linear function g;. By forcing the search to evaluate “space-filling” points,
the accuracy of the surface corresponding to g was eventually improved so that the surrogates correctly
predicted a minimum on the surface of go. However, this behavior is not always guaranteed and presents
some complications for problems with mixed variables. Fortunately, the algorithm provides the fail-safe
EXTENDED POLL step that can ensure a search of alternative surfaces provided the extended poll trigger is
set sufficiently large. In fact, it is good practice to set this parameter large enough in early iterations to
ensure that enough design points are sampled to identify the combination of discrete variables that contains
the minimum.

V. Conclusions

We have presented a framework for mixed-variable optimization under uncertainty for realistic engi-
neering design problems. This framework exploits the flexibility of the pattern search class of algorithms
by incorporating statistical selection methods to select iterates and the use of surrogates to accelerate the
search without sacrifice to the convergence theory.

Through a simple example, the importance in building accuracy in the surrogate function was demon-
strated. Although convergence acceleration was not realized for this small-dimensional example, these bene-
fits become more readily achievable as the dimension of the problem increases. This is due to the fact that,
in the POLL step, the number of trial points to evaluate grows linearly with the number of dimensions, which
becomes very costly. A surrogate search in these situations provides a means to inexpensively nominate
high quality trial points so that the search can more rapidly progress to improving designs before expending
the computational budget. Future work will focus on comprehensive numerical testing on a range of test
problems to quantify these benefits.
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